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Large-angle scattering of light ions in the weakly screened Rutherford region
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Total differential cross-section ratios for scattering of H+, He+, and Li+ ions incident on bismuth-zinc and
gold-carbon systems have been measured. The energy dependence of the cross sections was measured for
each species at a fixed laboratory backscattering angle (y„b = 170'), using an amorphous carbon target
implanted with 10-keV Zn+ and Bi+ at a depth of —2.7 p,g/cm, Angular distributions (y&,b ——15', ...,
170') were measured for helium ions at four different energies, using selfsupporting vacuum-deposited
polycrystalline carbon and gold foils. For the case of backscattering, the cross-section ratios (der)g;/(do)z„
deviate significantly from both the Rutherford-scattering law and the Lindhard, Nielsen, and Scharff
differential-scattering cross section. The deviations of the absolute cross sections from the Rutherford cross
sections amount to 3.5% for 1-MeV and 16% for 0.2-MeV helium on bismuth. The experimental results are
in good agreement with exact classical differential-scattering cross sections based on the Lenz-Jensen and
Dirac-Hartree-Fock-Slater atomic potentials. Simple analytical formulas describing the energy and angular
dependence of the cross sections are presented.

I. INTRODUCTION

A precise knowledge of the ion-atom differential-
scattering cross section is indispensable for the
description and understanding of phenomena such
as stopping, radiation damage, sputtering, Coulomb
excitation, and channeling. The demand for pre-
cise cross sections is particularly strong for MeV
light ions since such data are necessary for ion-
beam analysis, where the Rutherford-backscatter-
ing (RBS) method has proved to be one of the most
powerful techniques for elemental-composition
analysis of materials in the near-surface region.

A simplified description of the ion-atom scatter-
ing in the near-Rutherford-scattering region, has
been presented by Lindhard, Nielsen, and Scharff'
(hereinafter referred to as LNS). These authors
described ion-atom collisions in terms of similar-
ity properties and gave a comprehensive descrip-
tion of the elastic-scattering cross section.

The LNS theory is based on a Thoma, s-Fermi
similarity description of elastic atomic collisions.
The two main constituents are the following: (i)
The interatomic screening is given by the Thomas-
Fermi (TF) or the Lenz-Jensen (LJ) screening
function, which depends only on the interatomic
distance measured in units of a screening length a.
This implies that the scattering cross sections
may be given with only the relative kinetic energy in
reduced TF units and the scattering angle as vari-
ables. (ii) A small-angle perturbation. calculation
(momentum approximation) shows that the cross
section depends on the product of the relative ki-
netic energy and scattering angle only. A further
approximation is then introduced by a wide-angle
extrapolation, which results in the energy-times-
angle scaling. Thus Lindhard et al. ' found that the

elastic-scattering cross section is a function of a
single parameter only, which is proportional to
the product of the projectile energy and recoil en-
ergy in the collision. Hence, it suffices to calcu-
late only one single universal scattering function
for a, given potential. This procedure leads to a
significant simplification in the calculation of the
cross section for elastic-collision processes but
at the same time to some loss of accuracy. For
very small distances of closest approach, the
LNS scattering cross section approaches the exact
Rutherford-scattering law. In this limit, the wide-
angle extrapolation holds exactly.

In spite of the extensive use of the LNS scatter-
ing cross section for theoretical calculations, sur-
prisingly few experimental and theoretical invest-
igations have been made of its limit of validity.
Most of the published experimental data have
claimed uncertainties of 10-40%. New informa-
tion on the validity of the LNS theory, however,
has been obtained recently by accurate measure-
ments with both solid' ' and gaseous" targets, but
for small scattering angles only.

Andersen et al."and Knudsen and Me'lier
Petersen"' have investigated the weakly screened
Rutherford region for small scattering angles
(y„b ~ 15'). Their measurements confirmed the
two basic similarity scaling properties of the LNS
theory, (i) the energy-times-angle scaling for fixed
collision systems with atomic numbers (Z„Z,) and
(ii) the (Z„Z,) scaling, according to which the differ-
ential elastic-scattering cross section for all com-
binations of Z, and Z, is given by a single reduced
scattering function. Furthermore, the absolute
values of the measured cross sections generally
agreed well with the theoretical prediction based
on the TF screening function. Loftager et al."
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also investigated the weakly screened region' but
mainly that for larger distances of closest ap-
proach, corresponding to scattering in strongly
screened potentials. ' In both regions, the scaling
properties inherent in the LNS theory was con-
firmed for small scattering angles. Their absolute
experimental cross sections for scattering of hy-
drogen and helium by neon in the weakly screened
region' agreed well with the theoretical results
based on the TF universal potential. For the ex-
tensive study of single-scattering cross sections
with a xenon target in the strongly screened re-
gion, ' the absolute experimental results lie be-
tween the theoretical results based on the TF and
LJ potentials, respectively. A new universal po-
tential, yielding 10-30% higher cross sections
than the LS potential is suggested' by these exper-
imental findings.

