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A theory of colhsionally aided radiative excitation (CARE) for three-level systems in the weak-field limit is

presented. Cross sections for the excitation of three-level atoms by two off-resonant pulsed radiation fields in the

presence of collisions with structureless perturbers are calculated. Analytic expressions for the cross sections as

functions of atom-field detunings are obtained under usual classical-trajectory and rotating-wave approximations

using perturbation theory for various regions of detunings. Examples for the resulting excitation line shapes are given

mostly for van der %aals potentials. A dressed-atom picture of the CARE processes is discussed. Emphasis is put

on an interesting effect arising from the interference between the "stepwise" and the "direct'* channel of excitation.

Such an interference effect manifests itself as modulations in the total excitation cross section as a function of

relative interatomic speed in some cases.

I. INTRODUCTION II. THE PROBLEM

In this paper, we present a theory of collisional-
ly aided radiative excitation (CARE) for three-
level systems in the weak-field limit. CARE in
two-level systems has been the subject of many
recent studies. ' Approximation schemes, valid
in different regions of atom-field detunings, have

been used and verified by numerical calculations. '
In three-level systems, however, calculations
have been limited to a narrow range of detunings. '
It is thus desirable to have a theory which is free
from such limitations.

In Sec. II, we state the problem to be investigat-
ed and define the conditions under which the treat-
ment of this paper are applicable. The complexity
of a three-level CARE problem over its two-level
counterpart is due partly to the fact that there are
two detunings which can be independently varied.
In addition, the collision-induced energy shifts
of these three levels can be of either a positive
or a negative sign (relative to the detunings), lead-
ing to different physical situations. It becomes
necessary, for the convenience of presentation,
to classify the cases according to the sizes and

signs (relative to those of the collision-induced
energy-level shifts) of the detunings. This is done

in Sec. III. A "dressed-atom" picture of the phy-
sical processes will be given in Sec. IV with dis-
cussions of interesting interference effects for
some cases. In Sec. V, the basic equations in-
volved are given. 'The solutions and results for
cases as classified in Sec. III are obtained in Sec.
VI. In Sec. VG, we discuss the advantages of
using CARE over conventional atom-atom col-
lision techniques to study the atom-atom interac-
tions. The paper is concluded in Sec. VIII. Ap-
pendices A and B provide some calculational de-
tails.

Consider a three-level active atom, which may
have one of the configurations shown in Fig. 1

with level separations S(d» and Sm», subjected
to two off-resonant incident pulsed radiation fields
of frequencies &o and ra' and amplitudes E(t) and
E'(t) The at.om simultaneously undergoes a col-
lision with a structureless perturber. Under some
conditions to be stated in this section, we calculate
the 1-3 excitation cross section as a function of
detuning s.

The fields E(t) and E'(t) are assumed to drive
only 1-2 and 2-3 transitions, respectively, with

interactions characterized by the coupling strengths
g(&) = p,2E/2If and X'(t) = p,3E'/2l', respectively,
where p.» and p» are the dipole matrix elements
of the respective transitions. The collisions are
assumed only to shift the energies of the active-
atomic levels without coupling them (sometimes
referred to as adiabatic approximation), a gener-
ally good assumption in the case of electronic tran-
sitions in the optical regime because of the lack
of interatomic potential curve crossings (except
perhaps at extremely small internuclear distance
which cannot be reached with ordinary ther mal
energy).

If the atom-field detunings & and &', defined as
=e- ~» and '=co'-v», are larger than the

Doppler width, and/or if the incident pulsed fields
are adiabatic, the excitation cross section are
negligibly small in the absence of collisions. In
both cases, the collision can greatly enhance the
excitation by either breaking the adiabaticity or
shifting the energy levels of the active atom into
resonance (instantaneously) with the external
fields. %e shaQ confine the discussion of this
paper to detunings larger than the Doppler width

and assume that the pulses are slow enough such
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the inverse of the detunings and the pulse dura-
tions. In such a pressure regime, one can take
the CARE rate to be linear in the perturber den-
sity and calculate the CARE cro'ss section for a
single collision, from which the CARE rate is ob-
tained by averaging over all possible collisions.
This procedure is followed throughout this paper.

The conditions on the pulsed radiation [Eqs.
(2. 1)-(2.4)] can be met by ordinary laser pulses
which have typical pulse lengths (F10-' sec ) much
longer than the collision time (-10"sec). The
pressure range we are considering is typically
of the order of 10 Torr or less in order to satisfy
the conditions stated above.

III. CLASSIFICATION

(b)

(c)
FIG. 1. Configurations of a three-level active atom

for CARE. (a) Upward cascade, (b) inverse 7', arg (c)
V.

where W~ is the Doppler width,

(2.2)

and

dX dX'
0

dt ' dt
(2.3)

x(t) —x„x'(t) - x,,' (2.4)

during a collision.
In addition to conditions (2. 1)-(2.4), the per-

turber density is assumed to be low enough that
the time between collisions is much longer than

that the pulse durations are much larger than the
collision time, and that during a collision the field
amplitudes are constants; that is,

(2.1)

For the convenience of presentation, the three-
level atom is assumed to have a configuration
shown in Fig. 1(a}, unless otherwise stated. The
theory to be presented is equally applicable to
other configurations with suitable changes of the
signs of detunings and of the relative energy-level
shifts.

Consider such a three-level active atom [Fig.
1(a)] undergoing a collision with a structureless
perturber. The energy levels are shifted during
a collision, as shown schematically in Fig. 2,
for some specific collision impact parameter b

and relative velocity v in a. manner depending on
the assumed interatomic potential. The relative
shifts of these levels can lead to an increase or
decrease in the atomic transition frequencies over
their unperturbed values. In the case shown in
Fig. 2(a}, both the 1-2 and 2-3 transition frequen-
cies decrease (shift toward the red}, and one
speaks of (relative) attractive interatomic poten-
tials. Conversely, the transition frequencies in-
crease for repulsive potentials. Although differ-
ent combinations of attractive and repulsive po-
tentials for the 1-2, 2-3, and 1-3 (two-photon)
transitions may occur in a three-level system,
we shall be concerned only with attractive inter-
atomic potentials. This restriction (to the at-
tractive relative interatomic potentials) is for the
convenience of the presentation; the theory to be
presented is, nevertheless, applicable to all types
of interatomic potentials.

What is essential in the theory is the existence
(or lack thereof) of the collision-induced instan-
taneous resonances during a collision. When the
detunings equal (both in signs and in magnitudes)
the relative energy-level shifts, resonances occur.
In Fig. 2(a), instantaneous resonances occur at
+7'0 for 1-2 tr ansitions, +70 fop 2 -3 transition, and
+7", for 1-3 two-photon transition. Such instan-
taneous resonances enhance the absorption of ra-
diation, especially in the case of large detunings.
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FIG. 2. Energy levels of a three-level active atom
during a collision, schematically shown for a relatively
attractive interatomic potential. (a) In a bare-state-
classical-field picture, the energy levels, thus the de-
tunings, are time dependent. As shown, resonances
occur at +To for 1-2 transition, +70 for 2-3 transition,
and +so for 1-3 two-photon transition. e)} In a dressed-
state picture, the resonance points in (a} are trans-
formed into level crossings of the dressed states.

The studies of two-level CARE (Ref. 2) have
led to the understanding that the instantaneous
resonances are important when the detunings are
much larger than the inverse coll.ision time & ',
i.e. , (detuning ( &,»1. For [detuning )r, «1
[impact region (I)], the existence or lack thereof
of instantaneous resonances is unimportant, and
the absorption cross section varies as ~detuning ~

'
irrespective of the sign of the detuning. The case
of ~detuning ~ r, »1 can be divided into two regions
according to the sign of the detuning relative to the
interatomic potential: the quasistatic (Q) region
where the instantaneous resonances can occur
(e.g. , red detunings for attractive potentials),

and the antistatic (A} regions where no instantan-
eous resonance can occur (e.g. , blue detunings
for attractive potentials). ' ln the three-level prob-
lem, classification of the eases is complicated
by the possible combinations of I, Q, and A regions
for &, ~', and &+~'. If there is no constraint,
there would be a total of 27 cases to be discussed;
the fact that &+ &' cannot be independently varied
and that we restrict our discussion to attractive
potentials reduces the number to 13 eases.

The cases to be considered are listed in Table
I according to the region of each detuning. In the
third column, the conditions, appropria, te for
attractive potentials only, are also listed to help
clarify the eases considered. In subsequent sec-
tions, results are given mainly for attra. ctive van
der %'aals potentials, although the treatments are
generally applicable to other types of potentials.
Table I exhausts all possible eases where attrac-
tive potentials only are considered. It does not,
however, include all cases for a general inter-
atomic potential. %e choose not to include all
possible ca,ses because it is impractical to do so
and may lead to confusion. At any rate, for the
eases not included, one can find aypl, ieable treat-
ments in one of the cases included.

It is natural to group together the ca,ses in Table
I for which the mathematical treatments are simi-
lar. In See. VI, we present the solutions and the
results aeeording to these groups. %e group
cases A, B, and C (& in the I region), cases D
and E (&' in the I region}, and cases F and G (&
+&' in the I region). Cases H and 1, which have
two of the three detunings in the Q region and the
third detuning in the A. region, will be grouped
together. Case J, with all three detunings in the
Q region, is the last and the most interesting case
to be treated. Cases K, I, and M wiB not be discussed
since at least two of the detunings are in the A.

region, leading to exponentially small excitation
cross sections. Although numerical, calculations
can be performed to obtain cross sections for
these cases, reliable analytic approximation
schemes have yet to be developed.

IV. THE DRESSED-ATOM PICTURE AND GENERAL
CONSIDERATIONS

In this section we shall give a general descrip-
tion of the physical processes in terms of the
"dressed-atom" picture' (sometimes referred to
as the atom-field diabatic representation}' in
which the eigenstates of the Hamiltonian of free
atom+ free fields+ atom-field interactions (i.e. ,
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TABLE I. Classification of cases.

