
PHYSICAL B. EVIE% A VOLUME 21, NUMBER 6 JUNE 1980

Fluctuations and nonlinear irreversible processes. II
Hermann Grabert

Institut fur Theoretische Physik, Universitat Stuttgart, Pfaffenmaldring 57, D-7000 Stuttgart, Germany

Robert Graham
Fachbereich Physik, University of Essen, Essen, Germany

Melville S. Green~
Department of Physics, Temple University, Philadelphia, Pennsylvania 19122

(Received 20 July 1979)

This paper forms the second part of a study which reexamines the relationship between fluctuations and
nonlinear irreversible processes. The scope of the previous paper is generalized to include macroscopic
variables which transform odd under time reversal. The fluxes of some of the variables may be purely
reversible so that the diffusion matrix may be singular. The deterministic equations for nonlinear irreversible
processes can again be derived from a minimum principle. The fluctuations of the macroscopic variables are
treated on the basis of a Fokker-Planck equation which has the form derived from statistical mechanics by
one of us. The conditional probability of the fluctuations is constructed as a path integral. The connection
between the deterministic and the stochastic descriptions of the macroscopic dynamics is formulated in a
covariant way, independent of the frame of coordinates. For that purpose, a metric tensor in the space of
state variables is introduced. The form of the metric tensor is particularly simple in frames where the
macroscopic variables are sums of molecular variables.

I. INTRODUCTION

Irreversible processes in macroscopic systems
are described on the fundamental molecular level
by statistical mechanics, and on a more phenom-
enological macroscopic level as a dynamical pro-
cess of a complete set of macroscopic variables.
In the macroscopic description the dynamical
process is either considered as deterministic or
stochastic, depending on the problem and on the
degree of approximation adopted. In any case,
the deterministic and stochastic descriptions are
intimately connected because they emerge from
the same underlying statistical mechanics.

It seems to be clear that the deterministic de-
scription comes out of the stochastic description
in a deterministic limit in which fluctuations be-
come negligible. It is less clear what exactly is
involved in that limit and, furthermore, whether
the stochastic description can be reconstructed in
a unique way if only the deterministic description
is known. In a preceeding paper' (henceforth re-
ferred to as I) two of us have investigated this
question for systems where the stochastic macro-
scopic dynamics is furnished by the Fokker-
Planck equation derived in an earlier paper by
one of us (M.S.G.). The analysis in I was re-
stricted because the macroscopic variables
treated were limited to those transforming even
under time reversal. In the present paper we
want to return to the same question, but allowing
for all the complications due to the existence of

macroscopic variables with different time-
reversal properties.

Before beginning a systematic exposition it may
be worthwhile to elaborate on some aspects of the
problem we wish to address. Qne might ask why
we are dissatisfied with the widespread pro-
cedure3 for constructing macroscopic stochastic
models from macroscopic deterministic equations
by requiring detailed balance and the canonical
form of the equilibrium distribution. The reason
for our dissatisfaction with this procedure is the
fact that both the deterministic description and the
stochastic description are covariant, i.e., in-
dependent of the frame of coordinates in state
space used, whereas the above procedure of re-
lating these two descriptions is not covariant. 4 In
other words, physically different stochastic
models are obtained from the same deterministic
equations if the above procedure is applied in
different frames of coordinates in state space.

A similar difficulty arises in formulating the
deterministic limit of the stochastic description.
If simply the diffusion term of the Fokker-Planck
equation is neglected, the resulting "drift ap-
proximation" lacks covariance and leads to dif-
ferent results in diff erent frames. We try to re-
solve these difficulties by bearing in mind that
the physical quantities must transform correctly
under arbitrary nonlinear transformations of the
state variables.

In Qnsager's work' the connection between the
deterministic theory of irreversible processes

1980 The American Physical Society



FLUCTUATIONS AND NONLINEAR IRREVERSIBLE. . . . II

and the stochastic theory of spontaneous fluctua-
tions was made by postulating that the decay of a
system from a given nonequilibrium state pro-
duced by a spontaneous fluctuation obeys, on the
average, the deterministic laws. This work was
limited to the linear regime. In I, two of us ex-
tended this connection between the deterministic
and the stochastic level of description to nonlinear
systems with even state variables. The determi-
nistic limit was shown to be controlled by a pa-
rameter 0, which was identified as Boltzmann's
constant. The covariant formulation of the de-
terministic limit 0 —0 involved a metric in state
space. In I, we made the simplest choice and
used the transport coefficients to define a metric. ~

Here, we question this choice and propose a
different choice of the metric which is more satis-
factory from a physical point of view.

