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A nonlinear interferometer driven with a partially coherent light field is analyzed. A limit on the
fluctuations permissible in the driving field to observe bistability is calculated. For a Gaussian, broadband
input field the transmitted radiation is shown to have enhanced intensity fluctuations.

I. INTRODUCTION

There has been considerable interest in optically
bistable systems where a nonlinear interferome-
ter is driven by a coherent driving field, resulting
in a bistable behavior between the input and output
fields.! The nonlinearity may either be due to a
saturable absorber? or a dispersive effect, 3*
Recently Chrostowski and Zardecki® considered the
transmission of chaotic radiation through an ab-
sorptive medium inside a Fabry-Perot interfer-
ometer. These authors performed a numerical
simulation of the system and showed that trans-
mission of light with enhanced intensity fluctuations
resulted. Previously Chrostowski and Krasinski®
had predicted that passing chaotic light through a
saturable absorber increases the intensity fluctu-
ations in the transmitted light. This effect has
been observed in a recent experiment by Krasinski
et al.” who measured the intensity fluctuations in
light produced by passing chaotic radiation through
a saturable dye cell. The mechanism for this
effect is clear. A saturable absorber will trans-
mit large intensity fluctuations yet not transmit
moderate intensity fluctuations, therefore enhanc-
ing the relative contribution of the large intensity
fluctuations in the transmitted light. The possi-
bility of producing light with intensity fluctuations
greater than thermal light was first predicted by
McNeil and Walls® for the process of two-photon
spontaneous emission.

In this paper we consider a medium consisting
of N two-level atoms placed inside a Fabry-Perot
cavity and driven with a partially coherent driving
field. A limit on the fluctuations permissible in
the driving field in order to observe bistability is
calculated. For a purely chaotic driving field no
bistability occurs. An analytic solution for the
photon statistics of the transmitted light is ob-
tained.

II. MODEL EQUATIONS

We wish to calculate the response of a high-@
interferometer with a cooperative fluorescerit

medium (modelled as N two-level atoms) to an
input field with Gaussian fluctuations. We there-
fore analyze a model in which the input field is a
mixture of a resonant coherent part with a part
having “thermal” (delta-correlated) statistics rel-
ative to the interferometer response time. It is
still possible for the input to be reasonably mono-
chromatic, even with a bandwidth greater than the
interferometer bandwidth, so a single-mode cal-
culation is reasonable, provided the interferome-
ter resonances are sufficiently broadly spaced
relative to the input bandwidth. In the limit of
completely Gaussian input statistics, this can
represent a model of a multimode laser input to
the nonlinear interferometer. A diagrammatic
representation of this system, and the relation
between input bandwidth and cavity spacings, is
given in Fig. 1.

We assume that because of the large fluctuations
in the input field, the effect of quantum fluctua-
tions (due to the nonlinear medium) is negligible.
We may then describe the system by the semiclas-
sical Maxwell-Bloch equations. The effect of
quantum fluctuations has been studied by Lugiato9
and Drummond and Walls!® who show that these
terms can be expressed in a power series in 1/N.
Thus, for large enough numbers of atoms, the
quantum fluctuations will be negligible compared
to the Gaussian input fluctuations. We assume
we are in the region where the spatial mean-field
approximation is applicable," and we also assume
homogeneous bfoadening and a traveling-wave
(uniform) mode function. In this case the Maxwell-
Bloch equations assume the form

Ja

7 = KQ +gNj"+E(t),

a%j'z_m‘+zgaj', (2.1)

9 . . - s

573 =-glaj* + &%) =7 (5 =57,
where « is the amplitude of the cavity field mode,
j* and j* are the expectation values of the atomic

polarization and inversion, j° is the initial atomic

1672 © 1980 The American Physical Society



22 STATISTICAL PROPERTIES OF AN INCOHERENTLY DRIVEN... 1673

Interferometer
(single-mode operation)
(a)

4 Fluctuating output

Resonant 2 level absorber

Broadband input beam ,k

(b)

) W2 Ws

FIG. 1. (a) Schematic representation of the driven
system. (b) Relation between the bandwidth of the driving
field and the cavity mode spacings.

inversion, E(¢) is the driving field, and g is the
atom-field coupling parameter. The cavity decay
rate is k and the atomic decay rates are 7y, and
%,. These equations have been used to describe
optical bistability when E(¢) is a coherent driving
field.>* We note that in actual experimental sit-
uations, inhomogeneous broadening can be signif-
icant. Further, a real laser beam has a Gaussian
profile so that the above represents a very simpli-
fied treatment of the field mode function. In theory
it is always possible to take such effects into ac-
count [c.f. Hassan et al.! and Carmichael'?].

