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A general theory of the motion of a two-level atom in a resonant or near-resonant electromagnetic wave of
arbitrary amplitude and phase, including effects of radiative relaxation due to interaction with the quantized vacuum
field, is developed from first principles. Particular emphasis is placed on the effects of quantum-mechanical

_ fluctuations of the radiation force and on the associated diffusion of atomic momentum due to spontaneous and
induced absorption and emission processes. Analytic results and numerical examples are presented for (1) the lower
bound on the temperature achievable by radiation cooling in a standing wave tuned below resonance, (2) the heating
rate in a strong resonant standing wave, (3) the maximum confinement time for an atom in a Gaussian radiation
trap, (4) the deflection and spreading of an atomic beam transversely illuminated by a strong resonant running wave,
and (5) the transverse cooling of an atomic beam by a strong running wave tuned below resonance.

I. INTRODUCTION

The subject of atomic motion in resonant radia-
tion is now a rapidly developing field of research.
Numerous proposals have been put forward sug-
gesting applications of the radiation force to prob-
lems as varied as isotope separation,'~5 atomic
trapping and cooling,’”? atomic-beam-deflection
spectroscopy,!® ! and atomic-beam epitaxy.’
Several experiments have been carried out to veri-
fy basic’features of the resonance-radiation
force'®~# and to demonstrate certain applica-
tions.!»%1%12 QOther experiments are currently in
planning or in progress at a number of laborator-
ies and universities.

Recent developments in the theory of atomic mo-
tion in resonant radiation have resulted primarily
from the analysis of specific proposed applica-
tions®? and from the study of special problems, such
as atomic motion in a plane running wave or a plane
standing wave.®"%* The resulting body of theory con-
sequently lacks the unity of a general theory de-
rived from first principles. A step toward a more
unified approach to the theory of atomic motion in
resonant radiation was taken in a recent publica-
tion?® in which a general theory of the mean radia-
tion force, based on Ehrenfest’s theorem and the
optical Bloch equations, was developed and applied
to a number of problems of current experimental
interest. However, a theory based on Ehrenfest’s
theorem describes only the mean radiation force
and says nothing about the fluctuations of the force
about its mean value.

The importance of fluctuations of the radiation
force in determining the motion of an atom in
electromagnetic radiation was first emphasized by
Einstein in 1917.# In this early work, Einstein
showed that fluctuations due to both spontaneous
and induced absorption and emission processes
are necessary to account for the Maxwellian dis-
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tribution of atomic velocity in thermal equilibri-
um. Although it has been recognized for some
time that fluctuations due to the random recoils
accompanying spontaneous emission (spontaneous
fluctuations) play an important role in certain ap-
plications, the fluctuations associated with in-
duced absorption and emission processes (in-
duced fluctuations) have often been ignored. Only
recently has it been pointed out that induced fluc-
tuations can be of importance in cooling, trapping,

" and deflection experiments,®r 2% 2°

The purpose of the present paper is (1) todevelop
a general theory of the motion of a two-level atom
in 2 monochromatic electromagnetic wave, in-
cluding effects of spontaneous and induced fluctua-
tions, and (2) to emphasize the central importance
of induced fluctuations and the resulting diffusion
of atomic momentum in a number of applications.

In the model adopted here, the atom is driven by
a classically prescribed electromagnetic wave (or
coherent state) of arbitrary amplitude and phase
and experiences radiative relaxation due to inter-
action with the quantized vacuum field. A new fea-
ture of the present theory is the description of the
translational motion of the atom in terms of an op-
erator f(X, D) whose expectation value, f(x,D)
=(f(%,D)), is the Wigner phase-space distribution
function.’® Introduction of the Wigner operator
f(%, D) permits a straightforward derivation of
equations for the internal and translational motions
of the atom in the Heisenberg picture. This ap-
proach is convenient, particularly when the atom
interacts with the quantized electromagnetic field,
and physical interpretation of the resulting equa-
tions is more transparent than in an approach
based on the reduced density matrix for atomic
motion.

In the following section the properties of the
Wigner function for a structureless point particle
are briefly reviewed, the Wigner operator is de-
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fined, the Heisenberg equation of motion for the
Wigner operator is derived, and the classical lim-
it of this equation is examined. The purpose of
this section is to introduce the Wigner operator,
to fix the notation, and to derive a number of
properties of the Wigner operator useful in sub-
sequent calculations.

In Sec. III the theory of atomic motion in a clas-
sical electromagnetic wave is worked out neg-
lecting radiative relaxation., It is shown that the
motion of a two-level atom is determined by four
real functions defined on phase space: (1) the Wig-
ner function £(X, D), (2) the distribution U(X, D) of
the in-phase component of the atomic dipole mo-
ment, (3) the distribution V(X,p) of the in-quadra-
ture component of the dipole moment, and (4) the
distribution W (X, ) of population inversion over
phase space. The equations of motion for £, U, V,
and W are derived, the quasiclassical limit of
these equations is calculated, and the quasiclas-
sical equations are applied to the optical Stern-
Gerlach effect in this section.

In Sec. IV the semiclassical theory of Sec. III
is generalized to include radiative relaxation due
to interaction with the quantized electromagnetic
field. A Markovian approximation eliminates field
operators and leads to general equations of mo-
tion for f, U, V and W, now including relaxation
terms and terms describing recoil in spontaneous
emission, The quasiclassical limit of the atomic
equations of motion is then derived, and the con-
nection between the quasiclassical equations and
the Ehrenfest-Bloch equations of earlier work?® is
established.

Section V treats the diffusion of atomic momen-
tum associated with induced absorption and emis-
sion processes (induced diffusion). It is shown
that in the smooth-field approximation U, v, and
W can be eliminated from the coupled equations
for f, U, V, and W; and the result is a Fokker-
Planck equation for (X, ) which clearly displays
the coefficients of induced diffusion, as well as
the coefficients of spontaneous diffusion and the
mean radiation force. In addition, the diffusion
coefficients in a plane running wave and in a gen-
eral standing wave are calculated, physical inter-
pretations of induced diffusion are given, and for-
mulas for the mean energy and momentum trans-
fer to the atom are derived in this section.

In Sec. VI we present a weak-field solution to the
quasiclassical equations, and again find that U, V,
and W can be eliminated and a single Fokker-
Planck equation can be written for £(X,5). The
weak-field theory is applicable to a number of
problems not covered by the smooth-field approx-
imation of Sec. V. Specifically, the damping of
atomic motion by a standing wave tuned below res-

onance and the lower bound on the temperature
achievable by radiation cooling are calculated in
this section.

In Sec. VII the foregoing theory is further illus-

" trated by application to several simple one-dimen-

sional problems. Analytical results and numerical
examples are presented for: (1) the heating rate
in a strong resonant standing wave, (2) the maxi-
mum confinement time for an atom in a Gaussian
radiation trap, (3) the deflection and spreading of
an atomic beam transversely illuminated by a
strong resonant plane running wave, and (4) the
transverse cooling of an atomic beam by a strong
running wave tuned below resonance.

The paper concludes in Sec. VIII with a discus-
sion of the limitations of the quasiclassical equa-
tions and some remarks about problems remain-
ing to be solved.

II. THE WIGNER OPERATOR

The Wigner function f(X, ) describing the quan-
tum-mechanical state of a structureless point
particle®® is traditionally defined by the equation

f&,D)=(2R)"? f d%s PR+ LB*E —3B)e H3/0 (1)

where (%)= (& |¢) is the position-representation
wave function. A transformation to the momentum
representation

9®) = (2mn)2/2 [ a%p g(Fei/n @
yields the formula
f&,B)=(2mh)"° f d°q ¢(B+3De* (B -1Pe® YV (3)

for the Wigner function in terms of the momentum-
representation wave function ¢(p)= @ |¢).

The Wigner function has many of the properties
of the phase-space distribution function of classi-
cal statistical mechanics. For example, the inte-
gral of (1) over momentum space

[ @25, 5= v@0*® = PB) @

is the probability density P(X) for position, the
integral of (3) over configuration space,

[ a7, )= 6®)6*@®)= WD) (5)

is the probability density W(p) for momentum, and
the integral of f(X,D) over all of phase space is
unity. The Wigner function cannot, however, be
strictly interpreted as the joint probability density
for the position and momentum of the particle be-
cause it is not always positive definite.

We now define the Wigner operator in the posi-
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tion representation:
7 &, D)= (2mm)" f 4% |& —38)&+ 5B e/, (6)

The expectation value of the Wigner operator is
clearly the Wigner function

f&,B)= W&, |- M
In terms of the momentum basis |p)
7&,D)=(2nn)* [ @[5 -3D@+ STl (8)

Note that 7(X,P) is Hermitian,
Now Eq. (6) can be inverted to obtain

Iilxiz ' = [d%f(%(il +%,), P)et i) s/ , (9)

and an arbitrary opelrator A can be expanded in
the position representation as

A= ff d®c,d%x, |*x1)<§1 I}i ]§2><i2| . (1‘0)

Using (9) in (10) we find that an arbitrary operator
may be expanded in terms of the Wigner operator
as

A: ff d*x d3pA(§, 5)]?(3, 5) , (11)
where
AR D)= [ @s@+i8]A[k-sme® . (12)

or in the momentum representation

AR D)= [ @qB+1d)A

-

B -3 xa/mn (13)

When A is Hermitian A(%, D) is real. Incidentally,
the expectation value of Eq. (11)

D= [[ exapaz,prE,p (19

expresses the expectation value of the observable
A in the form of a statistical average, as if A
were properly represented by the classical ob-
servable A(X,P) and f(X, D) were a valid distribu-
tion function in phase space.