The outline of the paper is as follows: In Sec.
II we discuss the deterministic equations of motion
for the irreversible process. The underlying
molecular nature of the system is manifest in the
form of the deterministic equations as a linear
relationship between. fluxes and forces. One of
the difficulties due to the existence of macroscopic
variables with different time-reversal symmetries
is the possibility that some of the fluxes may be
purely reversible. By way of example, we men-
tion the mass flux in a fluid and the time rate of
change of the position of a Brownian particle.
Because of the intimate connection between ir-
reversible fluxes and fluctuations, the lack of an
irreversible flux points to a constraint on the
fluctuations. This is apparent in the formulation
of the deterministic equations according to a
variational principle in which the purely reversi-
ble equations are treated as constraints.

In Sec. IQ we turn to stochastic motion. We
first summarize the main results of a previous
investigation2 by one of us. The Fokker-Planck
equation derived there is the basis for our further
discussion. The stochastic description by the
Fokker-Planck equation is related to the deter-
ministic description by the transport equations.
A covariant form of the Fokker-Planck equation
is obtained. We show that the main quantity which
is necessary to specify a precise and covariant
relation between the deterministic and the sto-
chastic description is the metric in state space.
The appropriate choice of this metric is discussed
in Sec. Dt7.

It is clear that the entropy must be defined
differently in the deterministic and the stochastic
descriptions, since the stochastic description con-
tains more information about the state of the sys-
tem than the deterministic one. In Sec. V we re-
examine the properties of the entropies and the

II. DETERMINISTIC MOTION

A. Transport equations

We consider a system described by a set a
= (a', . . . , a~, . . . , a~) of macroscopic variables.
Choosing the variables so that they are even or
odd in time, the time-reversal transformation in
state space reads

r for even variables
I gI~I g

I

for odd variables .
(2.1)

The entropy S(a) is an even variable

S(a) =.S(a) . (2.2)

As in I, we write the deterministic equations in
Onsager's form

ar ye I zz~ J' ' (2.3)

We understand that a summation is to be carried
out for repeated indices in all formulas except
those with e The

(2.4)

are the thermodynamic forces and the L'~ are the
transport coefficients which may be functions of
the state. The transport coefficients obey the
rec iprocal relations

I si(a) =Ere~f &r(a) (2.5)

The matrix I. is not symmetric in general. We
may split it into a symmetric part

Dr r '
(L sr+ f.zr)

and an antisymmetric part

gl J &(I lz I Jl)

The deterministic drift fI splits into

fr r~+d~,

where

is the reversible part with the symmetry

r (a) = er' (a), -
and where

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

form of the second law in both descriptions and
discuss their relation. In Sec. VI we use our pre-
vious results to represent the conditional prob-
ability as a path integral. We obtain the general
form of this representation of a stochastic process
for a system with a diffusion matrix which may be
singular. In Sec. VII we present our conclusions.
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DIJX (2.11) C. Variational principle

is the irreversible part with the symmetry

dl(a) =gldl(a) . (2.12)

Only the irreversible part contributes to the time
rate of change of the entropy

The differences between the (a }and the (a'}
variables appear already in the variational princi-
ple for the deterministic equations where the
purely reversible equations are treated as con-
straints. Introduc ing the Lagrangian

$'=XJa =X dr DIJX X J ~ (2.13) O(a, a) =,' D, I(a-' f') (a-I fI—)

as well as the action functional

(2.17)

B. Reversible fluxes

a =f =t' (2.14)

We use the following convention: greek indices
n, P, . . . run from 1 to n; labeling the variables
with purely reversible fluxes, small roman in-
dices i,j, . . . run from n+1 to N, and large roman
indices I, J, . . . run through the complete set from
1 to

¹ The first n equations of the set (2.3) of
transport equations take the form (2.14) if the
symmetric parts of some of the transport coeffi-
cients vanish

The irreversible motion of the set a of macro-
scopic variables is due to the interaction of these
variables with the large set of microscopic degrees
of freedom. Often, some of the macroscopic vari-
ables do not couple directly to the microscopic
degrees of freedom, and their fluxes are purely
reversible. In such a case we may choose the set
of macroscopic variables so that the first n vari-
ables (a', . . . , a, . . . , a"}are those with purely
reversible fluxes

2
A(a(t), t, & t & t2) = dt O(a(t), a(t)),

we may ask for the path that minimizes the action
among all paths that start out from a(t, ) =a and
that satisfy the constraints (2.14). To deal with
the constraints we use the method of Lagrange
multipliers and vary the functional

(2.18)

d BO Bf8
dt" aa "'aa
d BO BO Bf'
dt Ba' Ba& Ba'

(2.19)