Conditions appropriate for attractive potentials Case

I
I
I
Q
A
Q
A

Q
A

Q

Q
A
A

I
Q

I
I
A
Q
A

Q
Q
A
Q
A

I
Q
A

Q
A
I
I
Q

Q
Q

A

&1&,

El ~c &&1

n. I~, »1,
6 r~»1,

T, »1,
+IT, » I,
nl~c&&1,

7~ && ].,
6 r, »&,

Qt
Ql
Ql
Ql
Ql
Ql

T~ && $,
T~ &&$,

T~ &&$,

T~ && $,
T~ && $,
T~ &&$,

In'l~. »1.
Is+a'I r, « I
I
n+E'I T, »I, 6'&p, 6+6'&0

In, +cvl r, »1, 6' &p, h+n' &0
IE+6'I r, »1, n & 0, n+n' & p

ln+Lvlr~»1, n &0, th +n' &p

In +tv
l~+n
6+6'
d +b'
b, +6'

7 «g, A&Q, A'&Q
r «], 6 &Q, A'&Q

T, »Z, ~&P, ~ &P,~+~ &P
T, » ]., 6 & P, b, ' & P, 6 +6' & P

T, »i, a&p, ~ &p, &+a'&p
n+E'

I
T»1, n, & 0, 6' &0,6+6' &0

d, + n' rI, »1, 6 &p, n' &0,6+K' &0
6+6'I~, »1, n &p, cv &0,6+K' &p

A

B
C
D
E
F
G
H

I
J
K
L 8

M

'Not treated in this paper.

atomic dressed states} are taken as stationary
states and the collision, which couples the dressed
states as well as shifts their energies, is treated
as a perturbation. The dressed states are gen-

erally linear combinations of the "bare states"
(i.e. , eigenstates of free atom+ free-field Ham-
iltonian) and, in the weak-field limit, can be ap-
proximated as

I I)= (1 —x. /2 & ) I 1,n, n') +(x/6}(2, n —1,n ') +[xx '/&(& + &')] I 3,n —I,n' —I&

Irr) = (-x/&} I l, n, n')+ (1 —x'/2&' —x"/2&") I2, n —l, n'&+ (x'/+') I3,n —1 n' —I&

lm)=[xx'/&'(&+d, ')]11,n, n') —(x /~ )12 n —1,n'& +(1 —x"/2t "}l3, n —l, n' —1),

(4. 1}

with eigenenergies

E,=E, +tt~n+n'fta&'+ X'/&,

E» ——E, + (n —1)g&o+ n'}t&o'-X'/&+ X'/&',

E =E + (n —1)5~+ (n '- 1}h&o' —X"/ &',
(4.2)

where E» E» and E, are energies of the atomic
states 1, 2, and 3, respectively, with separations
E2-E, =her„and E, -E,=5~„; the fields are
represented by number states with photon num-
bers n and n' for fields E and E', respectively.
For adiabatic pulses y and X', n and n' take on the
instantaneous values.

In the weak-field limit, from Eqs. (4. 1), the
dressed states II), III), and IIII) are composed
almost entirely of only states ll, n, n'), I2, n —1,
n'), and I3,n —l, n' —1), respectively, with some
small corrections; their energy separation are

pp o ma e y Eii —Ez= -+ Eric -Eiz= -+' a
E,» E,= -(&+&'}; d-uring a collision, the time

pen«nc«f Er zz~ and cci are almost the
same as E„E„andE,. Thus, the instantaneous
resonance points in Fig. 2(a) (i.e. , +ra, +ra,
and pro} are transformed into crossing points as
shown in Fig. 2(b), and a physical picture of
CARE can be established similar to that of or-
dinary (radiationless) inelastic atomic collision,
which has been under active research for several

I

decades.
The coupling between the dressed states by the

collision is characterized by the off-diagonal ma-
trix elements

&I I U(t) Ill&= &11 I U(t) I
I&= (x/~) v(t),

&rl I U(t) I ill&= &m I U(t) I
11&= (x'/tt'} v'(t),

&IIU(t)lm)=&mlU(t) I»

=[xx'/&(&+ &'))v'(t) —[xx /&'(&+&'}lv(t}

where U(t} is the collision interaction which is
diagonal in the atomic bare-state basis. V(t)
=(2 U(t) 2) —(1IU(t) Il& and v(t}= &3IU(t)I3&
—(2 U(t) 2) are the collision-induced relative
energy-level shifts between states 1,2 and states
2, 3, respectively. The off-diagonal matrix ele-
ment &I I U(t) IIII) is responsible for the "direct"
(I -III) excitation corresponding to two-photon
absorption in the bare-state picture, while
&il U(t) III) and OIIU(t) IIII) form the chain for
"stepwise" (I-II-III) excitation. By studying
these matrix elements we can better understand
dominant excitation processes in different regions
of detunin s. It is clear that when I

&+ &'
I

« I&I,In', the direct process is the dominant
one. When I

&
I (or I

&'
I } is smaller than the other

two detunings, Eq. (4.3) suggest that the "direct"
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and the "stepwise" processes have comparable
contributions. However, as we shall see later,
cancellation between the two processes occurs,
and the stepwise process remains dominant. This
will be seen when the detailed calculations are
given.

In the above discussion, the effects of the col-
lision-induced curve crossings (i.e. , of the col-
lision-induced shifts of the dressed states} have
not been included. As discussed earlier, the
crossings are particularly important when the
detunings are large, corresponding to large sepa-
rations between the dressed states. %hen the de-
tunings are small (corresponding to small-level
separations between the dressed states), however,
the crossings do not provide major contributions
to the excitation, since Fourier frequencies are
induced by the collision to cover the energy mis-
match. To show the importance of curve cros-
sings, we choose, in the remainder of this sec-
tion, to discuss only the case where all the de-
tunings are in the Q region, since an interesting
interferenee effect oeeurs in this limit.

The interference effect is better described using
a classical-trajectory approximation of the col-
lision event. In this approximation, crossings,
as shown in Fig. 2(b) in the time domain, occur
at corresponding internuclear distances R(r,)
=R„R(ro)=R'„and R(r,")=R,". For collision
impact parameters such that the closest approach
between the active atom and the perturber is smal-
ler than R„R'„and R,", all the crossings occur
during the collision. For larger impact param-
eters, some or all of the crossings are not in-
duced, and the excitation probability is reduced
(as compared to the all-crossing case) by orders
of magnitude. Hence, collisions with larger im-
pact parameters do not contribute significantly
to the excitation cross section and can be ignored.
Consequently, we consider only the collisions with

impact parameters small enough to induce all the
crossings. Furthermore, since the radiation
pulses are assumed to be adiabatic, the atom-
field system is in its dressed state i I) before the
collision (which comes from adiabatic following of
bare atomic state I), and only the dressed state
iIH) will adiabatically follow the pulses back to
bare atomic state 3. Hence, calculating the iI&-

i III) transition probability is equivalent to cal-
culating the 1-3 transition probability.

When the detunings are larg~ ( I
& I,

+ &
i » inverse collision time), all the transitions

occur well localized near the crossings. It is not
difficult to see that there are four channels for
the i I)- i III) transition to occur, two from the
stepwise process (I-II-III) and two from the di-
rect process (I-III). With reference to Fig. 2(b),

these four channels are

stepwise
il&-,, in&-, . illl&

I» -,,- IIII&
direct,

il&-, - illl)

where the times below the arrows correspond to
the crossing times shown in Fig. 2(b) and indicate
when each transition takes place. Each of these
four channels contributes to the iI)- iIII& transi-
tion amplitude, and interference between them
ean exhibit interesting phenomena. In a recent
article, ' we have demonstrated that this interfer-
ence effect gives rise to an oscillatory structure
in the total excitation cross section as a function
of the active-atom-perturber relative speed when

the crossings are well separated and the inter-
atomic potentials are such that the "steywise"
and "dir ect" processes have comparable contri-
butions to the transition amplitude. 'This effect
is similar to that discussed by Rosenthal and
Foley" regarding He-He' charge-exchange in-
elastic collision in which the atom-ion interatomic
potential curves are similar to those of CARE in
the dressed-atom diabatie representation dis-
cussed here. In this payer, we provide a detailed
calculation to supplement the discussion in Ref. 7.
This interference phenomena is quite general and
should be expected to occur in many systems
where excitation is possible via several channels.

The interference effect discussed above requires
a special crossing configuration, i.e. , three well-
separated crossings occurring at R„R,', and Rp.
Since the existence of crossings and their posi-
tions and slopes depend on the interatomic poten-
tial as well as the detunings, other crossing con-
figurations may occur leading to different mani-
festations of the interferenee effect in the total
excitation cross section. In this paper, a treat-
ment for the general case is given, and results
for special cases follow.

