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We have applied the second Born approximation with the Coulomb Green’s function to the calculation of the cross
section for electron capture from a hydrogenlike ion of high atomic number Z; by a bare ion of atomic number Z,
moving with a high speed v. With the aid of a peaking approximation, which is valid when #w/e*»Z, and
Z,.>Z,, we reduced the second Born amplitude to a one-dimensional integral which was evaluated numerically
for 1s—1s capture. It was found that by using the Coulomb Green’s function, rather than the free Green’s function,
the second Born cross section is greatly reduced (and is comparable in size to the first Born cross section) when

fv/e?S Z,y.

I. INTRODUCTION

Inner-shell electron capture by swiftly moving
projectiles is a complicated theoretical problem
owing in part to the presence of many electrons
interacting with the active electron. To progress
towards an understanding of the dynamics of inner-
shell electron capture we have begun by studying
the simpler process of electron capture from a
hydrogenlike ion of high atomic number Z by a
bare ion of atomic number Z, moving with a high
speed v. It is now well-known'® that if #v/e?
> Zr, Zp, the second Born amplitude dominates
over the first. (We omit the internuclear potential
from each Born amplitude.) With v satisfying the
previous inequalities it makes little difference
whether the free Green’s function or the Coulomb
Green’s function is used in the definition of the
second Born amplitude. In a recent letter one
of us? evaluated the second Born amplitude (for
1s—- 1s capture) with the free Green’s function
for #v/e€®> Zp and Z arbitrary. It was found
that the ratio of the second and first Born cross
sections increases rapidly with Z, and is very
large for #iv/e*< Z,. (For example, if Z,=1 and
7iv/e® = Z =10 the ratio is nearly 15.) It is to be
expected that the contribution from terms of
third and higher order in the interaction between
the electron and target nucleus is significant when
hiv/e® < Z,. Now all orders in this interaction can
be incorporated in the Coulomb Green’s function.
We have therefore examined the second Born
amplitude using the Coulomb Green’s function,
and the purpose of this paper is to report the
results. We find that (for 1s— 1s capture) the
ratio of the second and first Born cross sections
is greatly reduced if the Coulomb, rather than the
free, Green’s function is used when 7v/e€®* < Z.
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Hence when the free Green’s function is used, the
second Born amplitude must destructively inter-
fere with higher-order Born amplitudes.

In the next section we establish a notation. In
Sec. III we analyze the required matrix element
of the Coulomb Green’s function. This matrix
element is evaluated using a peaking approxima-
tion which is valid when zZv/e®*> Z, and Z > Zp.
In Sec. IV we present the results and a discussion
of them. In the Appendix we show that the matrix
element of the Coulomb Green’s function with the.
peaking approximation reduces to the familiar
matrix element of the free Green’s function when
Tw/e?>Z . >»>Zp.

II. NOTATION

Let M, be the mass of a projectile P impinging
on a one-electron ion or atom (e +T), where e is
the electron of mass m, and T is the target nucleus
of mass M,. We define the mass ratios

a=Myg/(m+Mp), B=Mp/(m+Mp),
and the reduced masses

v;=Mp(m+Mp)/(m+M p+Mp),

vy =Mp(m+Mp)/(m +M p+Mp).

Let T, and ¥, be the coordinates of the electron
relative to T and to P, respectively. Let f{,. be the
coordinate of P relative to the center of mass of

(e +T) and let -ﬁp be the coordinate of the center of
mass of (e +P) relative to T. Let R be the coor-
dinate of P relative to T. The coordinate system
is shown in Fig. 1. We have

?P=-—§T+o[f‘,, Ry =B§T+(1 - af)fp.

Let —e denote the electron charge, and let Z e
and Zpe be the charges of T and P, respectively.
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FIG. 1. The coordinate system.