Then the final state is varied, which leads to the
additional requirements

80
q =0 .i

——0.
Ba

(2.20)

t2
dt Oat, at) —g t a t — t

t(

As in I, the determination of the minimum path
naturally divides into two steps. First we deter-
mine the minimum path connecting fixed initial
and final states, which leads to the Euler-Lagrange
equations

Da8 Dag Di e 0 (2.15) %'e introduce the quantities

The remaining coefficients D'~ form a matrix in
the subspace of the macroscopic variables with
partly irreversible fluxes. The second law re-
quires that D'~ be positive definite. The inverse
D,&

of the matrix D'~ is defined by

D Dye DagD i i ' (2.16)

Despite the fact that the reversible deterministic
equations are just a special case of the general
transport equation (2.3), we must distinguish the
variables (a }from the variables fa'}. The macro-
scopic variables undergo fluctuations which are
neglected in the deterministic theory. It is well
known that these fluctuations are intimately con-
nected with the irreversible motion of the vari-
ables a. Since the fluxes fa™}are purely re-
versible, the variables ia'} will fluctuate only
because of their couplings to the variables fa'}
while the variables (a'} are driven directly by
microscopic processes.

80
I).= ., =D)I(a f), -

Ba
(2.21)

al f I y DIJ'~—
JK J71-- 2 II 1I )K f II )I

These equations are of the form

aII . Baar= I gal

where the Hamiltonian is given by

H(a, 0) = 2D I)II)I+f
The additional requirements (2.20) may be
written

(2.22)

(2.23)

(2.24)

which, together with the Lagrange multipliers
(I) }, form a complete set of conjugate variables

The Euler-Lagrange equations (2.19) and the
constraints (2.14) can then be transformed to the
canonical equations



21 FLUCTUATIONS AND NONLINEAR IRREVERSIBLE. . . . II 2139

7)r(t2) =0. (2.25)

This condition picks from all paths that satisfy
(2.22) the one with ar =fr, r)r =0, which is the
deterministic path.

III. STOCHASTIC MOTION

at ' Bar ()ar Bar

(3.1)

The quantities w, vr, and g
rr are functions of the

macroscopic variables, and they are determined
as certain statistical-mechanical averages of
molecular quantities; w(a) is obtained by averaging
the microscopic equilibrium distribution over a
hypersurface M(a) in phase space where the
macroscopic variables have the fixed values a.
It has the symmetry

w(a) =w(a), (3.2)

and is the stationary solution of the Fokker-
Planck equation (3.1). vr(a) is the average flux of
the variable ar on the hypersurface M(a). It can
be written

v I gg
-& ~~IJa

aaJ (3 3)

where e ~ is essentially given by the poisson
bracket' of the variables aI and a J averaged over
M(a). The matrix nrr has the symmetries

nrr(a) = —nr r(a),

nrr(a) =ere n r(a)

Consequently, vI has the properties

a
BaI

VINO = 0,

vr(a) = & rvr(a) .

(3.4)

(3.5)

(3.6)

(3.7)

Finally, err'(a) is interpreted in statistical me-
chanics as a time integral over the average time
correlation. of the subtracted fluxes of the vari-
ables ar and ar on the hypersurface M(a) where
the subtracted fluxes are the microscopic fluxes
subtracted by their averages v' and &J, respec-

A. Statistical-mechanical Fokker-Planck equation

The stochastic theory deals with the fluctuations
of the macroscopic variables, and is characterized
by the conditional probability P, (a'/a)da' that the
system will reach a state a' in the volume element
da' within the time interval t if it starts out from
the state a. In an earlier paper by one of us2 it
has been argued that P, (a'/a) is the Green's
function solution of a Fokker-planck equation of
the form

tively. The matrix err is not necessarily sym-
metric, but it has the symmetry

( r (a) = g ~p ( r(a) (3.8)

Since the (a™}variables do not couple directly to
the microscopic degrees of freedom, their fluxes
are constant on every hypersurface M(a) and their
subtracted fluxes vanish. So do the integrands of
those (' coefficients which are correlations with
a subtracted flux of an (a }variable, and we have

]n8 ( ni ]in 0 (3.9)

B. Connection between stochastic and deterministic motion

We wish to relate the coefficients of the Fokker-
Planck equation (3.1) with the coefficients of the
deterministic equations (2.3). By fixing this re-
lation we define implicitly the limit in which the
deterministic equations are obtained from the
Fokker- planck equation. The transport coeff i-
cients L,' are def iried by

Lrr (I/)2)(nrr ~ ~rr)

and hence

(3.10)

w(a) &zg (a)-(/2e ((/0& 8 (a) (3.12)

where g is the determinant of a metric tensor g IJ
in state space. The crucial question of an ade-
quate definition of the metric tensor is discussed
in Sec. IV. In Sec. V we show that, regardle'ss of
our choice of g(a), the definition (3.12) makes
S(a) the deterministic limit of a stochastic entropy
which is associated with the stochastic level of
description. Using (3.3), (3.10), and (3.12), we
can rewrite the Fokker-Planck equation (3.1) in
the form

—P = —Ifr+ /2D»~P
3 6 3

Bt ' aaI Ba~ )
(3.13)

with the Fokker-planck drift

foal

f r +)rg(/2(LIJg -(/2) (3.14)

Hence, for a given metric in state space, Eqs.