However, no systematic experimental investiga-
tion of the error associated with the wide-angle
extrapolation in the LNS theory has been per-
formed in the weakly screened Rutherford region.
In this region, where the distance of minimum ap-
proach is of the order of the K-shell radius of the
target atom, different interatomic potentials
nearly coincide so that the experiments primarily
check the wide-angle extrapolation of the cross
sections. In addition, in this region, precise
cross-section data are needed in order to estab-
lish corrections to the Rutherford cross section
for H', He', and Li' ions at energies typical for a
RBS analysis experiment.

II. EXPERIMENTAL

In order' to achieve a high degree of accuracy,
relative cross sections were measured. Thus we
avoid two of the major problems in absolute mea-
surements, namely the determination of the abso-

lute solid angle of the detector and the ion current.
An excellent discussion of the major experimental
problems involved in obtaining absolute scattering
yields with a high precision has been presented by
the Chalk River group. '

The experimental setup is shown schematically
in Fig. 1. The ion beam obtained from a 2-MV
Pan de Graaf accelerator was collimated by two
variable apertures, both set at 1 x 1 mm. ' These
were placed 3 m apart, which results in a beam
divergence of less than 0.04'. 'The incoming
beams were H', 4He', and 'Li'. Sufficiently intense
(-5nA), well-collimated Li' ion beams were ob-
tained from the Van de Qraaf accelerator by plac-
ing a piece of lithium metal in the rf ion source,
which operated with argon as support gas.

'The targets were mounted in a two-axis gonio-
meter placed in a 30-cm diameter scattering
chamber. An oil diffusion pump and a liquid-nitro-
gen cooling trap, which surrounded the goniometer,
provided a vacuum better than 1 x 10 ' torr during
the experiment. No carbon build-up on the target
was detectable. The particles backscattered from
the target were registered and energy analyzed by
means of a cooled surface-barrier detector (sensi-
tive area 25 mm', energy resolution -12 keV for
2-MeV He'). The pulses from the detector were
processed by standard electronics and, via an
ADC, fed into a NORD-12 satellite computer pro-
grammed for running in a PHA mode. The beam
current was always low enough (&100 nA) to keep
pile-up effects at a negligible level. The target
surface and detector positions were oriented in
the scattering plane with respect to the incident
beam to a precision of +0.1 by means of a laser
beam prealigned to be collinear with the particle
beam. The sensitive area of the 170' detector was
limited by a 1-mm wide slit prependicular to the
scattering plane.

To investigate the energy dependence of the
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FIG. l. Experimental setup employed for scattering angles 170' & y&z& 58'.



LARGE-ANGLE SCATTERING OF LIGHT IONS IN THE. . . 1893

weakly screened Rutherford cross section for
wide-angle scattering, we measured the ratios
(dv)~,. /(da)z, of differential-scattering cross sec-
tions for (1.0-1.6)-MeV 'H', 0.3-2.3 MeV 'He',
and (0.2-1.6).-MeV 'Li' ions on bismuth and zinc
as functions of primary energy with detector A
(Fig. 1) at a scattering angle of 170'. As backing
material for the targets, commercially available
amorphous carbon wafers were used, which were
Syton polished to achieve optically flat surfaces.
Into these targets, 3.1 x 10"Bi'/cm' and 2.5 x 10"
Zn'/cm' were implanted at an energy of 10 keV.
During implantation, the ion beam was swept con-
tinuously over a target area, of 1 cm' to obtain a
homogeneous implantation, and the carbon wafer
was heated to -100'C to avoid contamination
build-up at the target. The implantation energies
were chosen so that Bi' and Zn' mould penetrate
to approximately the same projected depth. Using
the tabulation of %'interbon, ' we obtain the re-
sults for the mean range 8 and the range straggl-
ing for Zn' and Bi' in carbon given in Table I.

