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Using a high-resolution crystal spectrometer we have measured the relativistic angular-momentum splittings of

the Sg-4f and 5f-4d transitions in pionic Ti and Fe atoms. The observed fine-structure splittings of 85.3+3.0 eV in

n Ti and 158.5 +7.8 eV in e Fe agree with the calculated splittings of 88.5 and 167.6 eV, respectively, arising

from the Klein-Gordon equation and from small corrections due to vacuum polarization, strong interaction, and

electron screening.

INTRODUCTION

The breaking of the accidental degeneracy in
bound states of spin--,' particles, such as electrons
or negative muons, in the Coulomb field of a nu-

cleus is an extensively studied and well-established
phenomenon. The Dirac equation successfully ex-
plains the observed features. There has been lit-
tle experimental work, however, on the degeneracy
breaking in the bound states of a spin-zero particle
in a Coulomb field. The resulting fine-structure
splitting is expected to obey a relativistic equa, -
tion for bosons, such as the Klein-Gordon equa-
tion. The present work is concerned with this de-
generacy breaking in a pionic atom. An experi-
mental study is presented of the energy splitting
of states possessing the same principal quantum

number but different orbital quantum numbers.
In recent years researchers in pionic atoms

have begun to focus on this question. Carter et
al.' have examined the fine-structure splitting for
the n= 6-5 and V-6 pionic transitions in heavy nu-

clei of Au, Tl, and Pb. More recently, the present '

Caltech group, ' using a high-resolution crystal
diffraction technique has measured the fine-struc-
ture doublet associated with the transitions 5g 4f-
and 5f-4d in pionic Ti. A similar experiment on

Ti was also reported by Delker et al.'
Subsequent to the preliminary presentation of the

Caltech results by Wang et al. ,
' measurements on

the fine-structure splitting in pionic Fe have been
undertaken. The purpose of this paper is to pre-
sent a full account of the m-Ti and n-Fe experi-
ments followed by a discussion of the results in
the framework of a computation of the pionic-atom
bound states based on the Klein-Gordon equation.
The observed fine-structure splitting can be com-
pared to the calculated splitting as obtained from
an expansion in (nZ/n)' of the Klein-Gordon ener-

gy eigenvalue. In choosing relatively high princi-
pal and angular-momentum quantum numbers, one

ensures that the effects of finite nuclear size and

strong interaction are minimized. The atoms of
Ti and Fe were selected for practical reasons in-
cluding the suitability of the transition energy for
the crystal spectrometer technique.

The first section gives a description of the ex-
perimental arrangement and results. A presenta-
tion of the calculation is given in the second sec-
tion. Auxiliary information bearing on the com-
parison between the Klein-Gordon and relativistic
Schrodinger equations is contained in the Appen-

dix.

EXPERIMENTAL METHOD AND RESULTS

The experiment was carried out at the East leg
of the stopped muon channel at Los Alamos Meson
Physics Facility (LAMPF). The layout of the ex-
periment is shown in Fig. 1. Negative pions of

momentum 140 MeV/c were selected by the chan-
nel magnets and focused on the target. The ex-
perimental area consisted of three parts: (1) The

target area with the pion-beam degrader and the
x-ray production targets; (2) the crystal cave
which contained the curved quartz crystal, the
sine screw, and a Ge(Li) monitor detector; and

(3) the slit cave which contained the curved recei-
ving slit and an array of four intrinsic Ge detec-
tors. The control and data signals were connected
to an on-line computer. Each part of the experi-
mental setup is briefly sketched below. Detailed
descriptions of other aspects of the work can be
found in Ref. 4.