Let €; be the internal energy of (e +7) in the initial
state i and let ¢, be the internal energy of (e +P) in
the final state f. Unless stated otherwise, we work
in the center-of-mass frame of all three particles.
In this frame the total energy E of the system is

E=(12/20 K2 +€, = (i%/20))KC +¢; ,

where h’ﬁ, is the initial momentum of P, and

%K, is the final momentum of (e + P), with K, =|K;|
and K; = |K,|. With ¥ the incident velocity of P
relative to the center of mass of (e +T), we have
%K, =v, 7. We define the “average” momentum
transfer vectors

R=fk -K, J=ok,-K.
Let ¢,(f ;) represent the initial internal state of
(e +T) and let ¢4(Tp) represent the final internal

state of (¢ +P). The initial and final wave functions
of the complete system are

9, =exp(iK;-Rp)o,(F ),
Yy =exp(i-ﬁ, . ﬁp)‘t’f(fp) ’

respectively. The interactions of the electron with
P and T are, respectively, V,,=-Zpe?/7p and

Vye =—Z7€*/r r. The interaction between P and T
is Vpp=ZpZp€®/R. The perturbations in the en-
trance and exit channels are, respectively, V;
=Vpe+Vprand V,=V,, +Vp, The scattering
amplitude for the transition i~ fis A=A, +A,
where

A= V0= Vi [ 03
and
A=W VGV 9,

where G* is the full Green’s function for the
system with energy E +i7n, where 7 is positive
but infinitesimal. If H, denotes the Hamiltonian
obtained by excluding all interactions,

G*=1/(E+in—Hy=V;=Vg,).

We approximate G* by the Coulomb Green’s func-
tion G} which differs from G* by the omission of
V;; thus

G!=1/(E+in-H,~V,,).

The corresponding approximation to A, is

Ay =Yy IVfG: 1AIDE

Since the interaction V,, will be dropped (see
Sec. IV) we are interested in calculating

L= VGl Vae 1) -

In the next section I,, is reduced to a three-di-
mensional integral which, with some approxima-
tions, is reduced further to a one-dimensional
integral.

III. ANALYSIS

In this section we set # =e¢ =1 for notational sim-
plicity. We have

Lo = (| Ve [ 951, 3.1)
where

W)= G} Vpe i) - (3.2)
Note that

(E +in=Ho= V) [4{") =V, | 1) (3.3)

We write Vp, in terms of its Fourier transform:

_ Vpe____z_sz;_ fﬂ:z_sec?-(a?,-ir). (3.4)
We assume the initial state is the 1s state.
Writing

¢i(F ) =N e”H1'r, (3.5)
where
Ny =(Zpam)*? /a2,

and where for the moment we leave pu, arbitrary
but later set u,=Z,am, we have from Egs. (3.3)-
(3.5),

(E +i11 _HO - VTe)wsl)(fo ﬁr)
=ZpN; [ %S iT-(orp-R)-nr ik, R
Y f—sz‘e" (org=Ry)uyrg*iK Re, - (3.6)

We now express the R, dependence of ${*)(¥ ,, R )
as a Fourier transform:

WER R = [ @sem R TG, @)
Substituting the right-hand side of Eq. (3.7) into
the left-hand side of Eq. (3.6) we find

YU (E 1, 8) = - (ZpN/ 202G, 1), (3.8)

where § =a8 and where

1 > T .-.-
(—mv,f;- Zr/f-g)x(ﬁ,r)=-e‘° Tuy | (3.9)
§=E+in-(1/2v,)§/a -K,z. (3.10)

Combining Egs. (3.1), (3.7), and (3.8), and writing
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¢s(Fp) = ( ) fd’m(ﬁ)e‘v‘“'r'“r‘ (3.11)

where
s@=() [ o @e T, (3.12)
we obtain
20:21’2_1121;2&&& L?g;@/a,«ﬁ)y@, (3.13)
@t [y, e

Kelsey and Macek® have shown that
spfTT
r@ - snxm(18 ) 2

sinnT/op,

-T

4X°p, - B)p +F,Fop*’

xfd
c leDz"z(E1Ez"

(3.15)
where with =1 or 2 and with u, =0,

Dy=(X+p,) +17, (3.16a)
E;=-pi-pi+X, (3.16b)
Fi=(X=u,P+0%, (3.16c¢)
X=(-2am&'?, (3.16d)
T=2Zam/X, (3.16¢)
p,=8, B,=J-4; (3.16f)

the contour C starts at p=1+:¢n, where the phase
of p is zero, and terminates at p=1-in after en-
circling the origin once in such a way as to en-
close no singularity of the integrand other than
the one at the origin.