It is seen that the ranges agree to within 6/c,
while the range straggling for bismuth is smaller
by a factor of 1.85 than that for zinc. Since these
numbers are at variance with those given by
I.'Ecuyer et a/. ,' we measured the most probable
ranges, using the high-resolution RBS'""obtained
by tilting the target 67.5 off normal and employing
1-Me& He' ions backscattered through 170'. These
experimental, most probable ranges R~~' are also
given in Table I, and it is seen (i) that the most
probable depths for zinc and bismuth agree to
within 6%, which is also the accuracy of the data,
and (ii) that the measured ranges for bismuth and
zine are systematically higher than those obtained
from the %interbon tabulations. ' These facts
are in agreement with recent range studies of
energetic, heavy ions in silicon and aluminum. "
Possible consequences of the small difference of
the most probable depths are discussed in Sec.
IVA.

To investigate the angular dependence of the
cross section for a fixed energy, the experimental
setup mas equipped with further four surface-
barrier detectors placed at scattering angles of
143.9', 92.6', 78.4', and 57.7' with the target tilted
60' off normal. In order to suppress slit-edge
scattered particIes, another 2-mm-diameter colli-
mator was inserted into the beam line. Further-

more, in front of each detector was placed a spe-
cial collimator tube with a 2-mm and a 1.5-mm
diameter collimator inserted. For these measure-
ments, the targets consisted of evaporated 20-pg/
cm' polycrystalline carbon films, onto which 20-A
gold was evaporated. The self-supporting part had
a diameter of 6 mm.

Since it was not possible to separate the carbon
and gold peaks at lower angles, we have used a
setup nearly identical to that previously described
by Andersen et a/. "for measurements down to
-15'. In this target chamber the pressure was
less than 1x 10 ' torr, which mas obtained by a
diffusion pump in conjunction with a, liquid nitrogen
cooling trap. Another trap prevented hydrocarbon
from the accelerator from entering the chamber.
The incoming beam was collimated by variable
apertures, each set to —,

'
x& mm', placed 1.5 m

apart. The targets, a 20-pg/cm' evaporated car-
bon foil and a 400-A evaporated gold foil, both of
them polycrystalline, mere mounted at fixed posi-
tions along the circumference of the target wheel.
(for details, see Ref. 13). A step-motor was used
to rotate the wheel, therebychangingthe irradiated
target. Two fixed, limited by 1 mm slits, detectors
were inserted at scattering angles of 135' and 45',
respectively, and a third one with a 1-mm dia-
meter collimator was movable in tmo mutually
perpendicular directions in a plane perpendicular
to the beam. This latter detector was used for
measurements at scattering angles of 24.5', 19.5',
and 14.5'. In this experiment as well as in the one
discussed above, only relative cross sections were
measured, and the precise knowledge of the scat-
tering angles used is of no consequence for the pre-
cision of our results. The carbon and gold targets
were irradiated altern'ately for two seconds each
under simultaneous routing of the PHA memory,
which permits the allotment of a different memory
fraction to each target. The measuring cycle was
repeated more than 50 times in each run so that the
fluctuation in the beam current was sufficiently
averaged in order to obtain the ratio of the scat-
tering yields from carbon and gold.

III. THEORY

In their similarity theory of classical atomic
scattering, Lindhard, Nielsen, and Scharff' (LNS)
showed that the interaction between two atoms

TABLE I. Results for the theoretical mean range and range straggling and for the experi-
mental most probable range for Zn and Bi in carbon.

10-keV Bi C
10-keV Zn C

X~ (pg/cm')

1.73
1.84

(ER2}~/2 (pg/cm2)

0.301
0.558

"" 0 g/ ')

2.59
2.79
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can be approximated by the universal interatomic
potential:

V""~(r ) = (Z,Z 2e'/r) p(r /a) .

Here, the screening function y, such as e.g. , the
atomic TF or LJ screening function, is a function
only of the internuclear distance g in units of the
screening radius:

a = 0.6652a (Z2t'+ Z't 3)-~t'.

In Eqs. (1) and (2), Z, and Z, are the atomic num-
bers of ion and target atom, respectively, e is the
electron charge, and a, is the Bohr radius. The
potential in Eq. (1) implies similarity of all ion-
atom potentials.