IfA= F(x) is a function of the position operator,
then (%, |4 |%X,)= F(%,)6(%, -X,), and (12) gives
A(x p) F(X). Similarly, if A= G(p) we have
P2 = G(,)6(P, - P,), and (13) gives A(X,D)
= G(p) It follows that a Hamiltonian of the form

H=92/2m + V(%) is expressible in terms of the Wig-
ner operator as

A= f f & &p[p*/2m + V)] F(X, D). (15)

To evaluate the Heisenberg equation of motion for
the Wigner operator,

9f(x, D) _ 1
m [f( JA]

= (in)™ ffdsx'dsp'[p’2/2m+ n(x)]

x[f&,B),7&,p7],  (16)
we need the commutator [7(%,,B,),7(X,,B,)] for
Wigner operators at two distinct points of phase
space. The position-representation matrix ele-
ments of the product #(%,,5,)7(%,,D,) are readily
evaluated using definition (6). Upon substituting
these matrix elements into Eq. (12) and using the
result in Eq. (11), we get

7,7 R B = (w)" [ [ dx pF (R, D) expl-2i[ - (E-%) 7 (7 -D))/n}, ()
where

E:%(ﬁ1+i2), ﬁ=%(f’1+§z); 5=?x1-§2, K=§1 -P.- (18)
The commutator of 7(%,,5,) and #(X,,d,) then follows directly from (17),

[F&,,B),7(X,, B,)] = =2i(mr)"° ffd%cdspf(i,ﬁ) sin{2[ &+ (£ -%) -7+ (7 - D)) /n}. (19)

With the help of this commutation relation, we
find that the Heisenberg equation of motion for
the Wigner operator, Eq. (16), takes the form

(Z+&9)7p- [ e r@s-p768), 0

where

J X, D) =7 21,,5)3 fdss[V(i+%§) —V(E-18)]e3/n

(21)

—

and V is the gradient with respect to X. An expec-
tat1on average of Eq. (20) removes the carets on
F(%,P) and #(%,p’), and shows that the Wigner
function and Wigner operator satisfy the same
integrodifferential equation.

The classical limit of Eqs. (20) and (21) is de-
rived by writing V(X+33) in (21) as Taylor series
in the variable §, evaluating the integral over S,
and taking the limit of the result as #—~ 0. Equa-
tion (21) becomes
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J(%,P)=VV(&)-V,5p), (22)

where -V., is the gradient with respect to p, and
(20) reduces to

(a% N -v) F&,)=VvE:V,7(%,D). (23)
The expectation value of Eq. (23) is the classical
Liouville equation for the distribution (X, ).

We now list a number of relations involving the
Wigner operator that are useful in subsequent cal-
culations. First, the commutator of the Wigner
operator with the kinetic energy operator is

[F(&, D),/ 2m] = —inD V7 (%, D)/m. (24)
Secondly, if F(X) is a complex function of position,
and if

R(%,D)= zh’(21rh‘)3 fdas F(X+18)e ®3/n  (25)

then
[[ &5 ey P07 D7, B9

=in [ &y REB-DVEF), (26)

[ e ey P@FEPIE, D)

--in [ @y G F -BF G5, (1)
f f &' d@p' FEFE, D) (X, D)

= iR f &p’' RE, P’ -DF (X, 1), - (28)
[ @ oy i, 5979

= -k f a*p’ R*(X, D - )7 (%, D). (29)
These relations can be proved by straightforward
application of Eq. (17) and simple changes of inte-
gration variables.

III. ATOMIC MOTION IN A CLASSICAL
ELECTROMAGNETIC WAVE

The Hamiltonian for an atom of mass M in a
classically prescribed electromagnetic wave in
the electric dipole approximation is

A=p/om+ By - i B &, 1), (30)

where $?/2M is the kinetic energy associated with
the center-of-mass momentum p, H is the Ham-
iltonian for the internal motion of the unperturbed
atom, W is the electric dipole-moment operator,

and Ecl(i, t) is the classical electric field eval-
uated at the center-of-mass position X,

For a two-level atom with internal states |1)
and |2) of energy E, =0 and E,=#w,, respectively,
the internal Hamiltonian and dlpole-moment op-
erator can be written as

Hy=rwS'S, (31)
i= 8+ B%5, (32)

where 1= (1|1 |2) and §* and § are, respectively,
the atomic excitation and deexcitation operators

§= |21, §=|1X2|. (33)
In addition, we shall need the operator
§,= |2X2] - |1X1]|=5"§ - 58 (34)

whose expectation value is the populatlon inver-
sion. The internal operators S S’ and S3 satisfy
the following commutation and product relations:

[8+,8]=5,, (35a)
[5,55)=8, (35b)
[5°,8'5]= -8, (35¢)
[5,,581=0, (35d)

=3(1- 33) ’ (36a)
§8=4(1+8,), (36b)
§2=82=0, (36c)
88,= -§,5=5, (36d)
§8,= -8,8*= -§*, (36e)

~ where 7=5'S+S8" is the identity operator.

A general monochromatic electric field may be
written as

E (%, 0)=3[E@e'’ + EX(®)et]. (37

Inthe Heisenbergpicture, the dominant time depen-
dence of operators Sand S" whichis due to the inter-
nal Hamiltonian (31), is contamed in exponential fac-
tors e~iwot and efwot, respectively. Therefore,
near resonance (w= w,) substitution of (32) and (37)
into the interaction term —[i* cl(x, t) yields two
slowly varying terms and two terms that vary too
rapidly to have any significant influence on atomic
motion. Discarding the inessential terms (rotat-
ing-wave approximation),* the Hamiltonian be-
comes

H=3?/2M + K88
—in[@*@)sTeiot + Q(R)Setet] (38)
where #8(%) = i E(®) = 20(X)e?®. Q(F) is the on-
resonance Rabi flopping frequency of the two-lev-

el atom, and 6(X) is the effective phase of the ap-
plied field [for [ real, () is the amplitude infre-
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quency units and 6(X) is the true phase of the com-
ponent of the applied field in direction u] The op-
erator Q(x) is expressed in terms of the Wigner
operator as

6@ = [[erapi@ic,p), (39)
and-hence
A=p*/2M + nw,S'S - 41 f f &x P[RS F (X, Ble~tet
+ QRIS (%, Ble'!] .

(40)

(‘*"V)f(x p)= f @p{[T&, 5 -P) - T(%, b

+[T™(%,9 -

where

TR, B =gy [ FsGE+ 1030, (4)
We see that the equation for #(%, D) contains the op-
erator

(%, ) = 57 (%, Dlet* (44)

and its Hermitian conjugate ', Therefore, in ad-
dition to the equation for f(X, D), we need an equa-
tion of motion for [i(X,P). Another straightforward
calculation, making use of Egs. (24)-(29) and Eqgs.
(35) and (36), shows that the Heisenberg equation
for 1i(X, D) contains the operator

ﬁs(i’ §)=§3f(§, D). (45)
So an equation for this operator is required also.
Fortunately, the proliferation of operators ter-
mmates at this point, and the Helsenberg equation
for l'[3 involves only operators II and [it. The

closed system of Heisenberg equations of motion
obtained in this way is

(2+&-9)7@p)= [ apick -9, 5)

+ CH&, B - DN, D],
(46)

+1 [@p(c&5-57ED)
- B*(i,-ﬁ —ﬁl)ﬁg(i, .5,)] ’
(a)

B -T*&,p
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Here the Wigner operator refers to the trans-
lational or center-of-mass motion of the atom.
Since the internal and translational motions in-
volve different and independent degrees of free-
dom, each of the internal operators S S‘ and S
commutes with the Wigner operator (%, ).

Now consider the Heisenberg equation of motion
for #(%,D)

YED .2 (5,5, 8). (1)
in

After inserting A from (40), a straightforward
calculation aided by Eqs. (24)-(29), leads to the
result

- 9157 (%, et

-9)18F (X, B")e i1}, (42)

I
(_a_ +-E . V) (%X,D)= fd’p (B, - )N, D)
o M
-PII"%, 5],
(48)
where A = w - w, is the detuning frequency and
Cz,P)=T(%, -p) - T(%,D) ,
B(%,D)=T(&, -p)+ T(%, D).

Let 1, ', and 11, (without carets) represent the
expectation values of I1, I', and II,, respectively.
Then we can remove the carets in Eqs. (46)-(48),
by taking expectation values, to obtain the system
of equations describing the time development of
the Wigner function (X, p) in a monochromatic
field with arbitrary amplitude Q(X) and phase 6(%).

The following transformation of Eqs. (46)—(48) is
convenient for subsequent work. Let

&, D)= o (%, Ble#®,
', B) = 0°(, Ple® ,

and

+B¥X,p

(49)

(50)

U, D) =0(X,D+0%,D),
V&, D) =i[o(%,P) -0"X,D)], (51)
W(X,D)=,X,D).

