PHYSICAL REVIEW A

VOLUME 22, NUMBER 5

NOVEMBER 1980

Perturbation theory for a Dirac particle in a central field

C.K. Auand G. W. Rogers
Department of Physics and Astronomy, University of South Carolina, Columbia, South Carolina 29208
(Received 2 June 1980)

We present a perturbation theory for an arbitrary bound state of a Dirac particle in a central field by reducing the
Dirac equation to a Ricatti equation, following a method first introduced by Mikhailov and Polikanov. All
corrections to the energies and wave functions, including corrections to the positions of the nodes in excited states,
are expressed in quadrature in a hierarchical scheme, without the use of either the Green’s function or the sum over

intermediate states.

I. INTRODUCTION

The relativistic bound-state wave function of a
Dirac particle in a central field can be written
ash?

1 (i8R0, 6) | ey

" \-50)92,;,:n(6,0)

where 1'=2j-1, and 9,,,(6,¢) is a spherical spinor
in the direction (6, ¢). In natural units, Z=c=1,
the radial wave functions § and § are determined
by the two coupled first-order differential equa-
tions

wilmz

§'+2g_(E-vemp =0

and (2)

5'—%3‘+(E— V-m)g=0,

where the prime indicates a differentiation with
respect to its argument » and k=¥(j+ 3) for j
=11}, E is the energy eigenvalue, m is the rest
mass of the Dirac particle, and V=V(r)= V()
+AV,(7) is the spherically symmetric potential
with AV, intreduced as a perturbation to the poten-
tial V,. In order that the bound-state wave func-
tions be normalizable and regular at the origin,
we impose the boundary conditions that § and §
be 0 as -0 and as - », We also assume that
in the absence of the perturbation V,, the solution
to the coupled differential equations (2) are known

E .
9{,+-;— Go—(Eg= Vo+m)5,=0
and (3)
_k _
30—730+ (Eo= Vo +m)S=0;
that is, the quantities G,, F,, and E, are known
exactly. Here we shall give the perturbative solu-

tion to G, §, and E as the perturbation V, is intro-

22

duced for an arbitrary bound state, This will be
achieved through the reduction of the coupled dif-
ferential equations (2) to a Ricatti equation.

In the case of the ground state, where the wave
function does not possess any node, the perturba-
tive solution has been given by Mikhailov and Pol-
ikanov,® In Sec. II, we would like to discuss two
variants of the method of Mikhailov and Polikanov,
The first one, though less rapidly convergent,
seems more straightforward to use, The second
one is the first-order perturbation iteration method
(FOPIM), first introduced by Hirschfelder* in the
discussion on the Rayleigh-Schrodinger perturba-
tion theory, and recently applied to the Ricatti
equation by Au.® This second method offers ac-
celerated convergence, if convergence exists,

In the case of excited bound states, where the
wave functions possess nodes, the method of
Mikhailov and Polikanov® must be modified. As
emphasized previously®’ in the case of the Schro-
dinger equation, the zeros need to be located and
factored out first. We shall then show that, simi-
lar to nonrelativistic problems reducible to one
dimension,’ the energy shifts, the wave function
corrections, as well as the corrections to the posi-
tions of the nodes, to any order, are expressible
in quadrature in a hierarchical scheme, This will
be done in Sec. III for the first excited state. In
Sec. IV we extend the technique to an arbitrary
bound excited state. Finally, in Sec. V, we make
some concluding remarks.

IL THE GROUND STATE OF A DIRAC PARTICLE
IN A CENTRAL FIELD

In this case, as noted earlier, the functions §
and ¥ have no node. As pointed out by Mikhailov
and Polikanov,® by introducing a function & through

the set of differential equations (2) decouple into
o -22 g4 Ba?+ B-2m=0 5)

1820 © 1980 The American Physical Society



22 PERTURBATION THEORY FOR A DIRAC PARTICLE IN A... 1821

and
9'+(%_B¢)g=0, (6)

where we have also set B= E - V+m, following
Mikhailov and Polikanov, Equation (5) is an eigen-
value problem in the Ricatti form. Once solved,
it will enable Eq. (6) to be readily integrated,.
provided G has no zeros, as is the case for the
ground state. A perturbation theory on Eq. (5)
was given by Mikhailov and Polikanov,.® However,
in their treatment, the higher order corrections

- are not explicitly given because of increasing com-
plexity. Here we discuss two variants of their
method, where we manage to retain relative sim-
plicity in treating the higher order corrections.