In the calculation of the elastic differential cross
section, LNS used the momentum approximation
applicable for classical small-angle scattering,
which leads to a cross section depending only on
the product of the center-of-mass scattering angle
8 and the reduced, dimensionless TF energy c,
where

0 aM,
Z,Z,e2 " '~ Z,Z,e'(M, +M, )

Here E, and E„b are the center-of-mass and the
laboratory kinetic energies, and M, and M, are the
masses of projectile and target atom, respectively.
Finally, LNS introduced a wide-angle extrapola-
tion by substituting

8& - 2&sin-—= 2t'~'.
2

(4)

The approximate universal differentiaL-scattering
cross section may then be written as

dg = (/data/2t t&)f3(t&t )

The reduced scattering function f(t't') is calcu-
lated numerically for a universal potential given

by Eq. (1), as shown in Ref. l. It should be noted
that in case of Rutherford scattering, where

f (t' ') = —t 't', Eq. (5) holds exactly.
The exact classical calculation of the scattering

cross section involves the integral

8=v -2p 2 ),„, r'h(r

h(r) = [1 -p'/r' —V(r)/E ]' '

where p is the impact parameter and x, is the dis-
tance of closest approach given by h(r, ) = 0.

Once 9 is known as a function of p, the differen-
tial scattering cross section is obtained from the
for mula

~

~

dg P dp

dQ, sin8 d8

Standard numerical procedures have been used for

the calculation of Eqs. (6) and (7) (Ref. 6). The
problem associated with the singularity in the
denominator in the integrand of Eq. (6) is solved
as shown in Ref. 15 by substituting r =r,/(1-u').

According to Eqs. (4) and (5), the f value corre-
sponding to the center-of-mass cross section is
obtained from

f(t't ') =—,sin'-8g . 8 do.
a' 2 dQ

(6)

Contrary. to the universal scattering function f»3
of the LNS similarity theory, which depends only
on t'~', exact values of (do/did), give f „„,as a
function of two parameters, E and t' '. This is
illustrated in Fig. 2 (from Ref. 6), which shows

f,„„,divided by f~~ given by Eq. (5) as a function
of & and t' ' for the TF and LJ potentials. As ex-
pected, the deviation from the universal f»8 func-
tion is in general largest for backward scattering
(t ~ ~' =e). We note that with e decreasing from
large values, the deviation of f,„„,from fL~ in-
creases from 0 to -20%%uo at e =1, returns to 0 at
e -1 && 10 ', and then becomes positive and increas-
ing. This is in qualitative agreement with the es-
timate -of Lindhard et al. ,

' based on power poten-
tials and with the exact results for the Bohr poten-
tial obtained by Everhart et a/. ' From Fig. 2 it
is further seen that in the weakly screened Ruther-
ford region, the corrections to fL„S depend only
slightly on the specific potential, while this is not
the case in the strongly screened region.

The TF and LJ potentials are derived from the
statistical theory of the atom'4 and are therefore
unable to account for shell effects. In our case,
where Z, &- Z~, an improved description may be
based on a potential resulting from Dirac-Hartree-
Fock-Slater (DHFS) relativistic electron densi-
ties." The atomic potential of the target atom may
be used to represent the interatomic potential to a
first approximation, yielding (Z~Z2e /r)cp(r) with p

DHFs &
the case of atomic screening. An im-

proved interatomic potential is given by (Z,Z,e'/r)
y(ra /a), where a/a =Z t /(Z2t +Z ~ ) ~

ratio of the screening length of Eq. (2) and a, that
is obtained from Eq. (2) for Z, =0. This latter
case of "universa'" screening was shown by LNS
to be a good approximation in the Thomas- Fermi
case in Eq. (1).

Since exact classical calculations have to be car-
ried out for each individual system, it is desirable
for practical uses to have a simple analytical
formula for the correction to the Rutherford cross
section. Such a formula may be found by a proced-
ure analogous to that used by Lindhard" to calcu-
late the Barkas correction to the Bethe stopping
formula.