Target area. For the Ti (Fe) measurements the
beam spot size was 10 cm wide and 6 cm high

(6 cm wide and 1.4 cm high). The thickness of the
polyethylene degrader was 12 cm and was adjusted
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FIG. 1. Layout of the experiment shouting last beam-line magnet (QM14) of East leg of muon channel at LAMpp,

spectrometer cave, and experimental setup.

to xnaximize the 5-4 pionic x-ray yield in a moni-

tor detector. Two metallic Ti targets of 1.3 g/cm'
thickness (areas 10x10 and 14x10 cm') and a
metallic Fe target 1.5 g/cm' thick were used. The

v stopping rate was about 10' v /sec. Approxi-

mately 10' pionie 5-4 x rays were emitted per sec-
ond from the Ti or Fe target. These rates include

x-ray self-absorption in the target.
Caltech-LAMPF beet-crystal sPecA ometer. The

bent-crystal spectrometer used for this experi-
ment has been described in detail in Ref. 5. The

spectxometer consists of two units, the crystal
unit and the slit-detector unit. They were mounted

in two independent, well-shielded eonerete caves,
as illustrated in Fig. 1. The curved crystal at 2.3
m distance from the target consisted of a 11.5
x9-cm' quarts slab (310 reflecting planes), 0.13
cm thick, with an aperture of 5 x V cm'. A Hart-
mann test showed that the bending radius R was

201.1 cm and the width of the abex ration pattern
at the focal position was 0.12 mm, which corre-
sponds to a resolution of 18.5 eV at 40.5 keV and

36.2 eV at 56.6 keV.
The pionie, x rays were diffracted in fiL st order

and focused into a resolving slit which had a width

of 0.15 mm for the Ti measurement and 0.08 mm

for the Fe measurement. For the extended source
and extended slit geometry' used with the spec-
trometex, the locus of the focal points is given by

the intersection of a cone and a cylindex' of radius

Bcos 8. The slit thus was curved with a radius
of 19V.5 em and had its azimuthal direction adjust-
able to match the x-ray wavelength. The detector
array behind the slit consisted of four high-purity
Ge detectors, ' each of which was 4-cm high, 0.5-
em wide, and 0.5-cm thick, and had an energy res-
olution of 1-ke V PVHM (full width at half-'maxi-

mum) at 40 keV.
The resolution of the bent-crystal spectrometer

had contributions from the aberrations of the focal
spot of the crystal, the slit width, the size of the

source, and the crystal mosaic spread. ' The com-
pound resolution was found to be 82-eV F%HM for
the g -Ti 5-4 transitions and 55-eV HVvHM for
the m -Fe 5-4 transitions.

Monitor detector. A monitor Ge(Li) detector
viewing the Ti or Fe target was set behind the
crystal out of the way of the diffracted pionie x
rays (see Fig. 1). It had an energy resolution of
0.6-keV F%'HM at 40 keV. The counts under the

pionic 4-3 peak seen by the monitor were used to
normahze the counting rate of the Ge detectors.

Background. Due to the low efficiency (-10 ') of
the bent-crystal spectrometer and the high back-
ground of neutrons and gamma rays at LAMPF,
the background problem was critiea1. for the fea-
sibility of the precision experiment under discus-
sion. The separation of the spectrometer into two

parts, with a 1.2-m thick concrete wall between

them, helped to reduce the background consider-
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TABLE I. Comparison of the wavelengths A. , the
Bragg angles 8, and the natural linewidths I', of the
calibration electronic & rays.

Wavelength Bragg angle Natural linewidth
A(mk)a 6(o) I'(mA)

Eu Ko.
&

K+2

Sm Ke&
Kn2

Tm KP(
KP3

Er KP~
Kp3

298.452(2)
3O3.124(2)

309.046(2)
313.704(2)

215.56(2)
213.36(2)

222.66 (2)
223.41(2)

7.26
7.38

7.52
V.64

5.24
5.26

5.41
5.43

0.179
0.187

0.182
0.189

0.153
0.154

0.156
0.157

The wavelengths are taken from Ref. 9 and are given
in m~. X(m~) =1.000 020 5(56) a(m~+).

Data taken from Ref. 11. Errors of the natural line-
widths are estimated % be 3%.

ably. A 10-cm lead shield surrounding the detec-
tor array and the good energy resolution of the Ge
detectors further helped to reduce the background
which was about 0.2 counts/min in a window en-
compassing the 5-4 x-ray peaks.