A. The naive method

The conventional perturbation theory on an eigen-
value problem is to expand both the eigenfunction
and the eigenvalue in power series of the coupling
constant A. We therefore write

o=2, Ve, )
i=0
and
B=2 \'B,, (8)
=0
where

By=E,- Vo+m,
B,=E,-V,, 9)
B,=E;, i=22.

On substituting the expansions (7) and (8) into the
Ricatti equation (5), we obtain the following hier-
archy of equations to each order in a:

2k

¢3-7@0+Boq>§+130_2m=0, (10)
,_ 2k 2
®]-—- @, + B#+ 2B,&,%,+ B,=0, (11)

and for i> 2,

2
®; - Tk‘i’i +B;dg+ 2‘1’023#1‘1’1
i=;
jol

§
+ E BHZ ®,8,,+B;=0, (12)
=2 i

where the unperturbed solutions, &, and B,, and
hence g, and F, are known. One then observes,
through Eq. (6) to zeroth order, that the square
of the wave function G,, serves as an integrating
factor in this hierarchy:

(53@,) =-(B, - V,)(1 + $3)G3
==(E; - V,)(F5+G3), (13)

where for ;> 2,
i-1

i i=1
—V(1+82)=28,0 B,_&,+ D B, ;Y. &,8,,.
= =2 *=1
(14)

Equation (13) can be readily integrated. On using
the normalization and boundary conditions imposed
on ¥, and G,, we obtain

E= [ T V(524 ghar (15)
(]
and
q)i:-—;f j; (Ey= V)1 +3)S3dr . (16)
()

For i=1, our present result reduces to that of
Mikhailov and Polikanov.® The reason for the
choice of the lower limit in the integration in Eq.
(16) has been given by these authors.® We have
thus established that the corrections to the energy
E and the eigenfunction ¢ are obtainable in a hier-
archical scheme to any arbitraryorder. Itcanthen
be seen from Eq. (6) that once the corrections to
E and ¢ are obtained to a given order, the correc-
tions to the logarithm of G, and hence the correc-
tion to G, are obtained to the same order;

Ing = f' (ij—%)dr. 17

The lower limit of integration is an additive con-
stant to InG, and is hence a mulitplicative constant
to G which can be fixed by the normalization con-
dition

f T(gh+ ar= [+ a8t ar=1. (18)
0 0

B. First-order perturbation iteration method (FOPIM)

This method was first introduced by Hirsch-
felder* in the discussion of Rayleigh-Schrodinger
perturbation theory and was recently applied to
the Ricatti equation by Au.® Here we first follow
the naive method to find the first-order correc-
tions ¢, and E,. Next we seek a potential V'(r)
= V(r) - AVI(r)= Vo + AV, - AV such that &,+ 2,
is an exact solution to the corresponding Ricatti
equation with an exact energy eigenvalue E,+E,,
that is,

(@ +20,) - % (B + 2&,)

+ (By+ AB,+ AVI)($,+ 212,
+(By+AB,+ AV)=2m=0. (19)

On using Egs. (10) and (11), we readily find
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AVI=_xz [Bgd>¥1++13(g024+>°f£ ;l)-z)t(’i)] =yl
(20)

We next define

®l=0,+28,, (21)

El=E,+)E,, (22)

Vo= VoAV, - AvV!, (23)
and

Bi=El-Vi+m. (24)
Then

So=C'r™exp fo " Bialdr (25)
and

5= 23S0, (26)

where the constant C' is determined by the nor-
malization condition

f “LSYR+ (31 lar=1. (27
o

S! and §{ are the normalized wave functions for
the Dirac particle in the central potential V- AV,
Thus, from the knowledge of the exact solution

to the unperturbed Hamiltonian H,, where the per-
turbation is given by AV, we are able to construct
the exact solution to the “new unperturbed Ham-
iltonian” Hf=H - AV!=H,+\V, -2V, Hence

as far as the original Hamiltonian H is concerned,
the perturbation is given by AV which is of order
22, since H=HJ +)?V{ and for this particular state
the exact solutions to H/ are known. Therefore
we have succeeded 'in transforming a problem with
a perturbation of order A to one with a perturba-
tion of order A%, Definitely, this process can be
continued. On executing this procedure for a
second time, we can construct the exact solution
to the next in line new unperturbed Hamiltonian
H=H - AV such that the leading term in AV "
is of the order A*. All one needs to do is to re-
place the set (8, Fo, o, Eos» Vo» Bo» Vs A) by
the set (84, 5%, &%, EL, v{, Bi, Vi, A%). Specif-
ically,