In a typical RBS experiment (for example, 2-
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MeV helium ions backscattered through 1'70 from
a given target), the majcr part of the deflection
occurs at distances smaller than the K-shell radi-
us of the target atom. The reason that the screen-

ing nevertheless influences the scattering is that,
due to the presence of the electron cloud, the pro-
jectile experiences less repulsion from the target
nucleus during its penetration of the electron cloud

I I I I I I I I I I I I
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FIG. 2. Theoretical cross-section ratios with the reduced energy of Eq. (3) as a parameter for (a) the Thomas-
Fermi and (b) the Lenz-Jensen in('eratomic potentials [see Eq. (1)]. It is observed that exact total differential-scatter-
ing cross sections represented by f,~~ [see Eq. (8)] in the near Rutherford-scattering region (f'~2210) for backward
scattering deviate up to 9% from the corresponding similarity cross sections fLNs given by Lindhard, Nielsen, and
Scharff (Ref. 1) and from the Rutherford cross section fz. We may add that although the LJ and TF predictions coincide
in the near Rutherford-scattering region, they differ by a factor of 2 at t = 0.01 and still more at smaller t ~2 values.
The experimental results of the present investigation have c values ranging from 5 to 1300 and t values from 2 to
1300.
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and therefore less deceleration than in the un-
screened Rutherford case. We may thus assume
Rutherford scattering with an effective kinetic en-
ergy increased by an amount V„where -V, is the
potential energy of the projectile at the center of
the electron cloud due to the electrons alone, but
with conservation of angular momentum. The ef-
fective relative kinetic energy is therefore given
by

where m is the reduced mass for the projectile-
target system. With the above assumptions, the
correction to the Rutherford cross section for
backscattering angles is easily derived since the
differential-scattering cross section for Ruther-
ford scattering is given by (do/dQ)„=(dp/d8)'. If

P denotes the initial impact parameter and P* the
effective one due to the larger effective velocity
v~, and 8 and 0* are the corresponding scattering
angles, we have

(dtv)" (dd)* (v") (dP")* (v)*(dd) t v )*(dv)

The first part of this equation expresses conser-
vation of angular momentum, while the subsequent
substitution of dp/d8 for dp*/d8~ utilizes the fact
that dp/d8 = b/4 fo-r 8 = 180' and analogously for
dp*d8* with the collision diameter b= 2ZfZ2e/mv'.
In an abbreviated notion, the simple correction
formula for backscattering angles is

essary to carry out an exact classical calculation
of the cross section for a reasonable potential.

An approximate potential, which in a simple way
reflects the outer screening discussed above,
is given by Efl. (12) in connection with a cutoff:

Z,Z2e /3 - V1, for r &2,= a/-y'(0)

0, for ~&r, .
With this potential inserted into E(I. (6), the cross
section can be calculated analytically with the fol-
lowing result:

Qo (1+ 2 Vf/&, )'
dcrB (1+V, /E, + [2(Vf/E, )(1/sin28)]2/

(16)

If cubic and higher-order terms in (Vf/E, ) are
neglected, a series expansion gives

=1 — '
+)

'
~

(-,'- 2 sin'-,'8) .d(r V, f V1 )2,
cfo' (17)

From this formula it is seen that the angular de-
pendence of dv/doB is weak over a rather broad
angular region.

Wenzel and Whaling, "van Wijngaarden, "and re-
cently L'Ecuyer et a/. ' have carried out an analy-
tical calculation similar to that given above. With
the specific purpose to obtain a correction to the
Rutherford formula for RBS-analysis experiments,
Wenzel and Whaling" and I 'Ecuyer et al.' arrived
at the following first-order, angular-independent
formula for the screening correction:

g(y+ v2 1
dv„v*2 1+Vf/Z,

daa
~

V
go (18)

The general expression for the interatomic poten-
tial given by Eq. (1) allows an estimation of the
additional kinetic energy V, as follows:

V(v(= ' ' (ivy'(0)-J

Wenzel and Whaling" used Foldy's" semiempiri-
cal estimate for Vf(V1~ =32.6 Z,Z2/' eV), while the
Chalk River group used V,*=48.73 Z,Z~2 ' eV, cor-
responding to atomic screening in Efl. (12}.