Then Eqgs. (46)-(48), with carets deleted, become

(a%*:' V)f( P)

= [@'la,&,B -3V &, Fra & B-3)VE, 5],

(52)
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(g+2-9)wEp

- [ @', 5-5WEB)+b,&B-FIVED)]

(53)

-

i .a)U(;,g)= (A+A% -50)V(%,9)

o [ @p'le,®,5-F)E,B)
-5, &, B-PIWED],
(54)

0)U X,D)
f &p'a &, B -7 &, B)

-b,X,b-DIWE,D)],

(55)
where
a,(i’ ﬁ) =Re [T(i; _ﬁ) - T(i’ ﬁ)] ’
a(%,p)=Im[(X, -P) - (%, D)] ,
(56)

b,(X, ) =Re[r(X, -p) + (%,D)] ,
b(X,D)=Im[7(X, -P) + =X, D],
and
Ry 1ed)

%, B)= gy | A5 AR IBTIN (50)

The variables f, U, V, and W are real.
1t is readily shown that the quantities

= ffd’xd"‘pU(i,ﬁ),
- [[exapv,p, (58)

w= fIdaxd“p W(%,D)

are the components of the Bloch vector for the in-
ternal motion of the two-level atom. Therefore,
roughly speaking, U(%,P) and V (X, D) represent,
respectively, the distributions of the in-phase
and in-quadrature components of the atomic di-
pole moment, and W(X,p) represents the distribu-
tion of inversion over phase space. For an atom
in the ground state, we have U=V=0 and W= —f,
Next, consider the classical limit of Egs. (52)-
(55). Following the classical-limit argument of
Sec. II, we expand §(X+38) in (57) as a Taylor
series in §, and discard terms that vanish as 7
- 0. We obtain

7(%,B) = 410 §) + 11 (VQ+12V6) 7,5(5).

Then, using the fact that ¥,5(p) is an odd function
of p, Egs. (56) become

a,(X,P)= -7V V,5(D)
a (%, D)= -3n2V0-V,5(D) ,
b,(%,p)=0,
b,(%,p) = -Q8(P),

and Egs. (52)-(55) reduce to

(_ 3.3
8 M
( b,
2 B.5)\va_(a.B. 3

( 37 V)V (A+M VG)U

-1raVe-V,f +QW, (62)

(59)

)f__zh'[VQ V,U+Qve-v,v], (60)

) (A+1% -iv’e)v-%ﬁn- V,f, (61)

(i +E-v =-QV. (63)

a8 M

The term “classical limit” is really inappropriate
here, because as 7 approaches zero the Rabi fre-
quency £ becomes infinite, indicating that the no-
tion of a Rabi frequency for the internal motion is
purely quantum mechanical. We shall refer to
Egs. (60)—(63) as the quasiclassical equations.

An estimate of the range of validity of the quasi-
classical approximation is obtained as follows. It
is easy to see that the lowest-order neglected
term in the expansion of Eq. (57) would have made
contributions to Eqs. (60)—(63) involving an addi-
tional factor %, an additional derivative of & with
respect to X, and an additional derivative of f, U
V, or W with respect to p, as compared to the
highest-order terms that were kept. Therefore, if
1 is the scale size of variation of Sz(x) and &p is
the scale size of variation of f, U, V, and W in
momentum space, the neglected terms are smaller
by the factor #/18p than the retained terms. The
minimum-scale size of the field Q(x) is on the or-
der of the optical wavelength A. So the condition
for the validity of Eqs. (60)—(63) is #/A8p <1 or
nk<<Ap, where k=2n/x. In other words, f, U, V,
and W must be smooth over a distance in momen-
tum space equal to the momentum %% of one photon
of the resonant radiation. This is the case most
often encountered in practice.

The quasiclassical equations provide a simple
derivation of the optical Stern-Gerlach effect.®?

In a general standing wave [6(X)=0] resonantly
tuned (A =0), Egs. (60) and (61) read

(ait+%’€)f=-%ﬁsp-v’pl]r

(64)
8 . P . S\y=_15v0-¥
(at*M )U——zh'VQ V.f
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These equations have a solution of the form =71,

Se=f.

9 -
a—t+—-v fo=shve-V,1,, (65)

and a solution of the form f=f_, U=f_ if
9 P .
(8t+—'V)f_-—2h‘V9 V,f- (66)

The distributions f, and f. each propagate as a
classical distribution function of a structureless
point particle [see Eq. (23)] but with potential en-

ergies V,=3#S and V.= — 379, respectively, of
opposite sign. The general solution of Eqs. (64) is
f=rf-+r., (o)
7
U=f~ _fo .

An atom initially in its ground state (U°=0) has
f2=£%=1f°, and consequently f, and f_ start out
identical. When £ (X, ) is initially well localized
in phase space, the Wigner function (f=f£,+f.)
quickly splits into two components, because f g and
f. are driven by forces F = -379Q and F_=17VQ
in opposite directions. This is the optical Stern-
Gerlach effect which has been discussed recently
by several authors,?2% 23233

In the present section we have ignored spontan-
eous emission. Therefore the equations of motion
derived above can be applied with confidence only
for an interaction time that is much less than the
natural lifetime of the excited state. For transi-
tions in the visible, this limitation can be severe.
In the following section we generalize the equa-
tions of motion to include effects of spontaneous
emission.

IV. ATOMIC MOTION IN THE QUANTIZED
ELECTROMAGNETIC FIELD

To take account of the interaction of the atom
with the quantized electromagnetic field, in the
electric dipole approximation, we must add to the
Hamiltonian (30) the Hamiltonian

ﬁr=§ﬁwi&{,xai,x (68)

for the free electromagnetic field and a term
-~ * E(X) representing the interaction of the atomic

dipole moment ﬁwith the quantized electric field

2mrwi\Y 2, . 3 At eipel
B®)= 1§( v“"‘) &0, T - 3] oY),

(69)

where & a; 2 x » Wi, and € €3, are, respectively,
the creafion and annihilation operators, the fre-
quency, and the polarization vector of the field
mode of wave vector kK and polarization index A
(=1,2), and v is the quantization volume, The
creation and anmhllatlon operators commute with
the atomic operators S S S and with the Wigner
operator £(%,P), and between themselves satisfy
the usual commutation relations

[&i,u a’:'.x'] = Gxx'ai.i' ’ (70)
[ai.)u ai‘,x'] = [a{,p a{',x] =0. (71)

The complete Hamiltonian is
A=p%/2M+ By Hy - i [E X, 0+ E®)]. (12

Note that we have retained the classical applied
field Ecl(x, t) in the Hamiltonian, In the model
used here, the atomic motion is driven by the
classical applied field, while the quantized field
is treated as a zero-temperature heat bath whose
sole purpose is to cause radiative relaxation of
the atom. Such a model can be justified on the
grounds that a strong monochromatic wave is a
state of the radiation field involving large quan-
tum numbers, and hence the correspondence princi-
ple ensures that the applied field may be treated clas-
sically. Alternatively, it canbe shown that the pic-
ture of a classical applied field plus aquantized field
initially in the vacuum state is related by a canon-
ical transformation to the picture in which the
field is fully quantized and the applied field is a
coherent state.*® We choose to work with a clas-
sically prescribed applied field because in this
picture much of the calculation of equations of mo-
tion has already been accomplished in the preced-
ing section.

. On substituting # from (32), Ec,(x, t) from (37),
E(i) from (69), H, from (31), and HF from (68)
into (72), and keeping only slowly varying terms
in the classical interaction and only energy-con-
serving terms in the interaction with the quantized
field, we get

H=3/2M + B 88+ 1 nugdl o , ~sn[@*(®3%e 1t + a(RSetor]
koA

. At & agfe L .
+’k§ (gi.xai.xse 4 —g’{'xS"a;'le‘i §)9

where

(73)
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&= (2rw/mOP /208 ). (14)
Next we express the interaction terms in (73) in terms of the Wigner operator by use of relations

G®-= [[ exaepi@ic,D), (15)
and

etis [[andpetihz,p). (16)

The Hamiltonian is then
Bp /20 0,38+ o o g, =370 [ [ o @pl+ @3 F(E, Dletot + GEFE, Blete!]
koA

il fL:, [[ @l g e300 R, D) - g 100 ¥ 6%, F&, D] (17)
As before, we work with the Wigner operator and operators
(%, )= 57 (&, Ble'*,
fiy(%,5)=5,7%,5),
and, in addition, we now make use of field operators
bya= By .00, (79)

which are slowly varying for field modes near resonance.
With the help of Egs. (24)-(29), (35), (36), (70), and (71) we find, after some work, the Heisenberg
equations of motion for f, I, II;, and 3~m, namely

(242 -9)7c,0- [ a5 -, oo @, p-BIEE)

(78)

- Z { gi,xe-&.;s'z,x[ﬁ(iy ﬁ "%h-lz) - ﬁ(i’ 5*’%’51;)]
koA
+ g1 e AR, B -3 - 11K, B+ 40) )5y, .}, (80)
-9)iE, D=6l e+ [ EpICHR,F-FIPEB) - BYE, B -BIE, )]

,.\

gle
+

Rlo

—3 2 gt e HF(R, B - $E) — F(%, B+ $4K) - 1,(%, B —3#K) - (%, B+34K)]b;,,,  (81)
kod

8 B \a . . A e
(37+1% 'V)Hs(x, p)= f &p'[BX, D - P)I(X, ') + B¥(X, b - D)X, D))
T L e B[R, B~ 39K) + 1%, B+ ) ]
koA
+ g5 e FE[NE, B - 47K + TIY(K, B+ 37K) 135}, (82
I
and Eqs. (80)(82) as follows. The solution of Eq. (81),