Data taking and results. The angular position of
the crystal was determined with a precision sine
screw, ' the angular increments being proportional
to the wavelength increments 5A.. The Kn» x rays
of Eu and Sm were used as calibration lines for
the Ti measurement, while KP, , x rays of Tm and
Er served to calibrate the pionic Fe line. The
wavelengths' of these calibration x rays were very
close to those of the pionic lines under investiga-
tion, as can be seen in Tables I and II. These x
rays were produced by fluorescent excitation of the
respective oxide targets using the 59.54-keV gam-
ma line of a strong '~Am source. The observed
Ka, and Ka, x-ray profiles were analyzed by com-
paring them with the convolution of Gaussian and
Lorentzian functions over a linear background. ~
The natural linewidths" are given in Table I. The
observed KP, , profiles were fitted to the sum of
two Gaussian functions over a linear background.

Aberrational errors originating from the finite

size of the source were taken into account with a
"response matrix" established by a detailed study
of the correlation between the position of the re-
flected x rays from the present crystal and the cor-
responding locus of convergence.

The pionic 5g-4f and 5f 4d p-eaks were continu-
ously scanned in rapid succession. In the Ti case,
a scan encompassed 18 to 22 wavelength positions
with a step size of 0.10 m A (13.2 eV). One scan
lasted about three hours and 62 scans were taken.
In the Fe cise, a scan consisted of 31 positions
with a step size of 0.05 m A (13.0 eV) and 32 scans
were taken. For each spectrometer position the
energy spectra of the Ge detectors and the monitor
detector were recorded. To optimize the statisti-
cal accuracy of the splitting, the measurement
periods for the weak peak (5f-4d) were chosen to
be four times longer than those for the strong peak
(5g-4f). For the Ti measurement, we divided the
total scans into three groups. In group I, which
contained 50% of the total data, a Ti target of a
size 10x10 cm' was used. In groups 0 and III,
which contained 10% and 40% of the total data, re-
spectively, a 14x10 cm' target was used. Between
groups II and III, the target position was lowered
by 0.25 cm. The data of the three groups were
analyzed separately. In the Fe measurement, only
one target size and one target position were uti-
lized.

The pionic 4-3 peak recorded concurrently in
the monitor Ge(Li) served to normalize the crystal
spectrometer data. The normalized wavelength
spectra were obtained by summing the pulse height
spectra of the four Ge counters in the energy inter-
vals of 40.5+1.0 keV, and 56.6+1.0 keV, for Ti and
Fe, respectively. The wavelength spectra are de-
picted in Figs. 2 and 3.

The final spectra were then fitted to the sum of
two Gaussian functions with identical widths above
a linear background. The widths of the Gaussian
functions were determined from the calibration
x-ray lines using the natural widths of Table I, as
well as from the '"Am 59.54-keV gamma line. In
the least-squares fits, the two amplitudes and two
centroids of the Gaussian functions and the back-
ground parameters were allowed to vary. The re.-

l

TABLE II. Measured centroids and fine-structure splittings of pionic Ti and Fe 5-4 transitions.

Measured centroid
X(mA. )

sf-4d
X

degree of freedom 4 A.(m A,) ~E(eV)

7t'-Fe

group I
group II
group III

306.395(10)
306.331(34)
306.347(16)
219.032 (9)

3OS.VS9(32)
3O5.579(83)
305.711(28)
218.420 (29)

0.7
0.9
0.9
1.0

0.636(34)
O.752(91)
0.636(33)
0.612(3O)

84.2 (4.5)
99.5(12.0) 85 2(3 0)84.2(4.3)

158.5(7.8)
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In this section we discuss the various contribu-
tions to the binding energies for the n = 4 and 5

states in pionic Ti and Fe atoms. The principal
contribution to the binding energy comes from the
point Coulomb interaction. Smaller contributions
arise from vacuum polarization, strong interac-
tion, and electron screening. The numerical cal-
culation of the energy levels is also discussed.
The binding energy E is obtained by solving the
Klein-Gordon equation. " For a point Coulomb
field V(r) =-Za/r the binding energy can be writ-
ten as follows:

0 I I I I I I I I I I I I I I I I I I I

305.4 306.4
WAVELENGTH (mA)