Ir/irr

nrem'+

&()rr (rr) /2Drr &()rr + (rr)

(3.11)

where )'2 is Boltzmann's constant. Equation (3.10)
is a natural generalization of a cprresponding
definition in I. The coefficients so-defined have
precisely the properties of Sec. II.

To define the entropy S(a) we seek for a generaliza-
tion of Boltzmann's principle that relates the entropy
with the logarithm of the stationary distribution
w(a). In order that w(a)da and S(a) should both be
independent of the representation of the state we
put
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(3.10) and (3.12) establish a unique connection be-
tween the deterministic equations (2.3) and the
Fokker-Planck equation (3.1).

It is easy to show that for a metric with the
symmetry

~t g 1/2 g, rg -1/2)a
Par

The covariant drift vector hr is given by

hr fI ~ kg 1/2(Are -1/2)

(3.22)

g'(a) =g(a) (3.15)

I K r„(a)fv (a) = 0,a (3.16)

the Fokker-Planck equation (3.13) satisfies the
potential conditions'

fv(a) =fv(a),

Drr(a) = Fr& IDII (a),

The second term is A,' times the covariant di-
vergence of the antisymmetric matrix Ar~. This
term is itself a vector.

At the end of this section we list some relations
among the. various drif t vectors that hold in a
basis where the (a ) and (a'j variables are sepa-
rated:

K'=h =v'=A~ y +kg' (A~g '
) (3 24)

K fr„(a)fv(a) =k I Drr(a)fv(a),
8

where

K (a) = —,
' [K (a) —e K (a)j

f '=2 =A ry„
K ' =h'+ kg'/'(D'g '/')-
hf —I f&~ ~ kg1/2(Aii'g -1/2)

ff Lf/X

(3.25)

(3.26)

(3.27)

(3.28)

~ kg 1/2(AIIg -1/
)

K' (a) = (K'(a)+e'Kr(a)]
DIJ ykg1/2(DIIg -1/2).

(3.17)

(3.18)

The fr components of K, h, and f are reversible,
while the i components contain an irreversible
part. The reversible parts K,'„, h,'„, and f,'„
=& ' are related by

C. Covariant form of Fokker-Planck equation

The Fokker-Planck drift Kr does not transform
like a vector. However, following essentially a
recent work6 of one of us, we can write the
Fokker-Planck equation in a manifest covariant
form if we introduce a scalar probability

(3.19)

which obeys the equation

p ( hrp +kDrrp ) (3.20)

The covariant derivatives are those of a Rieman-
nian manifold with metric g ~. In particular, the
covariant gradient of a scalar is

8
&;i=sar =&ir~ (3.21)

and the covariant divergence of a vector gr reads

are the reversible and irreversible parts of the
Fokker- Planck drift, respectively. The condi-
tions (3.16) guarantee the detailed balance of the
Fokker- Planck process.

In the limit k 0 the diffusion matrix O'D of
the Fokker-Planck equation vanishes, and there
is no broadening of a distribution concentrated on
one state. The center of such a distribution moves
in the limit k-0 according to the deterministic
equations (2.3).

Ki hi Afr)i + kg 1/2(Afrg -1/2) (3 28)

f f &f AiJ~

IV. METRIC IN STATE SPACE

(3.30)

So far we have not specified the metric g r~ in
state space, and its specification may merely
seem like a matter of convenience. In fact, in the
previous work we made the simplest choice and
used the transport coefficients to define the metric.
%ith that definition the theory was particularly
simple, since metrical quantities derived from
the transport coefficients like the "curvature" R
then appear very naturally in the path integral.
On the other hand, there is also a physical point
involved in choosing the metric. It is clear from
Sec. III that the definition of the metric is inti-
mately connected with the question of. the meaning
of the deterministic theory. The very definition
of the deterministic limit depends on the choice of
the metric, e.g. , the definition of the entropy S in
Eq. (3.12). From this point of view, it now ap-
pears unnatural to identify the metric with the
matrix of transport coeff icients. After -all, why
should the entropy depend on the transport coeffi-
cients characterizing dynamical properties of the
system? That is why we give here another, more
physical, definition of the metric.