%e note that the interference between the step-
wise and the direct processes occurs even in the
case of small detunings. However, the interfer-
ence does not give rise to interesting effects such
as the oscillatory total excitation cross sections
discussed above for the case of large detunings be-
cause, in the case of small detunings, the transi-
tions do not occur at well-defined instants, which
is required to obtain a definite phase relationship
between amplitudes arising from the steywise and
the direct processes.
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V. THE HAMILTONIAN AND THE EQUATIONS OF
MOTION

The equations of motion to be derived in this
section do not differ for quantized or classical
fields. To be more in line with the discussion
in the dressed-atom picture given earlier, we
take the fields to be quantized and use the photon-
number representation; however, the calculation
is carried out in the bare-atom picture. Let us
consider a system consisting of a three-level.
active atom interacting with two external fields
and a perturber atom. The Hamiltonian of this
system can be written as

H =H~ +Hs + H~ + U(t ), (5.1)

where the following hold. (i) The free-atom Ham-
iltonian H„has three eigenstates I 1), I2), I3) with
eigenenergies &„&23
E, E, =PE-v». (ii) Ks ——tiara„'a„+tie'a„' a„, is the
quantized free-field Hamiltonian describing a
two-mode external field with photon energies S~
and Sv', where a„', a„', and a„,a„are the usual

+ tl)„(a„R23+a„'R»), (5.2)

where R,'„R,', and R», R» are the raising and
lowering operators of the active-atomic states,
the indices referring to the transition involved,
and $„and $„are the coupling constants related
to the interaction strengths introduced in Sec. 1

by p =n' $„and y =n ' '$„with n, n' the photon
numbers. (iv) The effective interaction with the
perturber U(t) is taken to be time dependent, since
the internuclear motion is not quantized, and is
diagonal in the basis of Il, n, n ), I2, n —2, n'), and

I3,n —l, n' —1) (eigenstates of H„+H„),

V, (t) = (1,n, n'
I U(t) I 1,n, n '),

V,(t) = (2, n —l, n'
I U(t) I2, n —l, n'),

creation and annihilation operators of the photons
for each mode. (iii) The active-atom-field in-
teraction is given in the rotating-wave approxima-
tions by

H~M)„(a„R,'~+ a„'R,~)

V,(t) = (S,n —l, n' —1 I U(t) I3,n —l, n' —1)

&l, n, n'
I U(t) l2, n —l, n'&t —&2, n —l, n' IU(t)13, n —l, n' —1&= &S, n —l, n' —1IU(t) ll, n, n'&=0,

(5.3}

owing to the absence of inelastic collisions,
The wave function of the system

I+(t)&=c (t)e~

+ C igi -5 032+&n-j )hoo+n'hot'3t /h

/ch -f fE3+ (n 1)ho) + (n -1)hcd 3t/h

I

the equations become

t
ic, = c}t,e xpi nt — V(t')dt'

«on

t
iC, =gc, exp iI r t — V(t-)dt

from which the equation of motion for the probabil-
ity amplitudes C,(t), C,(t), and C, (t) are obtained,

ic, =c,v, (t)+ xc, e ~',

ic,=}tc,e ' '+C, V,(t)+}t'C,e' ', (5.4)

tc, =x'c, e ''+c, v,(-
With the substitution

t
C, = C, exp

I
-i V,(t')dt' I,) '

and

C, = C, exp iV, (t '-)dt '
I,

«IO j

satisfies the time-dependent Schrodinger equation

ttf —,', I ~(t)&=HI ~(t)&,

+y'c, exp i a't V'(t')dt—'I
«lg j

ic, =}t'C,exp -iI n t — V (t')dt I,i

(s. s}

where V(t) = V,(t) —V,(t) and V'(t)= V,(t) —V,(t)
are the relative energy shifts of the active-atomic
levels during a collision. All the relaxation rates
are neglected in this equation owing to the con-
dition of large detunings in Eqs. (2.1)-(2.4).

Equations (5.5) will be solved using the pertur-
bation theory with the initial conditions C,(t= -«)
= 1, C2(t= -«) =0, and C,(t = -~) = 0 correspond-
ing to a three-level atom initially prepared in
state 2. The probability of exciting the atom to
state 3 is given by I C,(t= ~) I', and the correspon-
ding total cross section is obtained by integrating
over the impact parameter b,

( t
C, = C, expI iV, (t'-}dt' I,)

O'= C, t=~) '2nbdb.
0

(5. 6)
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VI. SOLUTIONS AND RESULTS

In the perturbation limit, Eqs. (5.5}are easily solved to obtain a formal expression for C,(t =~},
00

c,(t=~) = — )t'(t) exp i-tt t — v'(t')dt' y(t, ) exp i
I

tt t, — v(t )dt dt, dt,
«0O 0 «(po 0

(6.1)

where an overall phase factor has been suppressed since ft does not change the probability IC, (t =~) I'.
Equation (6.1) has to be evaluated using different techniques in different regions of detunings correspond-

ing to different physical situations. We follow the classification of Table I.
A. Cases A, B, C

In this group, & is in the I region. We integrate by parts the t, integral in Eq. (6.1), neglecting the term
containing dy/dt owing to the conditions (2.1)-(2.4), and obtain

t
C, (t =~) = .~ )t(t)Z'(t) exp i(&+ tt ')-t — [V(t ') + V'(t')]dt' dtgh «OO 0 eL

00 t t t tj—i tt'(t)eep -i 6 t — 'v'(t )dt
~

tt(ttv(t )e ,p -' el, — v(t )dt d'tdtj'. (6. 6)
OO 0 ) 1

0

Since )t(t) is a constant )t, over the range of V(t), and I
&

I
r «I, we can take )t(t, ) out of the t, integral in

the second term of Eq. (6.2) and set e '~'&= 1. One finds
660 t

C,(t=~) = .z X(t)X'(t) exp i(&-+ &')t — [V(t')+ V'(t')]dt dt
2 0

Oo t
—X X't exp -&~~ — ~t +~ t dt dt

«(64 la 0

ett, 6'(tie P -i 6't — V'(t'Idt'~ dtj.
ao 0 i

(e. 3}

Up to this point, we have used the assumptions that the field, E(t ), is a slow pulse and that a is in the I
region, which are common to all three cases A, B, and C. Further evaluation of Eq. (6.3) involves the
other field, E'(t), and the other detunings, &' and t6+ 4'.

1. CaseA

In this case, all the detunings are in the I region.
We use the same technique used to obtain Eq. (6.3)
from Eq. (6.2) to evaluate the integrals in Eq.
(6.3). Namely, we integrate by parts once on
each of these integrals, neglect the terms contain-
ing the derivatives of )t(t} and )t'(t}, replace e ' ',
e ~ ', and e "~'~ "by 1, and set Z(t) = Z', to ob-
tain the excitation amplitude

gt(8+~ ~

4)

where 8=f „V(t')dt' and 8' = f"„V'(t')dt' are the
usual impact phases associated with pressure
broadening theories. " The amplitude depends on
the collision impact parameter 5, implicitly
through V(t) and V'(t).

The excitation probability is obtained by squar-
ing Eq. (6.4):

' ' ~&66"(6+r') LPe'(r +6 )

I

with 8 =8+8'. Equation (6.5) exhibits some in-
teresting features. The first term dominates
when I

t(
I
«

I +I, I
t6+ &' I, and only the impact

phase associated with the 1-2 transition 8 appears.
This suggests that the collisionally enhanced ex-
citation to state 3 is determined by the collision
rate associated with the 1-2 transition only. When

I
&+ a'

I, the second term dominates,
and the only relevant collision rate is that as-
sociated with the 2-3 transition. From the point
of view of CARE, these two terms can be regard-
ed as "stepwise, " since no collision rate associat-
ed with 1-3 transition is involved. When

I
&+ 4

I« I&I, I&' I, however, the third term dominates,
indicating that the "direct" process is responsible
for the excitation. When I

& I, I

&'
I and I

&+ &'I
are comparable, contributions from both the "di-
rect" and the "stepwise" processes interfere with
each other.

The excitation cross section is obtained by in-
tegrating Eq. (6.5) over the impact parameter
[i.e. , Eq. (5.6)]:

2(1 —cos8')
eat(' (t6+ t(')2 (6.5) (e. 6)
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where

A= 1-cosa bdb,
p

B= 1 —cosa bdb,
p

C = cosa" -1 bdb.
p

This result does not specify the type of interatom-
ic.potential. For a given potential, A, B, and C
can be calculated analytically or numerically. For
van der Waals potentials with the straight-line-
trajectory approximation

Bp
o= ~C,(t= ) ~'2wbdb.

p

(6.10)

that t=O is the time of closest approach between
the active atom and the perturber.

Apart from the factor )(J&, Eq. (6.8) takes the
form of the two-level result, "and a standard
treatment for obtaining the total excitation cross
section can be used. The excitation probability
is obtained by taking the square of Eq. (6.8)

IC,(t= }I'=(X'.X."/&')(w/o'')4cos'(0 '+ -'w), (6.9)

from which the total excitation cross section is
calculated using

The upper limit in this integral has been changed
to Rp, the internuclear distance at which the in-
stantaneous resonance for the 2-3 transition oc-
curs, since for collision impact parameter larger
than Rp, the excitation is negligibly small due to
lack of crossings and Eq. (6.9) fails to be valid.
Equation (6.9}diverges as the impact parameter
approaches R', ; however, Eq. (6.10) remains fi-
nite since o.

' varies as (b' -R", )'~'. The cutoff
at R0 may lead to an error of up to 15%, depending
on the detuning. Better results can be achieved
by numerical calculations for impact parameters
near b- R,', or by a uniform approximation" spec-
ially designed to overcome the difficulty of diver-
gence.

For van der Waals potentials, R, =(Cv»/&')'~',
and Eq. (6.10) leads to the total excitation cross
section

V(t}=Cvow/[R(t)]'

and

V'(t) = C,',„/[R(t}j'

with R(t}= (b'+ v't')'~', analytic results can be
obtained,

4mX'pyp" &Sm& "'
(-I'(--,') cos-'w)

Eb, 6+ 6 ) (8v]

ICvnwl ICv»l ICvnwl

(6.7)

with

-I'(--,' }cos(-,'w) = 3,
where v is the active-atom-perturber relative

tt lspeed and C~D„=C„D~+C~D„. '&oXo'lCvnw l"'

where cos'(Q + &w} has been approximated by k,
and v is the active-atom-perturber relative speed.

This result shows that the line shape varies as
& ' (since & is in the I region) and varies as
~&'

~

' ', reflecting the fact that &' is in the Q
region. "

(6.11)
2. Case8

Since & and &+ &' are in the Q region, the in-
tegrals appearing in Eq. (6.3) can be evaluated
by the stationary-phase method. " The first term
and the second term in Eq. (6.3) cancel each other
approximately because of the condition I

&
~ v,

The third term yields

C,(t=~) = ( exp,'/&-)(w/a')'~'2cos(g'+ &w),

(6.8)

3. Case C

In this case, & and &+ & are both in the A re-
gion. No crossing occurs for the 2-3 transition
and the 1-3 two-photon transition at any collision
impact parameter. Since & is in the I region
(~ &~ «v1), the first two terms in Eq. (6.3) ap-
proximately cancel each other as in case B, lead-
ing to the excitation amplitude

where

C,(t=~}=

t
g' t exp -i &'t- V' t' d dt.

