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Theory of nuclear-spin relaxation by translational self-diffusion in liquid crystals:
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.The general theory of nuclear-spin relaxation induced by translational self-diffusion in liquid crystals
developed in a previous paper is applied to the smectic A phase. The inter- and intralayer molecular jumps,
the spin distribution, and the elongated shape of the molecules are taken into account. Results are obtained
for the frequency and angular dependence of T& and presented graphically for a variety of parameters. The
results for the smectic A phase are compared with those for the nematic and isotropic phase. The theory
reproduces the proton relaxation rate in terephtal-bis-butylaniline very well.

I. INTRODUCTION

Nuclear magnetic relaxation is a widely used
method for the study' of molecular motions in the
liquid-crystalline state. Its importance has in-
creased with new experimental methods which
allow accurate measurements of T, dispersion
in a wide frequen'cy range ' and measurements
of the angular dependence of T, .'-' In liquid cry-
stals, where several molecular motions take
place, the nuclear-magnetic-relaxation data can
lead to a conclusive information on molecular dy-
namics only if contributions of all different mo-
tions to the relaxation rate are quantitatively eval-
uated. So far a number of studies have been de-
voted to the effects of "order director fluctua-
tions, '"""" local molecular reorienta-
tions, "" self-diffusion, '"-"motions of se-
parate molecular groups, ' and layer sliding. " It
has been shown in particular that the contribution
of self-diffusion in the smectic phases is appre-
ciable, especially at high frequencies. ' Since
no theory on the diffusion-induced relaxation in
smectic phases is available, Torrey's theory"
for isotropic liquids has been used to fit the ex-
per imental data.

In our first paper, "hereafter called I, we have
developed a general theory of the longitudinal spin
relaxation due to translational self-diffusion in
liquid-crystalline phases, and applied it to a quan-
titative calculation of the relaxation rate in the
nematic phases. It has been shown that slightly
modified Torrey's theory for classical liquids can
be used as a good approximation for the calcula-
tion of the frequency dependence of T, caused by
translational diffusion in nematics, while, for the
evaluation of the angular anisotropy of T„our
specific approach should be used.

The purpose of this paper is to calculate —on the
basis of the general theory from I—the nuclear
magnetic relaxation rate caused by molecular self-
diffusion in the smectic A phase. This phase" is
characterized by layered structure; the centers
of elongated molecules lie on parallel equidis-
tant planes, thus resembling a two-dimensional
fluid. Within each plane the preferred direction
of the long axis is perpendicular to the smectic
plane.

The idealized structure of the smectic A phase
and the model of molecular diffusion in it are de-
scribed in Sec. II. They are used together with
results of I to evaluate the diffusion-induced T,
appropriate for the smectic A phase. Final results
were obtained numerically and are presented gra-
phically in Sec. III. A comparison with the ex-
perimental data in terephtal-bis-butylaniline
(TBSP) from Ref. 5 is given.

II. THEORY

A. Idealized smectic A phase

A somewhat idealized model of the smectic A
phase was assumed as follows. We consider a
system where each molecule of the length l and
diameter d (d/l «1) has N, equal nuclei with spin
I = —, (protons), while other nuclei have negligible
magnetic dipole and electric quadrupole moments.
The resonant spins are distributed on the long
molecular axis. This approximation is justified
only when the rotations of molecules around their
long axes are fast. ' Experimental results '~'
show that this is a common situation in smectic
A phases.

Further, we assume that orientational order of
long molecular axes is perfect. This is a good
approximation for the smecticA phase, since the
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value of the nematic order parameter is close to
] 32

Translational diffusion of molecules in the smec-
ticA. phase, which is assumed to be faster""
than coD, is described by two independent thermal-
ly activated jump motions"":

(i) The isotropic intralayer motion is two-di-
mensional liquidlike. Each molecule stays in a
potential well until it is thermally excited and
makes a fast diffusive jump into another potential
well. The time spent for a jump is much shorter
than the average time interval v', between two suc-
cesive jumps. The motion between two potential
wells is considered to be a fast two-dimensional
isotropic diffusion.