In statistical mechanics there are "natural"
representations of the state a so that the macro-
scopic variables a are algebraic sums of molecu-
lar variables that depend on few microscopic
degrees of freedom. %e now define the metric
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in such a way that the metric tensor is independent
of the state a for those representations. Natural
representations are related by linear transforma-
tion laws that change the determinant g by a con-
stant factor only. Since such a factor does not
matter in Sec. IQ, there is no need to give a more
precise definition of the metric. Physically, this
choice of the metric implies that the deterministic
state associated with a given probability distribu-
tion by the deterministic limit k —0 is identical
with the most probable state in a natural repre-
sentation. This conforms to our intuition. How-

ever, the concept of the most probable state is
not covariant. Hence we cannot identify the de-
terministic state with the most probable state in
a general frame of coordinates.

In an arbitrary representation of the state the
metric must be determined by means of the tensor
transformation law. The knowledge of the metric
is equivalent to knowing how a given set of macro-
scopic variables is related with a natural choice
of the variables. With this definition of the metric
the geometry of the state space is Euclidean.
Equation (3.15) is automatically satisfied. The
metric is the only quantity appearing in the co-
variant theory of the previous sections that
distinguishes the natural representations. That
distinction, however, is very desirable from a
physical point of view. For instance, a linear
system will behave linearly just in those repre-
sentations, and nonlinearities are adequately
read off from the form of the equations of motion
in a natural representation.

In a natural representation the formulas which
relate the deterministic and the stochastic de-
scription simplify considerably, since the g
fact:ors can be omitted everywhere. In these
representations the usual procedure, mentioned
in the Introduction, for constructing stochastic
models from deterministic transport equations is
justified, since it is consistent with the deter-
ministic limit k —0. Further, the deterministic
state associated with a distribution is just the
most probable state and Boltzmann's formula
connects the entropy S wit:h the stationary dis-
tribution ze in the usual way: Sfx logso.

V. ENTROPY AND THE SECOND LAW

A. Entropy

In the stochastic theory the «state" of the sys-
t'em is characterized by a distribution p(a) in state
space, whereas the «state" of the deterministic
theory is just a point a in the state Space. For
this reason, it is natural that the entropy as a
function of the «state" be defined differently for
the stochastic theory that includes fluctuations

and the deterministic theory that neglects them.
In a previous work2 by one of us, the entropy

of the stochastic theory has been defined on the
basis of statistical- mechanical arguments. Fol-
lowing that work we put

S(p) = —k dap(a) ln + S~,p(a)
gv (a)

(5.1)

where S~ is the entropy of the equilibrium dis-
tribution gv(a).

In the deterministic limit the distribution p(a)
shrinks to a single point. Let us express P(a) in
terms of a scalar function i(I(a) by

P(a) f)j -1g -(/2(a)e(1/)))((N)t

where tilt is the normalization factor

(5.2)

da g
-& l 2 a e & & I~ && &I & (5.3)

In the limit k —0 the distribution (5.2) sharply
concentrates around the position a ~, where g(a)
takes its absolute maximum'; a is the deter-
ministic state that we associate with the distribu-
tion p(a). According to (3.12), we write the equi-
librium distribution in the form

gv (a) ~-(g -(/2(a)e ((/))l s(o)

with

(5 4)

N~ —— dag ~/2 a e('fa)s(a) (5.5)

B. Second law

The Second Law demands that the entropy is in-
creasing with time. Indeed, if we evaluate the
time rate of change of S(P,) by means of (3.13),
we find with (3.12) and (3.14) after simple trans-
formations

d—S(P,)

=k2 daP, a D'~ a ln ' ln ' ~0.
gv (a) ), gv (a)

(5.7)

The absolute maximum of S(a) is located at the
deterministic equilibrium state a~.

We now insert (5.2)-(5.5) into (5.1). In the limit
k- 0 the integral can be done using the method of
steepest descent, and we find

lim S(P)=S(a ~), (5.6)
0

where we have used S(a~) = S~. Since a ~ is the
deterministic state associated with p(a), the
definition (3.12) of the entropy S is in fact the
k —0 limit of the entropy S(p) defined in Eq.
(5.1).
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The reversible part of the Fokker-Planck drift ditions (5.10)-(5.13) express fundamental proper-
ties of the stochastic and deterministic theories of.
closed systems.

(5.8)

does not contribute to the time rate of change of
the entropy S.