For a high-Q cavity (k <v,) we can adiabatically
eliminate the atomic variables and obtain an equa-
tion for the field mode amplitude:

2 a=E\(t)+E,(t) —ka-2Ck

= | (2.2)

a
1+lal®/n,
where the cooperativity parameter C=Ng?/2kv,.
Also, ny=7,7,/4g", where g, the atom field coupling
parameter, is defined by

g=leld|1)|(w/2ne, V)2,

and d is the electric dipole operator. V is the
quantization volume and N is the number of atoms,
which are assumed to be distributed uniformly
through the quantization volume. The condition
for the spatial mean-field approximation to hold

is 2¢(1 =R) <1, where R is the reflectivity of the
cavity mirrors. )

The input field may be divided into a coherent
amplitude E; and a fluctuating amplitude E,. The
fluctuating amplitude E, is assumed to have a ther-
mal type of statistics (as might occur for a multi-
mode source, or from thermal fluctuations induced
in an optical transmission line). Therefore this
radiation is regarded as broadband relative to the
cavity bandwidth. However for simplicity, the

input is also regarded as filtered so that the in-
tensity at the frequency of other Fabry-Perot
modes is small relative to the principal excited
mode.

Thus it is required that k< Aw, <c/2L, where
k is the cavity bandwidth, Aw, is the input band-
width, and ¢/L is the mode spacing for an inter-
ferometer of round trip length L. As the radiation
is relatively broadband, it is regarded as Gaussian
and delta-correlated on time scales comparable
to the cavity reciprocal bandwidth:

(E(()EX@' ) =00t -1t"),

The relative size of E;, A can be estimated for
a given experiment as follows: The coherent input
power (for perfect mode matching to a single res-
onant mode) is Liw |E,|?/c(1 =R), where R is the
mirror reflectivity and L is the round-trip path
length. Similarly, the incoherent input power per
unit frequency bandwidth is LZwA/c(1 -R). In the
case of a standard (nonabsorbing) interferometer,
the coherent to incoherent transmitted power ratio
would therefore be of order |E,[*/Ax.

(2.3)

II1. BISTABILITY WITH A PARTIALLY COHERENT
DRIVING FIELD

We introduce a probability distribution P(a) for
the field amplitude o =(a,a*). Using standard
techniques'® the stochastic differential equation (2.
may be shown to be equivalent to the Fokker-Planc!
equation

Lo — __a_(E - - (]
at.(g,t‘)_[ 5q \Bo—Ka 2CK__1—1+!al/no

d x. * a*
_——aa"‘(Eo Ka ZCK—-—2_1+|C!|/120)

az
Am (g,t). (3.1)

The steady-state solution of this equation may be
found exactly, since the equation obeys the poten-
tial conditions.!* This solution is given by

P(a)=Texp{(2/A)[-«|a|*+Ea*+ Eta
—2Ckn,In(|a |2+ny)]}
=RP'(a), (3.2)

where M is a normalization constant.

Thi% distribution, plotted as a function of the
real and imaginary part of @, has twin maxima"
in the bistable region, with each maximum being
locally stable. This has been demonstrated by
Schenzle and Brand,'®* who together with Bonifaco
et al. '® obtained this solution for optical bistabil-
ity for an equivalent situation where the thermal
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fluctuations are dominant over the quantum fluc-
tuations. This is completely different from the
pseudopotential suggested by Gilmore and Narduc-
ci,'” which had a “sombrero” shape with no bist-
ability. The sombrero distribution is correct

for the laser with an injected signal*®'® but not
for the physically different situation embodied in
optical bistability.