FIG. 2. Pionic Ti 5-4 transitions. (The ordinate has
been scaled to read counts/min. )

E=m(1+(Za)'/(n- l ——,'+ [(l+-,')' —(Za)']' ')'g ' '

= m[1 —(Za)'/2n' —(Zn)'/2n'[n/(l+ —,') —-', ]+ ' ' '],

1.0 56.8
I

m —Fe

ENERGY (keV) 56.5
I

0.8-

c 0.6-
E

5g-4f

0.4—
5f-4d

0.2—y-z-
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218 219
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Pionic Fe 5-4 transitions. (The ordinate has
been scaled to read counts/min. )

suits of the centroids and the X' per degree of
freedom of the fit are given in Table II. The fitted
curves are also shown in Figs. 2 and 3. The en-
ergy splitting AE = (E/a)~ was obtained using a
conversion factor E/X based on calculated transi-
tion energies and the relation EX =12 398.52(3)
eV A." The final results (weighted mean) are
given in the last column of Table II.

The intensity ratios of the 5f-4d and 5g-4f tran-
sitions were found to be 0.19+0.04 for Ti and 0.1V

+ 0.05 for Fe. In comparison, the case@~~ pro-
gram, "assuming statistical initial l distribution
and no depletion in the L shell, furnishes values
of 0.21 and 0.18, respectively, in agreement with
the observations. A recent result by Delker et
al. ' studying the same Ti transitions yields LE
= 87.6+ 1.8 eV, and an intensity ratio of 0.164
+ 0.034, in good agreement with our work.

where m is the pion mass (c = 1).
It is interesting to note that the relativistic

Schrodinger eq.uation, "
[(P'+m*)'~' —Za/r)q =Ey (2)

gives the same bound-state energies up to terms
(Za/n)' as the Klein-Gordon ~uation. The small
differences arising in the comparison of terms
(Za/n)' and higher will be discussed in the Appen-
dix.

The electronic vacuum-polarization potential"
of order nZa (Uehling potential) was added to the
Coulomb potential using the method proposed by
McKee." The a', Zn and a(Za)' vacuum-polariza-
tion contribution were treated as perturbations
using the tabulated values of Ref. 18. The finite
nuclear size was folded into the Coulomb potential
but the correction turned out to be negligibly
small. The extended charge distribution was also
folded into the vacuum-polarization correction.

The strong interaction effects in the transitions
considered were small since the 5g, 5f, 4f, and 4d
orbits did not penetrate the nucleus appreciably.
The corrections applied to the potential were ob-
tained from the parametrization of Powers et al. ,"
which provides a good description for pionic-atom
data for 6 & V & 22. When other standard sets of
strong interaction parameters were employed, the
resulting differences were less than 1 eV.

The electron screening potential of Vogel" was
included and treated as a perturbation. It was as-
sumed that inner electron shells of the pionic atoms
were not ionized at the time when the x ray transi-
tions under consideration were emitted. This as-
sumption was recently carefully ex~~ined "

Numerical solutions of the Klein-Gordon equa-
tion were obtained using the method described in
Ref. 21. The size of the corrections to the eigen-
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TABLE III. Calculated energies and fine-structure spli&~~s of pionic Ti and Fe 5g-4f and 5f-4d transitions (in eV).

Pionic Ti
(Z=22, A =48)

sg-+ sf-H Difference

Pionic Fe
(Z=26, A =56)

5g~ 5f~ Difference

Point Coulomb interaction
First-order vacuum

polarization
High-order vacuum

polarization
Strong interaction
Electron scree&&~~
Total energy
Wavelength (m~)

40 386.2
82.5

0.7

0.0
M.4

40 465.0
306.401

40 445.5
108.5

1.Q

4.4
-5.9

40 553.5
305.732

59.3
26.0

0.3

4.4
-1.5
88.5
0.669

56 456.9
137.1

0.7

0.0
-5.3

56 589.4
219.096

56 572.8
173.9

1.3

16.Q
~7.Q

56 757.0
218.449

115.9
36.8

0.6

16.0
-1.7

167.6
0.647

The uncertainty is about 10%.
We assume the presence of two 1s electrons.

value from vacuum polarization and strong inter-
action could easily be inspected by "turning off"
the corresponding terms in the potential. The re-
sults of our calculation are shown in Table III.
The point nucleus Coulomb term as well as all the
corrections discussed above, are given for the 5g-
4f and 5f-4d transitions in pionic Ti and Fe. The
effect of nuclear motion beyond the reduced-mass
correction pointed out by Seki" was calculated
and found to be negligible; so mere the effects of
isotope shifts.