(ii) The interlayer motion is described also by
a thermally activated random jump process. Mo-
lecules can jump only to one of the two adjacent
layers. The jump length is always equal to the
interlayer distance. The time spent for a jump is
assumed to be much shorter than 7.

,
—the average

time between two succesive interhyer jumps.

and

F))'(i) =fE,"'(r)g(F),e" d'"~

where p, z, y are cylindrical coordinates of the
vector connecting the centers of the two mole-
cules, which are carrying the interacting spins;
$ is the difference of g, and $„which measures
the relative position of the spins on the molecule
(see Fig. 1). The average ( ), is performed over
W(g) (the distribution of differences $), which is
related to u)($, ) (the distribution of spins along
the molecular axis) by the convolution

(6)

are the weighted Fourier transforms of the spatial
part of the dipolar interaction

B. Nuclear magnetic relaxation

We assume that nuclear magnetic relaxation due
to self-diffusion can be treated separately from
the rest of the molecular motions. This is justi-
fied by their characteristic rates being signifi-
cantly different from the rate of the diffusion. The
longitudinal spin relaxation of the nuclei with spin
I due to the translational self-diffusion, which is
fast compared to ~D, can be described by a single
relaxation rate "3:

where ~ is the angle between molecular director
and magnetic field. Using the transformation
properties of spherical harmonics one can re-
late" J''~'(u&, ch) to 4 '~'(&u) (which stands for & =0).
Therefore we shall restrict our calculations to
this orientation and recall the expression for
J («)(&u) from 1:

Our next step is to calculate S,(q, (d) specific for
the smecticA phase.

C. Dynamical structure factor S,(q w)

The dynamics. l autocorrelation function G, (q, t),
which is related to S,(q, (d) by

S,(q, &u) = G (q t)e'"'e"'dtd'r,
OO

is written —in accord with our model, which as-
sumes the independence of the intralayer and in-
terlayer diffusion —as

G,(r, t) =G„,(z, t)G„(p, t);
G„(p, t) describes the intralayer motion and

G„,(z, t) the interlayer motion. Following Chan-
drasekhar, "the autocorrelation functions for both
random jump processes can be written as

J"'((d) = Re[F'"'*(q) 6:"'(q)]
16m' 04

x S,(q, —,'a))d'q. (2)
and

P) '(1() = fF '(r)) (r)(e "d'v '

(3)

Here n is the density of nuclei with spin I in the
sample, and S,(q, v) the space-time Fourier trans-
form of the one-particle dynamical autocorrela-
tion function G,(r, t). The product G,(r, t)d'r is the
probability that the molecule, which is initially at
the origin, is located in d x at r after a time t.
Functions

G,i(tT, t) =, QP„(p)W„(t), (10)

where P„(p) is the distribution of the intralayer
Ng

molecular position vectors p after n~ jumps and
P„(z) is the distribution of the z component of the
molecular position vector after n„jumps. W„(t)
and W„(t) are the probabilities that correspon-
dent number of jumps; i.e. , n„and n, occur in a
time interval t. They are assumed to be of the
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Poisson type characterized by i „and r, (the char-
acteristic times between two successive jumps).
In the random-flight approximation one easily
gets36

1
G„(p, t) =, exp]-iq, .p -[1-W,(q,)]t/~, }(f'q,

and

D. Static pair correlation function

The positional order of the molecules in the
smectic A phase has a long range in the direction
normal to the layers, and a short liquidlike range
in the layers. Therefore the static pair correla-
tion function g(r) used in Eqs. (3) and (4) has a
discrete periodic structure in the direction nor-
mal to the smectic planes, and a 2D liquidlike
structure in the layer. We can write it as the pro-
duct of two parts,

where

A, (q,) = fp, (e)exp(eq, p) p*p

(12)

(13)

g(r) =g, (r)g, (r), (21)

where g, (r) corresponds to the long- and go(r) to
the short-range positional order. Within our mo-
del of the idealized smectic A. phase, g, is the sum
of 6 functions:

and
g, (r) =g, (z) =l g 5(z —ml), (22)

A„(e„)= fp, (e)exp(eee) pe. (14) while for go (r) the "square-well" form is used:

A. ,(q,) =1/(1 +D', 7',q', ) (15)

Here D', is the macroscopic interlayer diffusion
constant, which is related to the mean-square
intralayer jump length by