IV. RESULTS AND DISCUSSIONS

that is (in eV)

V =-30 72''(0)Z Z (Z' '+Z'")' '
Since cp'L~(0} = -1.566, we find (in eV}

VLz 46 73 Z Z (Z2/3+Z2/3}1/2

(12}

(13)

A. Energy dependence at a fixed, large scattering angle

In Fig. 3 is shown a typical energy spectrum with
detector & (Fig. 1) placed at p„b=170'. For a giv-
en energy, the ratio between the scattering yield
from bismuth and zinc is given by

Bt Bt g( }Bf ( / B}Bf ( B}Bt
Yz nz g(8}z (d(zldo'B)z (d(rs)z

The approximation that leads to Etl. (11) may also
be used to predict the angular dependence of the
correction. The result is not satisfactory, how-
ever, and will not be reproduced here. To proper-
ly incorporate the angular dependence of the devi-
ation from the Rutherford cross section, it is nec-

(y+ cos8)'sin8 M,
(1+y cos8)sing„„cos2y»' M,

' (20)

Here n denotes the target density and g(8) is the
factor converting from center-of-mass to labora-.
tory quantities given by
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FIG. 3. Backscattering spectrum from the Bi-Zn two-
component target. The target was prepared by implant-
ing 3.1 &&lots/cmt Bi' and 2.5 &&10 6/cmt Zn+ into amor-
phous C, each at 10 keV. Slight contaminations of 0, Al,
Si, and Ar do not influence the results within the quoted
accuracy.
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The ratio of the measured cross sections relative
to the Rutherford cross section may then be de-
termined from the ratio of the scattering yields if
the ratio between the target-area densities of bis-
muth and zinc is known. The high-energy H data
were normalized to the theoretical predictions to
determine the ratio na, /nz „, which could not be
measured with sufficient accuracy during the im-
plantation. We believe that such a normalization
procedure is justified because for protons in the
energy region 1 ~ E„~1.6 MeV, the t' ' values
are so large (t'~a=32V for zinc and t~~a=8V for
bismuth for 1-MeV hydrogen scattered through
1VO'), and hence the ro values so small, that the
theoretical cross-section ratios are nearly inde-
pendent of the potential assumed and consequently
have a high degree of confidence. The cross-
section ratio was calculated numerically for the
DHFS potential with universal screening. Insert-
ing this ratio into Etl. (19), we determine (na, /
nz, ),„„byaveraging over the result for the differ-
ent energies. For all H' spectra, the zinc and
bismuth peaks were separated, but some influ-
ence of pile-up effects from the enhanced 'aC(p, p')
"C nuclear scattering was seen. After a back-
ground subtraction of the order of 1%, the na, /nz,
ratio was determined with an accuracy of 1.5%.
With this ratio inserted in Eti. (19), the ratio be-
tween the measured cross sections relative to the
Rutherford cross section for He' and Li' bombard-
ment was determined. The cross-section ratios
are plotted in Fig. 4 for the H', He', and Li' pro-
jectiles as a function of energy. It was possible
clearly to separate the zinc and the bismuth peaks
in all cases. Since there were no continuous back-
ground and contamination problems, the uncertain-

0.95—

0.90—

1

~LJ
1+—

Ecm

0.85-
N

I I I

Li'~ Bi/Zn

0 0.4 0.8 1.2 1.6 2,0 2.4

[ab~M

FIG. 4. Differential-scattering cross-section ratios
relative to the Rutherford cross section as a function of
the incident gab) energy at the deflection angle y&~
=170'. Experimental results are compared with predic-
tions from exact classical calculations for the DHFS po-
tential with universal screening, with the LNS similarity
results for the LJ' potential, and with the simple analyti-
cal expression given by Eqs. (11) and (14).

ty on the cross-section ratios is only 1.5'%%uo, which
&gainly stems from counting statistics.

From Fig. 4 it is seen that the cross-section ra-
tio (do/doa)a, /(do/der„)z„decreases for decreasing
energy and, further, deviates from both the Ruth-
erford and the LNS similarity predictions, in
agreement with the results in Fig. 2. In Fig. 4,
the experimental results are compared with the
analytical formula (11) with V, given by V~L' [Eti.
(14)] and with exact classical results for the DHFS
potential with universal screening. Both of the the-
oretical curves are in good agreement with the ex-
perimental results, but within the stated accuracy,
we may conclude that the curve DHFS""" is super-
ior ~

Besides the screening effects mentioned above
that were caused by atomic electrons, there are
several other effects causing corrections to the
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Rutherford trajectory that might influence the re-
sults in Fig. 4. These effects" may be treated in
the same way as the screening correction in Eq.
(11), i. e., in terms of an additional kinetic ener-
gy V, . We note the following points. (i) The vac-
uum polarization leads to the following increase
in energy,

