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Three-body-potential contribution to the structure of krypton gas

Albert Teitsma and P. A. Egelstaff
Physics Department, University of Guelph, Guelph, Ontario N16 2$"1, Canada

(Received 30 August 1979}

The virial expansion .for the inverse structure factor of a gas is known to involve coefficients which are a
function of q and T, and whose q —+0 limits are the usual pressure virial coefficients. The authors have
made careful measurements of the structure factor of krypton gas using improved neutron-diffraction
techniques at 15 densities between 0.25 and 6.19&&10" atoms/m' at T = 297 K. The methods used are
described, and the experimental errors are analyzed and found to be less than 1%. These data are compared
to virial-expansion calculations based on the Barker et al. pair potential, to extract the first coefficient
depending on the triplet potential. Some difference is found between this result and that predicted by the
long-range triple-dipole (Axilrod-Teller) term.

I. INTRODUCTION AND THEORY

It has been known for many years that the co-
efficients of the virial expansion for the pressure
of the noble gases must be discussed in terms of
both pair and higher-order forces. For example,
this virial series can be written as

P/kT=lim(p+ p B(q, T)

+ p [C&(q, T)+C2(q, T)]+0(p )),
(1)

where P is the pressure, k is Boltzmann's con-
stant, T is the temperature, p is the density, and

&(e, d')=-l jf(r)e"'d'

C (e, r)=i--: I jf(r)f(s)f(]r-s))e"'drds,

r:i(e, r)= —) f f(f(r)+)](f(s)+l](f()r —s])+l]

&&( Brr3(r, s ) 1) ll) r d

where r is the displacement between a given pair
of atoms, s is the displacement between one of
these atoms and a third atom, f(r)=e "2'"' —1,
P is 1/kT, u2 and u3 are the pair and triplet po-
tentials, respectively, and q is the wave vector.

It has been found in PVT experiments that the
term C2(q =0), which is the first term dependent
on the triplet potential, is significant. However,
it is not widely appreciated that for two special
state points this term can have a very large effect.
These are the critical points for the real system
or the pair system [i.e. , a fluid of atoms inter-
acting with the potential u~(x) alone]. It is easy to
see that, because the compressibility is infinite
at a critical point, the difference between com-

pressibilities of the two systems can be infinite.
As we will discuss later, the pair system has a
higher critical temperature than the real system.
Thus at the critical density and near to but above
the critical temperature of the Pair- system there
will he very large differences between the com-
pressibilities of the two systems. In contrast at
the critical temperature of the ~eal system the
pair system will exist in two phases, since this is
below its critical temperature.

%hile a great deal of information has been ex-
tracted for many years from E(I. (1), it would be
advantageous if the r or, equivalently, the q de-
pendence of the functions 8 and C could be ob-
tained. This can be done by considering the virial
series~ for the pair distribution function g(r):

g(~) =f(~)+1+p[f(r)+1]

x s r —s ds+ s +j.

x[f(]r-s))+ l](e e"i''' ' —l)ds)+O(pr)

(2)

Its Fourier transform gives the structure factor

d(e)=l+p Jld(r) —lle'"'«,

and the direct correlation function, c(q)
=[I -8 '(q)]/p is given in terms of B and C by

c(q) = —2B(q, T) —3p[Ci(q, T) +C2(q) T)] +0( p ),
(4)

as can be seen by deriving (4) from (2) and com-
paring to the expressions for B and C given earl-
ier. This expression differs from the correspond-
ing expression for [S(q) —1]/p by the term
4pB (q, T). Also, the derivative of (1)with respect
to p is 1-pc(q-0), and thus we get the usual ex-
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I~ c""[S(q}—1] +c'", (6)

where o""and o'" are the bound-atom coherent
and the total scattering cross sections. In addi-
tion, one must correct for the inelasticity of the
scattering, absorption of neutrons by the sample
and container, multiple scattering, and electronic
scattering. To obtain data which can be used in
Egs. (4) or (5}, a high precision is required. Be-
cause the density must be small, the maximum
absolute value of S(q) —1, except at small q, will
be about 0.2, and so its determination will require
the differential cross section to be measured with
a precision of better than 1%.

An experiment of this type will be sensitive to
the form of potential about the minimum (from the
repulsive part of the potential to about one atomic
diameter beyond the minimum) at low densities;
its sensitivity to other parts of u2(r) is not high.

pression S(0)=kTpyr, where Xr is the isothermal
compressibility. Finally C2(q, T) may be obtained
from (4) by

C2(q, T) =(I/3p)[c(q)„„-c(q),~,] +0(p), (5)

where c(q)„„is a direct correlation function cal-
culated from the pair potential alone.

Pair potentials for krypton have been obtained
by a number of authors'3 using reliable data, and
so M,(r) is quite well known and has a well depth
e/k of 202 + I K. We would like to know the critical
temperature for a hypothetical fluid whose atoms
interact with u2(r) alone. An effective potential,
such as the Lennard-Jones, can be fitted to a
significant body of data, and it is found that the
well depth for this case is -3.70 K. The first four
virial coefficients of the pressure of a Lennard-
Jones fluid with e/k =170 K and of a hypothetical
pair fluid with the same well depth are roughly
the same, and so we assume their critical tem-
peratures are nearly the same. In addition, the
critical temperature for the Lennard-Jones sys-
tem with g =170 K is -230 K compared to 210 K
for real krypton. We take the average of these
(220 K) to be, approximately, the critical point of
a hypothetical pair fluid with & -170 K. The ratio
of well depths of these hypothetical pair fluids
(i.e. , 202/170) will be approximately the ratio of
T,'s, and therefore we estimate T, for the pair
system with e/0 =200 K to be -260 K. In order to
be above this estimate and for obvious conveni-
ence, we have w'orked at approximately 297 K.