CONCLUSION

The angular-momentum dependence in bound
states of pionic atoms as observed in the present
experiment agrees to about 3-5% with the calcula-
tion based on relativistic equations for spin-zero
particles. At this precision our experiment is able
to confirm terms of order (Za/n)' in the expansion
of the energy eigenvalues. The present precision
is limited by the statistical accuracy attainable.

Higher pion stopping rates would open the pos-
sibility of exploring terms of order (Za/n)'. As
shown in the Appendix, the Darwin term gives a
contribution of about 0.2 eV in the splitting of
pionic Fe 5-4 transitions mhich is about 300 times
smaller than the (Za/n)' terms At this l.evel of
accuracy, however, uncertainties associated with
the crystal spectrometer optics, as well as insuf-
hcient precision in present screening and strong-
interaction calculations, may present a serious
limitation.

APPENDIX

It is of interest to give physical interpretation
to the various terms in the expansion of the bound-
state eigenvalue [Eq. (1)]. At the same time one
can compare the Klein-Gordon equation with the

relativistic Schrodinger equation (2). This latter
equation, also sometimes called "square-root
Klein-Gordon equation" is not relativistically in-
variant when an external field is present. " The
more satisfactory Klein-Gordon equation leads,
however, to the well-known problems of negative
energies and of "impossibility of a single-particle
relativistic theory. ""As far as the bound states
are concerned, the differences between the two

equations, although of fundamental importance, are
numerically small.

In order to compare the two equations, one can
use the Foldy-Wouthuysen transformation'4 and
change the Klein-Gordon equation into a one com-
ponent form. Performing the Foldy-Wouthuysen
transformation twice, one obtains the Hamiltonian

p2 p4 p6
2m Sm' 16m'

(A1)

The second, third, and fourth terms in H are the
expansion terms of the kinetic energy in powers of
p/m. Identical terms are present in the relativis-
tic Schrodinger equation. They describe the rela-
tivistic dependence of mass on velocity. The pion
moves with different velocities in orbits with the
same n but different I,, and these relativistic ef-
fects will break the l degeneracy of the nonrela-
tivistic Bohr formula. In particular, the (Zp/n)
term in the expansion of the eigenvalue, Eq. (1),
is obtained in the first-order perturbation treat-
ment of the third term in Eq. (Al).

The last term in Eq. (Al) is present only in the
Klein-Gordon equation. It is analogous to the Dar-
win term of the Dirac equation. Unlike the Darwin
term, which contributes to the eigenvalue of order
(Za/n)', the double commutator in Eq. (Al) con-



22 EXPERIMENTAL DETERMINATION OF THE RELATIVISTIC. . . 1077

0.5 .

0.4-

0.5
C2

0.2
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In order to distinguish between the eigenvalues
of the Klein-Gordon and relativistic Schrodinger
equation, one would have to observe the effect of
the term (A2) on the x-ray energy splitting. The
size of such a difference in the splitting, for x
rays of 40-60 keV, is shown in Fig. 4. Its obser-
vation must await improvements in experimental
accuracy and in the accuracy of calculating various
theoretical correction factors.
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tributes only in order (Za/n)'. Evaluating it in
first-order perturbation theory one obtains

m (Zal ' 3n' —nl(l+1)
16 ~n ) (l+ —,')(l+1)(l+2)l(l-2) ' (A2)

FIG. 4. Difference D of energy splittings predicted
by the Klein-Gordon equation and the relativistic
Schrodinger equation, to order (Zotln)~ for pionic tran-
sitions with energies between 20 and 40 keV.
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