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Comparison of atomic quasi-Landau spectrum with semiclassical strong-field-mixing models
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The authors compare the spectrum of the regularly spaced photoabsorption resonances which appear in

the vicinity of the ionization threshold for atoms in a strong magnetic field with predictions of semiclassical
strong-mixing models. Quasi-Landau resonance positions are shown to agree well with a two-dimensional
WKB semiclassical hydrogenic model which depicts the resonances as bound states of the electron in the
combined Coulomb and magnetic fields and which reduces to the Rydberg levels at low excitation. Simpler
treatments based on a modified Bohr atomic model are also discussed. The data include observations in the
M = 0 even-parity channels of Bai and Srl with B = 25-40 kG and the M = —1 odd-parity channel of
Bai at B = 47 kG. A scaling procedure is used to allow field-independent comparison among the various

spectra and models. Although fairly successful in predicting energy positions, none of the models attempts
to explain the complex resonance profiles or superposed fine structure, thus indicating the need for a
comprehensive quantum-mechanical theory of the diamagnetic strong-mixing regime. The appearance of the
quasi-Landau resonances in M =0 even-parity spectra is consistent with the requirement that the states
have even parity with respect to reflection, along the direction of the magnetic field in order for the
resonances to occur.

I. INTRODUCTION

Renewed interest in the behavior of free atoms
in magnetic fields has arisen with the discovery of
extremely high fields (up to 10' kG) in astrophys-
ical objects such as neutron stars and with new
laboratory observations of atomic spectra in
strong external fields (-50 kG). ' ' The diamagnet-
ic term in the Hamiltonian for an atomic electron
in the presence of an external magnetic field is
the dominant magnetic interaction for loosely
bound states. Three regimes of interest can be
classified according to the relative values of the
Coulomb interaction energy between an excited
electron and the atomic core (E,) and the magnetic
interaction of the electron with an external mag-
netic field (E ). At low excitation or weak mag-
netic fields, E,~»~E

~
and the energy eigenval-

ues are the usual Coulomb levels with paramag-
netic and diamagnetic perturbations. . For free
electrons in a uniform magnetic field (i.e. , ~

E
»

~
E,

~
), the usual Landau levels are obtained.

The third and least understood regime is the
strong-mixing regime, in which the Coulomb and
diamagnetic interactions exert a comparable in-
fluence on the electronic motion (i.e. , ~E,

~

= ~E
~
).

The strong-diamagnetic-mixing regime covers
the energy region in which the transition from
Rydberg states to Landau levels occur as the level
of excitation increases. Here perturbation theory
is inadequate to calculate the eigenstates and
eigenvalues of the system since the Coulomb and

magnetic interactions are approximately equal in
magnitude, and the theoretical analysis of this
problem is quite complex and still in an early
state of development. In practice, diamagnetic
strong mixing can be observed in one-electron
photoabsorption spectra near the ionization limit
(or limits) for atoms in strong external magnetic
fields. The dominant features of the spectrum in
this energy region are series of approximately
equally spaced resonances spanning the zero-field
ionization limit. These resonances, originally
discovered by Garton and Tomkins' in atomic
barium, arise because the electron is trapped in
a cylindrically symmetric harmonic potential for
motion perpendicular to the magnetic field and far
from the ionic core. They are conveniently refer-
red to as quasi-Landau resonances (QLR).' Since
the initial experiment of Garton and Tomkins,
semiclassical models have been developed to de-
scribe the positions of quasi-Landau resonances
as functions of energy and magnetic field
strength. "'"The more complete of these mod-
els describe a continuous evolution of the energy
eigenstates from the low-lying Coulomb levels,
through the strong-mixing regime, to the Landau
levels at very high excitation.

We have measured the positions of quasi-Landau
resonances in the two-photon (even-parity) absorp-
tion spectra of strontium and barium, and our
preliminary analysis demonstrated agreement be-
tween measurements and a two-dimensional Went-
zel-Kramers-Brillouin (WKB) calculation of the
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resonance positions. ' In this paper, we examine
further the correspondence between the WEB
theory and our experimental results. In addition,
we consider simpler semiclassical models that
can be obtained from a modified Bohr atomic mod-
el. We find that all the models considered share
a common scaling of parameters (such as energy
E and principal quantum number n) with magnetic
field strength, and this scaling allows a rather
compact method of comparing experimental re-
sults with the various models. The acquisition of
odd-parity absorption spectra of the barium prin-
cipal series with 8 =47 ko has extended our range
of observations further above the ionization limit.
We also note that the appearance of the quasi-
Landau resonances in same polarizations but not
in others is consistent with a selection rule de-
rived from symmetry considerations.

II. EXPERIMENT
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FIG. l. Schematic diagram of the two-photon ioniza-
tion spectroscopy experiment.