The functions S(q) and c(q) can be determined
through neutron scattering expe riments. Ideally
these experiments measure a scattered intensity
I proportional to S(q), but in practice the scatter-
ing contains an incoherent component, so that at
best one has

Since C2(q) includes three-body effects, our ex-
periment will be sensitive to u3(r, s) in the same
range of ~, over which it is not well known. Thus
a careful quantitative study of S(q) for krypton gas
is worthwhile for extracting C2(q), given B(q}.

This approach may be contrasted with that of
Karnicky et al. ,

s who have measured three states
of argon at 173 K and densities between 2.0 and
4.7 on our scale. They converted their S(q) data
to an effective pair potential, using an approximate
series (Percus-Yevick) in place of Eq. (2) and the
Axilrod-Teller potential for the three-body term.
In contrast, we measure more states and assume
that the two-body potential is well known, so that
we can use Eti. (5) to discuss many-body effects
and particularly the three-body term.

Measurements of S(q} for krypton gas along the
room-temperature isotherm were made for den-
sities between 0.25&&102~ and 6.2&&102~ atoms/m3.
This range of densities was chosen to extend from
the lowest value at which we felt useful data could
be obtained to a value just above p, . (For conveni-
ence, the units and exponent of the density will
not be written out explicitly throughout the rest of
this paper; for example, the above two densities
will be referred to as 0.25 and 6.2.) Section II
describes the experimental methods and Secs. III
and IV the analysis of the results to find S(q).
Then we compare our results to theoretical pre-
dictions and extract C2(q) from the data by assum-
ing that the pair potential for krypton is well
known.

II. NEUTRON-DIFFRACTION EXPERIMENT

A. Spectrometer

The neutron diffractometer used for this experi-
ment is described by Egelstaff et al. '. it was de-
signed for gas-diffraction experiments and is in-
stalled at the NRU reactor at Chalk River Nuclear
Laboratories. The spectrometer uses double

0
monochromation to provide a 2.39-A neutron beam
with a 0.6 FTHM spread at the sample position.
A graphite filter is placed between the sample and
the monochromator to reduce the higher-order
contamination (to -0.3% for second order). The
overall electronic stability is such that data can
be collected with a statistical precision of 0.1%,
and angles are reproducible to better than 0.05 .
Two fission chambers monitored the primary beam
before and after scattering. Scattered neutrons
were detected by He counters of two types: "rec-
tangular" detectors (95% efficient at 2.4A) 3.8 cm
wide and 36 cm high, and cylindrical detectors
(75% efficient) 2.5 cm in diameter and 41 cm high.
These detectors were located at a (horizontal)
radius of 216 cm from the sample and were sur-
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rounded by two massive neutron shields. Two cy-
lindrical detectors, the detection length of which
had been masked down to 10 cm for use at small
scattering angles, were located along with six
rectangular detectors (bank I} in the first shield.
The second shield contained eight pairs of cylin
drical detectors (bank II). These shields were
mounted on a carriage which moved in 0.5' steps,
resulting in a range of scattering angles of
-10-109 . This provided a range 0.2 & q & 4.3A ~,

which covers the significant part of S(q) -1 for
noble gases.

1
TO VACUUM SYSTEM

VACUUM —TO-HIGH-
PRESSURE CONNECTOR

0-3000 psi
(8 PREC I S ION GAUGE

C RYOPUMP
V ESSEL

8
KRYPTON EAMPEE

) (l500 psi
/FUSE /FUSE

0-3000 psi
GAUGEP,

0- 000 psi
GAUGE

~K RY PTON
RESE R VO I R

~OE WAR

PEG. 1. Schematic layout of the krypton-gas-handling
system.

B. Samples

All samples were mounted at the center of a 46
cm diameter rotatable chamber filled with argon.
Two cylindrical pressure vessels (of wall thick-
nesses 3.2 and 2.4 mm} were made from aluminum
alloy 6061-T6 and were pressure tested to 300 and
150 atm, respectively, without significant changes
in diameter. The smaller vessel (vessel I, 3.49
cm i.d.}was used for the density range 2.88-6.19
and the larger vessel (vessel II, 6.99 cm i.d.) was
used for the density range 0.25-2.88. Gadolinium-
oxide-covered cylinders inside the vessels limited
the sample length to 7.62 cm.

Krypton was transferred between the storage
bottle and pressure vessels by the cryopump gas-
handling system shown schematically in Fig. 1.
The method consisted of condensing the krypton
from the storage bottle into the cryopump vessel,
which was held at liquid-nitrogen temperature;
by subsequently raising the temperature of the
cryopump vessel (with the appropriate valves
opened or closed) krypton was forced intothe pres-
sure vessel. These steps were repeated until the

desired density was reached. Pressures were
measured with a Matheson precision 0-3000 psi
test gauge; densities were calculated from the.
measured pressure using the PVT data for kryp-
ton. The temperature was 297 K and was stable
to +1 K. At the end of the experiment the gas was
analyzed by Matheson of Canada I.td. , with the
following results: oxygen, 10 ppm by weight; hy-
drogen, &10'ppm; nitrogen, 145 ppm; argon, 90
ppm; xenon, 1640 ppm.

Vanadium, which is an almost isotropic scatter-
er, was used to calibrate the scattered intensity
and to check for spurious instrumental fluctuations.
The principal calibration sample consisted of a
0.0264X15.3 X45.V-cm~ vanadium sheet (mass 110
g) rolled into a 3.5-cm-diam X 15.3-cm-high spiral,
and a secondary calibration sample was made of
seven pieces of 10.2 ~7.6 ~0.026 cm of vanadium
sheet rolled into a 6.8-cm-diam ~ 7.6-cm-high
spiral. Cadmium screening reduced the height of
the first spiral to 7.6 cm and that of the second
spiral to 7.0 cm.