With ¥ along the polar axis, the integration over
the azimuthal angle of § can be performed in Eq.
(3.13) if ¢,(') is isotropic in §; this leaves a
three-dimensional integral to be evaluated. Note
that setting 7 =0 is equivalent to replacing Glby
the Green’s function for three noninteracting
particles.

We now neglect corrections of order m/M p and
m/M,. We have

K+J+mv =0, (3.17)

V-R=-im? +¢; - ¢, (3.18)

K? +2me;=J? + 2me, . (3.19)
Defining

P=3+K,

Eqgs. (3.10) and (3.13) become

8=smi?+¥. p+e,+z17, (3.20)
o= 2t [ R i ev@. B2
Equations (3.16d)-(3.16f) become
X=(-2m§)"?, (3.22a)
T=Zm/X, (3.22b)
?,=p-K, D=-D-m¥. (3.22¢)

To proceed further we assume that v> Z, and
that Z,> Zp. Since the presence of ¢}‘('f)) in Eq.
(3.21) restricts the significant values of D to 1B
smZp, we have

no~2rZZelh [ o grev@, (3.23)
D,=F,= 2% +p?, (3.24)
D= (X+p,f +K?, (3.25)
Fy= (X -, P +K2, (3.26)
E\E, - 4X%D, - D, = 2(mo)¥(J% +u?), (3.27)
X=-imv, (3.28)
T=iZp/v. (3.29)

Since 7 is now pure imaginary, we can write

(ie"rr)fd Zfld (3.30)
SinoT A p--- = A [ TN .

With regard to the denominator in the integrand of
Eq. (3.15), we see that the coefficient of p is much
larger than the coefficient F,F, of p?. Since p
varies from 0 to 1 we could drop the term in p?
with little error, but we did in fact retain this
term in our calculation. The constant term D,D,
in the denominator is also much smaller than the
coefficient of p, but this constant term cannot be
dropped for otherwise the integrand would have a
pole at p =0.

With these approximations Y(G) is isotropic in
P and the integration over P in Eq. (3.23) can be
readily performed. In fact, writing

8 ! ad*(D)
12c~a—;l-j; dpfd’p —ﬁ"———b2+p2 , (3.31)

where a and b depend on ., and p, and writing

1 1 dar ip? br

T wd (3.32)

we have

L~ (a)”zal fld af——-cb*(')e"" (3.33)

the integration over T is straightforward to per-
form. Note, however, that if ¢,(f) is not isotropic
in ¥, the right-hand side of Eq. (3.33) is identically
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zero from the angular integration over ¥; our
approximations and therefore inapplicable to final
states other than s states. Evidently the cross
section for capture to the 2p state is significantly
smaller than that for capture to the 1s state when
Zp>» Zp and v> Z . To obtain a nonzero estimate
of I, when the final state is not isotropic we re-
place Eqs. (3.25)-(3.29) by (where #=%/v)

Dy~ (u, —imol +K* +2p- (F-i ), (3.25")
Fy=(imv+p,? +K2 +2p- (J-i D), (3.26")
E\E, - 4X*p, - D, = 2(J* +p3)[(mo) +2m¥ - ],

(3.27°)
X=~i(mv+d.P), (3.28")
T=4Z ym/(mv +9 D). (3.29")

However, the integration over P is now much more
difficult to perform.

The reason that capture occurs predominantly
to s states when Z,> Z, and v> Z, is the follow-
ing: In order to be captured the electron must
acquire during the collision a laboratory velocity
that differs from the projectile velocity ¥ by at
most of the order of the final characteristic or-
bital speed Z,. Since v> Z, the projectile P,
which is barely deflected during the collision,
must penetrate the target electron cloud in order
to impart the necessary velocity to the electron.
Since the characteristic radius of the target elec-
tron cloud is 1/Z, the electron must emerge from
the collision within a distance of order 1/Z, of P.
The final orbital angular momentum of the electron
relative to P is therefore no more than the order
of Zo/Zp Hence if Zp/Z < 1 the electron is cap-
tured primarily into s states.