Most of the results discussed here were ob-
tained via two-photon ionization spectroscopy. "
A schematic diagram of our experimental appa-
ratus is shown in Fig. 1. A nitrogen-laser-pumped
dye laser is tuned to two-photon resonances from
the ground state for the atomic species under
study (in our case, either BaI'S, or Sr i '8,). Af-
ter the transition to a highly excited state, the
atom ionizes through a variety of processes in-
cluding collisional, photo-, or chemi-ioniza-
tion, "and the resulting ions are detected using a
space-charge-amplified ionization detector. Re-
cording this ion signal as the laser frequency is
scanned yields the two-photon absorption spec-
trum.

A National Research Group Model 0.6-8-300
nitrogen laser was used. The dye la, ser consisted
of a HKnsch-type oscillator with an intracavity
I abry-Perot etalon plus an amplifier dye cell. An
external etalon between the oscillator and ampli-

fier was also used, with a, resulting linewidth of
-0.07 cm '. After collimation and polarization,
the dye laser beam was focused into the center of
an atomic vapor oven. The beam was linearly
polarized with a Wollaston prism plus a compen-
sating wedge, and a Babinet-Soleil compensator
was used to rotate the plane of polarization with-
out changing the laser intensity. The laser repe-
tition rate was 30 pps, and peak power at oven
center was estimated to have been ~10' W/cm'.

The dye laser frequency was varied by pressure
scanning the oscillator and external etalon with
SF, gas. Each scan covered a laser wave-number
range of -25 cm '. The relative laser wave num-
ber was monitored by recording the transmission
of a sealed calibration etalon along with the ioni-
zation signal. Absolute laser wave number was
determined to +0.02 cm ' by intermittently opening
an optical shutter which exposed a photographic
plate on the Argonne National Laboratory 30-ft
spectrograph. The resulting lines were compared
to a thorium reference spectrum.

The atomic vapor oven was a resistively heated
stainless steel tube with water-cooled ends. Oven
windows were wedged to prevent the appearance of
interference fringes in the signal. The buffer gas
used was neon with P„,= 10torr. The oven tem-
perature was typically T =740'C for barium
(Pa,= 0.1 torr) and T =650'C for strontium (Pa,
=O.1torr). The oven was enclosed in a water-
cooled copper jacket and the entire assembly was
centered in the core of a superconducting dipole
magnet which is capable of producing transverse
fields up to 8 =40 kG. The magnetic field strength
as a function of magnet current was calibrated in
an earlier experiment' using the Paschen-Back
splittings of the 6snd'D, levels of BaI.

The ion detector consisted of two parallel tung-
sten rods which extended the length of the oven and
were positioned symmetrically about the oven axis
in a plane paralle1. to the transverse magnetic
field. These 1-mm diameter rods were separated
by 1 cm. No auxiliary heating of the rods was re-
quired to obtain sufficient thermionic electron
emission. A space-charge-limited current be-
tween the rods was established by biasing one rod
slightly negative (~ Vb, ~ ~

- 0.42 V) with respect to
the other, which was grounded to the oven wall.
This current was passed through a load resister
(R =60 kg for the barium measurements, and
R =310 kQ for strontium), and the resulting signal
sampled by an ac-coupled boxcar integrator with
an integration time per pulse of 2 msec and an
output time constant of 0.3 sec, corresponding to
an average over 9 laser pulses. This signal. and
the calibration etalon output were recorded on a
strip-chart recorder.
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FIG. 2. Samples of two-
photon (even-parity) ioni-
zation spectra in the re-
gion of the ionization limit
(reproduced from Fig. 1
of Ref. 7). Zero-field ion-
ization limits are marked
by vertical arrows. (a)
Sri, B=0. The 5snd D2
series is seen converging
to the Srxr 5s $&~2 limit at
45932.19 cm ~. (b) Srt,
B=40.0+ O.l kG, x polari-
zation (M=O). (c) Bai,
B=40.1+ O.l kG, M=O.
Intensity minima are visi-
ble below the Ba» 6s S~~2
limit at 42 034.85 cm
(Ref. 23).
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Samples of two-photon spectra obtained near the
first ionization threshold are shown in Fig. 2 for
BaI and Sr I. The noise level is due mainly to
laser intensity fluctuations and is approximately
the same percentage of the signal level for all
three spectra in Fig. 2. %hen B =0, the spectrum
near the ionization limit is dominated by the
ms' 'S0-msnd'D, (m =5 for Sr and m =6 for Ba)
Rydberg series converging to the limit. %hen
B c 0, the quasi-Landau resonances appear as a
low-frequency periodic intensity modulation in
the spectrum spanning the entire region of the
zero-field ionization limit.

Superposed on these diffuse resonances is com-
plex, incompletely resolved sharp-line structure.
This line structure, which is seen above the noise
level extending. up to and possibly across the limit,
is quite sensitive to the value of B, but does re-
produce provided that the magnetic field strength
is accurat'ely reproduced. The line structure is
due to the diamagnetically raised and mixed even-
parity nl Rydberg levels and is characteristic of
the strong-diamagnetic-mixing regime for all
polar izations.