A cadmium tube (15.2 cm diam and O.OV-cm
wall} surrounded all samples during the experi-
ment. A 2.5-cm-wide x 7-cm-high opening cut into
this tube defined the size and location of the pri-
mary beam for vessel I; for vessel II the opening
was widened to 5.0~5.0 cm2. A second opening al-
lowed for the detection of scattered neutrons over
the angular range 0-100'. Cadmium disks (O.OV

cm thick and 15.2 cm diam) were spaced 8 cm
apart on the vessel. above and below the sample
volume. Data were taken for angles greater than
6'with thi's beam size. For lower angles the
masked-down counters were used and the beam
for vessel I was 2.5~2.5 cm and for vessel II
2.4&5.0 cm', and data were used down to 3 and 4,
respectively.

C. Experimental measurements

The main experiment consisted of measuring the
scattered intensities for a given number of monitor
counts from the krypton plus its container. At the
time of this experiment the electronic equipment
allowed data collection from only five detectors at
a time. Thus the scattered intensity at each den-
sity was measured in a "small-angle" run using
the hvo masked-down counters plus three rectang-
ular detectors from bank I, an "intermediate-an-
gle" run covering the scattering range -6'--60
using five of the rectangular bank I detectors for
vessel I (or three for vessel II), and a "large-
angle" run covering the scattering angles from
-50 to -100' using five of the bank II detectors.
Cadmium sheets restricted the opening of the de-
tector shields, so that only the detectors in use



Cb

CO

CO

Cg

O
CO

'cfl
00
00

00
00
Cg

O
LQ

O

00
LQ

O

CO

Cg

O

CA

CQ
00

lQ

00
00
O

O
Cb

O

lA

O

EQ

O

EQ

00
Cb

Cg

CO

O

O

O

CO

00
O

00

Cb

O

O

CA

O

O

00
O

O

00

O

Cb
CO

O

CA

00
O

CFI

00

CQ
LQ
00
O

Cb

QO
Cb .00
O O

O
CO

O
CPi

O

C4
Cb

O

CD
Ch
CFI

O

Cb
O

CQ
CQ
Cb

O

CD

O

O
O

Cg

O

CO

O
00
O

O

O O

CO
O
OO

CV
CO

O

O

O

Cb

O

00

O
00
O

CO
00
00
O

O
Cb

O

Cg

O

OO
O

lQ

O

LQ

O

CO

O
CO

O O

O
lD
CO

O

00
00
CO

O

CO 00
00

~ ~

O

O

O
00
O

00
CO

O

00

00
O

CD

00
O

CO
00

O

O
00
O

00

O;O

Cb

00
O

00
O
Cb

O

Cb

O

O
00
CD

O

00
Cb

O

lQ

O

CO

LQ

O
lQ

O

Cb
Cb
LO

O

Cb
00

O

Cb
Cg

O

GO
lQ
CQ

Cb
CD

O

00
CEO

O

Cb

O

'4 O
00 00

'cfl
00

.O

00
00
00
O

Ch

O

Cg

C5

O

CQ

Cb

O

O
00
Cb

lQ

O

CO
00
lQ

O

O
lQ
CO

O

O

O

00

O

lQ
LQ

O

CQ
Cb

O

Ch

O

O

00

CD

CO

O

O
00

O

O

O

O

O
lQ

O

O
CQ
Cb

O

Cb

O

TEITSMA

00

lQ

O

O
CSO

O

CO
lQ

O
CO

OO

00

O

GQ
00
CD

O

lQ
CQ

O

O

O

O

O

CA
CO

O

CD
O

O

lQ
CO

O

CQ

e

O

O
C)

O

Ch
CQ

O

O

O O

00

O

O

O

O
00

O

O
00

CO

O

O
CO

O

Cb

O
00
O

CO
EQ

O

00

00
O

CA
00

4

O

O
O
00
O

O
00
O

00
O

LQ
LQ
00
O

Cb
CO
00
O

00
M
Cb

O

00

Cb

O

O
Cb

O

LQ

CD

O

O
Cb

kQ

Cb

O

00

Cb

O

O
CA Cb

O

CQ
00
Cb

O

O
00 00

Cb

CbCD

O

O
00
CO

O

O

00

O

Cb
00

M
O
00
O

00
O

CD
CQ
00

CO
00
O

Cb

O

O
00

O

GO
Cb

O

CD

O

O

QO

OO

O
lQ

O

00

O

lQ

00
O

O
Cg
00
O

Ch

O

00
O

00

e O
00

00 GO

O
CD
00
O

CQ
O
CA

O

00
00
O

Cb

O

CO
Ch

O

Cb
00
CA

O

Cb
00
Ch

O

P.

Cb
00

Cb
O
00

O
00
O

Cb
00
O

Ch
00
O

00

Cb

O

00

CFi

O

CO

Cb

O

CQ
Cb
Cb

O

A.