IV. RESULTS AND DISCUSSION

With corrections of order m/M, and m/Mp
neglected, the cross section for electron capture
is

o = (272%™ f” |APK ,dK, , (4.1)
o]
where
K, =(K* - K3
with
K =-mv/2k - (e — €,)/vF . (4.2)

As first pointed out by Wick,* when corrections of
order m/M 5 and m/M, are neglected the value of
o is independent of whether or not the internuclear
potential V. is included in the Hamiltonian of the
system. We exclude Vp, from the Hamiltonian
since its inclusion would yield a spurious contribu-

TABLE I. Electron capture cross section in units of
ma} for various values of the projectile laboratory energy
E),, and target atomic number Zy. The projectile
atomic number Zp is unity and the initial and final states
are both 1s states. The notation for the cross sections
is 0;, first Born; 0,;, second Born with Coulomb
Green’s function; 0,,, second Born with free Green’s
function; 0, cross section obtained from Schwinger
variational principle. A number in parentheses is the
power of ten by which the preceding number should be
multiplied.

Eyap
(MeV/amu) Zrp 9 Oyc ) A

2.5 10 0.51(=5) 0.34(=5) 0.84(—4) 0.67(=6)
2.5 20 0.17(=7) 0.32(=7) 0.14(=5) 0.18(-=8)
5.0 10 0.14(—5) 0.84(—6) 0.14(—4) 0.20(—6)
5.0 20 0.45(=7) 0.53(=7) 0.20(=5) 0.33(=7)

10.0 10 0.14(—6) 0.64(=7) 0.83(=6) 0.23(=7)

10.0 20 0.40(=7) 0.23(=7) 0.10(=5) 0.11(=7)

tion to the cross section obtained by truncating

the Born expansion of A. The first Born cross

section o, is then defined by approximating A in
Eq. (4.1) by I, where

L=l Voo lhe) =y | Ve | 4) - (4.3)

The second Born cross sections o,. and o0,, are
defined by approximating A by I, +1,, and by I, +1,,,
respectively, where

1205<¢/,VTeGgVPe|¢l> ’ (44)

and where Gj=1/(E +in - H,) is the free Green’s
function. The cross section o is defined by ap-
proximating A by I2/(I, - 1I,.); this approximation
follows from the Schwinger variational principle.®

We calculated the cross sections for 1s—-1s
capture for various values of E and Z, with Z, =1.
Some results are shown in Table I. We calcula-
ted o, and o, by using the peaking approximation
described in the preceding section. We calculated
0,, by setting 7 =0 and using the same peaking
approximation. In Ref. 2, 0,, was calculated by
using a less restrictive peaking approximation
which is valid under the single condition Zv/e?
> Z p. The agreement between the present values
of 0,, and those reported in Ref. 2 is rather good;
the discrepancy is about 15% or less. This in-
dicates that the approximations used here are
reasonable.

We see from Table I that o,, is very much
smaller than o,, when iv/e® > Z, and iv/e® s Z .
In fact for v in this range o, does not differ
greatly from o,. Only when #v/&®> Z,, Zp are
0,. and 0,, similar in magnitude. The terms
L, and I, each correspond to a double-scattering
mechanism in which the electron undergoes two
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collisions, the first with P and the second with T.
This mechanism was originally considered within
the framework of classical mechanics by Thomas.®
The propagation of the electron between the two
collisions is described by G, in I,, and by G, in

L. Thus in I,, the electron propagates freely be-
tween collisions whereas in I, it propagates in

the Coulomb field of T. Now if #v/e* > Z, and there
is to be a significant probability of capture the
electron must emerge from the second collision
with a velocity nearly equal to that of P. The
velocity of P is almost constant and equal to ¥V in
the laboratory frame. Since m/M < 1 the second
collision is almost elastic in the laboratory frame,
and therefore in this frame the electron must pro-
pagate between collisions with an energy roughly
equal to 3m?. Since the motion of an electron
with energy 3m® in the field of a nucleus of
charge Ze is very different from the motion of

a free electron when #iv/e? < Z,, it is not surpris-
ing that I, and I, differ substantially when v is

in this range.