The detailed structure of the QLRs will be in-
fluenced by motional Stark effects" due to electric
fields induced by thermal molecular motion in the

external magnetic field. This can affect individual
line profiles, cause small line shifts' and, by
breaking parity, introduce extra, structure. Con-
siderable structure in the Li I diamagnetic spec-
trum has been attributed" to motional Sta.rk ef-
fects, but for the heavier specie~ studied here the
effects should be much less pronounced, particu-
larly as regards the coarse features of the spec-
tra.

In the present work, we concentrate on measure-
ments of the positions of the quasi-Landau reso-
nances and leave the much more complicated
problem of the fine structure and resonance pro-
files to future investigations. For measurement
purposes, we define the position of each resonance
by its most identifiable feature. In barium, this is
the intensity minimum, while for strontium we
choose the peak of the sawtooth-shaped profile.
Uncertainties in these measurements are due to
noise and to the complicated fine structure super-
posed on the resonances, especially for the lower-
energy region in strontium. The intensity minima
in the barium spectra are fairly well defined,
while resonance positions for the Sr I spectra were
obtained by visually averaging over the fine struc-
ture present. Subjective estimates of the uncer-
tainties of such measurements were typically
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-+0.5 cm '. The root-mean-square deviation of
repeated measurements from their mean values
was 0.2 cm ' in the region of the ionization limit
(-30 cm '&E&70 cm ', where E =0 denotes the
8 =0 threshold) and we take this to be a reasonable
estimate of the random error in a given measure-
ment of a resonance position near E =0. Additional
systematic uncertainties resulting from the vari-
ability of QLR profile shapes may be comparable
or even greater. At E)VO cm ', the resonance
positions are ill-defined due to low contrast, and
information concerning their profiles is lost in
the noise. At these higher energies, the uncer-
tainty of a given resonance position measurement
is estimated to be -+1 cm '. The contrast of the
resonances gradually decreases with increasing
E until, for B =40 kG, their positions are not
measurable for E & 100 cm '.

For v polarization (M =0, where M is the total
magnetic quantum number) and 8 =40 kG, the in-
tensity modulations in the BaI spectrum below the
limit were identifiable down to the diamagnetic
configuration mixing regime where the 6s 31s Sp
level is still identifiable. At these lower energies,
there is an energy interval in which the definition
of the resonances is ambiguous as the spectrum
evolves from the diamagnetically shifted nl Ryd-
berg levels into the strongly mixed- region with
the quasi-Landau modulations. However, this in-
terval has a width of only about one resonance
spacing and so poses no serious problem for the
present study.

Data obtained at various field strengths allowed
'

the positions of individual resonances to be fol-
lowed over the range B =25-40 kQ. No resonances
were observed above the noise level for B (20 kQ.
No periodic intensity modulations were clearly
observed in 0 polarization, but any resonances
present were probably obscured by the superposi-
tion of the M =0, +2, and -2 spectra.

In addition to the two-photon ionization data,
photographic absorption spectra for the 6s"S,-
6snP 'P,'(M = —l) principal series of Ba? were ob-
tained by one, of the a.uthors (FST) using a super-
conducting solenoid magnet. " In Fig. 3, we pre-
sent a densitometer recording of a plate in the

region above the first ionization limit for B =47 ko.
A barium oven was operated as a heat pipe with

P~, =3 torr; the background continuum was obtained
from a heavy-current hydrogen tube. Over the
last several years, many such plates have been
obtained at Argonne for several different elements
over a wide range of magnetic field strengths, and
we include the single spectrum of Fig. 3 in our
discussion in order to extend our range of obser-
vations to energies well beyond those obtained
with the laser data.

In the spectrum of Fig. 3, the resonances near
the limit are obscured by saturation of the absorp-
tion in the vapor. At reduced vapor pressure
(P~= 0.7torr), however, these resonances have
been traced back to the 8 =0 ionization limit. In
the E= 0 region, fine structure is superposed on
the quasi-Landau modulations just as in the even-
parity data. Again, the measured resonance posi-
tions are defined by easily identified characteris-
tics. In this case, we measured the positions of
the peaks of the resonance profiles. Estimated
random errors for these measurements are typi-
cally - +0.5 cm '.