An important factor in the observation of optical
bistability is the reduction of external fluctuations
to the point that bistability can exist on relatively
long time scales. Clearly the steady-state bimod-
al distribution is not bistable (as it is unique).
The crucial point is that bistability occurs as a
transient response. In order for it to occur, in
an experiment, the tunneling or equilibration time
should be much slower than the rise time of the
input wave form and the detector response time.
This tunneling time can be easily estimated in
the case of the present model for external fluctu-
ations because of the exact solutions obtained for
a potential function [Eq. (3.5)].

In this situation, the well-known technique of
Kramers® and Landauer and Swanson®! can be
directly used to calculate the tunneling time. It
is useful to rewrite the Fokker-Planck equation
in the scaled variables:

x=a/‘fn—0) y=E0/’“/—n:’

(3.3)
D=A/lm0 ,
which leads to
L2y _3_[ 6 L)]
x atp(f)*{'ax A TP
I ( _2_C_>]
ax*[y T e
82
+D axax"‘}P@ , (3.4)
with steady-state solution
P(x)=mexp[- ¢(x)],
where
¢(g£)=%[— |x [2+yx* +y*x = 2C In(1 + lx]2].
(3.5)

The theory of Landauer and Swanson then predicts
a tunneling time for a transition from a stable
branch z, through a saddle point z, to another
stabel branch z,:

T>2(kD)? (@F17F2+eF37Fy) 71 - (3.6)

Here the “free energies” Fy, F3 are defined in
terms of local potential integrals in the neighbor-
hood of the stable branch:

Fm:-ln(f exp[ - ¢(z)]d2z> , 3.7
‘11 83 -

while the effective “free energy” F, at the saddle
point is given by expanding the potential locally,
relative to the principal direction (x):

¢(£) ~ ¢(2,) — 3aA Re(x) + 3bA Im(x)
F,=9(2) +3 In(b/a)

An order of magnitude estimate of 7 is simply
InT_ . ~(¢, — &), Where ¢,, ¢, are evaluated at the
transition midpoint. For the case of C>1 the
threshold point is at y=C,x =1 and the midpoint
is for y<C. A calculation of the potential differ -
ence (near the transition midpoint) shows that this
is of order C/D, as would be expected from Eq.
(3.4). Now in order for bistability to be clearly
observable, it is therefore necessary to have
C/D>1. In the case of C < D the potential height
of the saddle point is relatively small and the in-
ternal field responds by diffusion, without definite
threshold behavior. This places an upper limit
on the size of the background term for which bi-
stability can be observed, namely, A < iNy,. A
numerical study of the effects of driving-field fluc-
tuations on optical bistability has been made by
Meystre. %2 '

It is an interesting problem to determine the
behavior of the nonlinear interferometer when
driven by an incoherent source with A>3N,. In
this case, bistability does not occur. Instead,
even for a completely Gaussian broadband driving
field, a threshold still occurs at A=3N7,. How-
ever, this is a completely different threshold from
that for bistability; it is a threshold for a change
in the correlation functions on statistics of the
transmitted radiation. We consider this situation
in the following section.

(3.8)

IV. PHOTON STATISTICS FOR A CHAOTIC DRIVING
FIELD

We shall now consider the case where the inco-
herent component of the driving field is large. To
simplify the analysis we assume a purely incohe-
rent driving field and set Ey=0. In this case the
steady-state, photon-number distribution given by
Eq. (3.2) becomes a function solely of the photon
number R =|a%:

P(R)=9(R +ny) “exp(-R/n), (4.1)
where
n=A/2k,

€=2Cn,/n=Nv,/2A.

This distribution is a product of a Gaussian term
characteristic of thermal light and an additional
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FIG. 2. Comparison of the distribution equation (4.1)
with the Gaussian distribution 1/n4,e=%/2th (solid line,

e %152/(x241); dotted line, ¢ *?). e=1, no=1, 7=10,
nth =1,

power-law term. A comparison with the Gaussian
distribution for thermal light is shown in Fig. 2.
The system is no longer bistable; however, a
change in photon statistics occurs for a threshold
value of the driving field, as may be seen from a
calculation of the steady-state moments.

The distribution plotted in Fig. 2 is Eq. (4.1)
with e=1, which gives a product of a Gaussian and
a Lorenzian, It is these long Lorenzian-type tails
in the distribution which gives large values for
the moments.