- X a to zeroth order in the interaction, is
b3, = i(w = wyby

G & _3l — > iA(ta-ty)
vavy [[Exdpe i, (83) (%, P, ) = 11& - Blts - £,)/M, b, 1,)e ,  (84)
and this is an accurate solution of Eq. (81) over a
For later convenience, we have written Eqs. (80)- time interval A¢=¢, - ¢, that is large compared to
(82) in “normal order” with field creation opera- the optical period 27/w but much smaller than the
tors to the left and field annihilation operators to Rabi period 21/§ or the natural lifetime of the ex-
the right of atomic operators. cited state. For a time interval t, —¢,=21/w,

. The field operators are now eliminated from equal to the optical period, the displacement
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Ax=plt,~t,)/M=(v/c)\ is generally very small
compared to the distance over which II changes
by a significant amount. Therefore we may re-
place the argument X - p[t, —¢,]/M in (84) by %,
and the result remains accurate for many optical
periods. Using the latter form of (84), Eq. (83)
is readily integrated:

5?. A(t) = 5;'x(0)e““"“"i”

+&n _/“/-d:‘xd:’pI‘f(i't,'f),t)e"l
t
X f el(uo'wi)(f-t’)dtl. (85)
(o]

Now Eq. (85) and its Hermitian conjugate will
eventually be substituted into Eqs. (80)-(82), and
expectation values of the resulting equations will
be taken with the field in the vacuum state. Be-
cause Egs. (80)-(82) are written in normal order,
the contributions to the final equations from the
first term in (85) clearly vanish, and therefore
this term may be discarded. For ¢ much larger

than the optical period, we have for the time '1nte-J

gral in (85)

-w.. -’ 1~
]; e e g1 (w5 — ) _m . (86)
Where ® denotes principal value.*® It is known
that the first term in (86) leads to radiative re-
laxation, while the second term leads to a diver-
gent frequency shift.>+*® A proper treatment of
the second term requires renormalization theory,
and, after renormalization, the effect of this term
is quite small and of little interest in the present
context. We therefore discard this term also,
and assume that the Lamb shift has already been
incorporated in the frequency w,. Equation (85)
becomes, effectively,
ben= g S -0 [[xapeiiigp). (61
Upon substituting (87) into Eqs. (80)-(82), using
Egs. (26)-(29), (36), and (78) repeatedly, taking
expectation values in the result, and finally pass-
ing to the limit of infinite quantization volume (U
- ) in the usual way, we obtain

(%*%'V) (%)= - ALFE, D)+ L& D] + [ @ [C%, B -BINE, §')+ C*(X, B -5 &, )]

x [ @ 2@) £&,5+7F)+ 1%, 5+ 10)], (88)
(& +2 -9)n 9= Ga -3AME D) +§ [ @ (C*E,B-B)G,B) - G5 -FILE )] (89)
(+Z 9)m® D= ~2AL/&, B+ L& D) + [ @ [BE, B - BN, B+ B*R, B - BI'E, )]
= [ @R 2@ &, 5+ 1)+ TR, B )] , (90)
where
. ML
A=(2m) val: f P i, 0wy = 0g) = —p—2 (91)
is the Einstein spontaneous emission coefficient, and
Z(K)= (477)™ wy 8(wg = w,) E | it €in |?= (477) ™ wy 6wy = w,) | ﬁ]z(l -~ cos?6’), (92)
A
where 6’ is the angle between K and 11,37 We note for later reference that
f Pk Z(K)=3A. (93)
The transformations in Eqgs. (50) and (51) convert Eqs. (88)—-(90) to the form
(2+Z 9 ) ED--14&D+ WD+ [ E9'la & 5-FIVEF)+ (k5 -FIVE,F)]
+ [ @R 2@ £, 5+0K)+ WE,B+AE)], (94)

(2+29)ven-(a+L90) v&, D -24U@ D+ [ #p'la %, 5-3) R, B) - b,&, B -FIWE D],

(95)
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(387 o2 -5)V(§,ﬁ)= - (m% -e’o)u(i,r)) —3AV(E,P)
v [ @& B-PYEB) -b,&B-DIWED)], ’ (96)
(2+2 ) WED=-2aUE D+ WED]+ [ Db,&B-FIVE D)+, 5-5)V )]
— [ @Rz &, B+ 1)+ W&, B+ 1E)], (97)
I

where a,, a,, b,, and b, are given by Egs. (56)
and (57). Equations (94)-(97) are the general
equations describing the time development of the
Wigner function f and the distributed Bloch vector
(U, v, W) including effects of spontaneous emis-
sion,

We now calculate the quasiclassical limit of
Eqgs. (94)-(97). For the terms in (94)—(97) not in-
volving A or Z(K), the calculation proceeds ex-
actly as in the preceding section. We obtain from
these terms Eqs. (60)-(63). To these equations
we must add the quasiclassical contributions from
the remaining terms in (94)—(97). The terms con-
taining A are unaffected by the quasiclassical
limit. A typical term involving Z(K) is of the
form

[ 27,5+ 5%). (98)

Recalling that in the quasiclassical approximation
f(%,D) must be smooth over a distance rk=rw,/c
in momentum space, we expand f(X, p+ %K) in
powers of #zk!. Keeping terms through second or-
der in the expansion, using Eq. (93), and noting
that

f @rZ(K)k'=0 (99)

because Z(K) is an even function of %¢, we find
that (98) becomes

rre =
147D+ Tou LD (100
where
Qu=in* [ar Z()eins. (101)

Let the dipole transition moment L be directed
along the x°® axis. Then using Z(k) from (92) and

kl'=F sind’ cosg’,
k2=F sind’ sing’, (102)
E*=Fkcosb’,

where 6’, ¢’ are polar angles in & space and k
=w;/c, Eq. (101) yields

QY= L (rwy/c)?Ad¥ , (103)
where d¥ is the diagonal matrix

0
d¥= 0|. (104)

o O =
o = O

(Y0

Other terms involving Z(k) in Eqs. (94)-(97) are
evaluated in the same manner as (98). The full
set of quasiclassical equations read

3 P = S0.S S0.9
(SZJ,A_II.v)f=_§ﬁ(vn-v,U+ﬂvo-v,w
2,
w8+ W)
8 P .-—) (a B0\
(8t+M v U—(A+ M )V—zAU
-379Q-V,f, (106)
2.0 .5)v- B:Vey, s
(8t+M v) -_(A+ M )U AV
+QW -3EQV6- Y, 1, (107)

(_;_’t_+% . ") /= ~QV - A(f + W)

- %}Q“a—;ﬁﬁl) . (108)

The general equations for atomic motion in reso-
nant radiation, Egs. (94)-(97), and the quasiclas-
sical limit of these equations, Egs, (105)-(108),
are the principal results of this paper. In the cal-
culations which follow we work exclusively with
the quasiclassical equations.

Next we establish the connection between the
Ehrenfest-Bloch equations of earlier work® and
the more general quasiclassical equations of the
present theory. Let f, U, V, and W be localized
in phase space near the point (%X,p)= (F,ﬁ). Then
in an integral over phase space of a product of a
smooth function of (X, ) and one of the functions
functions f, U, V, or W, the smooth function may
be evaluated at (7,7;) and taken outside of the inte-
gral. In addition, integrals over phase space of
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terms such as p-Vf/M, -5rVQ-V,f, and
Q9% f + W)/optap’ vanish, as can easily be shown
by integrating by parts and using the fact that £,

U, V, and W vanish at |X|=« and [§|=». Using
these observations and Eqs. (58), we find that the
integrals of Eqs. (106)~(108) over phase space are
the optical Bloch equations™

1’4=(A+:9)v—%Au,
=—(8+0u+QW-3Av, (109)
v=-Qv-Aw+1),

where 9=/ V6(%)/M and Q=9(%). The Bloch vec-
tor (u,v,w) is driven by-the field amplitude  and
phase derivative 9 at the position of the moving
atom. Next multiply Eq. (105) by X and integrate
over phase space. An integration by parts gives

<D VL~
[f & d“px(p Mf)= /M, (110)
and the terms on the i‘ight in (105) all vanish on
integration. The result is

F=f/M. (111)
Finally, multiply Eq. (105) by § and integrate over
phase space to obtain the radiation force

F=ji= MF =3ii(u¥0 + 00¥6). (112)

Equations (109) and (112) are the Ehrenfest-Bloch
equations describing the motion of the centroid of
the atomic wave packet.?®

V. INDUCED MOMENTUM DIFFUSION

It is well known that the momentum of an atom in
resonant radiation undergoes a kind of diffusion
due to the randomly directed recoils accompanying
spontaneous emission. This spontaneous diffusion
is described by the last term in Eq. (105). As
noted above, induced absorption and emission pro-
cesses can also give rise to diffusion of atomic
momentum.?® In the present section we treat in-
duced momentum diffusion in the case where the
applied field is smooth or the atomic velocity is
small.