III. SEMICLASSICAL THEORY

The interpretation of the spectrum in the strong-
mixing regime is only partly developed, and in
this paper we concentrate on its coarsest feature,
the quasi-Landau resonances. The basic theoret-
ical problem is that the SchrMinger equation for
the valence electron of a hydrogen-like atom in a
strong magnetic field is nonseparable. When the
combined magnetic and Coulomb fields are of
comparable strength, perturbation theory is not
applicable and other approximations must be em-
ployed. A simplification comes from noting that
the system is cylindrically symmetric, and hence
parity and the magnetic quantum number llf re-
main good quantum numbers for all values of B.
Following Starace, "we write the electron's wave
function in cylindrical coordinates as

+(p, P, z) =p '~'f(p, z)e'"~ for M=O, +1,+2, . . .
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FIG. 3. Portion of den-
sitometer trace of odd-
parity absorption spec-
trum of Ba r showing reso-
nances extending to 250
cm above the ].imit. B
= 46.7 kG, M =-1.
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The spin-independent SchrMinger equation for
hydrogen with a uniform magnetic field in the z
direction is

s'f a'f 2m

8p Bz,+,+, [~ —V(p, e)]f=0, (2)

Eq. (3) and concluded that, for all values of M, the
quantum condition for bound eigenstates is

2f —
2 + — + p dp

where
=(n+ ~)v for n=0, 1,2, 3, . . . (4)

a2 (M'-1/4)
(P =2 —

4 ~

) y
+— 'P'

m p m&0(p +z

In the above, E is the electron energy referred to
the B =0 ionization limit, nkM is the energy due
to the orbital magnetic moment of the electron in
the magnetic field, and o. =eB/2m is half the cy-
clotron frequency &u, =eB/m, The effective poten-
tial V(p, e) contains centrifugal, Coulomb, and
diamagnetic Zeeman terms.

It is'apparent from the appearance of the spectra
in Figs. 2 and 3 that the electron motion is strong-
ly influenced by the harmonic diamagnetic potential
term in the region around E= 0. In this region,
the cyclotron frequency ~, characterizes the elec-
tron motion in directions perpendicular to the
magnetic field, and it is much greater than the
frequency of the motion of the electron in the
Coulomb potential along the magnetic field lines.
Noting this, Schiff and Snyder" suggested the
adiabatic approximation as a means of decoupling
the electron motion in the p and z directions, and
several authors have applied this approximation to
very high magnetic field studies. ' In this approxi-
mation, the electron behavior along the field axis
(i.e. , in the e direction) is governed by the Cou-
lomb potential averaged over the (p, Q) plane for
each value of z. The extreme application of this
approach is to ignore the dependence on the z di-
rection altogether. In addition, Fano" has noted
that the cresting of the effective potential V(p, e)
in the z =0 plane causes the probability density
distribution for certain states to concentrate in
that plane, suggesting that a useful lowest-order
approximation is to consider motion in the z =0
plane only.

Accordingly, we set z =0, and the radial part of
the two-dimensional SchrMinger equation in polar
coordinates (p, P) is obtained from Eq. (2):

d2F(p) M2 —1/4 2

where we have switched to atomic units (m =e =h
=1) for convenience. For highly excited states,
the WKB approximation provides the eigenvalues
a of Eq. (3). Akimoto and Hasegawa" have con-
sidered the applicability of this approximation to

Here p, and p, are the turning points of the clas-
sical motion and are given by the zeros of the
integrand.

The centrifugal potential has been modified by
the addition of a term --,' p' in order that the WKB
approximation be valid for all p ~ 0. In general,
Eq. (4) is numerically integrated to obtain the en-
ergy E as a function of the radial quantum number
n.

In the absence of the ionic core (high-field lim-
it), it is easily verified that the energy levels
given by Eq. 4 are precisely the spinless Landau
levels for p, =0,

& = [n+(M+ IMI +I)/2]~~. (5)

The half-integral radial quantum number is a re-
sult of applying a two-dimensional model appro-
priate to the Landau regime to the three-dimen-
sional Coulomb problem.

Economou, Freeman, and Liao' sought to obtain
the correct Coulomb limit by replacing the two-
dimensional centrifugal potential in Eq. (4) by
(M +—,')'/p', which is of the usual three-dimension-
al type. This substitution, however, results in
integer Landau quantum numbers. It does not ap-
pear to be possible to obtain both limits correctly
with a simple WKB formalism. Interestingly, for
the spin-~ atom (RbI) studied by Economou et al. ,
the orientation energy of the spin magnetic mo-
ment in the magnetic field is + —,'her„so that the
Landau levels including spin are in fact integer
multiples of k&u, . In the present case (S =0), no
such accidental compensation occurs and it seems
preferable to retain the. two-dimensional centrif-
ugal potential.

This two-dimensional WKB model describes the
bound states as evolving continuously from the
Coulomb energy levels at low n through the quasi-
Landau region (E= 0) to the Landau levels at very
high energies. The QLRs are depicted as highly
excited bound states characterized by a single
radial quantum number n. These states appear to
evolve smoothly out of the Coulomb-Rydberg lev-
els with increasing energy, and successively low-
er nvalues are raised across the B =0 ionization

where n plays the role of the Landau radial quan-
tum number N'. For B =0 on the other hand,
Eq. (4) yields a quasihydrogenic spectrum given by
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n' = (r/R)'+r/a, ,

E = n(n r'/+R' R'/2aor) y- (8)

(9)

where n =@co,/2, a, is the Bohr radius, and
R = (g/nm)'~2 is the quantum electron gyroradius.
In practice, E as a function of n is obtained by
numerically solving Eqs. (8) and (9).