Taking into account that the 20 intralayer motion
is described by the model (i), the results of Tor-
rey" and of I can be used, giving

1, p)d and iz l
(l or lz I )i,

g.(r) =g.(p) =

(23)

E. Distribution of spins

As in the nematic case, we shall treat three dif-
ferent spin distributions:

(a) Spins are concentrated in the center of each
molecule. Such a situation is described by

(r',) =4D",~, (18) ~($;) =&($;), (24)

x4 ()(q))) = cos(f))l . (18)

Thus in our model, the smecticA. dynamical
structure factor is of the same I,orenzian form as
for the nematics and classical liquids:

S,(q, (u) =2~,-/[1+((uq--)'].

The difference occurs in the structure of the cor-
relation time v, , which for the smectic A phase
Is

= fl -& „(q„)]/7„+[1-W, (q,)l/~, . (20)

It should be noted that Do is the diffusion tensor of
the perfectly ordered liquid-crystalline phase,
while the experimentally determined tensor D, in
real liquid crystals is slightly smaller. "

For the interlayer motions where the length of
all jumps is l, the distribution function P»(z) of
the molecular positions after one interlayer jump
is

P,,(z) = —,'[5(z q-l) +5(z —l)].

Its Fourier transform is

which greatly simplifies the calculations and has
proved to be quite satisfactory for the nematic
case." However, for layered structures this ap-
proximation is too rough, as will be shown later.

(b) Spins are uniformly distributed along the
molecular axis except on both ends (with the length
za), which are assumed to be free of spins. " This

gives

(25)

(c) The spin density increases with the distance
from the center of the molecule quadratically. It
is zero on both ends of the molecule (length za):

~ +p~', , I t; I
(-,'(l -a),

0, [ggl - z(l -a).
l3y properly adjusting the constants o. and p, this
contribution can take into account the increasing
number of spins when going from the benzene pro-
tons along the CH, chain to the CH, end group. It
is applicable to relatively short molecules.



21 THEORY OF NUCLEAR-SPIN RELAXATION BY. ~ ~ 675

F. Expression for the longitudinal spin relaxation rate lational diffusion in the smectic A. phase

To get finally the expression for T,', the inte-
grations in Eq. (3) and (4) for F&(" (q) and F&(ko) (q)
should be performed.

5(k) (q) has the same form as in the nematic case
and the expression derived in I can be used di-
rectly by

F(k) (q) =2)(ike'k"e '""[8"'(q)+(S")(q,$)], (2'/)

where

ft&"(q) =2 —,', q", [q„de ((q„d)J,(q,d)
q )(+q~-

3

+q,de, (q,d)Kk(q„d) ]

with

oo (-7

J 'J
0 &+4

x f"'(p, z)pdpdz,

(28)

(29)

P(k)(~~) —2&ike&ke[$(k)(q ~) +Z(k)(q ~)]

where

(31)

h(k)(q, $) =2 3 qg(t e

cosh)kq, —sinh$q,

x cosq„/ —sinh$q, +i sinq„/ cosh$q,
~L

cosh gq, —sinh$qk
(32)

~(q. , ()=f f'"'(p()&.(w.)p&~,
The integrations in the terms (k)(q, $) and
S(k)(q„)) had been performed after the expansion
of the integrand in the power series (one for
p /z & 1 and another for p /z & 1) .

Combining expressions (27)-(33) with expres-
sions (1) and (2), and introducing a dimension-
less function R(&or„(r', )/d', D„/D„//d, &), we
can write the relaxation rate T,' caused by trans-

(33)

p' —2z' (k =0)

f"'(p,z)=. ... pz, (~=1) . (3o)

p', (k =2)

The J„are Bessel functions and the E, modified
Bessel functions. The function F&(k)(q) contains
g(r), appropriate for the smecticA phase, and
had to be calculated. The integration over z and

p yields

T, =—y$ —=R cot', , —,—,& . 349 4k nTJ(rJ)
The function R has been calculated for different
parameters by integrating numerically over q„,q„
and $.