_ A[B(#1) + B(2&5@ )+ A%(#1)]

avi= 1+ (@I+ 22y (28)
satvi, (29)

where
Bi=E;- V1, (30)

El= f TSR +(8hPlar, (31)

- we have the solution to order A

and
«p{:_(ﬁglo)? fo " (@ - V)1 + @LP)(ghdr. (32)

One next defines

ol'= &% + 2201, (33)

El'=E{+ »El, (34)

Vo'= Vo + 2%V - avi, (35)
and

By =Eg -Vi'+m. (36)
Then

r
Sel=Cly*exp f Bi'elldr (37)
0

and

si'=2y'sy, (38)
such that

[ gty + erlar=1. (39)

]

F'and §{' are the normalized wave functions for
the next in line new unperturbed Hamiltonian HY',
Obviously, at the end of the nth step, we have the
exact solution to the “nth order unperturbed Ham-
iltonian HY = - AV¥ which differs from the total
Hamiltonian # by AV¥, a term of order A*". Hence,
(2"1) after n steps
in this iteration scheme. As Dalgarno and Stewart
have shown,® using the usual perturbation theory,
we can estimate the energy to order 2(2"-1)+1
since we know the wave function to order 2" -1,
This method thus offers accelerated convergence,
if convergence exists, and is particularly attrac-
tive when the integrations in the naive method can-
not be done analytically.

III. THE FIRST EXCITED BOUND STATE OF A DIRAC
PARTICLE IN A CENTRAL FIELD

We now extend our technique to the excited bound
states where the wave functions have nodes. For
simplicity, we focus our attention on the first ex-
cited state where the wave function has only one
node, which is sufficient to illustrate the prin-
ciples involved. We shall see that in the present
approach, the corrections to the nodal positions
of the wave function of the excited states are ex-
pressible as quadratures. Owing to the accelerat-
ed convergence of the FOPIM, we will also limit
our discussion to this method for the excited
states.
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The wave functions § and § for the first excited
state have one node each. We write

g=(r-a)G (40)
and
9:(7‘—3)1;‘, (41)

where G and § do not possess any zeros. The un-
perturbed solutions are indicated by

Go= (r = a,)G, (42)
and

Fo=(r—B,)F,. (43)
On substituting Eqs. (40) and (41) into the coupled
differential Eq. (2), we obtain

G+ (r—a)G +§(r- Q)G-Blr-B)F=0  (44)
and

F+(r—BF _é(r- B)F+ (B=2m)(r-a)G=0,

(45)
where, as before, B=E - V+m. In analogy to
Eq. (4), we introduce a function ¢ which does not
contain any zeros except possibly at the origin and
infinity, through

F=Gé. (46)

On substituting Eq. (46) into Eqgs. (44) and (45), we
obtain the logarithmic derivative of G,

us-(n6y =% +—L_(1-Bar-p], "

which is the one-node analog of Eq. (6), and the

J

2k
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one-node analog of Eq. (5):
& +Hr - @ - ud) - % (r— B)2+ (B 2m)(r - @)=0.

(48)

Equation (48) can be rewritten in either one of the
more symmetric forms

(r-a)r—B) (w -%Ecb) — (= B)d + B&*(r- B

+(B-2m)(r-a)=0 (49)

or

¢'+q>( 1 1 —E)+B¢’(7-B)

r-B r-a 7 r-a
. r—Qa\ Y
+(B-2m)(y_ﬁ)—0. (50)
Next we write
a=2)\'a,,
i=0
B= 0B,
- (51)
é:Zh‘«b‘,
i=o
and

B= E)&*Bi .
i=0
Since we confine ourselves to FOPIM, we only
need the zeroth- and first-order coefficients,
with respect to the coupling constant A, of Eq.
(49). We obtain

('V’ ao)('r- Bo)(éf) - T Qc)) - (ao - ﬁo)éo + Boég('r— ﬁo)z + (Bo - 2m)('r— ao)z =0 (52)

and

(r=ag)(r- ﬁo)(i’{— —2}@1) =[a,(r= By + B,(r - a,)] (‘1’6 - % d’o) - (@, = B)&o - (a0 - B)®,

+2B,®o®, (7 - Bo)? - 2B, @3B, (r = By) - 2(B, — 2m)(r — o), + By[&5(r - Bp)* + (- @,)’]=0. (53)