In the absence of a magnetic field, Eqs. (8) and

threshold as 8 is increased. The actual situation
is much more complicated, with each resonance
below the limit comprising many individual dia-
magnetically mixed bound levels, but it is shown
below that this model successfully describes the
spacing and B dependence of the quasi-Landau
resonance energies.

For M =0, the quantization rule reduces to

r (2E+2/p —a p2)'~ d p =(n+—')m,
0

where p, is the real root of the integrand. At the
zero-field ionization limit, E =0 and p, =(a/u')' '.
Equation (8) is the basic equation with which we
compare our measurements of the quasi-Landau
resonances.

The WKB energy levels in the region where the
Coulomb field is dominant (but with B x 0) are
easily obtained for M =0. For small values of Jtj,
we expand

E= E(a2 =0)++2 8E
e(x

where BE/an' is obtained from the derivative of
Eq. (8). The result is

E = —1/2(n+-,')'+ —,
' (n+-,')'a', (I)

in agreement with Akimoto and Hasegawa. " These
are just Rydberg levels with a first-order diamag-
netic Zeeman shift. The first-order correction in
the energy has the usual n4B' scaling of the dia-
magnetic Zeeman shift, although the magnitude of
the correction differs by factors of -2 from the
values obtained using first-order perturbation the-
ory with hydrogenic wave functions. '

A modified Bohr atomic model of the strong-
mixing regime has been discussed by Canuto and
Kelly" and by Qarstang. ' It is interesting to com-
pare this model to the WEB calculations and to
our experimental results. Consider a Bohr atom
in a uniform magnetic field with an electron in a
circular orbit of radius x a,round an infinitely
massive ion core (net charge =+e) with the orbital
plane perpendicula, r to the magnetic field. The
force, angular momentum, and energy relations
govern the electronic motion and result in the fol-
lowing coupled equations for the energy as a func-
tion of principal quantum number n:

(9) reduce to the usual hydrogenic levels (E
=-dt„/n'), where (R„ is the Rydberg constant),
while if the ion core is absent, the energy levels
are Landau-like levels with the energy given by
E =nk(d, =2nn. Thus this simple Bohr model re-
sults in a set of energy levels which have approxi-
mately the proper behavior at both very small and
very large magnetic field strengths. In addition,
it describes a smooth transition from the Coulomb
regime through the strong-mixing regime to the
Landau regime with the energy levels aga, in being
described with a single quantum number n, which
is similar to the picture provided by the WEB
model.

An even simpler semiclassical calculation has
been advanced by O'Connell" to describe the
coarse structure of the spectrum in the region
E ~ 0. Again, one considers an electron in a
circular orbit around the ion core in a plane per-
pendicular to the magnetic field. The energy is
written as a sum of contributions from the magne-
tic and Coulomb fields. For high excitation, the
magnetic field dominates and the effect of the
Couj.omb field on the orbital radius is taken to be
negligible. The magnetic contribution to the total
energy is just the Landau energy, while the Cou-
lomb interaction energy between the electron and
ionic core is evaluated for an orbital radius equal
to that of a free electron in a homogeneous magne-
tic field. The total electron energy is then given
by

E =2o, [n —fC(Bo/2nB)' ']j, (10)

where

B,=h/ea', =2.3505 x. 10'kG.

Equation (10) is just the Landau energy level with
a first-order perturbation due to the presence of
the ionic core. This result does not have the
proper behavior in the Coulomb limit. We have
included an additional numerical constant factor
K in the second term of Eq. (10) with the anticipa-
tion that Eq. (10) has approximately the correct
n dependence near E =0 but that these semiclas-
sical expressions are uncertain by unknown nu-
merical factors of order unity. ' Below, we adjust
A to provide a best fit to our data.

Simple models like these are useful in determin-
ing the scaling of parameters such as dE/dn and
n(E= 0) with magnetic field strength, and for esti-
mating the values of n at which the strong-mixing
regime occurs for a given value of B. However,
absolute numerical values obtained from expres-
sions such as Eqs. (8) and (9) and from Eq. (10)
are not to be taken very seriously.
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@r —g~-213 (11a)

For the purpose of comparing all of the above
semiclassical expressions for the quasi-Landau
resonance energies with each other and with ex-
perimental results, we have found it convenient to
rewrite the equations in such a way that explicit
dependence on the magnetic field strength is elim-
inated. To that end, we define the new variables

~@OP~~ M+0
Q E~-

(M+-,')hv, , M&0.

(17a)

(17b)

tial is that of the final-state continuum electron,
i.e. , its Landau energy (not including spin).

The lowest value of this energy, using Eg. (5),
then gives the increase in ionization potential
caused by the external magnetic field:

(n +—,')o.'~3 (WKB and Landau)
n'—

nn'~' (all other models),

s =~a'r (11c)

In the present cases (M =0 and —1), the threshold
is thus expected to be shifted upward slightly, by
—, of a QLR spacing. This is too small a shift to be
readily observable spectroscopically.