III. RESULTS AND DISCUSSION

values of the function R from the Eq. (34) have
been obtained numerically for a number of dif-
ferent values of &or„(rk~) /d', D„/D„and A.
Some results have been evaluated for three dif-
ferent distributions of spins along the molecule,
as indicated in Sec. II.

The distribution with one spin in the middle of
the molecule is the easiest for a numerical treat-
ment. Some relaxation rates calculated with this
distribution have already been presented in Ref.
3V. Therefore in this paper the main emphasis
is on the remaining two more realistic distribu-
tions. It has been found, however, that the values
of R are nearly the same —within the limits of the
numerical accuracy —for both the uniform and
quadratic spin distribution. If not specially indi-
cated, the values of T,' presented in this section
are calculated for the uniform spin distribution.

The value of the ratio of the molecular length to
its diameter has been set at 5, and the closest
distance a between two spins belonging to adjacent
layers at 2 A (see Fig. 1);

The frequency dependence of the relaxation rate
caused by translational diffusion in layered phases
is presented in Fig. 2. The function R, which is
proportional to T, , exhibits a chara, cteristic fre-
quency dependence, and depends on the orienta-
tion of the sample in the external magnetic field.
The dispersion curves in Fig. 2 are plotted for
two extreme orientations, & =0' and 90'. The re-
laxation rate for isotropic fluid, with the diameter
of spherical molecules d„„equal to d and with

If, z axis

FIG. 1. . Schematic presentation of two molecules with
all notations used in text.
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FIG. 2. Frequency. dependence of B~ Tj at H II No (1)
and HIND (2) for (r )/d2= 1 and for three different
ratios: D, /D =1 lines denoted by (a), D, /D =3 (b), and
D /D = 0 (c). Torrey's function with parameters as
described in text. (3) is added for comparison.

r„,=r„ is plotted for comparison (Torrey's func-
tion).

Several facts concerning the dispersion in layer-
ed structures should be noted:

(i) In the frequency range studied, from ~v,
=0 to ~v, -2.5, the diffusion induced relaxation
rate depends on the orientation of the smectic
planes in the magnetic field. At low frequencies
(ev;&0.3), the difference in the dispersion be-
havior of T,' at & =0' and 90' is significant; the
decrease of T, with increasing ~v, is much ste-
eper at the perpendicular orientation. When coal,

increases above 0.3 this difference in behavior
rapidly disappears. The value of cov, =0.3 at the
proton Larmor frequency v~ =30 MHz in a typical
smecticA phase [with Dg DH 10 6 cm'/sec and
((x~2) )' '= d =6A] corresponds to the jump time
r, =(r,')/4D, =10 ' sec.

(ii) The dispersion curves at low frequencies
do not follow the well-known J "'(&u) = C E&o"law-
with v=&, which is valid for isotropic liquids"
and nematics. " In the smectic A. phase the expo-
nent v has values from 0.5 to 1, depending on the
index k. Thus the above analytic expression is of
no practical use in the smectic case.

(iii) Only in the low-frequency region, where
(d7~&0.3, does the value of T,' depend on the ra-
tio D„/D, The experimen. tally determined ratio
D„/D, in the smecticA phase is either close to
unity (in TBBA), or smaller than unity. ""We

have calculated R for D„/D, =1, —,', and 0. The
value of R increases with the slowing down of the
interlayer diffusion (D„/D, -Q) and reaches its
maximum value in the limiting case where only
the diffusion within layers takes place. Since at
low frequencies T,' is proportional to r; = [I/r, (q)
+1/r„(q)] ', slowing down of one motion increases
the relaxation rate. At higher frequencies, with
vw, &0.3, the influence of the anisotropy of the
jump diffusion on the relaxation disappears, and
the three curves, calculated for three different
D„/D, ratios, fuse into one. The T, dispersion
for D„/D, =0, presented in Fig. 2, is similar in
its behavior to that calculated for the planar dif-
fusion of spherical molecules. " However, these
earlier results cannot be directly compared with
ours, because the distribution of spins on the
elongated molecules which we have taken into ac-
count, has an appreciable effect.