~ol p ].'
(6.12)

( l Tp0' = —6'T'+ f v (t )d(''
Tp'

and w, is the stationary-phase point defined to be
the positive solution of V' (t ) = &'.

In obtaining Eq. (6.8}, we have assumed that the
impact parameter b is small enough such that the
crossings are induced during a collision (i.e. , we
neglect collisions with large impact parameter
which do not contribute significantly to the total
cross section since no crossing is induced), and
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This equation is easily recognized as simply a
two-level excitation amplitude (2-2 transition}
multiplied by a factor }tJ&. Results for the two-
level excitation probability are available from the
numerical study of Yeh and Berman' for van der
Waals potentials and Lennard- Jones-type poten-
tials. Also available are approximate analytic
results of Tvorogov and Fomin' and Szudy and
Baylis" using saddle-point methods. " We now

give only the essential features of the results.
For details, the readers are referred to Refs. 2,
14, and 15.

The cross section, obtained by integrating
!C,(t =~) I' over the impact parameter b, shows

a. & ' dependence as is clear from Eq. (6.12).
The dependence on &' follows the antistatic wing
behavior. For a van der Waals potential, Fig. 6
of Yeh and Berman' exhibits a line shape going as

with P a constant, which is in agreement with
asymptotic results"'" to within a multiplicative
factor of order 1.

B. Cases D, E

In these cases, & is in the I region, while & and &+ & are in the Q region (case D) or A region (case
E). Since & is in the I region, the integration-by-parts technique used in cases A, B, and C can be ap-
plied to the t integral in Eq. (6.1) for its evaluation.

We write Eq. (6.1) in the following form:
00 (

C, (t =~)= — }t'(t)exp i!&'-t — V'(t )dt' G(t)dt,
~$00 0

where

(6.12)

(6.14)

(6.15)

t ( tj
G(t}= }t(t,) exp i!&t,-— V(t')dt' dt, .1 ( 1

An integration by parts is performed on Eq. (6.13), neglecting the term containing d}t/dt, setting )t'(t}
= }t, over the range of V (t}, and setting e ~ '= 1 to obtain

t
C,(t=~)= &,

' e" }t(t)exp i&t —-V(t')dt'I dt
F0 ha 0 ].

00 t
( )exx(ixxt —f ( (f) +xv'( i]a ))x((

0 ].
(O (+ g t exp -i &+& t- V t' +V't' dt' dt

L 0

The second and the third terms approximately
cancel each other because of the-condition

I
&'

I &,
«1, and we get

I

C, (t = ~) -tXo ge'
~l

1. CaseD

The integral in Eq. (6.16} is evaluated using a
stationary-phase method to yield

C,(t=~) =( i}&,g'J&')-e" (v/a)'"2 cos((t)+ ~4},

00

x Xt exp -i &t- V t'dt' dt,
00 0 )

(6.16)

where 8' =f V'(t')dt is the impact phase" as-
sociated with the 2-3 transition.

Equation (6.16) is simply the 1-2 two-level tran-
sition amplitude multiplied by the factor (X,'/&')e' + .
Its evaluation depends on the region of &.
For case D (& in Q region) a stationary phase
method" is used, and for case E (& in the A re-
gion) a method of steepest descent" or a numer-
ical calculation' can be carried out.

where

0

1
y = -&~,+ V(t')dt',

0

and ~0 is the stationary-phase point of the inte-
grand in Eq. (6.16), i.e. , the solution of the equa-
tion t) = V(t). ro is taken to be positive, and we
have taken t= 0 to be the time of closest approach
so that +&0 are both stationary-phase points.

Equation (6.17) holds only for collision impact
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O'= C, t= 2mbtb
0

422 2 lc I

i(2

2a 2&
I
ti I

3/2

The &'' and I&l '~' dependences in this equation
are expected because &' is in the I region and &

is in the Q region.

(6.19)

2. CaseE

Since & is in the A region, Eq. (6.16}has to be
evaluated using saddle-point methods or numeri-

parameter small enough such that potential curve
crossings (in the dressed-atom picture) are in-
duced during a collision. In the straight-line-
path approximation, this amounts to restricting
the impact parameter to values smaller than R„
the internuclear distance at which the resonance
between the 1-2 transition and the field E occurs.
For b ~ It„Eq. (6.1V) is not valid, and the con-
tribution to the total excitation cross section is
negligible due to lack of induced resonance.

The excitation probability is given by

IC, (t = ) I'= (x'.x."/&")(v/o)4 cos'(0 + -'v) (6.16)

To obtain the total excitation cross section; Eq.
(6.16) is integrated over the impact parameter
from b = 0 to b =R, according to the discussion
leading to Eq. (6.10). For a van der Waals poten-
tial Ito= (Cvn„/&)'~', an analytic result can be ob-
tained provided that cos'(Q+ 4v} is approximated
by its average value &, which is a good approxima-
tion since cos'(P+ —,v) is rapidly oscillating as a
function of b. We get

cal methods. We do not have to reiterate the dis-
cussion given in case C. Let us just state the
results for van der Waals potentials: Both the
numerical method and the saddle-point method
give a total excitation cross section going as

&' I&l "em(-el&I'"),
with a difference of a multiplicative factor of order
I.

C. CasesF, G

In these cases, & and &' are large (I &
I r, » 1,

I&'Ir,»1) and &+&' is in the I region. This can
occur when ~ and &' are of opposite signs and dif-
fer by at most 1/r, in magnitude. According to
the discussions in Sec. IV, the direct excitation
process is expected to be dominant. Since ~+ &'

is in the I region, large contributions to the total
excitation cross section come from collisions with

impact parameters near the Weisskopf radius"
associated with the 1-3 interatomic potential.
Near such impact parameters, V(t)/«&1, so that
approximations can be made to neglect terms con-
taining such a factor in evaluating Eq. (6.1).
When an integration by. parts is performed on the

t, integral in Eq. (6.1), such as the one leading
to Eq. (6.2), a factor of V(t}/& is produced in the
second term of Eq. (6.2) and is subsequently ne-
glected. Further integrations by parts produce
additional factors of V(t)/&. Hence, to a good
approximation, the 1-3 excitation amplitude can
be written as

OO t
C,(t=~)= .& X(t)X'(t)exp -i (&+& )t — [V(t )+ V (t )]dt dt.

Z wee 0
(6 ~ 20)

Since &+ &' is in the I region, Eq. (6.20} can
be evaluated easily by integrating by parts once,
neglecting terms containing d(xx )/dt, setting
e '~'~ "=1, and evaluating X(t)X'(t) as X,X',. One

obtains

c.(t= ) = [x.x'J&(&+ &')](I -e" ),
where

(6.21)

8 =8+8 = Vt)+V t t .

In this approximation, the region of &(Q or A)
does not play an important role, because the con-
tribution to the total excitation cross section comes
mainly from collision with impact parameters
near the Weisskopf radius associated with the 1-3
direct transition. At such (large) impact param-
eters, no instantaneous resonance can be induced

I

during a collision, even in the Q region. This
suggests that when &+ &' is in the I region and
&, &' are large ( I

&
I r, » 1, I

&'
I r, » 1), the direct

excitation process dominates, and the collision-
induced potential curve crossings for the 1-2 and
2-3 transitions, which occur at much smaller
internuclear distances than the Weisskopf radius,
have only higher-order effects on the excitation
cross section. Consequently, cases F and 6 are
equivalent in this approximation.

The excitation probability is given by

Ic,(t=~) I'=[x'.x.'/&'(&+ &')']2(1 —cose"), (6.22}

and the total excitation cross section by

o= [4vX,'X,"/&'(&+ &')'] (1 —cose') b db . (6.23)
0

For a van der Waals potential, the total excita-
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tion cross section is given by

4wX', X". 3w [C,' „~}I"'(-r(--,') cos w}~

n. (6+ n')w St( j i 5

(6.24}

where C„»—C„D„+Cvo„ is the van der Waals
constant for the 1-3 relative potential, and
-I'(--', ) cos-', w =3.

The line shape varying as t( '(&+ & } ' is typical
of the impact region when the direct excitation pro-
cess is dominant over the stepwise process. The
line exhibits a & rather than exponential & de-
pendence, even though & is in the A region; in
some sense, the direct excitation serves to break
the adiabatic following of 'the field x(t) on the 1-2
transition and changes the dependence from ex-
ponential to power law.

D. Cases H, I

In these two cases, & and &' are large (I &
I &,

» 1, I4'
I r, » 1) and of opposite signs, and their

sum (4+ &'} is still in the Q region. We further
focus our attention to the ~egion of

I
n + ~'

I
«

I
t( I,

This region is of particular interest be-
cause the direct two-photon excitation process is
dominant over the stepwise process and, by vary-
ing I

&+ &' I, the effects of stepwise process on

the direct two-photon line shape can be deter-
mined. Moreover, this further restriction of
detunings makes the mathematical treatment to
be given below much simplified and equally ap-
plicable to both case H and case I.