To gain further insight into the difference be-
tween I,, and I,, we make the impact parameter
approximation and write ﬁ,=§ +Vt where b is the
impact parameter and ¢ is the time. We define
£,(Fp,t) by

PO (F,, 1) = e Ki"Reg (Fpyt),

so that from Egs. (3.7) and (3.8) we have (with
n=e=1)

_ ZPNJ.
Ec(.frst)‘“" 2‘"2

d’s TGV 3 3
T
82 € s v x.(.§’rr)'

(4.5)

£,(f 5, ) is the first-order correction to the time-
dependent electron wave function. The absolute
square of the sum of ¢;(F ) and £.(Fp, t) gives the
time-dependent charge distribution which evolves
during the course of the collision.” £,(Fp,t) can

be expanded in terms of the eigenstates of the
“atom” (e+T); the expansion coefficients are, in
the 1imit ¢~ <, the first Born amplitudes for direct
excitation and ionization (into Coulomb waves) of
(e +T). Since the first Born approximation for
direct excitation and ionization (into Coulomb
waves) in fast asymmetric collisions is reasonably
well-founded,® £,(F ., t) is expected to give a good
description of the overall time-dependent charge
distribution. The subscript ¢ on £, emphasizes
that £, contains the Coulomb Green’s function. Let
£,(F 5, t) be defined by replacing G, by G, in &..

If £,(F 5, f) is expanded in plane waves, the expan-
sion coefficients are, in the limit {— -, the first
Born amplitudes for direct ionization of (¢+T)

into plane waves. Now if the speed v, of the

ejected electron is small, that is, if v,<Z€*/k,
the first Born amplitude for ejection into a plane
wave is a poor estimate of the exact ionization
amplitude and greatly exceeds the first Born am-
plitude for ejection into a Coulomb wave.® There-
fore £,(T, t) is expected to give a poor description
of the time-dependent charge distribution, at least
for those components with v, < Z e?/F.

Now I, and I,; are obtained by projecting
e™'Rrg and etk 'Rr&,, respectively, onto §Vy,.
We have

by =e'¥r "Ry ¢, =€*BKr Rr4i(1 - aB)K;- T pos

~ gimtefp elﬂgf' §T¢f’

where in the last step we have used (1 - ap)K;
~m¥V since m/M ,, m/Mp< 1. In momentum space,
only the momentum components of ¢,V p, with mo-
mentum < Z,me?/ii are appreciable. Since #v/e®
> Zp it is clear that the projection picks out main-
ly those components of £, and £, corresponding
to the electron being ejected with velocity close to
%. Therefore if 7v/é® < Z . we expect I, to be
larger than [,.

We note, looking at the results in Table I, that
o, is considerably smaller than o,,. However, the

‘Schwinger variational principle does not seem to

provide a sensible approximation for electron cap-
ture since it cannot yield the proper asymptotic
form A=I,, when iw/e*>» Z ., Z p.
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APPENDIX

We now show for 1s— 1s capture that if v>Z,
> Zp the matrix element I, approaches I, This
provides a check on our approximations. For no-
tational simplicity we set Z=e=m =1. I,, has the
asymptotic form?

Io= 251!(ZTZP)5/2 K™% -K* +i221‘”)-‘ s (A1)

when v> Z > Zp.
We neglect the term F,F,p® in the denominator
of the integrand of Eq. (3.15), we use the approxi-
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mations given by Egs. (3.25)-(3.28), and we set
7 =0 after using Eq. (3.30). We obtain

Y(§)= —161rw—— f pc +dp (A2)
where

c=[(u, -iv? +K%]D,, (A3)

d=—407(J% +2). (Ad)

Performing the differentiation in Eq. (A2), we
obtain

p, —iv)D, — 40Pu p
(c+dp)y? :

The integration over p in Eq. (A5) is straight-

Y(@) = 327iv [ ap (A5)

forward. Setting u, =Z, and dropping corrections
that are negligible when v>> Z,> Z, we obtain
(noting J2=~ K?)

87
Y@)~I(z(v - K2 +i2Z0)°. i

the term 72Z,v in the denominator is not neglibible
compared to the term v? - K% since we may have
K =v. Note that asymptotically Y(§) is independent
of p. Combining Egs. (3.23) and (A6), and using

(A6)

[ #@p=@nre6700), (A7)

we find that I, is asymptotically equal to the
right-hand side of Eq. (A1), as we had set out to
prove.
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