The goal is to obtain a single equation for the
Wigner function in place of the coupled quasiclas-
sical equations for £, U, V, and W. To accomplish
this, we solve Eqs. (106)~(108) approximately for
U, V, and W in terms of f, and insert the result
into Eq. (105). Here the approximate solution of
Egs. (106)—~(108) is based on the assumption that
the Rabi frequency Q and the phase derivative &
=P+ V6/M, at the moving atom, vary by only a
small amount during a natural lifetime 7=1/A.
This condition is satisfied when the field is suffi-
ciently smooth or when the atomic velocity is suf-

ficiently small., It is shown for this case in the
Appendix that the equation for f(X, ), accurate
through terms of order %, is the Fokker-Planck
equation

pt e -
(Bt 7 a::')f apf( "f)+ap‘&pi (D57), (113)

where F! is the effective radiation force, D¥ are
momentum diffusion coefficients, and we are using
the Einstein summation convention; i.e., a re-
peated index in a term implies summation over
that index. The effective force F!= Fi+ Fi consists
of the radiation force

-7 80 - aq?

| . A 2 A —
F 482 + A%+ 2Q° (AQ T axi)’ (114)
A=A+DVO/M, (115)

which agrees with that obtained from the Ehren-
fest-Bloch equations in the steady-state approxi-
mation,? plus a correction F* given in (A26),
which is of higher order in 7 than F?, It is easy

to show that the correction Fi is generally quite
negligible compared to F?, and in the following we
shall often set Fi= F# for simplicity. The diffusion
tensor D= D} + D¥ consists of coefficients

o RPAQRAY
S T 5(4A% + A%+ 2Q2)

associated with spontaneous emission (k= w,/c),
plus coefficients

(116)

Dy qlR 22 g0, 00 26
xt 8xf Oxt oxd
a2 88 9o an?
S o) (un

associated with induced absorption and emission
processes, where

a=r2[(A%+ 207G - 8A%Q%(482%+ 542+ 407) ] /24G®,

(118)

B=1?A[G? - 2Q%(3A% - 427)]/2G®, (119)

y= —252BOY(24%+ 0%)/G°, ‘ (120)
and

G=452+ A%+ 202, (121)

For atomic motion in one dimension, Eq. (117)
agrees with the result of an earlier calculation®®
in which induced momentum diffusion is attributed
to the interaction between the fluctuating atomic
dipole moment and the gradient of the applied
field.

In view of Eqgs. (104) and (116), the contribution to
momentum diffusion from spontaneous emission is
not isotropic. The anisotropic distribution of di-
pole radiation leads to a diffusion coefficient D3?
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in the direction parallel to ﬁ that is half as large
as the coefficients D!! and DZ in directions ortho-
gonal to 1. In a strong field (292» 487+ A?), the
coefficients of spontaneous diffusion saturate to
D¥=Qu,

Consider now two simple examples. In a plane
running wave [Q= constant, 6(%)=-k-X], the ra-
diation force, Eq. (114) becomes

i AQES
48 KD/ MP+ A2+ 2027

and the spontaneous and induced diffusion tensors
Eqs. (116) and (117) are

n2AQPRAdY

(122)

by'= 5[4(a — k- p/M)2+ A%+ 207] (123)
and
DY~ sznzk ‘%!
2[4(6 -k p/M)*+ A%+ 207)
x (1 _20734% -4 ‘E‘T’/M)zl), (124)
[4(& =k DB/M)?+ A%+ 2Q%)2

respectively. Note that in a strong field the coef-
ficients of induced diffusion saturate to D¥
=1An%k’. The form of Eq. (124) indicates that
induced diffusion occurs only in directions +K
and not orthogonal to these directions.

In a general standing wave (not necessarily a
plane standing wave) we have 6(X)=0. The radia-
tion force, usually called the dipole force in this
case, is now

A 0% oxt
i_
F TT4ATL AT 2Q (125)

and the diffusion tensors are

pit = JAQRAY
s T 5(40%2+ A%+ 2Q2)

n 9 9Q
2A(4A%+ A%+ 2Q2) oxt oxf
84%07%[46%+54% + 49’])

2 2
x ( v 22 - e ). )
Here the coefficients of induced diffusion do not

saturate in a strong field, but continue to increase
as

(126)

ij -
Dy =

n: 8 8Q
DY =24 1 57 B

as the field strength increases. Note that (128) is
an exact expression for D¥ when A=0. In a stand-
ing wave induced diffusion proceeds in directions
+VQ.

A few words concerning the physical interpreta-
tion of the diffusion tensors are now in order. It
is easy to show that the coefficients of spontaneous

diffusion (116) are consistent with the idea that
the atom undergoes a random walk in momentum
space due to statistically indépendent recoils AD
'3 occurring at the rate of spontaneous emission
and distributed in direction according to the dipole
distribution of radiated power. The coefficients
of induced diffusion (117), on the other hand, are
not the result of statistically independent recoils
occurring at the rate  of induced absorption and
emission events. To see this, recall that in a
random walk of step size L and step rate R the
diffusion constant is of order L?R. Thus for steps
of length 7k taken at the saturated rate (~A) of
spontaneous emission, the diffusion constant is D,
~(%#k)?A, in agreement as to order of magnitude
with the saturated spontaneous coefficients D

= L (7k)°’Ad" derived above. But if we apply the
same argument to induced processes, which occur
at the rate Q, we obtain D,~ (#k)*Q. Comparing
this with the on-resonance induced coefficients
(128) in a plane standing wave (2= 2Q, coskx, 9/
ox'~ k), namely D¥~ (nk)’Q*/A, we see that the
present theory leads to induced coefficients
larger by a factor /A than can be accounted for
on the basis of statistically independent recoils,
and this factor can be very large. This is an im-
portant observation because a number of authors
have explicitly assumed that successive induced
processes are statistically independent, or else
have written rate equations for induced momentum
transfer that implicitly assume statistical inde-
pendence for the underlying induced processes.
Predications of such theories will differ greatly
from those of the present theory.

The much larger standing-wave induced coeffi-
cients predicted by our theory can be understood
from the point of view of the optical Stern-Gerlach
effect. For exact resonance (A= 0) an atom initially
in its ground state has equal probability to be in
one or the other of the distributions f, and f. in
whxch it experiences forces F = —zh'VQ and F.

h’VQ respectively (see Sec. III). Intime At
the atom takes, with equal probability, a step
AD,=F,At or a step Ap.= F.A¢ in momentum space.
The coherent acceleration of the atom by one or
the other of these forces is terminated by spon-
taneous emission, which returns the atom to its
ground state and initiates a new step AP, or Ap.
again with equal probability. Thus we again have
a random walk of atomic momentum, but now with
step size |AD, =47 |VQ |At determined by the
mean time A¢f=4r=4/A between spontaneous events
from £, or f_ and step rate A/4 equal to the rate
of emission from f, or f._ (in each of these distri-
butions the atom has upper state probability P,
=1 and the probability that each of the distribu-
tions is occupied is also 3). The diffusion coeffi-
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cient along the direction of V§ is, therefore, 2D,
=#2|VQ|?/A, in agreement with the on-resonance
induced coefficients (128) for a general standing
wave.

The diffusion tensor in a plane running wave,
Eq. (124), is also supported by a simple physical
argument. If the atom absorbs a photon of wave
vector k and is then induced to emit a photon (nec-
essarily also of wave vector E), the net momentum
transferred to the atom is zero because the mo-
mentum K acquired by the atom in absorption is
canceled by the recoil momentum -kK of induced
emission, In the process of absorption followed
by spontaneous emission, on the other hand, the
momentum acquired by the atom in absorption is
not canceled, on the average, by spontaneous,
emission because the distribution of spontaneous
emission gives equal probability to recoils in op-
posite directions. Thus the atom gains the mo-
mentum of one incident photon for each spontan-
eous event, and if » spontaneous events occur in
time ¢, the momentum transferred in this time
interval is §= nhk. We emphasize that this mo-
mentum transfer is due to absorption (an induced
processes), and we are ignoring th: momentum
transfer associated with spontaneous emission,
From the above argument we conclude that the
mean rate of momentum transfer, i.e., the radia-
tion force, is (p)/t= F=#K(n)/t, and using the
well-known expression

(n)/t= AR/ [4(a K- B/M)?+ A%+ 207) (129)

for the steady-state rate of spontaneous emission,
we obtain the radiation force in Eq. (122). But
the number of spontaneous events in a time inter-
val ¢ fluctuates, and the fluctuations of » give rise
to a spreading of momentum about the mean mo-
mentum,

(B = (PN = (P'M=(n? = kR . (130)

When {(82)) = (n?) - {n)? is proportional to #, this
spreading of momentum is described by the diffu-
sion tensor

D¥={(p* = (pNp? - (p!N)/2t
=rk'% (an)?)/ 2t . (131)

This argument shows that the coefficients of in-
duced diffusion in a plane running wave are deter-
mined by the statistics of spontaneous emission.
More precisely, the induced coefficients are de-
termined by (&)%) in the limit ¢> r=1/A, for it
is only in this limit that ((An)?) is proportional
to ¢ (the momentum statistics are Markovian only
for time intervals much longer than 7). Since D¥
is proportional to {(Ar)?), our theory makes a
definite prediction concerning the statistics of
spontaneous emission in resonance fluorescence.

Equating (124) and (131) and dividing the resulting
equation by (129), we obtain

(any) | _20°3A°-4(a -k $/M)?] . 132)
(n) [4(a - K- D/M)2+ A%+ 2002)?
For an atom at rest, this becomes
«A”)z) - <n) - 292(3142 - 4A2) (133)
(ny T T@ATY AT 209

Equation (133) indicates that the statistics of »

are nqt Poissonian, since {(An)?)#(n). This result
disagrees with the conclusion of Picqué that » fol-
lows a Poisson Law.?*® The disagreement appears
to result from Picqué’s implicit assumption that
successive photon-scattering processes are sta-
tistically independent. Recently Mandel has stud-
ied the statistics of spontaneous emission in reso-
nance fluorescence, and has given explicit results
for the case of exact resonance.*® We note that
Mandel’s rigorous on-resonance result for

[((an)? = (n)]/{n), in the limit ¢~, is in exact
agreement with (133) at A=0. We conclude that
induced momentum diffusion in a plane running
wave is a direct result of the dispersion of the
number of spontaneously emitted photons, and that
the quasiclassical equations correctly account for
the non-Poissonian statistics of spontaneous emis-
sion,

Finally, we derive some relations describing
the transfer of energy and momentum from the
field to the atom. First, multiplying Eq. (113) by
p*, integrating over phase space, and evaluating
some integrals by parts (using f=0 at |X|=« and
|B|=), we obtain

d(i’”n - (F‘:)

i (134)

av?
where the (+++),, indicates an average with re-
spect to the Wigner function, (A),,= [ [d°xd% Af.
Hence the average rate of momentum transfer
equals the average effective force.