If the condition
I
&+ &'

I
«

I
& I, I

&'
I holds, the

instantaneous resonance for the direct (1- 3)
transition occurs at an internuclear distance (Ro)
much larger than that for the 1-2 transition (R,}
or the 2-3 transition (R,) (i.e. , Ro» RO, R,).
Thus, in the straight-line-path approximation,
for collisions with impact parameter b such that
R, & b & R„R,', only the 1-3 instantaneous reson-
ances occur during a collision. Collisions within
this range of impact parameters give a major
contribution to the total excitation cross section
because of the condition Rp»Rp Rp the weighting
factor bdb in the definition of the total cross sec-
tion [Eq. (5.6)], and the fact that collisions with
impact parameters b larger than R, do not con-
tribute, due to lack of collision-induced reson-
ance. Hence, we can do repeated integrations by
parts on the t, integral in Eq. (6.1), each inte-
gration by parts producing a factor I V (t}/& I

«1
for the range of impact parameters of importance
determined by the (&+ & ) crossing. The excita-
tion amplitude is thus given, keeping only terms
up to first order in V(t)/t(„by

00 t
C (t="}=n X(t)X'(t)exp -i (&+&')t — [V(t')+ V'(t')]dt dt

0

00 ( t
+ XtX' t Vt & exp -i ~+&'t — Vt' +V t dt

mCO 0

Since &+&'is in the Q region, Eq. (6.25) is evaluated using the stationary-phase method to obtain

C,(t =~)= (-iX,X'J&)(w/n")'~'2cos((t" + ~)[1+V(r", )/&],

(6.26)

(6.26)

where

1 (d(V+V )
dt

0

Tp("=-(~+ ~'(,"+f '[v((')+ v (( )]e''
0

with r,' & 0 satisfying &+ & = V(r, ) + V (ro) As.
before, we have taken t= 0 to be the time of clos-
est approach between the active atom and the per-
turber.

The first term in Eq. (6.26} represents the di-
rect two-photon process since it contains only
quantities relevant to the 1-3 transition e' and

The second term represents the correction
due to stepwise process, which affects the line
shape somewhat, and may become important when
!&+ &'

I is increased, as will be shown below.
The excitation probability is given by

Ic,(t= ) I'=(4wx', x,"/t('a") cos'((t("+ —,'w)

x[1+2V(7", )/i(]. (6.2v)

v (+2("')(+ ) (6.2s}

where v is the active-atom-perturber relative
speed and C»„and C„nw are the van der Waals
constants corresponding to the 1-2 and 1-3 rela-
tive interatomic potentials, respectively.

This equation has been obtained in a recent

The excitation cross section is obtained as usual
by integrating over the impact parameter, cutting
off the integral at b=B, , and approximating
cos'((t("+ —,'w) by its average value &. For van
der Waals potentials, we obtain

In+n! ~
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paper by Nayfeh' using a Landau-Zener-type ap-
proximation and discussed in connection with the
collision-induced three-photon ionization in which
two photons are used to excite the atom, via
CARE, to a bound excited state. A third photon
then ionizes the atom. The present discussion
makes clear the conditions under which Eq. (6.28)
is valid.

The correction term in Eq. (6.28) shows the ef-
fect of the stepwise process on the direct two-
photon process. It falls off as

~
&+ &'

~

'/' for
fixed &, which is slower then the main part going
as ~&+&' ~~/'. It is thus easier to observe such
an effect at a larger

~
&+ &'

~; however, the cor-
rection term cannot become larger, than the main
part, since the treatment presented here ceases
to be valid.

Digression. Before we go on to present the next
case, it is advisable to show a spectrum so that
we can have a better overall view of all the cases
presented so far. In Fig. 3, the total excitation
cross section is shown as a function of &' for a
fixed &=-1.5&&10"sec 'and an attractive van der
Waals potential with constants C~„=-1.2 x10"
A' sec ', Cv» ——-1.5 x10" A' sec '. In showing
such a "complete" spectrum, we cannot avoid re-
gions where none of the approximations employed
in cases A through I is good (i.e. , regions with

~

de-
tunings

I
-I/r, ). Hence, the line shape from nu-

merical integrations of Eqs. (5.5) and Eq. (5.6)
is also shown for comparison and to aid in gaining
an appreciation of regions of each case. Since
there are many curves on Fig. 3, and each curve
only has a limited region of validity (for some

I I

lp'-
I I I I

ND
N

l I i t

Ol
oC[

z IP

C3
4J
V)

co Ip
CO
O
u B
Z,'

o (do—
A

X~
Idyll

I I

-2
I I

( Ip sec )

cases the regions do not fall within this figure),
the fo11.owing points will help in reading this
graph:

(1) Curves A, B, C, D, E, F, and H, represent-
ing cases covered so far, are plotted according
to equations shown in Table II, and curve N is
from numerical integrations of Eqs. (5.5) and Eq.
(5.6). For curves B, C, D, E, and F, only the

FIG. 3. Excitation cross sections versus LV for a
fixed 4=-1.5 x 10 sec and an attractive van der Waals
potential of constants Cvnw-—-1.2 x 10 s A sec ~ Cvnw= —1.0 x 10(t At sec ~ and e = 10 cm sec, go—- go = 10
sec . Curve N is the result of numerical integrations of
Eqs. (5.5) and (5.6); others are plotted according to the
equations in Table II. Only the regions, where at least
the signs of the detunings are correct, are shown. See
the text for discussion.

TABLE II. Line shapes.

Case

B

Ca

D

E 8

F, G

H, I

Excitation cross section

x x x x c r(-Pl„d Ic „I'x', IcI Ic' Icxx„i'x')
~'(ch +b, ') Qv 5 8 +4'
4s'XOXO' ICvDWI' '

(5/2

XOXII JC.
J

/tJ&. /-t/t -t.t(fo(rnwj /c)l&'/' '2 I2&5/2 i 6

0 95rA'

4&tXtX t [Cvnw ('/t
(njS/t

2 i2~5/21'a&0 '
~C ~t/t~~~-t/t, -t.t(lcvDwl' '/c)I&I'/

0 952&I& VDw

4 xIx x Ic; I
c' -r(-IIl x

)4 (K+4') Sy 5

[n +Ax
)
~/t

The exponential line shape frbm the two-level asymptotic calculation of Tvorogov and
Fomin (Ref. 14) is adopted.
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portions, where at least the signs of detunings are
correct, are shown.

(2) The conditions in the fourth column of Table
I should be kept in mind in reading this figure.

(3) The detuning, &=-1.5x10" sec ' (, &~r, 1}-,
is in neither the impact region nor the quasistatic
region. Hence, only in the cases when & is un-
important, does the agreement with the numerical
result become good, e.g. , cases A, F, and G
near

~

& + &'
~ r, «1.

(4) Curve B has the tendency of having the same
& dependence with the numerical result, if we
extend the value of & well into Q region. The
numerical difference comes from the & ' varia-
tion. in case 8, which is not a very good approxi-
mation for &= -1.5 x10" sec '. The same state-
ment holds for case C if we extend the value of
& well into the A region of &+ & .

(5) Curve E does not have any region of validity
in this figure because of the sign and size of &.
We show it for comparison.

E. Case J

We return now to case J, which is perhaps the
most interesting case, since all the detunings are
in the Q region and the curve crossings can inter-
fere with each other, leading to a new type of in-
terference effect. For the convenience of presen-
tation, we give some of the details of the calcula-
tion in the Appendices and separate the discussions
to calculations on (1) the amplitude and (2) the
cross section. Since the detunings involved are
large (typically of the order of 10" sec ') in this
case, a large amount of energy per collision
(-10 ' eV} is transferred from the atomic motion
to the internal degrees of freedom. Some con-
sideration of the energetics seems to be advisable
to ensure the validity of the calculations below.

For such large kinetic energies, a temperature
higher than the room temperature (~100'C) is
required, which in turn reduces the atomic col-
lision time (r, pp 1/v). This, however, will not
violate the condition for the Q region( ~detunings~&, »
1) in general, since one can keep this condition
with a thermal energy (ppv') & g ~detunings ~. To be

more specific, an estimate of the relevant quan-
tities (ff

~

& ~,E(2„„,v, ~

&
~ &,) is given. For the

largest detuning considered in case J (&=-8
x10" sec ') and an atomic mass of forty times
proton mass, R~&~ =5.31x10 ' eV, T=410 K,
v=5. 04x10' cm/sec, r =9.85x10" sec, and

~4~r, = 79»1. Hence, at a temperature higher
than 137'C, the kinetic energy will be large enough
to overcome the energy mismatch (I ~

&
~ ) while

simultaneously maintaining the condition of the

Q region (~n~v, »1).
1. The amplitude

In this case, the instantaneous resonances for
1-2, 2-3, and 1-3 two-photon transitions occur
at internuclear distances R„R'„and R,', re-
spectively, during a collision if the impact pa-
rameter is such that the distance of closest ap-

- proach between the active atom and the perturber
is smaller than the smallest of R„R„orR,'.
At such impact parameters, radiative excitation
is enhanced owing to the collision-induced instan-
taneous resonances. At larger impact parameters,
some of the instantaneous resonances cannot be
induced, giving rise to a, negligible contribution
(compared with contributions from collisions with
smaller t)} to the total cross section. Therefore,
in the straight-line-path approximation, it is suf-
ficient to consider collisions with impact param-
eter b &R„R„orR, .

The instantaneous resonance points in the time
domain correspond to the stationary-phase points
of the integrals a pearing in Eq. (6.1) and, owing
to the conditions &~&,»1, ~& ~&, »1, and ~&

+ &'
~ r, »1, major contributions to these integrals

are from the neighborhood of these points. Hence,
a stationary-phase method, of which the details
are shown in Appendix A, is used to evaluate Eq.
(6.1).