- These moments of the photon distribution may be
calculated directly from Eq. (4.1). We initially
compute the intensity moments of the un-normal-
ized distribution:

1‘“=1rf R'P'(R)dR
0

=7 fo .’R’(R +ny) ™ exp(=R)/n)dR

=10 e'oﬁ’ 1o

j
ji .
xg (2 Gy TU + 1=k —e,20), @.2)

where T is the incomplete gamma function®® and
zg=ny/n=¢/2C.

In order to obtain a physical understanding of
the behavior of these moments we first consider
the limit # -, In this limit the behavior of the
moments depends on the size of € relative to the
order of the moment. We consider two regions:

(i) 1+j<e. For low moments the power-law
term in the distribution function equation (4.1)
dominates and

9 f‘ R’
_?10 (R+no)edR

e L(j+1)T(e—-j-1)
— (j+1-€)
=Tny F(E) .

(4.3)
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(ii) 1+j>e€. For the higher moments the Gaus-
sian term in the distribution function equation
(4.1) dominates and

Ik zwf RI“eR/AgR=1n""1"OT(j +1~¢).
0

(4.4)

The above results are true asymptotically for
A, N - with ¢ finite.

From the unnormalized moments we may cal-
culate the nth-order correlation function of the
radiation field as defined by Glauber?*:

g(n)___l(n)/I(O) . (4-5)

We again consider the limit z -, In this case
there are three distinct regions:

(i)j+1l<e. g =ndjlT(e-j-1)/T(e~1).
(ii)j+1>e>1, QW apgl-epleDr(j+1 —¢)(e-1).
(iii) e<1. SV =n'T(j+1-¢€)/T(1-¢). (4.6)

We note here that with decreasing ¢, which cor-
i‘esponds to increasing A, each correlation func-
tion is uniformly increasing. However, there is
a much greater rate of increase in the middle
range for large values of C (because n >n).
Therefore this region can be regarded as the
threshold. For the jth correlation function the
threshold point is at

_ A 2Cn,
nthr——zt:l—m{—)' (4.7)
For all the correlation functions the region (iii)
gives a saturation behavior in which none of the
correlations increase very rapidly. Instead the ef-
fective nonlinearity of the medium is reduced (as
50% of the atomic population are approaching in-
version). The saturation point is at

ﬁut=—-§3—A2K'=2Cn0 >;ithr . (4'8)
The scaling behavior of these correlation func-

tions may be seen in Figs. 3 and 4. Finally we
calculate the normalized correlation functions de-

n!

1 3

FIG. 3. ¢ ‘") (0)/(%)" as a function of 2Cn¢/7 in the
limit # — o,
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FIG. 4. In[g ‘" (0)]/In(%) as a function of 2Cny/7 in
the limit # —,

fined by

g(!)(o)

g(0) =t—9—(fTO)T' . (4.9)

In this case due to the normalization factor it is
necessary to deal with four individual regions.
These correspond to subthreshold, increasing
g(0), decreasing g’(0) and saturated behavior,
respectively. In the asymptotic limit # - we have

(i) Subthreshold (¢ >j +1):
(g (0)]~0.
(ii) Increasing (j +1>¢>2):
In[g¥’(0)] ~ (7 +1 —e)ln(n/n,) .
(iii) Decreasing (2>e>1):
lofg"(0)] = (e = 1)(7 = 1)In(n/n,) .
(iv) Saturated (e < 1):
Infg’(0)] ~0.

(4.10)

i
[};ﬂ(-zo)k(ﬁ)r(]' +1-k -G,Zo)][r(l -€,20)])’™
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( -
g0 = [T(2 =€, z9) = 2,T(1 -e,zo)]’

In Fig. 6 we show g‘*(0) as a function of A/
Asat(=1/€) for various values of C. The enhanced
intensity fluctuations (g‘¥(0) >2) in the region
1<e€<3 (3<A/Asat<1) are very apparent, as is the
rapid saturation for A/A,, >1. Figure 6 is in
good qualitative agreement with the numerical re-
sults of Chrostowski and Zardecki,® Chrostowski
and Krasinski,® and the experimental work of Kra-
sinski et al.’