Using these new variables and working in atomic
units, Egs. (6), (8), (9), and (10) become, re-
spectively,

S
(2E'+2/s —s')' 'ds =n'v (WKB: M=0),

0

(12)

(nt )2 -s4 +s (12a)

E' =n'+s' -'s-', (Bohr) (18b)

E' =2n' —K(n') '" (O'Connell), (14)

We include the Coulomb and Landau [Eq. (5)]cases
for completeness:

E' = —1/2n" (Coulomb),

E' =2n' . (Landa, u).

(15)

(16)

In Eq. (12), S is the real root of the integrand.
With this transformation, the numerical calcula-
tions need be performed only once, and the re-
sults for arbitrary values of the magnetic field 8
are obtained via Eqs. (11). In addition, we will see
below that using Egs. (11) to scale our measure-
ments of the energies of the QLRs allows us to
condense data obtained over a range of B values to
a single unified plot.

So far, all energies have been referred to the
zero-field ionization limit. It is necessary to
specify "zero-field" because, in general, the ion-
ization potential is a function of B. In the case of
the alkaline earths, and for experimentally real-
izable fields, the ground states of the atom ('S,)
and of its residual ion ( S,~,) have negligible dia-
magnetic shifts. Since in both cases the orbital
angular momentum L =0, any linear Zeeman
shifts must be due entirely to spin. Assuming
spin conservation in the ionization process, the
only magnetic contribution to the ionization poten-

IV. RESULTS

In this section we compare our measurements of
the QLR energies to the results of the semiclas-
sical theories discussed above. We consider the
WEB model first. Also, we concentrate on the
region near and above the B =0 ionization limit
since the spectra at lower energies are Hydberg
levels with the diamagnetic Zeeman effect as a
perturbation and, in principle at least, are well
understood. ' ' For the present analysis, the
value of n must be determined for at least one
resonance at one field strength for each case
(i.e. , each atomic species at a given parity and
value of M). To that end, we simply assign a val-
ue of n to one resonance at one field strength such
that the interpolated value of n at E =0 agrees with
that calculated from Eg. (5). The value of n as-
signed in this manner is not required to be an in-
teger because the mea, sured position of a given
resonance is dependent on its profile and the WEB
model ignores such effects 'as the presence of a
nonhydrogenic ion core and the coupling of motion
to the z direction, which gives rise to the complex
shapes of the resonances. We only require that the
values of n for adjacent resonances differ by unity.
With this definition for a single datum point, the n
values of all the resonances are fixed for all val-
ues of B, since the motion of indivi'dual resonances
can be traced over the full range of magnetic field
strengths studied. The question is now whether all
other data points agree with Eq. (5).

For example, consider the case of Sr I (M =0,
even parity) at B =40 kG [Fig. 2(b)]. The ioniza-
tion limit was found to lie above the lower of the
two peaks which straddle the limit by 0.60 +0.05
times the total energy spacing between the two
peaks. The corresponding result for the resonance
minimum in Ba.r at B =40 kG is 0.55+0.05. Since
Eg. (6) gives n (E =0) =44.58 at B =40 kG, we as-
sign n =44.0 to both the first resonance peak be-
low the limit for Sr I and the first minimum be-
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FIG. 4. Hesonance positions as a function of n for the
M = 0 even-parity ionization spectra. 0 Sr r resonance-
peak positions; && Bag resonance-minimum positions;
6 Bay, peak positions. The lowest datum point corre-
sponds to the diamagnetically mixed 6s31s So line com-
plex.

low the limit for BaI. Because the fine structure
becomes quite complex at energies well below
E =0 in the BaI spectrum at B =40 kG, it was
more convenient to define the resonance positions
in this region by the peaks of the profiles, with
the peaks accordingly assigned half-integral n
values.

A plot of the measured energies of the reso-
nances as a function of n for a few values of 8 is
shown in Fig. 4 for the M = 0 ionization spectra
(Fig. 4 is a reproduction of Fig. 8 in Ref. 7).
The solid lines are obtained from numerical inte-
gration of Eq. (6). The measured values of B have
a total uncertainty of —+0.2 kG. The one datum
point for each element whose n value is defined to
agree with Eq. (5) is indicated by the arrow.