Assuming that the time of instantaneous reson-
ances are all far from t= 0, where the collision
is centered, the amplitude is given by

&,(f = ) = --'x.x'. (v/o)' "[&,+&2+&21

where

( /o')1/2&-i(8+8 +sr/4+sr /4)[1 & Zr(2 s~s (f2+ 2 )1/2 eis 4)(+r 4) -is'rz1/2]
1

( /~rr)1/2(f 2 ~g)1/2 e(ssp i (8 +s r/4)[1 + ~ ~2zr (f2 +gr)1/2+is (82+r/4) (4 "rz2/2]
I 2

(((/(Zr )1/2 ei (8+8+sr/4+sr/4&[1 +s 2~ps(s (y2+g)1/2 &ws (81+ /4& ( ' z( 2]
2 —" 1 1 1 1

( /+~ (()1/ (rf 2+2g2)1/2 e-issp+i (8 +4 r/4)[1 2+[sr (f2+/)1/2e is (82+r/4)

+is�

"rzr/2]

2P~/~l ~i/2~-j Q-y'+~/4-sr/4)

1 dVi I 1 dV y 1 d V+ V

0 0 g0

(6.30)

(6.31)

(6.32)

(6.33)
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where

s=sgn! I, s'=sgnI I, s'=sgn! !

t'dVl, &dV'~(, /d(V+ V') &

(6.34)

lp Tp T

&T-2+ V(t)dt, Q'=-&'To+ V (t)dt, (t( =-(&+ & )T(I+ [V(t)+ V (t)]dt,
p p p

8, = tan-'(g, /f, };
g„f, are the auxiliary functions of Fresnel integrals evaluated at z„..= I(2~&)'"(T."—T,) I. ..= I(2~'/2)'"(T.'- T.) I, z.= I(»"/2)'"(T." —T.) I,

(6.35)

(6.36)

(6.37)

(6.36)S 1
= sgn(T2 —T(() S2 —sgll(TO —T4)

and v'„r„~p are the positive solutions of

& = V(t), &' = V'(t), & + &' = V(t) + V'(t),

(6.39)

respectively. If any of the times of instantaneous
resonances is near t= 0 (i.e. , T,= 0, T,'= 0, or
T, —0}, the corresponding time derivative of the
potential ((2, c(, or a") approaches 0, and Eq.
(6.29) becomes singular and is a poor approxima-
tion to the amplitude. Apart from this, Eqs.
(6.29)-(6.39) provide good approximations for the
amplitude, regardless of the type of potentials
and the ordering of ~„7» and T,', as long as the
conditions for this case (case J}hold. The essen-
tial difference between various types of potentials
in determining the transition amplitude lies in the
derivatives and their signs at the times of instan-
taneous resonance, which are given by o, a', and
+"and s, s, and s . The ordering of Tp 7p,
and &, determines the values of s, and s,. For
given interatomic potentials and detunings, these
parameters can be determined, and Eqs. (6.29)-
(6, 39) are greatly simplified.

In Eq. (6.29), it is natural to interpret the
terms containing n as the contribution coming
from the stepwise process and the terms contain-
ing n as that from the direct process, since n
and n are associated with resonances of 2-3 tran-
sition and 1-3 transition, respectively.

Equations (6.29)-(6.39) represent the general
form of the transition amplitude under the con-
ditions of case J. They have been compared with
the results of direct numerical integration of Eqs.
(5.5) using attractive van der Waals potentials of
constants C»„—-1.2&&10' A'sec ', C„»—-1.5
&&10" A'sec ', and several detunings of the order
of 10' sec '. For impact parameters smaller than
the smallest of R„R'„and R", , Eqs. (6.29)-(6.39)
give very accurate results (see Fig. 4); for im-
pact parameters outside this region, which con-
tribute little to the total cross section, Eqs.
(6.29)-(6.39) are not applicable as discussed

I

above. There are two cases (a and b) of special
interest in which Eqs. (6.29)-(6.39) can be very
much simplif ied.

a. Exactly coinciding times of instantaneous
resonance, 7'p= ~p= +. All the times of instan-
taneous resonance coincide. In this case, z,. =0,
f, =g, = 2, and 8, = 4w so we obtain from Eqs.
(6.29)-(6.39),

—(v/n( e}1/2e-( (A+ 4'+4@/4+4' r/4)1

(&/(2 &}1/2e((y+ 4'~4r/0+4' r/4 )2

—2(T/(2
~)1/2c-((4-4'+4m/4-4' r/4 &3

(6.40)

(6.41)

(6.42)

The amplitude is given by Eqs. (6.40), (6.41.),
(6.42), and (6.29). The contributions from the

l2

8
O

s
b (A)

FIG. 4. Comparison of P(b) vs b curves from the
analytic expression [Eqs. (6.29)-(6.39)] and the numeri-
cal calculation [integration of Eqs. (5.5)] for an attractive
van der Waals potential with Xo=xo =10 sec, 4=-4.0
x10 sec, and LV= —5.05 x103 sec . Other parame-
ters are the same as those in Fig. 3. The analytic ex-
pression, which is singular at b =5.57 A, was cut off at
b= 5.40 A, where it begins to diverge. The agreement
at smaller impact parameters is near perfect.
numerical integration of Eqs. (5.5); ———analytic ex-
pression [Eqs. (6.29)-(6.39)].
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direct process are absent, leaving a very simple
form involving only the stepwise contributions.

For given interatomic potential and &, the con-
dition 7', = ~0= ~0 corresponds to a particular val-
ue of & (e.g. , & =(Cv»/C»„)&, for van der
Waais potentials). Near this value of &', ac-
cording to Eqs. (6.41)-(6.42}, one would expect
that the direct process would be less important
than the stepwise process, which should be re-
flected in the line shape. We find this result
when we numerically evaluate Eqs. (6.29)-(6.39}
to obtain the total cross section, as will be shown
later.

b Wel.l-separatedtimes ofinstantaneous reson-
ance In .this case, the arguments of f, and g, in

Eq. (6.36) become large, and since f, and g, are
rapidly decreasing functions with maximum values

f, (0)=g, (0) = 2, we can, to a good approximation,
neglect terms containing factors )/2 (f2(+g', )'/',
as compared with 1 in Eqs. (6.30) and (6.31).
We obtain

(e/o(i)l /2 -((4+2 +82/4+8 4/4)(1 s )1

(((/(2 })/2(f2++))/2 e(48p-((4 +4 &/4)

(6.43)
(e/a') / ei 4+4 +42/4+8'2/4)(i + s )

( /(22)2 /2(f 2+2)) /2(4()()+((41+42/4)
2 o go

(6.44)

The amplitude as given by Eqs. (6.43), (6.44),
(6 32)-(6.39), and (6.29) contains contributions
from the stepwise and the direct process that in-
terfere with each other.

It is not difficult to understand the physical
meaning of each term in Eqs. (6.32), (6.43), and

(6.44) by tracing back the calculations leading to
them in Appendix A. Term A, [Eq. (6.43)] con-
tains the contributions from the instantaneous
resonance points before t=O; term A, [Eq. (6.44)]
contains the contributions from the instantaneous
resonance points after t=0; and term A, [Eq.
(6.32)] contains the contribution from the step
uise process in which 1-2 resonance occurs be-
fore t=O and 2-3 resonance occurs after t=0.
Terms A, and A~ contain both stepwise and direct con-
tr ibutions. For a given ordering of &„To and &,"
some stepwise contributions will be absent. For
example, when &, 70, s, = 1 and the first term in
Eq. (6.43) vanishes, indicating that no stepwise
process is occuring before t= 0, since the 1-2
resonance happens at a later time than the 2-3
transition (-&p~ -rp). The first term in Eq.
(6.44) does not vanish because r, & rp and the
stepwise process can occur after t=O. The sit-
uation is reversed when rp& 7p (s, =-l}. How-
ever, A, always survives since the 1-2 transition

occurs before t=0 and the 2-3 transition occurs
after t= 0. In any ca.se, there are four terms in

the amplitude corresponding to the four excitation
channels discussed in Sec. IV.

2. The total cross section

It is straightforward to obtain the excitation
probability by taking the modulus of Eq. (6.29).
The resulting expressions are lengthy and are
given in Appendix B. Only for the two special
cases (&p= &p=7p and r»r»r, ' far apart) are the
analytic expressions given in this subsection.

To demonstrate the success of the stationary-
phase method used in Appendix A, we compare in
Fig. 4 two ~C2(t=~) ~

vs b curves, one from nu-
merically integrating Eqs. (5.5), the other from
squaring Eq. (6.29) for an attractive van der
Waals potential with C»„——-1.2 x10" A'sec ',
C' „=-1.5 x10" A'sec ', &=-4.0x 10"sec '
&' = -5.05 x10" sec '. The agreement is near
perfect except for b ~ 5, 40 A, which is close to
Rp=(C~»/&)'/'=5. 57 A, at which Eqs. (6.29}-
(6.39) become singular. The values of detunings
used are large (~&~ r, »1, ~&' ~&,» 1};however,
for smaller values of detunings (-10" sec '), good
agreement (to within 10%}is still obtained.

To obtain accurate cross sections, we have to
do numerical integrations of Eqs. (5. 5) for im-
pact parameters b near and larger than the smal-
lest of R„R'„and R", and to use Eqs. (6.29)-
(6.39}for smaller impact parameters. This pro-
cedure is used to obtain the total cross section
as a function of ~' in a range including the point
& = (CvD„/CvD„)& at which all the times of in-
stantaneous resonance coincide, for the attractive
van der Waals potential used in Fig. 4, and for
&= -2.0X10" sec '. The results are shown in

Fig. 5 along with two curves, one with a (&+ &')2/2

dependence, the other with a & ' ' dependence.
The calculated cross section lies between the two

curves, which are normalized to the same value
as the calculated one at &' = (CvD„/C»„}& (=-2.5
x10" sec ' in this case).

From the discussion earlier, the contributions
from the (1-3)direct process disappear at this
point, since 7'0= 7'0= To. The calculated line shape
shows no marked structure due to this "interfer-
ence" effect; the line profile is a smooth curve
exhibiting the influence of both the stepwise and

the direct processes. If the stepwise process is
the only contributing one, the line shape would

have followed the &' ' curve; if, on the other
hand, the direct process is the predominant one,
the line shape should go as (&+ &') '/2. Since the
calculated curve on Fig. 5 tends to follow more
closely the &' ' ' curve, it suggests that at the
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vicinity of &' = (C»w/Cvnw)&, the stepwise pro-
cess is more important than the direct process,
as previously discussed.