Figure 7 shows the rapid increase in size of the
2% (0) as n increases. As the parameter C is
made larger this increase with n is so rapid that
if a linear scale is used, for a given n, only g¢ (0)
and g®*? (0) can be compared conveniently. Fig-
ure 7 shows g‘?(0) and g (0) as functions of A/
Asat- In order to compare the g¢?(0) over a wider
range of n, a logarithmic scale is required, and

T Y T —>

T
1 2 3 €

FIG. 5. In[g‘?(0)]/In (%) as a function of 2Cny/% in
the limit 7 —,

In the asymptotic limit we therefore have all
correlation functions with a maximum at
7=Cny=7v,N/8k . (4.11)

The input field and value of the correlation func-
tion at the maximum will be approximately

Amay =~ 2Ckny ,

[Ing(0)] ay= (j =1)InC .

(4.12)

Thus there is a very close relationship between
the cooperativity parameter and the degree of
intensity correlation with a Gaussian input field
(in the large C limit). However, this relation is
expected to be only roughly true because the peak
value occurs between the regions where approxi-
mations (ii) and (iii) are valid, and neither of these
approximations will be correct there, except for
very large values of C. In Fig. 5 we show how
2®(0) scales in the asymptotic limit. The exact
expressions for g’(0) are given by Egs. (4.2),
(4.5), and (4.9) yielding

. (4.13)

10
A

A sar
FIG. 6. g‘¥(0) as a function of #/2Cn, for C = 10,
20, 30, 40, 50.
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FIG. 7. g‘"’(0) as a function of 7/2Cn for n=2 and
n=3, C=20,

this is shown in Fig. 8, where In[ g’ (0)] are plot-
ted as functions of A/ A, for various n.

The numerical computations showed that for
2®(0) to obey relation (4.12), C 2500 is required.
However, for the mean-field theory used here to
be valid, the condition 2C(1 — R) < 1 must hold.
For C ~500 this requires an interferometer re-
flectivity of R >0.999, which would be difficult to
obtain. In spite of this, even for C <500 the nu-
merical results do show a roughly linear increase
of [Ing ®(0)] o, With logC. For larger » values Eq.
(4.12) is obeyed much more accurately, even for
values of C as low as C =20 as in Fig. 8, which
shows that [1ng®’(0)],,,, and [Ing®(0)] .., as pre-
dicted by Eq. (4.12) are very close to the exact val-
ues. Finally, we note that although the approxi-
mate relation for [Ing“’(0)] .., is not always valid,
the numerical results show that the approximate
expression for the position of the maxima, A/Aga

tnfg"0] [ .
10
L
12 N
10
- n=6
ot

‘/\ma
2}
/\

n=2

1 1 oy — 1 1 1 1 1 1 —J
A‘/A sat

FIG. 8. In[g‘"’(0)] as a function of #/2Cn for n
=2, 3, 4, 5, 6. C=20,

=%, is in fact a good approximation for all the
£'™(0) calculated.

V. DISCUSSION

An analysis of a medium consisting of two-level
atoms inside an interferometer shows that the
statistical nature of the input radiation has a strong
influence on the transmitted field. In the case of
a mixed coherent and Gaussian driving field, the
tunneling time in the bistable region can be es-
timated from a Fokker-Planck equation. When the
intensity of the broadband Guassian component
exceeds a certain threshold, the tunneling time be-
comes sufficiently short to prevent bistability. In
the case of a completely Gaussian broadband input
with no coherent part, there is an enhancement
of the output intensity flucutations for intensities
in a region about this same threshold value. 1t is
easy tounderstand this behavior whenone considers
the saturable nature of the absorbing atoms in the
cavity. Mathematically this is described by the
term a/(1 + |@|?/n,) in Eq. (3.1). For low driving
fields there is no appreciable saturation, and the
atoms behave simply as linear absorbers. The
completely Gaussian driving field thus imposes a
chaotic steady state with standard Gaussian fluctu-
ations. As the driving field is increased saturation
effects become important, and large intensity
fluctuations are less likely to be absorbed. The
resulting steady-state field thus exhibits relative
fluctuations which become increasingly larger than
Gaussian fluctuations as the driving is increased.
At very high driving fields the atoms approach
complete saturation and no longer absorb. The re-
sulting steady state thus tends again to the Gaussi-
an state dictated by the Gaussian driving field with
a linear loss.