00

00

Cb
O
CD

O

00
O

Cb

O

00

C55

O
Cb

CQ

Cb

O

M
Cb

O

O
Cb

O

CD

O

Cb

O

O

CO

Cb

O

CO
CO
Cb

O

Cb

O

O

O
O O

EGE LSTAFF

CQ

O
O

LQ
QO
O

O
CO
CD

O

Cb
CO
O

O
CO

O

lQ
00
Cb

O

QO cQ
CA
O

O
Cb
Cb

O

CO
O

CQ

O
CD
CD
Cb

O

O
Cg

O
CQCO

O

M
00
O

O
CgO

O

O
O

O
O O

00
CD
O

00
Cb
O

00
OOO O

O
CRlCQ

O
Cb
OOO

00
Cb
Cb

O

00

O
CD

O O O O O

O O

00 O
lQO

O

lA

OO O

00
O
O

Cb

O
Cb

O
O

O OO O

CD
O
O

CD
O

O
O

O
O

O
O

LQ
O

CQ
O
O

O
O

O
O O O O

lQ
t t

~ ~

O

00
O

O

O
O

O

00
00
O

O
00
O

LQ
LQ

Cb

O

O

O

CO
O

O

O

O

00
O
O

CO
O
O

00

CA
O

O
Cb
O

LQ

O

EQ
CO
O

CA
LQ
O

Cb

O

00
Cg
O

O
O

LO
O

00

O

O

O
CO
O

Cg
tQ
O

O
'cfl
O

O O

O

CO

O

O

Cb
O

O O
O

O
O

Cb

O

CQ

O

CQ

O

O
O

C9
O

O

O

CO

O

O
O

Cb
O

O
O

O

O
O

CQ
O

O

lO

O

O

O

Cb

O

lQ

O

CQ

O

Cb
O
O

CQ
O
O

lQ

O

CQ
O

CQ
O
O

O

O
O

lQ
O
O

O

O
O

CO
O
O

O
O

O

00
CD

O

00
00
Cb

O

00
CD
CD

O

Cb
Cb

O

O
CA
CD

O

Ch
CD

O

'cfl
Cb
Cb

O

CA
CA

O

O
O

O
O

O
O



CO
CO

00
00

00
00

CA
Cb

CO

CD

CD

00

CO

LQ

C)

THREE-BODY-POTENTIAL

QO

Cb

LQ

CA

CO

Cb

Cb

Cb

Cb

CO

00
LQ
Cb

CO

lQ
Cb
Cb

C)

CD
CO
Cb

CO

00
Cb

CO

CbCb Cb

C0

Cb

CO

Cb

C)

LQ
CQ
CD

CO

00

Cb

C)

CD

Cb

CO

CO

Cb

CO

00
CA

CO

LQ
Cb

CO

CO
CD

CO

Cb
CD

CO

CO
Cb

CO

Cb

CD

Cb

CO

Cb

CD

Cb

l
CQ

CD Cb

lQ

Cb

CD

C&

Ch

CD

lQ
CbCb

00

Cb

CO

00
CO

C)

00
CQ
Cb

Cb

Cb

CO

CD
00
Cb

CO

CQ

CA

CO

Cg
LQ

C&

CD

Cb

C)

CD
CO
Cb

Cb
Cb

C)

CO
Cb

CD

Cb

C&

Cb

C)

CO
00
Cb

CD

00
Cb
Cb

CD

Cb
00
Cb

C)

LQ
CO
Cb

CO

CQ

Cb

CO

CQ

Cb
CO
CD

CO

Cb

CO

Cb

CD

Cb

CO

Cb

CO

CbCD

C)

00
CO
Cb

CO

00

Cb

CO

Cb

CO

Cb
00
Cb

CO

00
Cb
CD

Cb
lQ
Cb

CO

Cb

Cb

CO

Cb
CO
Cb

C)

LQ
Cb

CO

00
Cb

C)

CQ
Cb

CD

lQ
Cb

C)
Cb

CO

Cb CA

O. O
CA

CD

Ch

CO

Cb CD

CD

Cb

CO

Cb

CD

Cb

CO

Cb

CO

Cb Cb

CO

Cb

CO

Cb

C)
Cb

CO

00
LQ
CA

CD

LQ
00
Cb

CO

00
lQ
Ch

CD

Cb.

Cb

CO

lQ
CO
Cb
CO'

Cb
CO
CD

CO

CO
CD
Cb

CO

CO
cC)
Cb

CO

Cb
Cb

CO

00
Cb

CO

CO
Cb

CO

Cb

CD

Cb

CO

Cb
CO
CD

CD

Cb
Cb
Cb

CD

Cb

CO

CQ
CD
Cb

CO

CO
CO
Cb

CO

CO
CO
Cb

CO

CO
CD
CA

CO

C)
QO
Cb

CO

CO
CO
Cb

CO

CO
Cb

C)

CO
CO Cb

&D

Cb

CO

Cb

00
CD
Cb

CD

QO,
00
Cb

lQ
CO
Cb

CO

Cb

Cb

CO

Cb

Cb

C)

O N00. t
Cb

Cb

Cb

CO

CO
CQ
CD

00
Cb

CO

CQ
Cb

CO

CbCb

CO

CDt
(D

t
00 t
Cb Cb

00

Cb

CO

00

Cb

LQ

Cb

C&

Cb
Cb
Cb

CO
00
CD

CD

00
Cb

CD

Cb
Cb

CO

00
CD

CO

Cb

CO

Cb

CD

LQ

Cb

C)

Cb

Cb

CO

CD

Cb

C)

M
00
CR

C&

00
Cb

C)

00
CD

CO

00
CA

CO

CA

CO

Cb

lQ
Cb
Cb

C)

Cb CFl
00 00
Cb Cb

Cb
00
Cb

CO

Cg
Cb
Cb

CO

Cb
Cb

Cb
Cb

CO

Cb
Cb

CD

00
Cb
Cb

CD

lQ
CD
CFl

CO

lQ
Cb
Cb

CO

Cb
Cb
Cb

CD

CD
Cb
CA

CO

CO
Cb
Cb

CD
Cb
CD

CO

CQ
Cb
Cb

CD

Cb

C&

Cb
Cb

LQ
Cb
Cb

lQ
Cb
Cb

CO

lQ
Cb
Cb

CD

00
CD
Cb

CD

00
Cb
Cb

CO

lQ
Cb
Cb

CO

CO
Cb

CO

CO
Cb
Cb

CO

CbCb
Cb

C)

Cb
CD

CO

Cb
Cb

CO

Cb
Cb

CO

CD

CONTRIBUTION

00

CO

Cb
C9
CO

LQ

CO

lQ
C&
CO

lQ
CO
CO

lQ
Cg
CO

LQ
CO
C&

LQ
CO
CO

Cg
CO

Cg
CO

00
C)

00

CO

lQ
lD
CD

Cb

CO

00

CO

00
CO
CO

Cg
C&

QO

CO

LQ 00

CO

00

CD

lQ
CO
CO

CD

LQ

&D

Cb
CO
CO

t
Cb
Cb

CO

00
CA
Cb

CO

Cb

Cb

CO

TO

00

CO

Cb
CQ
CD

Cb

Cb

C)

lQ

CO

Cb

00

CO

Cb

THE. . .