Simple analytic results can be obtained for the

following two special cases (i and ii)
i. Exactly coinciding times of instantaneous

resonance, r, =r', = v'0. Using Eqs. (6.29), (6.40},
(6.41), and (6.42), we obtain

iC, (t=~) i'=(w'XOX,"/an')[cos'(P+P'+sw/4+s'w/4)+1

+ 2 cos(P+ Q' + sw/4+ s'w/4) cos(Q —Q'+ sw/4 —s'w/4)] . (6.4s)

Although this is a simple expression, it cannot be used to obtain an accurate value for the total cross sec-
tion for reasons to be discussed below. The time derivatives of the interatomic potentials a and n can be
expressed in terms of the internuclear distance and the impact parameter,

(dR (6.46)

dV'~
(y' —(zf/2R')(R~& bw)& &&

)dR) 8'
0

When R,=R, (as in this case}, both a and a approach 0 as b approaches R,(=R,), and Eq. (6.45) is singu-
lar, varying as (R', —b') '. An approximate formula for obtaining the total cross section, such as Eq.
(6.10), is not applicable since it leads to a logarithmic divergence. Therefore, for a certain range of
impact parameter b near R„numerical integration of Eqs. (5.5) and of f ~C,(t= ~}~'2wbdb are required
to obtain an accurate value for the total cross section. The result for a specific van der Waals potential
and a given & is represented by a point on the line-shape curve, such as the one in Fig. 5 [the point &

(Cvo w/C

vow�}].

ii Well. seParat-ed times of instantaneous resonance. The probability can be obtained from Eqs. (6.43),
(6.44}, (6.32)-(6.39), and (6.29). Since the amplitude contains contributions from both the stepwise
and the direct processes, there will be interference terms in the probability. The interference effect is
best illustrated using a specific order of instantaneous resonances (e.g. , ro & r', r,}. For this order
(7,& r, & r,), the excitation probability is obtained as

IC.(t=-) I'=(wX.X'.)'(P, +P +P,„),
with

Ps=2(1 —s sin2&)/aa',

Po= (f', +g,')[1 —s"sin2(y" -s8,)]/aa",
f2(g2+ 2} i/a

P = —s
~

' ', " (sin[&+ p' —p" +(s + s' —s")w/4+ s8,]gNT ( ~2~w ~tF

+ sin[/+ / + P +(s+s +s )w/4 —s8,]
+ sin[y'+ y" —y+ (s'+ s' —s)w/4 —s8,]
+ sin[/ —P —Q + (s —s —s)w/4+ s8,]],

(6.48)

(6.49)

(e.so)

(e.sl)

where all the quantities have been defined in Eqs. (6.29)-(6.39). Equations (6.48}-(6.51) clearly show the
contributions to the total cross section from the stepwise process, the direct process, and the interfer-
ence between the two. This result has been obtained and discussed in a recent paper, ' and we summarize
only the essential features.

All the sine functions in Eqs. (6.48)-(6.51) oscillate rapidly as functions of impact parameter b, except
the one varying as

sin[&+ Q' —Q' +(s+ s' —s'}w/4+ s8,]
(the first term in P,»), which is a slowly varying function of b On integrat. ing over b to obtain the total
cross section, only this term survives to yield a term representing the interference of the stepwise and
the direct processes which oscillates as a function of inverse active-atom-perturber relative speed 1/b.

An approximation such as Eq. (6.10}is used to calculate the total cross section, yielding
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(wg, y, )2R., 4R,
dV &d V''t

v'
E'ER g (QR jg

2RPO'(f 0+x'}
dV'l y V+V)

Ro+R, 2R, (f~o+g', } R, +R,

dR Rp

R.'+ R."+2R. (6.52)

where A. is the area enclosed by the three cros-
sings on the interatomic potential curves in a
dressed-atom picture, and

y, =(s+s' -s")v/4+se,
is a constant phase.

Equation (6. 52) is not restricted to any specific
type of potential, and the calculation of total ex-
citation cross section using it is remarkably
simple. For given interatomic potential curves
and detunings, one can graphically obtain the
slopes at the crossing points and the area A en-
closed by them. Substitution of these values into
Eq. (6.52) yields o'. A comparison of this cross
section with the corresponding one obtained from
computer solutions indicates that Eq. (6.52} is
accurate to within 15%.

The third term in Eq. (6, 52), which represents

Ol

O

0

I I I

-I
a'( tO sec )

FIG. 5. The total excitation cross section as a function
of Ll' near b,'=(C&D~/C~&)4 for a fixed 4= —2.0x10
sec ~. The interatomic potential and other parameters
used are the same as those in Fig. 4. this calcu-
lation; ———tx Q,+4'); - ~ - - txLV . The three
curves are normalized to the same value at 4' = b, (CvD&/
C~g)-

I

the interference between the stepwise and the di-
rect processes, contains a sine function which will
oscillate as the relative speed v is varied. It is
clear from Eq. (6.52) that the area A determines
the oscillation frequency, while the slopes at the
crossing points determine the amplitudes of the
oscillations. For given interatomic potential
curves, these quantities (A and slopes) can be
changed by varying the detunings, and hence the
frequency and the amplitude of the oscillation in
the total cross section.

The restriction to a specific ordering of the
crossing times (i.e., ro& r,"»,) corresponds to
confining the detunings in certain regions depend-
ing on the given interatomic potential. For de-
tunings in different regions, the ordering will be
different. However, it would be just as easy to
obtain the excitation probability and the total cross
section from Eqs. (6.43), (6.44), (6.32)-(6,39),
and (6.29).

To illustrate this interference effect and to in-
vestigate the feasibility of its experimental ob-
servation, we use a specific potential, as shown
in Figs. 6(a} and 6(b), instead of van-der-Waals-
type potentials for detunings &= -8.0 x10" sec '
and &'= -3.0x10" sec '. The resulting total ex-
citation cross section as a function of inverse rel-
ative speed 1/v is shown in Fig. 7, with }t,= g',
=10" sec '. The curve rises as (1/v)' with equal-
ly spaced peaks when the speed is varied from
10' to 4 x10' cm sec '. In terms of the laser pow-
er, the excitation cross sections are of the order
of (10 "I,I,') cm', with I„I', the peak power den-
sity in W/cm, Thus, the interference effect
should be observable with moderate la,ser power.
Although a specific potential [Figs. 6(a) and 6(b)]
is used to demonstrate this effect, we emphasize
that the oscillatory feature occurs regardless of
the form of the potential as long as three con-
ditions are satisfied. First, there must be three
crossings, as shown in Fig. 6(b). Second, the
area enclosed by the crossings must be large
enough to produce a phase change of order n when
the speed is varied in a convenient range. Third,
the stepwise and the direct excitation contribu-
tions must be comparable. The first condition is
required for there to be four excitation channels
interfering with each other. This condition allows
for a phase factor that is nearly independent of



1420 S. YEH AND P. R. BKRMAN 22

Ol
e+

O

0
R(A)

8 l2

I

IO

I

I

I

II
II
II
II
I

II
II
I I

o%4

Kg
.". ~lib'I

gl E (1

~II4I
s l.
I EI

I I

o8 12

R(A)
(b)

FIG. 6. Interatomic potential used to demonstrate the
interference effect discussed in case J. (a) Bare-state-
classical-field picture. (b) Dressed-atom picture. The
dressed-state energies Ez z+&&& are related to the bare-
state energies EI 2 3 by Eqs. (4.2). In (a), the level sep-
arations are not drawn to scale; in (b), the energies
SINAI and IIn'I set the energy scale. 6=- 8.0 x 10 t sec t,
LV =-3.0 x 10 3 sec

impact parameter b. The second and third con-
ditions determine the frequency and amplitude of
the oscillatory term.

VII. DISCUSSION

CARE, as presented in the dressed-atom picture,
is similar to radiationless inelastic collisions.
However, there is an important difference between
the two. In the radiationless inelastic atomic col-
lision, the process, and hence the cross section,

FIG. 7. Total excitation cross section as a function of
inverse relative speed. 1/o for a potential shown in Fig.
6 with pp= pp= 10 sec ~ 6 = —8.0 x 10 sec, and 6'
=-3.0x10 sec . The curve rises as (1/v) . As the
speed varies from 10 to 4 x 10 cm sec, equally spaced
peaks are clearly seen. In the inset, the product of the
total cross section and y as a function of 1/e is shown.

J

is determined by the interatomic potential of the
atom-atom system, which cannot be controlled
once the system is chosen. In CARE, on the other
hand, the corresponding interatomic potential (in
the dressed-atom picture} depends not only on the
atom-atom system, but also on the atom-field de-
tunings as well as the field intensities. In the
weak-field limit, one can vary the detunings to
change the level spacings of the dressed states
and the positions of, and the slopes at, the poten-
tial curve crossings (if any) which are the essen-
tial parameters determining the CARE cross sec-
tion. Hence, the interaction between the two col-
liding atoms can be probed in a controlled fashion
by using CARE, a great advantage over the ordin-
ary radiationless atomic collisions. The three-
level problem discussed in this paper provides
a good example of the relationship between CARZ
and inelastic collisions. The oscillatory features
obtained in case J of the previous section for the
total CARE cross section as a function of active-
atom-perturber relative speed are of similar na-
ture to those obtained by Rosenthal and Foley'
for He-He' charge-exchange inelastic collisions.
The He-He' atom-ion interatomic potential curves
are analogous to those of the three-level CARE
in the dressed-atom picture [Fig. 6(b)]. The fre-
quency and amplitude of oscillation in CARE can
be varied by changing the detunings and thus the
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potential-curve crossing properties (positions
and slopes}; such a variation is not possible in

charge-exchange inelastic collisions. Although

oscillation of this type continue to be discovered"'
for charge-exchange inelastic collisions in alkali-
ion-noble-gas systems such as Na'-Ne, K'-Ar,
Cs'-Ar, they are confined in systems with atom-
ion interatomic potentials bearing a resemblance
to Fig. 6(b), and thus have limited value in in-
vestigating the atom-atom or atom-ion interac-
tions. With CARE, the scope of such studies can
be extended.