The general agreement between measurements
and the WKB calculations is evident. At the low-
est energies observed in BaI, the QLR merge into
the diamagnetically shifted and mixed Rydberg
spectrum, where the 6s 31s 'S, line complex is
identified (no even-parity observations for Sr I
were made in this energy region). Even though
the electronic motion is no longer dominated by
the magnetic field at these lower energies, quali-
tative agreement with the two-dimensional WKB
model is not surprising because, as noted earlier,
the WKB results yield the usual hydrogenic energy
levels plus a diamagnetic shift term with the prop-
er n~B' dependence. Our assignment of the n value
at the ionization limit is checked for consistency
with the semiclassical picture of the QLR evolving

from the Rydberg levels at lower energies by
noting that the BaI 6s 31s 'S, level has been as-
signed n, =n+-,' =26.0 by extrapolation from the
limit, while its effective quantum number at B =0
is n* =n —p, =26.8 (the quantum defect p, =4.2 for
the 6sns 'S, series of BaI). The agreement be-
tween n* and n, is satisfactory when one notes
that the simple two-dimensional WKB model ig-
nores such effects as electron-ion core interac-
tions, the presence of a second valence electron
in BaI which gives rise to a relatively complex
spectrum in the region where the Coulomb field
dominates, ' "and coupling of electron motions
parallel and perpendicular to the magnetic field
lines, which is manifested in part by the complex
resonance profiles and fine structure. The dia-
magnetic interaction between the 6sns'S, and
6snd'D, Rydberg series as the spectrum evolves
into the quasi-Landau regime' allows for an am-
biguity of -1 in the assignment of n as the energy
increases. Recently, Economou, Freeman, and
Liao' have reduced the ambiguity in the connec-
tion between the zero-field radial quantum number
and n to about 0.3 by studying the evolution of
Rydberg levels into the quasi-Landau structure at
E&0 in the simpler case of RbI.

Historically, much interest in the quasi-Landau
resonances has centered upon E =0. In their pa-
per, Garton and Tomkins' reported that the spac-
ing between resonances at E =0 was -1.5 5~, for
B =24 kG. Using the derivative of Eq. (4), Starace
showed, by numerical integration, that dE/dn
=1.50 Ace, for M =+1 and & =0, and he found that
this result was independent of B. After a straight-
forward calculation, the derivative of the M =0
WKB integral in Eq. (6) yields analytically"

dE
=-,'k~, for E =0, (18)dn

which agrees with the calculated results for
M =1. Equation (18) also is obtained from
O'Connell's result (10) for arbitrary value of the
constant E. The energy difference between the
two resonances straddling the ionization limit is
plotted in Fig. 5 for the ionization-spectra re-
sults. The data agree within their uncertainty
with Eq. (18), which is plotted as the solid line in
the figure

(Sh&u, /2B =0.1401 cm '/kG) .
The error bars in Fig. 5 were assigned assuming
a random uncertainty of +0.2 cm ' for each mea-
surement. The total uncertainty in each value of
B is typically +0.2 kG, although relative values
of 8 are good to +0.1 kG.

Using a semiclassical approach similar to that
of O' Connell, Rau' predicted a B ' ' scaling for
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PEG. 5. Resonance spacing at the ionization limit as a
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n at E =0. Setting E =0 and s =n'~'p, Eq. (6) be-
comes

(19)
0.5 I.Q l.5 2.0

0

n(E=o)-

50-

46-

44-

3020 35 40 45
B(ks)

FlG. 6. n{E=O) vs B for Sri even parity, M=O.

where the integral equals 2.891. For n» —,', this
gives n(E =0) proportional to B '~3, in agreement
with Rau's result. The value of n(E =0) is plotted
as a function of 8 in Fig. 6 for the Sr I data. The
solid line is given by Eq. (21), and the one datum
point defined to agree with theory is again noted
by the arrow. A linear least-squares fit of
ln[n(E =0) +—,']vs lnB for these data gives a slope of
—0.334 +0.001. and an intercept of 5.041 +0.003,
while Eq. (19) predicts ——,

' and 5.038, respec-
tively. Similar results are obtained for the Bar
data. We note here that results given in Figs. 5
and 6 are contained implicitly iu Fig. 4, but the

FIG. 7. Normalized resonance positions E' vs nor-
malized radial quantum number n'. o Srx even parity
M=O, B=25—40 kG; 6, Bar even parity M=O, B=40 kG;
O Bar odd parity M=-l, B=46.7 kG. Normalized ver-
sions of various models fzqs. {12)—{16)]are also shown.

former plots show this agr cement with the %KB
results in more detail than the latter.

The agreement between measurement and theory
in Fig. 6 verifies that the scaling used in Eq. (11)
is indeed correct. It also suggests a criterion for
selecting a value of the numerical constant E in
Eq. (10): We require that n(E =0) =45.08 at B =40
kG in accordance with the WKB calculations so
that the agreement between the data and the mod-
el for n(E =0) vs B is as good as that shown in
Fig. 6. The value of E thus obtained is K =1.766.