We next observe

—(09_ Bo)‘l’x= [(7— (!0) +(r- ﬂo) -2(r- ﬂo)]él ’ &4
%:% + ‘r_lao [1 - Boéo(r" ﬁo)] ’ (55)
—(Bo_ 2m)('r— GO)G2= Qp:[l - (7‘— Bo)(uo-i-%)] +(r—- Bo)G%Q(I) ’ (56)

and

By®2Gi(r - Bo)= <1>°c;=,[1 —(r- %)(uo - %)] . (57)
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Then G2 again serves as an integrating factor to Eq. (53). We obtain the important result
{[a (r- ﬁo) - 31(7"‘ ao)]‘pogg}’ + [(7’ - ao)("‘ ﬁo)‘l’xgg]' = ’3103[4’3(7; Bo)2 +(r- 0‘0)2]
=-B,(G2+92), (58)

Equation (58) enables us to express every interesting physical quantity in quadrature. On integrating both
sides from 0 to =, the left-hand side vanishes because of the boundary conditions, and we have, upon using
the normalization condition

E,= fo V,(S3+ Sdr, (59)

which agrees with the conventional perturbation theory. On integrating both sides from 0 to the unperturbed
nodal positions, we obtain the first-order shifts in the nodes

(0o = Bo)o( o) Galeto)= [ (V, = E,)(GE+ 53 (60)
0
and
Bo .
Bu(ato = B2 (B)GHBo) = [ (V, = ELNS3+5)ar . 61
(1]
On integrating both sides from 0 to 7, we obtain the solution to ¢,,
(7= ag)(r=B)®,(r)Gir) = [By(r - ap) - a,(r = By)]®o(7)GE(r) + f' (V,—E,)Q3+ F2)ar. (62)
1]

Equations (59)-(62) express the main results of this section.

In principle, one can follow the naive method to find E;, @,, B;, and &, to all orders. This will be very
similar to the nonrelativistic case discussed by Aharonov and Au.” Because of the accelerated convergence
of the FOPIM, we shall limit our discussion to this method. As in the case of the ground state, we there-
fore seek a potential V'(r)=V(r)- AV!(y)=V,+ AV, - AV’ such that a,+ Aa,, B,+AB,, and ¢,+ A®, constitute
the exact solution to the Ricatti equation (49) with an exact energy eigenvalue E, + AE,, that is,

(r- Q= 7‘0‘1)(7— ﬁo - 7‘31) ((4’0'*'7“1’1)' - _Z;Ic; (d>0+ )“1’1)) - [(ao - Bo)+ A(al - Bl)](¢0+ Ad’l)

+ (By+ AB, + AV) (@ + A8, (7 — By = MB)? + (By+ AB, + AV = 2m)(r = @y — 2@, )?=0. (63)
We then define
l=9,+29,,
El=E,+)E,,
Vi=Vy+AV, = AV, (64)
Bi=El-Vi+m,
al=ay+0,,
By=By+ 2B, .
Then AV!=)%V] is given by
—VI(@LR(r - B2+ (r = ad)?] =[a)(r - B) + B,(r = )] (—2;5 ®, - ;) + a,ﬂ1<<1>{,’ - %’“—@g)
-(a, - B,)®,+ EB,@3+ (By+ AB, - 2m)aZ - 2Ba,(r - a,)

+ (By@? + 2B,8,8, + \&2B,)(r — B —(B,&, +2B,8,@,)[2(r - BB, - AEZ] . (65)

[
We next observe from which G} can be obtained,

u’l=-(InG{)y

_k
T r

1 Gl=C'y*exp f' [Bi&X(r - B) = 1)/ (v = ab)ar.
4 (]
+ v -0y [1 - B(I’Qé(r_ ﬁ(ll)] ’ (66) (67)



22 PERTURBATION THEORY FOR A DIRAC PARTICLE IN A... 1825

Because of Eq. (44), the integral in Eq. (67) is
singularity free at »=a}. The integration con-
stant C’ in Eq. (67) can be determined by the nor-
malization condition

[ 1ty +(strlar=1, (68)
where
=(r-al)G} (69)
and
Fi=lGi(r-BL). (70)

Thus, once again, we are able to construct the
exact solution to the new unperturbed Hamiltonian
H!=H,+ 2V, - 2?V], and we have succeeded in
transforming a problem with a perturbation of
order X to one with a perturbation of order A%,
This process can then be continued, as discussed
earlier for the case of the ground state, to obtain
the corrections to any desired order.