In case J of the previous section, we mentioned
that the interference effect should be observable
with moderate laser powers, without referring to
any specific experimental setup. The experiment
can be performed using crossed atomic beams or
a beam interacting with a gas sample. The beam-
gas sample method works only if the active-atom-
perturber relative velocity is approximately equal
to the beam velocity. In cases when better detec-
tion efficiency is required, one can use a third
laser to ionize the active atom from the upper ex-
cited state (state 3) and thus detect the ions in-
stead of the fluorescence.

Finally, let us mention another type of oscil-
lation which can occur in a two-level system and

should be distinguished from the present one.
The mo'dulation ig the absorption coefficient as a
function of detuning for atoms in a collisional
environment was discussed by Mies,"Carring-
ton et al. ,

"Shlyapnikov and Shmatov, "and ob-
served by Scheps et al."and Bergeman and Liao."
This has been attributed to the oscillatory struc-
ture of the vibrational wave function of the quasi-
molecule formed by the colliding atoms. Such
an effect does not involve interference of differ-
ent channels of excitation, and is due to oscilla-
tion in the transition matrix elements.

as possible, although results are given for some
specific potentials only. Because of the complex-
ity of a three-level system and the distinct phy-
sical features and mathematical treatments in
different limiting cases, we classified the prob-
lem into thirteen cases according to the sizes
and the signs of the detunings. These cases were
treated in detail, except the last three cases (K,
L,M} which give rise to exponentially small ex-
citation cross sections for which reliable analy-
tic approximations are lacking at the present time.

A dressed-atom picture was also given which

brought the CARE problem into complete parallel
with the problem of radiationless inelastic atomic
(or molecular} collisions. In this picture, the
collision-induced instantaneous resonances be-
tween the atomic transitions and the external
fields are transformed into interatomic potential
curve crossings. Such curve crossings enhance
the excitation, especially in the large detuning

cases, and interfere with each other, leading to
effects reflecting the crossing configurations.
Some special crossing configurations yield par-
ticularly interesting interference effects (e.g. ,
the modulation of the total excitation cross sec-
tion discussed in case J). A quantitative examin-
ation indicates that experimental observations of
such effects are feasible.

The theory does not include the cases of strong
fields which are of increasing importance and in-
terest with the advent of high-power lasers. The
dressed-atom approach seems to be most suitable
for attacking such cases, and numerical calcula-
tions may be inevitably needed. The established
numerical method used in two-level CARE prob-
lems and the analytic methods presented in this
paper can be combined to form useful tools in the
investigation of these cases.

VIII. CONCLUSION

We have presented a theory of collisionally aided
radiative excitation for three-level systems in the
weak-fields limit. Attempts are made to cover
as many cases as possible and to be as general
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APPENDIX A

In this appendix we give the details of calculations leading to Eqs. (6.29)-(6.39}from Eq. (6.1}. As-
suming that the collision trajectories are symmetric about t=0, the time of closest approach between the
active atom and the perturber, we break the t integral of Eq. (6.1) into two parts, t & 0 and t & 0,

0 t
c t( ) f((.((=(exp=—-o't fv (A'uf q(t)dt'-

0

OO

}t'(t}exp i&'t — -V'(t')dt' Q(t)dt,
0 0

(Al)
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where
t (

Q(i) = X(t&) exp -i
~
&t, — '

V(f')dt'
~

df, .
0 i.

Because of the condition
~
&

~ r, » 1, the contributions to Q are from the neighborhood of the crossing points
+&„satisfying &= V(t) only. Thus, for the first term (restricted to i& 0), we expand the exponent of the
integrand in Q in Taylor series about t, =-rod and for the second term (restricted to t& 0), we break the

Q integral into two parts, from -~ to 0 and from 0 to t, and expand the exponent about ty — ~0 and tg = ~0

for each region, respectively. The factor )((t,) is evaluated at g(+&0}-=)(,. The Taylor series is terminat-
ed at terms ~(t, + r,)', and the integrals obtained are evaluated exactly to yield

Q(t)=g e ''~'~~" —(v/n)' 'Il+erf[n' '(f+ &) e'" ']) for i&0

Q(&) = X.e ' "'""'-'(vin)'"[I + er f(o""& e'"")]
+)[' e"~'" " (vie[}'-'[erf[n' '(t —& )e '" '] —erf(-n' 'r e '" '}j for t&0 (A3)

where erf is the error function and P, s, u are defined in Eqs. (6.29}-(6.39}. Putting Eqs. (A2} and (A3)
into Eq. (Al), using the relation erf(s) =1 —erfc(s), and combining terms, we can write C,(t=~) as a sum
of four terms. Under the assumption that the crossing points are far from i=0 (a'~mv'o»1)t one of the
four terms, which contains a factor erfc[a'~'r, e '~~'], can be neglected Th.us,

0 t
C (f=~)=-[[-(v/n)' ' e "~'~ " g'(t)exp i&'-t — V(t'}dt' erfc[-a' '(i+r, }e'~ ']dt

2 0

+e"~'"" )[''(t)exp i~
&'i-— V'(f')dt

~
erfc[-n' '(t —r,)e '~ d]dt

0 0

+e " ' t"cree[ e' 'r, e' '] -x'(t)extt -t e t — v''(t'tdt'[ dtI. (A4)

This, again, is to be evaluated using the stationary-phase method. Since the error functions with complex
arguments are oscillatory functions, their presence in the integrands of the first two terms in Eq. (A4}
will modify the stationary-phase positions of these integrals. To cope with this, we use Eqs. 7.1.2, 7.1.9,
7.1.10, 7.3.9, 7.3.10, and 7.3.22 of Abramowitz and Stegun" to express the error functions in terms of an

exponential (oscillating) part and the auxiliary functions f,g of the Fresnel's integrals, which are slowly

varying functions. By doing this, the integrals are written in a form suitable for the stationary-phase
method. We shall now demonstrate the method by evaluating the first term in the curly bracket of Eq.
(A4), to be called W. The evaluation of the second term follows exactly the same procedure.

In terms of f,g and the exponential function, W can be written as a sum of three terms. In two of these
terms a phase of the form tft+ sc[(t+ r,)' appears which is simply the Taylor-series expansion of &t
—f, V(t )dt at t=-r, . We transform this term back to its original form and find

0 ( t
W=2e "o' " )[' (t)exp i~ & t —-V (i }dt dt

M0 0

+tete x'(t)(f'ed*)' 'e" exp -tl(e+e tt-J [X(t'tet'(t t'[dt tdt''
T0 t

—is~ y' t) '+ )' 'e" exp -i &+&')t — V t )+ V t') dt dt,
moo L 0

where 8 =tan 'g/f and the argument of f,g is

~(2~/v) & (i+~,) ~.

(A5)

Other parameters are defined in Eqs. (6.29)-(6.39}, The integrals in Eq. (A5) can be evaluated using the
stationary-phase method. Since y =&0, a constant during the collision, and f,g, 8 are slowly varying func-
tions compared with the rapidly oscillating exponential part, we can evaluate them at the stationary-phase
points, -&, for the first term, -7; for the second and the third term, and take them out of the integrals.
The remaining integrals are evaluated using the same method as that leading to Eqs. (A2) and (A3) for Q.
Then, the error functions can again be written in terms of f,g functions, which leads to Eq. (6.30).

The same procedure applied to the second term in Eq. (A4) yields Eq. (6.31). The evaluation of the
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third term in Eq. (A4) is particularly simple. For stationary-phase point ro far from 0, the erfc function
can be approximated by 2, and the integral is done by the stationary-phase method. This method yields
Eq. (6.32).

APPENDIX B

The excitation probability can always be written as a sum of three terms, Ps, D~, and P»T representing
the stepwise, the direct, and the interference contributions, respectively. In the most general case, they
are

Ps —,[2 —(1+s, )s sin2$ —(1 —s,)s sin2$(x.x'.w)'
~ f ~ 1

QQ

+ (f,'+g', )[1 —s sin2(Q+ P,
' -s 8,)]

+ [2(f,'+g', )]'"[ssin(2y+ y'+ y,
' —s'w/4 -s'8, ) —cos(P' —P,', —s'w/4+ s'8, )]

+ s,[2(f, +g, )]'~ '[s sin(2$ —P + Q, + s w/4 —s 8~) —cos(Q' + Q, —s w/4 —s 8,)]},

(x.x'w)' 2(f'. +g',))"*
Q QPINT

x (-s,s,[cos[P+ P' + P" —(s —s' —s")w/4 -s8,]+cos[Q+ Q' —Q" —(s —s' + s")w/4+ s8,]}

+s,(cos[Q —Q + Q —(s+s —s )w/4 —s8,]
+ cos[Q —P' —P" —(s+ s' + s")w/4+ s8,]}

+s,s~ [2(f', +g', )]'~'(sin[/+ P' —P,
' —(s —s')w/4+s8, +s"8,]

—sin[y+ y'+ P,', —(s —s')w/4 s8, —s"8,]—}
—s,s "[2(f,'+g, )]' '(sin[& —p' —p,

" —(s+s')w/4+s8 +s."8,]
—»n[e —0'+ 0",.—(s+ s')w/4 s8, s"8,—]}—

-s,s,s'[2(f', +g', )]'~'(sin[&+ P" + P,
' —(s -s")w/4 —s8, —s'8, ]

+sin[& —Q + Q, —(s+s )w/4)+s8, —s 8,]}
+ 2s,s,s's" [(f', +g', )(f', +g', )]'~'[cos(y+ y,', + P,",—sw/4 —s8, —s'8, —s"8,)

—cos(y+ y,
' —y,",- sw/4+ s8, s'8, + s—"8,)]),

where

To Tp
&'v, + y'(t')dt', p", =-(&+& )r, + [V(t )+V (t )]dt,

0 0

and all the other quantities have been defined in Eqs. (6.29)-(6.39).

P = [(X,X,w)'/aa" ](f', +g,'){1—s"sin2($"- s8,) + 2(f', +g,)[1—cos2(g",, —s8, —s"8,)]
+ 2[2(f, +g )]' [cos(g" + P,

' —2s8 —s"8 —s"w/4) —co's(g" —P"—s "8 + s"w/4)]},

(B2)
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