Cb

CO

lQ

CO

CD
CD
CO

lQ

C&

00
«D
CO

tQ

CD

00
CO
CO

LQ
CO

LQ

CO

00
CO
CO

CD
CO

Cb
CD
Cb

CO

Cb
CD
CD

CO

Cb
Cb

CO

Cb

CD

Cb
CA
Cb

CO

CO
Cb
CD

CO

Cb
Cb

CO

CO
Cb
Cb

C&

QO
CD
Cb

CD

CO
Cb
Cb

CO

Cb
Cb

CO

Cb
Cb
CD

lQ
Cb
Cb

CO

CD
00
Cb

CO

Cb
Cb

CO

Cb
00
Cb

CD

Cb
Cb

CO
CD
Cb

CO

Cb
Cb

CO

CO
Cb
Cb

Cb
Cb

CO

00
CD

00
CD

C)

lQ
00
Cb

CO

CD
00
Cb

CO

CD

CO

CO
00
CD

CO

lQ
Cb
Cb

CD

CA
Cb

CO

QO
Cb
Cb

CD

CD
Cb

CO



ALBERT TEITSMA AND P. A. EGELSTAFF 21

would view the sample. A run consisted of moving
the detectors in angular steps of 0.5' from the
minimum angle to the maximum angle and back.
Typically 3&10 counts were recorded at each
angle by each detector, for a total of 1.5~10
counts per angle. After completion of these mea-
surements the pressure was changed to a new
value and the procedure repeated. The list of 17
densities covered is given in Table I. In a typical
case the krypton nuclei absorbed about one-third
of the incident beam.

In addition, runs were taken with the vessels
empty, with the vanadium samples, with no sample
present, and with cadmium cylinders as samples.
Finally, runs were taken periodically with cad-
mium covering the primary beam.

The beam profile was determined by measuring
the variation in the scattered intensity (at a con-
stant angle) from a vertical thin nylon wire as it
was moved to different positions relative to the
center. The location of the beam center relative
to the sample was determined to 0.5 mm (a re-
quirement for absorbing samples when the incident
beam is smaller than the sample diameter). For
vessel I there was a displacement of the beam re-
lative to the sample center by 3.9 mm, while for
all other eases the centers coincided. These data
are required to calculate the absorption factors
(see Sec. III).

III. DATA REDUCTION

The inelastic scattering correction is known as
the Placzek correction P(8). For both krypton
and vanadium it was calculated using the constant
detector efficiency formula (since the efficiency
for the incident wavelength is 94% for bank I and
76% for bank II):

P(8) = (mJM)[kT/2ED —2(1 —cos8)] + O(m„/M)

(7)

where 8 is the scattering angle, m„and M are the
neutron and atomic masses respectively, and Ep is
the energy of the primary neutrons. This correc-
tion ranges from 0.011 at 8 =0' to -0.017 at 8
= 100' for krypton and is 65% larger for vanadium.
The inclusion of the counter efficiency (using the
manufacturer's specifications) was investigated
and leads to a change varying from zero at 0' to a
maximum at 90'of -0.5% of S(Q). However, this
is an upper limit, since the wall effect of the de-
tectors will reduce their variation of efficiency
with energy.

Adding this term to the right-hand side of E(I. (6)
leads to the formula for the differential (single)
scattering cross section per atom do/dQ, i.e. ,

—=—(c"'[S(8)—1] + o '"[1+P(8)]j,dO 4m
(6)

where q and 8 are related by q = (4v sin-,'8)/X and Z

is the neutron wavelength.
The intensity I,',(8} per unit of flux scattered by

a sample (s) and container (c) having N, and N,
atoms respectively in the beam is

+ [NsAs. sc(8)&s+Nc&..sca'c] &s.
1

(9)

where K(8} is the ratio of neutrons scattered per
steradian to neutrons detected at angle 8, I3„is
the experimental background, and A, „(8)and
A, „(8}are the absorption factors. 6„is the ratio
of multiple to single scattering and o, and o, are
the total scattering cross sections per atom of the
sample and container.

The absorption factors A, „,A, „,and A, ,
were evaluated by numerical integration as de-
scribed by Kendig and Pings, "where, e.g. , A, „
is the absorption factor for scattering from the
sample with absorption in the sample plus vessel.
In order to ealeulate the angular variation in the
absorption factors to the requj. red precision, . the
actual beam profile with width less than the sam-
ple diameter and centers offset was used in the
integ rations.

We calculated the ratio of second to first scat-
tering 6~ using numerical integration' for con-
centric cylinders with the beam plus sample geom-
etry. Then 5 was used to calculate the total mul-
tiple scattering from"'"

6 (g) -ss(s)

5(8) 25(8) ) ' (10)

where 6~(8) is the ratio of second to first scattering
using the incident beam profile and sample geom-
etry and 5(8) is the ratio of first to second scat-
tering, assuming the sample and vessel are com-
pletely immersed in a uniform incident beam
(which applies to the higher-order scatterings).
Fortunately, 4„is almost independent of angle and
ranges, for example, from 0.036 for p=0s25 to
0.100 for p= 6.19; d,(8) was 0.026 for vessel II
and 0.045 for vessel I. The difference between
the centers of the beam and vessel I necessitated
an additional small angular-dependent correction.