(iv) In the frequency range between &ov, =Q.3 and

1, which is of practical importance for many NMR
studies, the anisotropic relaxation rate for the
usual orientation, in which the molecules lie along
the direction of the magnetic field, depends on the
Larmor frequency in a similar way as that calcu-
lated for the nematic phase with the same mole-
cular dimensions. This confirms the earlier sug-
gestion that at vv, &0.3 the anisotropy of the dif-
fusion becomes irrelevant. The anisotropy in the
relaxation rate is then induced by the elongated
shape of the molecules. For the description of
the dispersion of the T, ' (&ur, &0.3) it is a good
approximation to use Torrey's T,' with d„„=d and

r„,= T, , diminished by an appropriate factor (in
our case about 1.4) for both, the nematic and the
smectic A phase when N, [~H.

(v) The effectivness of the diffusion-induced re-
laxation rate depends as well on the mean-square
jump lengths (r,') and (x'„). As the latter is fixed
in the smectic A phase with the thickness of the
layer, only the variations in (r 2~) need be con-
sidered. We have therefore also calculated R for
a small jump length (y', ) /d' =Q.Q4 with D„/D, = I,
and cue', =0.01 and 0.02. The calculated value is
smaller for-40%%uq as that with (x', )/d' =1 at the
same ~. Otherwise its dispersion and angular
dependence do not show any different features.

(vi) In the high-frequency limit (&or, -~), which
is not shown in Fig. 2, the relaxation rate de-
creases proportional to ~ ', as has been already
pointed out for the nematic and isotropic case.

(vii) It should be mentioned that the values of R,
if calculated for the distribution with all spins
located in the center of the molecule, exceed those
for a realistic distribution by a factor of 3, but
exhibit roughly the same general dispersion be-
havior. "
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although many features of the T, ' dependence
on the angle between 5, and H have been pointed
out already in the discussion on the dispersion
behavior, it is worthwhile to present some curves
showing the angular dependence of T,'. The angu-
lar dependence usually characterizes a relaxation
mechanism very well. In smectic phases it can

1.2

I I I I I I I I

0 10 20 30 40 50 60 70 80 90

6 (DEGREES)

FIG. 3. Angular dependence of T&
~ for four different

values of ~v .

be determined simply by rotating the sample in
the magnetic field, which is much easier than in
the nematic phase.

The angular dependence of the relaxation rate
caused by translational diffusion in a smectic A

phase at different Larmor frequencies is shown in

Fig. 3. The ratio D„/D, has been taken as l and
the mean-square jump length equals the square of
molecular diameter. The smaller value of (r', )
would not influence the results. As the angle 4
is increased from 0' to 90' the relaxation rate
increases sharply at very low frequencies. This
feature is characteristic for the diffusion in smec-
tic structures. As the frequency is increased, the
anisotropy of T, first diminishes and then, at
~7;-0.1, a completely different dependence of
T,' on the angle & appears. The relaxation rate
decreases with increasing ~ (see Fig. 3). This
behavior does not change appreciably at higher
frequencies studied. The drop in the relaxation
rate from ~ =0' to 90' is about 25/o when uniform
or quadratic spin distribution is considered. The
more unusual distribution with spins located in the
center of the molecule results in an angular de-
pendence of T,' with the same main features but
with more pronounced anisotropy. At the fre-
quency ~v, =0.162 for example, the drop in the
relaxation rate amounts to 5' for this specific
distribution (see Fig. 4).

A test has been performed to demonstrate how

the anisotropy of T, is influenced by the variation
of D„/D, (that is, by the anisotropy of the diffu-
sion process; see Fig. 5). As already suggested
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FIG. 4. Angular dependence of T& at co v =0.162 for
(a) spins concentrated in the center of the molecule, (b)
uniform distribution of spins, and (c) spin distribution
so($;) = a+P$2& with parameters appropriate for TBBA.
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FIG. 5. Angular dependence of Bfx T~' at two frequen-
cies for three different ratios Dg/Dj.
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FIG. 6. Frequency dependence of T&
~ in the smectic

A phase of TBBA. The theoretical curve is the sume
of the ODF and SD contributions, which are indicated
separately as well.

FIG. 7. Angular dependence of T& in the smectic A
phase of TBBA. The theoretical curve is the sum of
the ODF and SD contributions, which are indicated
separately as well.