IV. THE Nth EXCITED BOUND STATE

The only difference between this case and that
of the first excited state is in the number of nodes
in the wave function. Here, we have N nodes in-
stead of one. At first sight, the complexity seems
awesome, but the outcome is surprisingly simple
and elegant.

The multinode analogs of Eqs. (40) and (41) are
J

N

9=H(r—a‘)G, (1)
ie1
N N

5:;11(7- B)F= ‘II(r—ﬁ‘)GQ. (72)

On substituting Eqs. (71) and (72) into Egs. (2),
we obtain

ZH(r—a‘)G+H(r a‘)G'+—-II(y_ a')G

3 %
- BaG[J(»-8=0, (13)
i

from which we get
u=-(InG)

k 1 7=
Sae X (G

7). (14)

and from the second equation of (2):

<1>'+<1><Z r=B" la‘ _%)+B¢ZI‘I(—:—E%-)

y-al
+(B‘2’”)I,I(__rr-a )=0. ()

Equations (73)-(75) are the multinode analogs of
Eqgs. (44), (47), and (50). We then repeat the pro-
cedure in Eqs. (51)-(58) and arrive at the follow-
ing elegant result:

[(ZaZe-Ilo-s- 5 s Ilo- Lo -ap)a] + (Mo e aac)
3 i#j n ] i#5 n i

~-5,63(s. [~ a7+ I - afF)=-B.(5+ 9. (16)

By integrating Eq. (76) on both sides from 0 to «, we get

E= [ Vi(si+ s (1)
in agreement with the conventional result. The first-order shifts in nodal positions are given by

ot [T o4 o) Tllag - moctod)ite= [ v, B8+ sDar (10
and

B{g (B4~ BY) I"I (B - ag)@o(B) G5(BY) = fo‘% (E,- V,)(§3+F)dr. (79)

The solution &,(7) is given by

&, (- air - B) = (2; 231 G20 3 (CTREP TN § (CRED) ¢ (O ﬂ"))«bo('r)Gﬁ(r)

+ fo T (V, - E,\)(G2+ Fdr.

i#j

(80)



1826 C. K. AU AND G. W. ROGERS 22

Thus we have expressed all physically interesting
quantities in quadrature. Now one can use FOPIM
as outlined in Eqs. (63)-(70) to obtain the higher
corrections to any desired order,

V. CONCLUDING REMARKS

In this paper, we have succeeded in obtaining
higher corrections to the energies and wave func-
tions, including the positions of the nodes for ex-
cited states, of a Dirac particle in a central field,
to any arbitrary order in perturbation theory, with-
out the use of either the Green’s function or a sum
over intermediate states, This was achieved by
the reduction of the coupled first-order differen-
tial equations on the large and small component
wave functions to the Ricatti equation, a technique
first suggested by Mikhailov and Polikanov,® We
have extended the work of these authors to the ex-
cited states and have also given variants of their
method, which we believe to be simpler to use.

The results achieved in this paper are similar
to what has been done in the nonrelativistic case
of the Schrodinger equation, where a reduction to
the Ricatti equation is possible by the transforma-
tion to the logarithm of the wave function, %1% 1!
It seems appropriate to examine the connection be-
tween the present treatment on the Dirac equation
and that on the Schrodinger equation.

In the case of the Dirac equation, we deal with
two linear, first-order but coupled differential
equations, In the case of the Schrédinger equa-

tion, we deal with one linear second-order differ-
ential equation., It is well known that by labeling
the first derivative with a different function, the
second-order differential equation becomes two
coupled linear first-order differential equations.
In the present work on the Dirac equation, we see
that the introduction of & through

5= G® 4)

decouples the equation. In the nonrelativistic case
of the Schrodinger equation, if we have taken & to
be g/, then & will be the logarithmic derivative of
g. A perturbation expansion on ¢ then is a log-
arithmic perturbation expansion. Thus the use of
the logarithmic derivative of the wave function in
the Schrédinger equation decouples the set of
linear first order differential equation derivable
from it.

The technique of logarithmic perturbation ex-
pansion also works in an eigenvalue problem of
the Sturm-Liouville type, an example of which is
the problem of the Stark effect in hydrogen in
parabolic coordinates. Some discussion on the
use of logarithmic perturbation expansion in the
Sturm-Liouville equation is planned to be reported
by one of the authors in a master thesis.?
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