Using Eq (11) to sc. ale the measured values of
n and 8 for all available data, our results col-
lapse to the single plot shown in Fig. 7. For con-
venience, we have included the Bai (M =-1) ab-
sorption data here by treating it as if M =0 for the
purpose of assigning n(E =0) and calculating
E vs R. This is valid because it was found that
changing I by one in Eq. (4) resulted in numeri-
cally changing n by one to an accuracy of a few
percent. This allows our comparison between data
and theory to be extended appreciably in energy
above E' =0. The results in Fig. 7 indicate that
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the WKB model works quite well over the full
range of energies observed. For E' ~0, the
O'Connell model is also surprisingly accurate
considering its simplicity. The deviation between
it and the data at low E' is indicative of its failure
to converge to the proper Coulomb energies -n' '
at low n'. The modified Bohr model is not as ac-
curate in the region around E =0 but has the virtue
of achieving the proper limiting behavior of dE/dn
at both high and low E'. It is also useful for crude
estimates of orbital radii in the strong-mixing
regime. The slight deviation of the Ba I odd-par-
ity absorption data from the WKB curve is not
considered significant since we have ignored pos-
sible systematic errors arising from collisional
effects, motional Stark effects, or changes in the
resonance profiles at increasing energies. In ad-
dition, the influence of the 5d8P 'P, ' doubly ex-
cited level, which bridges the first ionization
limit, has not been considered.

V. DISCUSSION

The agreement between the measurements and
the two-dimensional hydrogenic WEB model is
quite good over the full range of energy and B val-
ues observed. The predictions of a 1.5 S~, spac-
ing at E =0 and a 8 '" scaling of [n(E =0) +—,'] are
both verified by our measurements. Considering
the complexity of the B =0 spectra of BaI and
Sr I, the experimental results are consistent with
the depiction of the WKB radial quantum number
n evolving smoothly from the Coulomb radial
quantum number at low energies. The simple
formula derived by O'Connell works quite well in
describing the energies of the resonances for
E ~ 0, partly because we have adjusted it to agree
with the WKB results at the limit. It does provide
a convenient estimate of E and dE/dn for the re-
gion E ~ 0. However, since it breaks down for
E &0, the connection between the lower bound
states and the the quasi-Landau resonances does
not occur in this model.

Since the resonance positions are determined by
the behavior of the effective potential V(p, z =0)
over a large range of p, they are little affected by
the electron-ion interaction at small p, and hence
are independent of atomic species, aside from a
quantum defect shift. However, the resonance
profiles are strongly species dependent, as seen
in Fig. 2 and other studies. ' "" The spherically
symmetric Coulomb potential couples the motion
of the electron in the p direction to that in the z
direction. If the total energy is above the ioniza-
tion limit, the electron can escape by autoionizing
into an orbit, along the z axis." The Coulomb po-
tential due to the ion core is largest near the ori-
gin, and hence the coupling between the motion in

the p and z directions is sensitive to the electron
wave function near the ion core. Thus the reso-
nance profiles will be dependent on the atomic
species studied. The detailed analysis of the res-
onance profiles and fine structure is complex and
beyond the scope of this work.

We have observed the quasi-Landau resonances
in M =0 even-parity and M++1 odd-parity spectra,
and they also appear in M = + 2 even-parity' spec-
tra. Since the resonance structure is quite de-
pendent on the wave function of the z =0 plane,
they should be most prominent in states whose
wave functions have an antinode at 8 =w/2 in
spherical coordinates (i.e., the z =0 plane), and
much less so for states with a node in that plane. "
If II denotes the usual parity of a given state, the
magnetic parity for reflection through the 8 =v/2
plane is given by II +

~
M~. For M =0 and odd par-

ity, II +
~

M
~

is odd and a node occurs at 8 =w/2,
indicating that the resonance structure should not
occur. Likewise, antinodes are present at 8 =w/2
for M = +1 odd-parity and M =0, +2 even-parity
states, indicating that the resonances should occur
since II+ ~M~ is even. The absence of clearly ob-
served resonances in g-polarization spectra in our
experiment is most likely due to the superposition
of the M =0, +2, and -2 spectra in the transverse
field. Further observation to test for the appear-
ance or lack of appearance of quasi-Landau res-
onances in the M =+1 even-parity spectra would be
useful in further testing this even-magnetic-parity
selection rule.

As emphasized by Rau, '4 the magnetic case
studied here is but one example of the more gen-
eral problem of strong-field-mixing effects that
arise in many physical situations. The observa-
tion of equally spaced resonances near the zero-
field ionization limit in the presence of an exter-
nal electric field" is another such example, and
similar phenomena are expected in systems of
two-dimensional electron layers at the surface of
liquid helium in the presence of electric and mag-
netic fields. In all of these cases, semiclassical
models similar to those used here are applicable.

Of course, these simple models are inadequate
for understanding the details of the diamagnetic
structure observed here and in other experi-
ments, """and theoretical developments directed
toward quantitatively explaining the resonance
profiles and superposed fine structure are needed.
Further experiments at higher magnetic fields
would be useful in elucidating the correlation of the
fine structure to the zero-field levels, but such
efforts will have to be more sophisticated than the
present survey work in order to avoid complicat-
ing factors such as the motional Stark effect and
the presence of a nonhydrogenic ion core.
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