The inequality (5.7) derived within the stochastic
theory cannot be lost in the k-0 limit. By in-
serting (5.2)-(5.5) into (5.7) we obtain for k —0

—S(a(t)}= D'r(a(t)) )ir (t)yr(t) ~ 0, (5.9)

where a(t) is the deterministic state associated
with P, (a). Equation (5.9) coincides with our pre-
vious result (2.13).

C. Note on reversible drift

It is worthwhile noting that there is generally a
difference between the reversible drift Kl„ that
appears in the Fokker-planck equation and the
reversible part x of the deterministic drift.
This is as it should be. The drift Kl„generates
a reversible flow —(8/8ar)Kr„(a) p(a) in the space
of distributions P.(a) which vanishes for the equilib-
rium distribution

VI. PATH-INTEGRAL REPRESENTATION FOR
CONDITIONAL PROBABILITY

A. Conditional probability for small r

The conditional probability P, (a /a) is the solu-
tion of the Fokker-Planck equation (3.13) with the
initial condition Po(a'/a) =5(a' —a). In a basis
where the Ia ) and (a'j variables are separated the
evolution equation for P, (a'/a) reads

—P, (a'/a) = —,rr (a') —,K'(a')a
~ a - ~

a

82+k, ~. D'~(a')1 P, (a'/c) .

(6.1)

From the theory of diffusion processes it is known
that for a small time interval 7 the conditional
probability P, (a'/a) derived from (6.1) has the
properties

a——Kr (a)zo(a) =0, (5.10)

and which is orthogonal to 5S(P)/5P(a) in the sense
of

da'b. 'P, (a'/a) =K'(a)T +O(w~ )

J da't 'b. P, (a'/a) =O(i r )

(6.2)

da r K,',„(a)P(a)=0.5S(P) 8
(5.11)

On the other hand, the drift r'(a) is a reversible
flow in the state space which vanishes at the
equilibrium state

rr(a ) =0

and which is orthogonal to 8S/8ar =}ir in the sense
of

(5.12)

8S(a) r )8al (5.13)

We are aware of the fact that there are models
like the pan der pol oscillator' for which Eq.
(5.12) is not satisfied. Such models require that
elements of the matrix Arr(a) approach infinity as
a approaches a,~. This is not compatible with the
commutator representation of A~~ which follows
from statistical mechanics. %e conclude that
those models cannot describe a system whose
stationary state is an equilibrium state. Indeed,
the pan der pol oscillator is often used as a
simple model for lasers, which has been based on
far-from- equilibrium statistical mechanics. Con-

da' b. 'Lrp, (a'/a) =2trD'r(a)w +O(r ~ ),
where b, = n —G and 4' =a' —a'. The third
and higher moments are at least of order 7.3~2.

Because of (6.2), P, (a'/a) can be written in the
form

p, (a'/a) =6(b ' —vv (a))II„(h', a) [I+0(T'~')j, (6.3)

where 5(b, ) is the n-dimensional 5 function and
where II, (b, ', a) is a distribution in the (a') sub-
space with the properties

da' t 't r II, (t ', a) = 2kD~'(g) v + O(7 ' ') .
(6.4)

Higher moments are at least of the order v / .
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B. Modified Lagrangian I( If' kD1/2(D1/ D-1/2) (6.8)

It is shown in Appendix A that II,, (6', a) may be
written

a'a= 1
t' ( t ) (4&k&)(N ttl/-2D(at)1/2

x exp ——A, ~', a 1+0 7' '

(6.5)

D(a) is the determinant of the matrix D'/( a), and

A, (A', a) is given by

and R is defined in terms of D'~ in the same way
as the corresponding quantity in paper I- is defined
in terms of L'/. Combining (6.3) and (6.5), we
obtain for the conditional probability P, (a /a) the
expression
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with the modified Lagrangian

(6.6)
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C. Path integral

(6.9)

O(a, a) = ,'D&/(a' ——l')(a/-l/)+kD' (I'D '
)) &

—k(lnD'/2), v«+ —', k2lt . (6.7)

The integral in (6.6) is over the minimum path
connecting the states a and a' = (a + v r, a'+ h').
The drift l' is def ined by

The conditional probability for a finite time dif-
ference s can be obtained from (6.9) by repeated
use of the Chapman-Kolmogorov equation. Es-
sentially the same argumentation as in I, Sec. V B
leads to

(t"&)/=a»m, de&, «/»'te. &t) &/&», &/&
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where ao —a, a„=a', and r =s/M. Because of the
6 functions, the succession of states a at times
t =mr is constrained by a' —a 1

——v'( 1)r,
which ensures that only paths with differentiable

a (t) satisfying /2 (t) = v™(t)contribute in the limit
M

Since 5((2' —rv') = (1/v")6(a /r —v ) it is
natural to introduce the integration measure