The coherent and total scattering cross sections
vary with angle for krypton due to the neutron-
electron interaction' and should be written as
a,Z(8}, where

E(8)=1+Smb, b„zf(8)/v, ,
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FIG. 2. Raw data obtained from krypton at a density
of 2.88. The upper three curves were obtained from the
sample plus vessel II and the lower curve from empty
vessel II.

where 0, is the nuclear cross section, 5, is the
electronic scattering length, b„ is the nuclear
scattering length, z is the number of electrons,
and f(8} is the x-ray form factor. The quantity
E(8) increases the krypton cross sections by 0.4/o
at 8=100 relative to their values at the origin.

Another correction needed to account for scat-
tering from air in the neutron shielding was han-
dled implicitly through the cross sections. A sim-
ple calculation, assuming isotropic scattering
from air, showed that -1.5/o of the neutrons de-
tected by each detector had been deflected from
their original scattering angle by the air between
the sample and the detectors. Since the effect of
this is equivalent to increasing the incoherent
background, it may be corrected for by increasing
the ratio y =o""/o'" by 1.5%.

The dead time of the monitor had been measured
and the readings were corrected (&1.5%%uo} for
changes in monitor counting rate due to the reactor
power changing. An example of the raw data ob-

tained is in Fig. 2, which shows the measured in-
tensity from the vessel plus krypton at a density
of 2.88 and the intensity from the vessel alone for
a single detector from each of the three kinds of
run. The final results given later in this section
have been obtained from five times the number of
counts shown (since five detectors are summed in
Sec. IV) for the intermediate- and large-angle
measurements and twice the number of counts
shown for the small-angle results. An effective
number N of atoms in the beam was calculated by
folding the beam profile with the distribution of
material in the sample or container, each of which
was assumed to be of uniform density, so that this
integration involved the distribution of scattering
volume alone. This step is not critical, however,
since the final expression [(Eq. (16}]involves
ratios of these quantities.

The background B„was determined from the
equation

'I

B-=[B,(8) -Boa(8}1&..+ Boa(8),

where B,(8) and B«(8) are the intensities mea-
sured respectively without a sample in the incident
beam and with a cadmium cylinder replacing the
vessel; T„is the measured transmission of the
incident beam through the sample and vessel. Al-
though this expression is correct at small angles
only, we have used it at larger angles, since
B,(8) —B«(8) was very small. Typically, B„was
about 2% of I,', .

If we denote the intensity after subtraction of
the background by I(8), then Eq. (9) can be eval-
uated for the vanadium, the vessels, and the ves-
sels plus sample to give (subscripts v, c, and s
stand for vanadium, . container, and sample, re-
spectively)

I„(8)= p,V„A„,„(8)o',"[1+p,(8) + ~,(8)]/K(8),

(13)

I,(8)= p,V,A, ,(8)o',"$S,(8) —1]y,+[1+P,(8) + 6,(8)]]/K(8},

I„(8)=p,V,A, (8)o,'"(S,(8) —1]y,+[1+P,(8)+&„(8}]][E(8)/K(8)]

+ p,V,A „,(8)o',' $S,(8) —1]y, +[1+P,(8) + 6„(8)])/K(8),

(14)

(15)

where p is the density and t/' is the irradiated vol-
ume, and we have ignored the electronic contri-
bution E(8) for the vanadium and the container.
[Note that in Eq. (15) the multiple scattering con-
tribution, proportional to b,„in Eq. (9), has been
split into two parts. ]

The factor 1/K(8) was evaluated for each de-
tector from the vanadium data by Eq. (13), and

=a S, g -1- +1
80

(16)

I

though different for each detector, it was found to
be independent of angle for all detectors.

We then find readily from Eqs. (13)-(15)that

(8) I (8) 8 ~ 8Q 8)
~

pvV v, tpt Fv(8
A, i p V,A„„o,'E(8)F„(8)I„(8)
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where E,(8)=1+P,(8)+ b,(8) and

E„(8)= 1 +P,(8) + b,„(8)
6I

totpc'c" c $G(') c [. (g) A (8)]
p,v, A, „(8}cr'," (17)

and we note that experimental quantities such as
volume always occur in ratios. A factor a has
been included in (16) to cover the possibility of
systematic errors in the factor on the first line
of the equation.

0. 95

IV. REDUCTION TO S(q) AND ERROR ANALYSIS

We can now find S,(8) for every value of 8 (which
are slightly different for different detectors and
typically are spaced in q by 0.02A i). For conveni-
ence the quantity y[S,(8) —I]/E„(8)+ 1 was used in
the following calculations. A four-point Lagrangian
interpolation for constant steps in q of 0.01A ' was
used for the data from each detector, and then re-
sults from all similar detectors within a given run
were averaged together. Smooth curves were
drawn by "eye" through these results and values
read off at 0.05-A ' steps in q to give data with a
statistical fluctuation of 0.1 to 0.2/o, depending on
density. At this stage the results for each density
consisted of averaged curves from the large and
intermediate-angle runs, and two curves from the
small-angle run, one each for the two types of
detector. A comparison of these curves showed
systematic differences of &0.3/o, which were re-
moved by matching to the large-angle results. An
exception to this were the results from the small-
angle run (3-6') with the masked-down detectors
using vessel I, where differences up to 5/o were
observed; this was assumed to be a systematic
error. Since the angular variation appeared to be
the same, these small-angle results were nor-
malized to the overlapping intermediate-angle re-
sults. (The significance of taking data with differ-
ent sets of detectors and comparing them is that
it can reveal some sources of error. )