Depending on the cooperativity parameter C,
higher-order correlation functions also exhibit
increased values compared to those for thermal
light. In the region of enhancement, we have
g™ (0)~C"™. So for n < C we obtain g™’(0) values
greater than the thermal light g™ (0) value n!.
g™(0) is a measure of the strength of the n-photon
transition probability compared to a coherent
field,® so in this case, for n<C, these probabil-
ities are enhanced even further than for a Gaussian
field. As » is increased past C the enhancement
becomes less significant, and eventually g (0)
becomes less than the corresponding Gaussian val-
ue n!.

Since the onset of the enhancement region is dif-
ferent for each different order of correlation
function, at low driving intensities the enhance-
ment of g™ (0) can be significantly higher than that
of g™1’(0). Thus this system could have practical
application as a correlation filter, creating a
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driving field for multiphoton processes with the
higher-order transition probabilities favored over
lower-order multiphoton and single-photon pro-
cesses. One limitation of this system is clearly
the reduction in intensity due to dissipation in the
nonlinear medium.

ACKNOWLEDGMENT

One of the authors (P.D.D.) wishes to acknowl-
edge useful comments and criticism from Pro-
fessor J. Eberly.

APPENDIX

We may also adopt a phenomenological master
equation approach to describe the saturable ab-
sorber, using a probability function P(x) for the
number of photons in the cavity:

PG) 661 +1)Plr) +@nPln ~ 1)
- enP@)+er+1)Pn+1)
n n+1
—Di:-;/n—op(n) +D—1—+mp n+1).
(A1)

In this equation the terms in @ and @ represent the
coupling to the chaotic driving field. 7=G/(e€ - @)
is the steady-state mean photon number for the
empty cavity, and k= ¢~ @ is the cavity damping
constant. The terms in D describe the effect of
the saturable absorber, with n, being the satura-
tion photon number and D a constant proportional
to the cooperativity parameter C. Equation (Al)
may be derived from a set of equations describ-
ing the full atom-field system by adiabatically
eliminating the atoms, as done, for example, by
Scully and Lamb in their well-known derivation of
the laser master equation.?®

Using the principle of detailed balance, the
steady-state solution of Eq. (Al) is readily found
to be

G (e

=p(0)-—Tetl .
(n) P(O)r€ e YF(2,ny+2,7€ +n,+2;7),

2o+ 1) (o +2)

+ny+1)r€ +n,+2)

(n(n - 1)) =P(0) e

where » =7%/@ +1), €=2Cn,/fi. The second-order
correlation function g ®(0) =(%(z - 1)) /(n)? may
then be calculated in a straightforward manner.
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FIG. 9. g‘¥(0) as a function of 7/2Cn ¢ from the mas-
ter equation approach of the Appendix; C=5, 10, 20, 40.

where
P(0)=[F(1,n,+1,n,®/c +1)+1; @/c)]!

where F is the hypergeometric function.

A simpler, approximate expression for P(n)
may be obtained using a method developed by
Gragg et al.?” Letting \,=@~ and p, =[e +D1/(1
+"/"o)]” we have in the case where P(n) is a slow-
ly varying function of #:

4P | per s 1) Pa)= (7’%__ 1>P(n)

dn -
~(,/u,=1)P@).  (A3)

This equation has the solution

Pln) =9l (1 +1/n5) + D]/ exp(—ne /e -a),
(A4)

where 91 is a normalization constant. P(z) of Eq.
(A4) has the same qualitative form as P(R) for
Eq. (4.1).

Since the distribution moments may be calcu-
lated without difficulty from the exact solution, Eq.
(A2), we shall use this expression rather than
Eq. (A4) to compute the moments. The mean
number and first-factorial moment are readily
found to be: i

(A5)

r2F(3,n0+ 3, 7€ +1y+3;7),

-
g®(0) is plotted in Fig. 9 as a function of 7 for
various values of D. The form of these curves
agrees well with the results of Refs. 5-17.
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