Af -i
D[ (t)] 6(' td(t) tt(t)) I g ( td) (( /d /d-1)/ ( dd-1)) m (( ttt ttt-1)/r v( tt)-1))
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This measure is invariant under all transformations of the variables a that do not mix the (a }with the
(a'} subset. With (6.11) we may abbreviate the limit (6.10) as the path integral"

S

P (a'/a)=g(a') '/' D[a(t)]5(a (t) —v (t)))exp —— dtO(a(t), a(t)) ~.k 0

. (6.12)

Equation (6.12) is a generalization of the corre-
sponding result in l in two ways. First, it holds
for a more general choice of the metric tensor;
second, it is also valid for systems with a singular
diffusion matrix. It is interesting to note from our
result that it is not possible to obtain the modified
Lagrangian (6.7) from the modified I,agrangian in
p by simply taking appropriate elements of the
matrix of transport coefficients equal to zero, be-
cause for such a limit there exists some arbitrari-
ness for the definition of the 5 function in the mea-
sure in Eq. (6.12).

Using (3.24)-(3.28), and (6.8), we find

vt)t f td +F1/2(A lg -1/t2d)

l'=f'+kg'/2(A'~g '/2)

+ kD" [ln(D'/'g -'/')]

With (2.17) and (6.7) we see that

v'-f, O(a, a)-O(a, a), for k-0.

(6.13)

Hence the path probability in the k —0 limit sharp-
ly concentrates about the deterministic path and
fluctuations vanish. The explicit k dependence of
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O(a, tf), which is given by Eqs. (6.7) and (6.13),
can be used to set up a perturbation scheme where
k is used as an expansion parameter in order to
calculate fluctuation corrections to the deter-
ministic theory.

VII. CONCLUSIONS

We have examined the deterministic as well as
the stochastic theory of nonlinear irreversible
systems. It has been shown that the deterministic
equations of motion in Onsager's form (2.3) can
be looked upon as a certain k- 0 limit of a sto-
chastic theory characterized by a Fokker-planck
equation [(3.13)]. The limit )) -0 can only be de-
fined in a covariant way, if we introduce a metric
in state space. We have defined this metric in
such a way that the metric tensor is constant
whenever the macroscopic variables are sums of
molecular variables on a kinetic model. Given
the metric, we can reconstruct the Fokker-planck
equation (3.13) from the transport equations. (2.3)
by use of (3.12) and (3.14).

The connection of the deterministic with the
stochastic theory is such that both have the well-
known properties of theories describing the dy-
namics of closed physical systems. For instance,
the reciprocal relations (2.5) are connected with
the potential conditions (3.16) which are themselves
a consequence of the microscopic reversibility.
Further, the irreversible fluxes lead in both
theories to an increase of the entropy.

Given the deterministic theory, fluctuations are
often introduced by simply adding a random force
to the deterministic equations of motion. The
Langevin equations obtained by such a procedure
are equivalent to a Fokker-planck equation. How-
ever, the reversible part of the resulting Fokker-
Planck drift coincides with the reversible deter-
ministic drift, so that either the potential condi-
tions or Eq. (5.13) will be violated in general.
Hence the so-called Langevin assumption may not
be correct for nonlinear systems with partly re-
reve rsible fluxes.

The deterministic limit involves a metric in
state space which has been defined here differ-
ently from our previous work I. This means
that the deterministic equations of I are not precise-
ly the same as here. The entropy Sdiffers by a term
proportional to the logarithm of the ratio of the
invariant volume elements in state space. Hence
the fluctuation hypothesis of l may not hold within
the present theory. We believe that the new defini-
tion of the metric is more adequate and gives a
more intuitive meaning to. the deterministic limit,
despite the fact that we now need, besides a
tensor I.i~and a scalar S, an additional indepen-
dent invariant volume element g 'i2(a)da to speci-
fy the theory on the phenomenological level.
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APPENDIX A: DERIVATION OF EQ. (6.5)

Let us define a Lagrangian

O(a~, a»(t), a»(t)) = 2D, &(ti» —l.»)(a» —I»)

+kD' (t»D '
) . + —', k R (Al)

(A3)

has the properties (6.4). Here we have taken into
account that there are N nvariables (a»)-.