(Fig. 5), only at low frequencies the details of the
motion influence the relaxation rate. Its aniso-
tropy in the low-frequency limit is larger by al-
most a factor of 2 in the case of the diffusion with-
in the layer (D„/D, =0) as compared to that with

D„/D, =1. At higher frequencies the difference
disappears.

Until now the proton relaxation rates have been
determined experimentally in several smectic A
compounds. ' "" The most exhaustive data exist
on relaxation in the smectic A phase of the tereph-
tal-bis-butylaniline (TBBA). The dispersion of the
proton T,' has been determined in the wide fre-
quency range from 0.5 to 90 MHz. The data on the
angular dependence are available as well. It has
been suggested earlier' that there are two contri-
butions to the proton relaxation in this case, one
caused by a mechanism similar to the order di-
rector fluctuations (ODF) in the nematic phase
with T,o'» =A/v &o and the other caused by trans-
lational self-diffusion (SD). We have used the
theory developed above to get a comprehensive ex-
planation of the dispersion and of the angular de-
pendence of proton relaxation rates.

It is shown in Fig. 6 that the T,' dispersion can
be fitted to the sum of an PDF-type contribution
with A =4950 sec ' and of a self-diffusion-induced
contribution if the intermolecular distance within
the smectic layer is 6.5A (which is roughly the
diameter of the phenyl ring) and (r', ) is assumed

to be equal to d'. For the other parameters
needed in the calculation of T,' from Eq. (84), the
following well-known values have been used:
l =28.5 A, D~ =2.5x10 ' cm'/sec(Ref. 84), D„-D,
at 188'C,'~ and n =0.05 A '. The diminishing of
(r 2~) /d' leads to a good fit as well, if a smaller
value of the molecular diameter is used (d- 5.2A
for (r', )/d'=0. 04). The value d=5.2A is in ex-
cellent agreement with the value 5.18A which has
been determined for the intermolecular distance
in the smectic H phase of TBBA." However, on
going from the smectic II phase to the smectic C
and A phases, the average intermolecular dis-
tance increases slightly owing to enhanced ther-
mal motions. Thus the value of (r', ) /d', which
would fit the experimental T,' data in the smectic
A phase for the real intermolecular distance,
should not be much higher than 0.04, but in any
case smaller than 1. Similar conclusions have
been obtained earlier by Kruger et al."

It can be seen from Fig. 6 that the diffusion-in-
duced relaxation in the smectic A phase is negli-
gible at frequencies smaller than 1 MHz. At high-
er frequencies its contribution increases (rela-
tive to the ODF mechanism).

The angular dependence confirms the above sug-
gestions. At 60 MHz the diffusion contribution
amounts to about one-third of the ODF contribu-
tion. Characteristic decreasing of the SD re-
laxation rate and strong increase of the QDF re-
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laxation rate" fit together the experimental data
well (Fig. 7). The values of the parameters used
in this fit are the same as in the previous one.

IV. CONCLUSIONS

In this paper the theory of the intermolecular
longitudinal spin-lattice relaxation due to mole-
cular self-diffusion in the smecticA phase is eval-
uated. Starting from the general theory for the
diffusion-induced spin relaxation in liquid cry-
stals, developed in I, the specific properties of
the layered structure have been taken into account.
Molecular diffusion is proposed to be a superposi-
tion of two jump motions: one intralayer motion
(2D liquidlike), and one interlayer motion with
the jump length equal to the thic'kness of the layer.

Numerical results for the frequency and angular
dependences of T,' show that in the smectic phases
the anisotropy of molecular jump motion influences
the relaxation rate only in the low-frequency re-

gion, where uv'~ ~ 0.3. For higher frequencies
the effect of spin distribution and of the elongated
molecular shape almost completely determine the
behavior of the dispersion and of the angular de-
pendence. This explains the similarity between
the relaxation behavior in the nematic and smectic
A phases at higher frequencies.

The theory proposed in this paper is applicable
to the relaxation in all smectic A systems where
the contribution of self-diffusion to the relaxation
is not negligible. We have used it to reproduce
the proton relaxation in the smectic A phase of
TBBA. The limiting case of our theory, with
D~~ /D, =0, can describe, to a good approximation,
also the diffusion-induced relaxation in the lyo-
tropic lamellar phase.
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