Next we multiply Eq. (113) by the kinetic energy
K=p*p*/2M, integrate over phase space, and
again evaluate various integrals by parts to get

d%(t) =%«Ftph)"+ <D”>u) . (135)

This equation states, in particular, that the diffu-
sion term in the Fokker-Planck equation tends to -
increase the kinetic energy of the atom at the
rate (D), /M. If we are willing to ignore the
nonisotropic character of the velocity distribu-
tion, we can say that the atom is heated (or cooled)
at the rate d7/dt= 2(d(K),,/dt)/3ky, where kj is
Boltzmann’s constant.

When the radiation force Fi= Fi+ F} consists of
a part Fi= -8V/8x! derivable from a potential V
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and a part F} not derivable from a potential, say
a dissipative force, we have F**/M= —dV/dt, and
Eq. (135) yields the expression

d(E),
dt

for the rate of change of the total translational en-
ergy (E),,=(K),,+{V),,. For example, in a radia-
tion trap formed by the dipole force (125) tuned
below resonance (& <0), which is derivable from
the potential V=274 Ln [1+20%/(448%+ A%)], an
atom initially near the minimum of the potential
well gains energy at the rate (D) /M and es-
capes from the trap in a time of order A¢=MV,/
(D*),,, where V, is the depth of the well. On the
other hand, if a dissipative force is present, the
atom gains or loses energy at the rate given by
(136) until the rate of dissipation —( Fyp*/M),,
equals the rate (D*) /M of energy input due to
fluctuations. It is tlus condition that determines
the temperature achievable by radiation cooling.
Specific examples are discussed in the following.

- o (PP, (D), ) (136)

VI. WEAK-FIELD THEORY

In the preceding section we considered the spe-
cial case in which the Rabi frequency © and the
phase derivative ¥=P-V6/M, at the moving atom,
vary by only a small amount during a natural
lifetime 7=1/A. These conditions are often sat-
isfied in practice. For example, they are satis-
fied in a plane running wave and in the experiment
of Bjorkholm et ql.'® in which an atomic beam co-
propagates with a Gaussian laser beam. The con-
ditions are not satisfied, however, when an atom
moves with typical thermal velocity v across the
nodes and antinodes of a plane standing wave (Q
o« coskx) of visible light. Here Q varies with fre-
quency kv, and usually this is not small compared
to A. So a different approach must be used in

J

v-iv=e® [ AR =B/ ) R/, By - )
o

- LuVQ*X - Dt'/M)- Y, f(X - Bt'/M, B, ¢

Because of the exponential factor exp(—A¢'/2) in
(143), 7(%,D, t - t') makes a significant contribution
to U(%,D,t) and V(X,D, ¢) only for ¢'< 2/A= 27,
During this short time interval, f(X,p, ¢) behaves
very nearly as if the atom were free,

(% +2 -V)f 0. (144)

The solution of this equation is f(X, B, #)
=f(X -P(¢t -2,)/M,D,t;). So in Eq. (143) we have
f&-pt'/M,p,t-t")=fX,D,t), and hence the quan-

this and related problems in which the field is not
smooth or the atom moves rapidly. In this section
we derive a Fokker-Planck equation for the Wig-
ner function without placing any constraint on the
smoothness of the field or the speed of the atom,
but we require that the field be weak.

In a weak field (2 < A), the distributed inversion
W does not deviate much from the ground-state
value W= —f. For this value of W, Eqs. (106) and
(107) read

(i +2 -V)U: (A+% . Ge)v —3AU -3AVR-Vf,

" M
(137)
5B )y-{a-f-%0)
(s +97 Viv=-la ‘VO)U-LAV
- lz-mvo- v,f -Qf. (138)
Let
T= ‘;(U-iv)e'“’*A“ . (139)

Then Eqs. (137) and (138) may be written together
as

o P
(s_t N L _A)z r, (140)
where
[= - 33rVG0* . T f —i*f)eniat (141)

and, as before, 2=Qe®. The solution of Eq. (140)
is

t
Z(%,p,1)= f O(X -D(¢ = s)/M, B, s)e" AtV /24,

(142)

Insertion of (139) and (141) into (142) and a change
of integration variables, ¢t'=¢~s, yields

— )] etiazara (143)

r
tities f and V, f can be taken outside of the inte-
gral,

U-iV==1e®nvs'v,f -2Jf), (145)
where

J'(X, D)= f ) At (X -t/ M)etia-A/at (146)
(4]

The identity

eV J! = V(e J’) —iV6(e?J’) (147)
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converts (145) to the more convenient form
U-iV==L[g(VJ-iJ V) V,f -2iJf], (148)

where

J&,5)=e"® [ ard*® - pt/mecs-arnn,
0

(149)

or
Us=d,f =Lu(VIp+J,¥0)V,f, (150)
V= =dpf+ L0(VI,=dpV0)-V, 1, (151)

where J and J, are the real and imaginary parts
of J, respectively. This completes the solution
for U and V.

Next consider the function f+ W appearing in the
last term of Eq. (105). Adding Egs. (105) and (108)
we get the equation
(i+-§--\7+A)(f+W)=-QV (152)

o M

- %ﬁ(?ﬂ-ﬁ’,m QV6-v,v)
for this function. Using V from (151) in (152), and
keeping only the term on the right of lowest order
in 7z, we have

(%+%-€+A)(f+ W)=QJf . (153)

Equation (153) is solved in the same manner as
Eq. (140). We find

f+W=Nf, (154)

where
N(i’ ﬁ) = fﬂ dtﬂ(i —'ﬁt/M)JR(i —ﬁt/M, ﬁ)e"“ ]

(155)
Finally, on substituting (150), (151), and (154) into
)

Eq. (105), we arrive at the Fokker-Planck equation

9 pt ) 92
(a?m;s)f = =557 (Fef)* i (D1
(156)
where
oDt
F:=F‘+—Lax-' , (157)
DY=D¥+D¥, (158)
13 [:19) 86
Fi= -3 (JIEF +QJp W)’ (159)
D;.i:NQU , (160)
n2foq (odz 90
i | 228 (%R -
D! T4 [8x‘ (axj +Jlaxl)
90 [ 8d; 90 )]
_ﬂax‘ (8x! _J‘eaxd . (161)

We now look at two examples. Fq_r a plane
running wave [ =constant, 6 (%) =-k- ], the weak-
field theory gives

. HAQ?E! (162)
F'=4a -k p/M)*+ A%’
pi = — AR Y , (163)
® 5[4(s -k P/M)?+ A?]
2 23,434

" ol4(a -k-p/M)2+ A% °

These results agree with the smooth-field results,
Eqs. (122)-(124), in the limit of small £, as they
should.

In a plane standing wave, we have Q(X)
= 2Q,cosk % and 6(X)=0, where Q, is the Rabi fre-
quency in one of the two counterpropatating running
waves that comprise the standing wave. The
weak-field theory yields

Fi=2Q2hkAF. sin’k- % + 2G, sink- % cosk- %) , (165)
DY =1?Q% &/ (AF, sink- % + 2G_sink- % cosk- %) , (166)
D =1 mPAQ2dY(F, + (4w + A {[(A% - 4w3)F,+ 40w, F_] cos2k- %
+2A(2w,F, - AF.) sin2k-%}) , (167)
I
where locity in direction K. So, for 4 <0, the first term
1 1 in (165) is a dissipative force with a strong posi-
Fi=qG= PR YTCRd e Ly (168) tion dependence due to the factor sin’k-%. The
second term in (165) is the dipole force associated
Pe A -wp A+ wp (169) with the amplitude gradient of the standing wave.
+

3@ - wp)i+A? *a+ wp)2+ A%’

and w,=K*P/M is the “Doppler shift.” It is easy
to show that F_ is equal to a positive quantity
times Awp,=Akv, where v is the component of ve-

These results are a little cumbersome. Simpler
results are obtained for the time-averaged radia-
tion force and diffusion coefficients, on the as-
sumption that the atom moves nearly uniformly in
direction K,
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1
i - 23,
(FY),,=HAQ (4(A-w,, T

1
T4(a+ wD)§+A2)’ (170)

i1y = L2AQ2Ripd
(DY), = L 1°AQ R (4A_wn —
___.1_ (171)
YIarw)rAl)

1
i1y = L 52A02p2744
(DY), = L B°AQ*d (4(A-wDZ+A"’
__.1—) (172)
"Har o AR)

The radiation force (170) agrees with an earlier
result based on the Ehrenfest-Bloch equations.?®
The time-averaged radiation force and diffusion
coefficients are the sums, respectively, of the
radiation forces and diffusion coefficients of the
two counterpropagating running waves, as if those
waves acted independently.