The structure factor S(q) can now be evaluated.
However, the accumulation of errors in the cross
sections, numbers of atoms in the beam, etc. ,
j.ead to a systematic error which may be several
percent. Provided the angular dependence of all
the corrections has been found properly, this ac-
cumulated error is mainly contained in the multi-
plicative constant a introduced in Eq. (16). This
constant was found by comparing the data to the
results of virial-series calculations based on the
krypton pair potential' for values of q between
2.3 and 3.7A . In this range, S(q) is not very
sensitive to the details of the potentials and S(q) —1
is small, having a maximum value of only 0.045 at
q =3.45A for p=6.2, so that calibrations to bet-

2.0
I

2.5
I

5.0

g(A )

I

5.5
I

4.0

FIG. 3. Results of calibration for densities 0.80,
2.88, and 5.65 in the momentum-transfer range 2 A
4 L . Open circles show experimental data and crosses
a calculation using the virial series. '~

ter than I%%uo can be made. The main criterion em-
ployed was that the ratio of the minimum value to
the maximum value over this range should be the
same for the measured and calculated values, to
0.1/o in S(q}.

Examples of the results of the calibration are
in Fig. 3, which shows the calibrated measured
structure factors for the densities'~ 2.88 and 5.65
along with the corresponding calculated structure
factors in the range @=2.0-4.0A '. The value of
the multiplicative constant varied systematically
with density for the results obtained with vessel I,
ranging from 1.008 at p=2.88 to 0.999 at p=6.19,
with a scatter of -0,.-15/o. The value for vessel II
varied smoothly (-0.2/o) from 0.990 for p=0.5 to
0.983 at p =2.5, with an exceptional value of 0.987
for p=2.883. The differences between the values
for the two vessels are probably due to errors in
the number of atoms in the beam. The observed
variation with density is consistent with the uncer-
tainty in the absorption cross section for krypton.

Since F„(8)[(Eq. (17)] varies by only a small
amount (e.g. , for p =2.683 it varied from 1.10 at
0 to 1.07 at 100'), the remaining error lies in the
cross section ratio y. A survey of measured cross
sections for krypton was made and the following
"best values" were chosen (v, and o"" in barns):

0, = 7.54, 0""=0.20, y = 0.976 +0.022 .
The error in y could change the amplitude of
S(q) —1 and lead to a discrepancy in the level of
g(r) for r & o, when the data are Fourier trans-
formed. This will be considered later.

The structure factors obtained in this way are
listed in Table I, and examples are shown in Fig.
4. Estimating the precision of the measured S(q}
is difficult, since most of the error is systematic.
In order to obtain some estimate, we Fourier-
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and lines show experimental results; crosses (calculated
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predicted by the three-term virial expansion'~ using pair
forces only.

transformed the measured S(q); to extend the data
from q =4A ' to higher values, we have used the
virial series. " Only the leading term is signifi-
cant in this range and it may be calculated from
the pair potential alone. Thus we obtain the pair

17distribution function g(r), and examples are
shown in Fig. 5. We inspect the region x& 0

(where o is an atomic diameter) where g(r) should
be approximately zero. Any structure in this range
must be due to errors in the structure factor from
which it was obtained. This small x structure
was deleted and the result was transformed back
to S(q), and the differences between these results
and those of Table I were as follows.

For p=0.253 Table I is higher by up to 0.9/0 in
the range q=-0.55-1.2A, for p=0.520 by up to
1.3' for q =0.25-1.4A ', and for both densities
by 0.4/0 over the rest of the q range. The results
for p=0.258 were in agreement to -0.3/0 for all

values, with discrepancies up to 0.5 /0 for a few
0

points near q=0.65 and 2.9A . For p=0.799 the
agreement was -0.5% or better, with the exception
of @=0.3-0.5, where there were discrepancies of
up to 0.8%. For densities 1.52-2.88 the differ-
ences were -+0.5'p0 for q» 1.0A '; the values in
Table I were higher by up to -1/0 in'the range
0.5 ~ q & 1.0 A ' and up to -2/0 at the smallest q
values. For p =2.88-5.15 there was agreement
to - +0.5/q or better for q & 0.4A . Similar results
were found for q & 0.4A '; however, the statistical
error in this range is of the order of 1%. For
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FIG. 5. Pair distribu-
tion functions for krypton
for s'ix highest densities
shown in Fig. 4. Open cir-
cles and lines show pair
distribution functions ob-
tained by Fourier- trans-
forming the experimental
results. Crosses show
results predicted by virial
expansion using pair forces
only. Note that a 0.5@ er-
ror in S(q) becomes mag-
nified at low densities in
this representation.
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two cases, p=3.j.6 and 3.82, a few values at the
first peak (q =1.V5A ~) were too high by 0.65% and
O.V5%, respectively. For the two highest densi-
ties Table I appeared to be lower in the range
q ~ 1.2A ' by ~1.39o for p =5.65 and &0.9'%%uo for
p=6.19, and for q& 1.2A ~ the differences were
-+0.5%%uc. Consequently, this test confirms that
the measured S(q) functions are reliable to better
than 1% for most of the data listed. In addition,
Fig. 5 (especially~~ p =2.884} showed that for r & o

the level of g(r) is correct, thus confirming the
choice of y.

At the lowest density the virial expansion using
the pair potential should give an accurate estimate
for S(q), and this calculation agreed with our data
within the stated experimental error (Fig. 4).
Comparison of the two densities, p=2.883 and
2.884, for which both vessels were used showed a
maximum difference of 0.3% for q ~ 2.1A ' and an
average difference of 0.1'%%uo in this range. For
0.8» q» 2.05A ~ there were some differences
slightly greater than 0.5%. These two compari-
sons confirm that our precision is better than l%%uo.