Now, the (a ] are not really fixed in the time
interval 0 & t ( 7; rather they depend on t according
to

a (t)=a +v t O+(~'i'). (A4)

Theref ore we mus t cons ider the Lagrangian 0
as a function of time-dependent (a'(t)]. Since for
the present consideration terms of the order 7 ~

are negligible, we may look upon a (t) as a given
function of t. By means of a Taylor series expan-
sion of the Lagrangian in terms of »» (t) —a" =v't
+ O(r'i ) one shows easily that the time depen-
dence of the (»»™)variables just adds the term

5(A: gDggi 8 (A5)

to the action. This term, in order 7, is equivalent
to the term

6»A, = ,'D»»i v 2kD»~ r=-k (InDi»—)2i, ™v
(A6)

where D»& and I» are functions of (a, a»(t)); that
means the fa']. are for the moment being con-
sidered as fixed parameters. The Lagrangian
defines an action

A, (6», a', a») = Jt dt O(a, a»(t), a'(t)) „, (A2)
0

where the integral is over the minimum path con-
necting f»»»] and (a»+ 6»]. Except for some dif-
ferences in notation, Eqs. (Al) and (A2) coincide
with Eqs. (5.8) and (5.9) in paper I, since the(a )
are considered to be fixed.

If we now define l» in analogy to Eq. (5.3) in I
by (6.8), we can conclude from (5.5) and (5.2) in
I that the distribution

Ii (6' »») = [I/(47»'k r)' "'i'D(a, »»'+t». ')'i']
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Next, we change the factor in front of the ex-
ponential in Eq. (A4) to

I/(4vky)'~ "'~ D(a~ +b, ~, a'+b, ')'~2.

Because

I/D(a~+a, ~ a'+6')'~ = [I/D(a~ a~+6, ') ~ ]

x exp[ —(InD'~2)
~

v 7]

x [1+O(~'~') J, (A7)

this change of the prefactor corresponds to a
change of the action by

624, =2k(inD ~ ) v (AB

Finally, we add the term —k(lnD'~')
~

v to the
Lagrangian O. This yields the Lagrangian 0 de-
fined in (6.7) and changes the action by

63A, = —k(lnD'~2), v

Since the sum of 6,A, , 62A, , and 63A, vanishes,
we find that the distribution (AS) can also be
written in the for m(6. 5') with an action A, defined
by (6.6) and (6.7).

APPENDIX B

In I, the Lagrangian O(a, a ) which appears in the
path-integral representation is defined in terms
of the short-time propagator via the relation

P (~'/~) = [1/(4gkv)" Ls i/2]

x exp[ —(I/2k)A, (a'/a)] [1+O(v ~~2)],

(Bl)

where the action is the time integral over the
Lagrangian along the minimum path connecting
a(t) and a'(f + w). The approximation of the short-
time propagator is made in terms of the natural
L' norm for distribution functions, i.e. , O(7 )
means more rigorously

da' p', a' a —p, a' a =O7
for 7. —0, where superscripts "ex" and "app"
stand for "exact" and "approximate. "

In Ref. 6 the short-time propagator is approximated
in adifferent way. Considered as a function of the

initial and final states, the short-time propagator
is singular for v -0. This singularity can be
split off by putting

p (a'/a) = [I/(4mk7)"~ L ~ ]

x exp[ —(I/2k)L&&&'&~] [1+P'(a, &, 7')],

(BS)

where 6'=a' —a' and Y is a regular function
which can be expanded in terms of b, and 7 in the
usual way. In Ref. 6 the first few terms of the ex-
pansion of I'(a, h, 7) in powers of b, and 7 are de-
termined systematically. The Lagrangian Z is
defined via this particular form by taking its limit
4'=a' v, v. —0. The particular form of the short-
time propagator used in Ref. 6 can, in L ' norm,
not be distinguished from other forms of the same
accuracy. While the Lagrangian 0 as defined in
I does not depend on the form used, the Lagrangian
2 as defined in Ref. 6 depends on that form. How-
ever, the particular form of the short-time propa-
gator of Ref. 6 is well distinguished from all
other forms, because it satisfies the Chapman-
Kolmogorov condition' in order v ~, with respect
to the strong topology used for the expansion in
Ref. 6. The other forms satisfy this condition in
order 7 ~2 with respect to I.' norm, only.

We now discuss how the definitions of the
Lagrangians O(a, a) in I and 2 (a, 6) in Ref. 6
could be modified to become equivalent. The
def inition of I would, of course, be altered if we
chose a different measure prefactor in Eq. (Bl).
Agreement with the result of Ref. 6 for the
Lagrangian would be obtained if we replace in
Eq. (Bl)

(B4)

The right-hand side arises as a natural measure
prefactor in the WEB approximation to the short-
time propagator. '3 A corresponding change of the
measure factor in the path integral of Ref. 6 would
then make the two definitions of the path integral
equivalent in the sense that one definition could
be proven from the other as a theorem.
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