We can now estimate the temperature achievable
by radiation cooling. For small w,=k-p/M, Egs.
(170)—=(172) reduce to

167AQZAR R/ D

FOuw=Saars A7 (a73)
n2AQRR!

@), =ixa g (1)
22 AQ 2R dY

<D§">a,=‘7_—'5 4A20fA2) . (175)

When A <0 the radiation force Eq. (173) damps
the component of atomic velocity in direction k.
The maximum damping force

(Fi),,= =3% Q% 'k p'/ 2MA® (176)

obtains for A=-A/Vi2. In this case, (D¥),,
= 3%°Q2%kk!/4A and (D}Y),, = 3n°Q2k*d"/10A. The
components of atomic motion transverse to K are
not cooled, but rather are heated by spontaneous
fluctuations. These components might also be
cooled by application of additional standing waves
with K’s in these directions. Looking only at the
component of atomic motion parallel to E we read
from the equation of motion p= —3%/2Q2k p/ 2MA?,
the damping time 7,= 2MA*/3%/ *#Q5k’, and for K
in the x! direction (orthogonal to &) the rate of
dissipation —(F), p/M equals the rate of energy
input (D%! + D!'), /M when

p?/2M =kpT/2=0.2HA . )
Thus for typical atomic parameters A=10°% sec™,
M=4x10"2g, k=10° cm™, and Q,=10" sec™;

this component of the motion is cooled to temper-
ature T=3X 10"* K in time &¢~ 7,~10"* sec. Of

course, the initial velocity p/M must be farily
small to be in resonance with the field. Roughly
speaking, an atom can be cooled, at the above
rate, from the resonance condition |kp/M|< A to
the energy condition p2/2M ~ #iA.

It should be noted that in both the smooth-field
and weak-field approximations we have tacitly as-
sumed that the interaction time is long compared
to the atomic natural lifetime in order to derive
the Fokker-Planck equations. Therefore the
Fokker-Planck equations derived here are not
valid for short interaction time, and, in fact, no
Fokker-Planck equation is valid for interaction
time #< 7=1/A because the momentum statistics
are not Markovian on such a short time scale. For
example, a Fokker-Planck equation is incapable of
describing the optical Stern-Garlach effect. For
this reason all of the Fokker-Planck type de-
scriptions of atomic motion in monochromatic ra-
diation that have appeared in the literature are of
limited validity, and only the quasiclassical equa-
tions or Eqgs. (94)-(97) provide a truly general de-
scription of atomic motion in coherent radiation.

VII. ONE-DIMENSIONAL EXAMPLES

First let us estimate the heating rate in a strong
(9,> A) resonant (A =0) plane standing wave £(x)
=2Q,coskx. The diffusion coefficient (128), av-
eraged over the wave, is D=(#k)*2%/A, and the
rate of change of kinetic energy (135), for small
atomic velocity, is K=k,T/2=D/M (F,= F=0 for
A= 0) So for typical atomic parameters A=10°
sec™, k=2m/A=10° cm™, M =25 amu= 4><10‘23 g,
and a moderately strong field £,= =10° sec™, we
have T 4x10* Ksec™. Here mduced dxffusxon
leads to a heating rate about 300 times larger than
in a plane running wave of the same intensity. Of
course, a heating rate of this magnitude persists
only until the atom is driven out of resonance with
the field. We should note in this connection that,
since the diffusion tensor (128) is valid also off
resonance in a sufficiently strong field, induced
diffusion in a strong standing wave tends to in-
hibit the cooling process considered in Sec. VI

Consider next atomic trapping by the dipole
force (125) in a field of amplitude Q(x)
= Q,exp(-x*/w?), e.g., transverse trapping on a
diameter of a Gaussian laser beam. We shall
treat the case of large detuning (442> A%+ 2Q%) be-
low resonance (A <0). In this case, the potential
energy V=176 In[l+2Q%/(46%+ A%)] simplifies to
V=1Q2/4A, and the well depth is

Vo= ~hQE/4A. (178)

In the limit of large A2, the coefficients of spon-
taneous and induced diffusion, Egs. (126) and
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(127), reduce to

= h2AQ%2/ 2002, (179)
_n%A (eQ)?
Di=gxz (?x-) . (180)

Since D=D,+ D, is proportional to 1/a% and V, is
proportional to 1/4, it is clear that the confine-
ment time &¢ =MV, /D), < Acanbe made arbitrarily
long by detuning far below resonance. However,
this conclusion is based on the assumption that the
initial kinetic energy of the atom is exactly zero.
In practice, the initial kinetic energy cannot be
made arbitrarily small. A reasonable lower bound
on the initial kinetic energy is the value p%/2M
~FA that might be achieved by radiation cooling.
For this kinetic energy the atom is strongly
trapped initially only if V,>#%A, and this yields
the constraint |A | «<Q3/4A on the detuning. A
conservative estimate of the confinement time is
then obtained by replacing Q by &, in (179) and
(82/8x)? by Q3/w? in (180). If w, is much larger
than the wavelength X (k2> 1/w2), the induced co-
efficient D,=#2AQ2/8A%? is negligible compared
to D, ~1n2AQ%%/2042, and the confinement time
becomes

If we push |A | to the upper limit Q%/4A of the con-
straint on |A |, we obtain, for k=10° cm™, M=4
x10"® g A=10" sec™!, and Q,=10' sec™, the
value At 5MQZ/45A%k?=5 sec. This value is in
accord with the estimate of Gordon and Ashkin for
the achievable confinement time in the potential
well at the focus of a Gaussian laser beam in the
absence of damping.*® For a beam of radius w,
=10 pm the power required in the present example
is 50 mW. It remains to be seen whether applica-
tion of additional damping fields will lead to stable
radiation trapping.

We look now at some problems for which the
atomic motion is described by the Fokker-Planck
equation

o po @ 82
-8§+M-3£__—[(Fo BP)f]'*‘Ds# (182)

in which F,, B, and D are constants. Integration
of Eq. (182) over x yields the equation

oW o -2 (Fo-BpYW] +

Tt=-8p (183)

ap2

for the momentum distribution W (p)= [ f(x, p)dx.
The solution of (183) for the initial condition

At=MV,/D,~ - 5MA/RAR?. (181) W(p,0)=5(p - p,) is
J
1/ e® = Fo(1 - e™®)/B]?
G(p’po;t)=(-2—1;’-D(—lﬂ—T%‘)-) eXp( ﬁ[p P ezD(l oe(-zm)e ) 3] ) (184)

and hence the general solution of (183) is

W, 0= [ dpsGips po; DW (9o, 0). (185)

Let the initial distribution of p be a Gaussian of
variance oZ centered at p=0,

W (p,0)=(2103)"/2exp(-p*/203). (186)
Then (185) yields the solution

W(p,t)=(210?)"/2exp[-(p -p)?*/20%], (187)
where

P(t)=Fy(1-e*)/8, (188)

o%(t) = o2e™ %8+ D(1 — e~ 28t) /8. (189)
The mean momentum acquires the value p= F,/B
in time #~1/8, and the variance of momentum de-
cays from o2 to 2= D/B'in time £~ 1/28. In the
limit 8-~ 0

p()=Fq, (190)

o*(#) = o2+ 2Dt (191)

The one-dimensional temperature of the distribu-

r
tion (187) is T'= 0*/Mkp.

In a strong [2022>> A%+ (kp/M)?] resonant (A =0)
running wave, the radiation force, Eq. (122), and
total diffusion coefficient, Eq. (123) plus Eq. (124),
saturate to values F,= + Ak and D= L A(k)*
which are independent of p, i.e., B=0. Thus, in

this case
p=Lankt, (192)
o%=02+ —A(ﬁk)zt. (193).

If the radiation is applied transversely to an atom-
ic beam, (192) is the transverse momentum ac-
quired by the beam, and (193) indicates that the
transverse temperature of the beam increases at
the rate T'= —-A(h’k)z/MkB. Note that because of
induced dlffuswn T is 3.5 times larger than if only
spontaneous recoils had been considered.

Suppose the running wave is tuned to & = -/V2.
Then, for ¢2< (MQ/k)?/2, the strong-field radia-
tion force

AQ%k

P3G rppne+ 202

(194)
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may be expanded to first order in p as F=F, - Bp,
where

F,= i-A}zk , (195)
B=ARR%/2°/°MQ , (196)

and the total diffusion coefficient, at p=0, is
= LA(R). (197)

According to Eq. (189), the transverse tempera-
ture of an atomic beam crossing the wave is now
cooled from an initial value as large as T,= MQ?*/
2kgk® to a final value Tp=D/BMky=~1Q/2ky in time
At= > B=2'/2MQ/Ank?, and the deflection of the
beam during this time interval, Ap = FAt= 0.3MQ/
k, does not violate the approximation. The frac-
tional decrease of transverse temperature Tp/T,
=hk?/MSQ for k=10° cm™, M=4x10"% g, and Q
=10° sec™, is = ﬁo& and the divergence angle of
the beam is correspondingly decreased by the fac-
tor 3‘5. The required thickness of interaction re-
gion is L= 2,5 cm for typical beam velocity v
=5x10* cm/sec and A=10° sec™. A related cal-
culation was carried out by Krasnov and Shaparev
neglecting radiative diffusion.*’

VIII. CONCLUSION

Although the general equations of motion for a
two-level atom in a monochromatic applied field
were written down in Eqgs. (94)-(97), only the
quasiclassical equations Eqs. (105)-(108) were
used in the analysis of specific problems. It is
important, therefore, to understand the principle
limitation of the quasiclassical equations.