Further analysis of these discrepancies could
be used to increase the precision, but we have
chosen not to do so, since the experimental pre-
cision is good enough for our present purpose.

V. DISCUSSION

In Figs. 4 and 5, in addition to the measured
structure factors and pair distribution functions,
we have shown for comparison the results from
the virial calculations for a number of densities.
At the lowest densities there are no significant
differences between the virial expansion and the
measurements; at the higher densities, however,
there are small differences larger than the errors.
We attribute these differences mostly to many-
body forces, the dominant of these being the three-
body force.

In addition, we have compared the calculated and
measured structure factors by plotting the data at
each q as a function of density. There was gen-
erally good agreement at low densities, but some
small discrepancies were observed for 0.9» q
~ 1.1A ', 1.8& q~ 2.0A ', and 2.6-q~ 2.9A . (We
ignore these small discrepancies in our discussion
of the three-body term. ) Since at low densities
atoms interact only in pairs, this indicates that
our results are in fairly good agreement with the
pair potential of Barker et al .2 As the density in-
creases, the experimental and calculated values
diverge, and the difference is sufficient to mea-
sure the three-body contribution.

It is known that the long-. range triple-dipole
force suppresses the peak of g(r); this is also

g (f,)
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4 p(ATOMS lO /m')

FIG. 6. Principal peak height for krypton gas at 297 K.
Solid line is a virial calculation and open circles are
Monte Carlo results (Ref. 18) based on the pair potential.
Solid circles are experimental results. Dashed lines
serve as a guide to the eye.

true of the measured many-body force, as is ap-
parent in Fig. 5, where we have compared the re-
sults of the virial calculations (using pair forces
only) for g(r) to the pair distribution functions ob-
tained by transforming our data. Also this figure
confirms our comments in the Introduction con-
cerning the range over which the measurements
are sensitive to the interatomic potentials. At
the lower densities (&3.5) our measurements are
clearly sensitive to the form of the potential to at
least one atomic diameter beyond the first peak in
g(r}; at the higher densities the appearance of a
prominent second peak in the pair distribution
function indicated that geometric packing effects
limit the range. The initial rise of g(r) from
x=0.8 to 0.9 is governed by the repulsive part of
the pair potential. Comparison of the experimen-
tal and calculated points shows experimental re-
sults consistently below the calculated points by
an amount which is approximately constant. This
indicates a minor discrepancy between our exper-
iment and the pair potential of Barker et al. ; the
zero of this potential would have to be shifted from
r =3.5V3 to 3.594A to agree with our results (Kar-
nicky et a/. ' measured 3.389 for argon compared
to a prediction of 3.361). The height of the prin-
cipal peak of g(r) as a function of density is shown
in Fig. 6, where experimental results are com-
pared to the Monte Carlo calculations' and to
virial computations. For. the 297 K isotherm the
peak height decreases with increasing density un-
til p-—6.0. The suppression of the peak height due
to the three-body potential is clearly demonstrated
in this graph, particularly in the range p-2-4. 5.

In order to extract the term C2(q, T) in Eq. (4)
from the data, we calculated the direct correlation
function c(q} from the structure factors given in
Table I. In Fig. 7 we have plotted the experimental
c(q) as a function of density for values of q from
zero (from PVT data) to 2.5A ' in steps of 0.1A '

for the data points for which the "error" in the
structure factor revealed by our tests was -+0.5%
or less. The solid lines on this graph were com-
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puted from the known pair potential where the in-
tercept is -2B(q, T) and the slope is -3C,(q, T).
As can be seen from this graph, there seems to be
no serious disagreement between the calculated
values of 2B(q, T-) and the intercepts of the data
extrapolated to p = 0 [although in many cases this
is not a satisfactory test for the correctness of
B(q, T)]. It is also clear that the data lie along
straight lines within our errors. The dashed lines
were drawn through these points and the calculated
values of -2B2(q, T). Thus the slopes of the dashed
lines are best estimates of -3[C&( , q)T+C ( 2, q)]T.

The result at q=0 is well known from PVT data.
The remaining results, however, are new and re-
present the first direct experimental measurement
of the functional dependence of the three-body-po-
tential contribution. The difference between the
solid and dashed lines in proportional to C2(q, T).

As q increases, this contribution initially in-
creases, then falls to its original value at about
q =0.5A ' and continues to decrease, so that it is
negative from approximately q = 0.8 to 1.5A '.
Beyond q =2.1A ' its contribution is comparable
to our errors, and beyond 3.5A ~ both C&(q, T) and

C,(q, T) make a negligible contribution. Hence for
q & 3.5A ', S(q) —I is given by B(q, T) alone, as
assumed in our calibration procedure.

This functional dependence is shown quantitative-
ly in Fig. 8, where we have plotted -3C2(q, T),
the difference of the measured and calculated
slopes of Fig. 7, as a function of q. Also shown
on this graph is -3C2(q, T), calculated from the
triple-dipole potential, '~ which gives the correct
third virial coefficient in the pressure expansion.
It is clear that this term does not agree with the
measured C2(q, T). The amplitude of the latter is
approximately twice that of the calculated term,
which may indicate that it is approximately twice
the repulsive strength. The initial rise in the
measured C2(q, T) indicates a weakly attractive
part in the three-body potential for 2 ~ x ~ 4A.
This is consistent with an increased repulsion at
smaller r, since the two effects combine to give
the correct third virial coefficient. The Axilrod-
Teller form would take over at larger ~. How-
ever, we must inject a note of caution, since, for
example, the attraction for x ~2.0 might be re-
moved by modifying the pair potential, because
the interpretation of our results depends on the
accuracy of B(q, T). Thus experiments of even
higher precision at low p would be desirable, since
they would enable B(q, T) to be measured and
C(q, T) to be extracted more reliably. This might
also entail measurements at other temperatures.
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