The quasiclassical equations describe a contin-
uous flow of momentum from the field to the atom,
while the “exact” equations, Egs. (94)-(97), de-
scribe momentum transfer in discrete units of
magnitude %% (the convolutions over momentum
space in these equations give rise to displacements
of atomic momentum of magnitude ik =% w,/c).
Thus the quasiclassical approximation replaces
the true discontinuous momentum-transfer pro-
cess by a smoothed continuous transfer of momen-
tum, and hence the quasiclassical equations are
valid only when the fine-grain quantum-mechanical
aspect of momentum transfer is unimportant. It is
clear from the derivation of the quasiclassical
equations that the discontinuous character of mo-
mentum transfer is not important when f, U, V,
and W are smooth functions of p over a distance
Kk in momentum space. Discrete momentum
transfer is also unimportant in experiments in
which the resolution of momentum measurement
is larger than z2.*' In addition, if f, U, V, and W
are not initially smooth but interact with the ra-

diation for a time that is long compared to the na-
tural atomic lifetime, then it appears likely that
after a few spontaneous events these functions

are smoothed sufficiently by spontaneous diffusion
to again permit application of the quasiclassical
equations.*? These cases cover a wide range of
experimental conditions. However, if the distri-
butions f, U, V, and W are initially well localized
in momentum space, as in a well collimated
atomic beam, if the atom-field interaction time

is less than or comparable to the time between
spontaneous events, and if the resolution of mo-
mentum measurement is better than 7k, then the
quasiclassical equations fail and the more cumber-
some Eqgs. (94)-(97) must be used.

It was shown in Secs. V and VI that in the
smooth-field and weak-field limits the distri-
buted Bloch vector (U, V, W) can be eliminated
from the coupled quasiclassical equations, and a
single equation of motion can be written for the
Wigner function. In the case where the field is
strong (2 = A) and the Rabi frequency  or phase
derivative 6, at the moving atom, is not a slowly
varying function of time, we have not yet found a
simple reduction of the quasiclassical equations to
a Fokker-Planck equation for f. A number of
problems of current experimental interest fall
into this category, and have not yet received com-
pletely satisfactory theoretical treatments. The
problem of cooling an atomic vapor by a strong
standing wave*? and the question whether addition-
al weak damping fields lead to stable trapping in a
deep potential well of the dipole force are of this
type. We hope to address these and related prob-
lems in a future publication.
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APPENDIX: DERIVATION OF THE FOKKER-PLANCK
EQUATION IN THE SMOOTH-FIELD
APPROXIMATION

Here we show how the coupled quasiclassical
equations for f, U, V, and W lead to a single
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Fokker-Planck equation for f when the applied
field is sufficiently smooth or when the atom
moves sufficiently slowly. The Fokker-Planck
equation for f, accurate through terms of order
7%, is obtained by first solving Eqs. (106)-(108)
for U, V, and W in terms of f, to first order in
7z, and then using the result in Eq. (105).

Since Q¥ = (kw,/c)?d*/10 is of second order in
7z, the last term in Eq. (108) makes no first-order
contribution to U, V, or W and may therefore be
discarded. Equations (106)—(108) become

(%+%-€)B‘=M“B’+Z‘, (A1)

where (B!, B%,B%) = (U, V, W),
]

Z'=-Lpve-v,f,

z*= - Lnave-v,f, (A2)
Z°=-Af,
-4 5 0
M¥=| -3 -iA @ |, (A3)
0 -2 -A
A=A+DVO/M, (A4)

and we are using the summation convention in (A1).
Apart from transients, which depend on initial
conditions and which decay to zero in a time of
order T=1/A, the solution of (A1) is

t
Bi(i;.ﬁy )= f dt'vi(x _-ﬁ(t - t')/M, ﬁ: t- t')Zj(i "-ﬁ(t - t’)/M’ T)’ t, (A5)

where v¥(X, D, t) is a solution of

wH(X,D, 1)
ot
satisfying the initial condition »#¥(X,D,0)=6¥. Be-
cause of the relaxation terms in (A6), »¥(¢) de-
cays with time constant of order r=1/4, and so
the integrand in (A5) is exponentially small except
fort-¢t'srT.

Now the matrix M*(X, ) depends on X through
the functions V(%) and Q(X). We are interested in
the case in which the phase gradient and the Rabi
frequency, at the moving atom, are nearly con-
stant during the relaxation time, i.e., we assume
that |AX|= | |7/M is small compared to the dis-
tance over which M# changes by a significant
amount for all momenta entering the problem. In
this case, it is easy to show that the second term
of the first argument of M*/ in (A6) and the sec-
ond term of the first argument of v»* in (A5) may
be set to zero with negligible loss of accuracy.
We shall call this the smooth-field approximation.
A change of integration variable then gives (A5)
the form

=M*X+pt/M, DX, D, (A6)

BYR,B,1)= f ds v9(X, B, $)Z*X —Ps/M, B, t - 5)
0

and (A6) reads ar
IR DS pron g, By, B, ). (48)

ds

In terms of B!, Eq. (105) becomes
(-‘?- +B -6) = L5 (YQ-9,B'+ QV0-7,B7)
9 M 2 4 P

+ Q¥ 8 ;i{‘;ﬁs) . (A9)

f
When Eqgs. (A2) are inserted in (A7) and the result
is used in (A9), we obtain a single integrodiffer-
ential equation for £(X, p).

Let us first evaluate this equation to order 7.
To do so we need B' and B? to order 7° [note that
the last term in (A9) does not contribute because
QY is of order #%]. From (A2) we see that to or-
der #° Z'=2%=0 and Z%= —Af. So (A7) yields

BY%,B,0=-A [ dsv™(&,B, s)f (& ~Bs/M,B,t-s)
0

(A10)
to this order in #. But to order 7° (A9) is
8 P =
— o 0 =
(at+M )f 0 (A11)
which implies f(X - ps/M, B, t - s)=f(x, D, t).
Hence (A10) becomes B'= —AI*}f, where
19&,B)= [ dsvH(&,5,9). (A12)
]

It follows that the equation for f to first order in
I is

9 P =\ g e
(32 3 V)f: SHA[VR-V (I'*f) + QV 8-V, (1%F)] .
(A13)
Using v%(0)= 6% and v*()=0, the integral of (A8)
from s=0 to s=> becomes
5 = ppir f ds vkl(s)
(1]

or
I¥=—(M™)¥, (A14)

and the inverse of M#¥ is readily shown to be
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2(A%+2Q%) 444  4AQ

-1 -
Moo | _44AR  24% 24Q
¢ A(48% 4+ A%+ 202) _
448 240 A?+48
Thus (A13) assumes the form
5 pt o .
(at M oy’ )f (Ff) ’ (A16)

where the radiation force F? is

- 96 892)
L S 2 A— .
F 4A%4 A%+ 202 (Aﬂ oxt axi (a17)
We also obtain from this calculation the result
2 A 2
B —Ar¥f = A+ 487 (A18)
4424+ A2+ 2Q2

to zeroth order in 7.

Next we evaluate the integrodifferential equation
for f to second order in #. This leads to the de-
sired Fokker-Planck equation for f. The quanti-
ties Z/(X —Ps/M, P, t - s) in (AT) are calculated
using Eqs. (A2). We first note that, in the smooth-
field approximation, the factors V9 and V6 in
(A2) may be evaluated at X instead of X —Ps/M.
Secondly, the distribution f(X —ps/M,D,t -s) in
(A2) may be expanded in powers of s,

f(i—ﬁs/M,ﬁ,t—s)=f(§,'f), 1)
—s(g+2 9) £, B0+
(A19)

Expressions for B' and B? in terms of f to order
7 are then obtained by substituting, in turn, (A16)
into (A19), (A19) into (A2), and (A2) into (AT).
Discarding higher-order terms, the result is

B'= —AIf - AJ®Y - (FY)

- Lu(I"VQ + I'%Y0)- Y, 1 (A20)
B*= _AIZf - AJ®V,- (FY)
- La(1*VQ+ 120Y06)- Y, f (A21)

. (A15)

1}
where

T, B)= | ds so¥(%,5,5). (a22)
o

We now multiply (A8) by s and integrate from s
=0 to s=«, An integration by parts on the left-
hand side yields

- fodsv”(s)=M"' fwdssv”(s), (A23)
(1] (']

and using (A12) and (A14) we find
TH= (MM = (M) (M)A (A24)

Finally, upon substituting (A18), (A20), and (A21)
into (A9) and making use of (A14), (A15), (A17),
and (A24), we obtain, after some straightforward
manipulations, the Fokker-Planck equation

(:t ztc;ai‘)f_ api( of)

ij | pis
ap‘ap, —— [(D¥ + D¥)f], (A25)
where D¥ and D¥ are diffusion coefficients asso-
ciated with spontaneous and induced processes,
respectively [D¥ and D¥ are given explicitly in
Eqgs. (116) and (117)], and Fi=Ft+ Fiis an ef-
fective radiation force consisting of the force F*
of Eq. (A17) plus the correction
12
ca2020)]
9xJ 9pJ

- e 8% 1 (69 BI™
F‘T{W [AF’ N (axf B
00 012
“w—apf)]}’
(A26)

8J 2 h’ oz
+a [AF o (axf o

which is of higher order in # than Ff. The correc-
tion F? is generally quite small compared to F?
and may be ignored in most applications.
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