V~v~/E, =1.55 x 10~in[96.86/~, (8)]sin(8/2),

(21)

where r, (in fm) is the distance of closest ap-
proach. It is seen that the correction to the Ruth-
erford formula shows only a slight dependence on

energy and projectile mass. In all cases, the
correction to the cross-section ratio is less than
0.25%. (ii) The relativistic correction is given by
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and it is easily seen to have no influence on the
cross-section ratio. (iii) The dipole polarization
effect and the effect due to nuclear forces are both
negligible for the present energies and ion-atom
systems. Finally, the slight difference in implan-
tation depth of zinc and bismuth (Table I) gives
rise to a small energy correction. For both helium
and lithium ions, the correction tothe cross-sec-
tion ratio is in all cases less than 0.3%. All data
shown in Fig. 4 have been corrected for this ef-
fect.

An estimate of the kinematical influence of the
inelastic energy loss in single collisions (roughly
assessed to be 2% of the kinetic energy) shows that
it affects the cross-section ratio at most by 0.2%',

this correction is neglected. Furthermore, the
condition for applying classical scattering theory"
in the cases treated here is clearly fulfilled.

In order to evaluate the different theoretical cal-
culations of and the analytical approximation to
the weakly screened Rutherford cross section, in

Fig. 5 we consider for the specific case of the
He -Bi system the results of these predictions rel-
ative to the cross section for the DHFS potential
with universal screening as a function of energy.
The cross section do (DHFS ") is chosen as a ref-
erence since it is believed to be the most accurate
one, a fact that is corroborated by the experimen-
tal findings m Fig. 4. From Fig. 5 the following
is seen. (i) For high energies, the cross sections
agree to within 0.2% while increased splitting
occurs for decreasing energies. (ii) Introduction
of universal rather than atomic screening lowers
the cross sections by approximately 1% and 0.1%
at E -4 and c -85, respectively. (iii) The differ-
ence between the I J and the DHFS cross sections
is -2% for e -4 and decreases with increasing en-

0.98
200 500

E«b(keVj
1000 2000

FIG. 5. Different theoretical predictions for the
screening correction factor to the Hutherford cross sec-
tion for backscattering of 4He from Bi. Dot and dash
line (right-hand scale): Exact cross sections for the
DHFS potential with universal screening. Solid lines
cleft-hand scale): Exact results for different potentials
(with atomic and universal screening) and simple analyt-
ical predictions, Eqs. (11) and QS) with V~ given by V~

and Vg, respectively, all relative to the DHFS"~ re-
sults.

ergy. (iv) The cross section do" given by Eqs.
(11) and (14) has a maximum deviation of 0.8%
from do (DHFS""') for the energies in question.
This is compared to the energy dependence of the
cross section do~ [Eq. (18)]used by L'Ecuyer
et al.' which, for energies down to & -13, agrees
to within 0.5% with do(DHFS""'), while the devia-
tion becomes excessive for lower & values. The
latter circumstance is due to the fact that do~ only
represents a first-order expansion, while inclu-
sion of the second-order term leads to a cross
section de [Eq. (1V)], which deviates very little
from do'". The use of V~~~ [Eq. (14)] in do" in-
stead of the expression for atomic screening V,*
=49 eV Z,Z, ' used by L'Ecuyer et al.' improves
the agreement with do (DHFS"'") by an amount
comparable to the difference between the atomic
and universal screening curve in Fig. 5.

In Fig. 5 is further shown the ratio between the
DHFS"""cross section and the Rutherford cross
section. A comparison of this curve with the curve
DHFS~'" for the helium case in Fig. 4, shows that
the deviation of the latter curve and thus also of
the experimental cross-section ratios from the
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Rutherford predictions is caused mainly by the
characteristics of the He -Bi cross section. The
reason is that for a given energy, the I,"~' value
with zinc as the target is nearly a factor of 4 lar-
ger than that with a bismuth target, leading to
much smaller deviations from the Rutherford and
the LNS similarity cross sections for zinc than
for bismuth, according to Fig. 2. The same is
true for hydrogen and lithium projectiles. Note in
particular that non-negligible deviations from the
Rutherford cross section occur for energies reg-
ularly used in analytical work.

B. Angular dependence of the cross section for fixed energy

Above we have investigated the energy depen-
dence of the deviations from the Rutherford and the
LNS scattering formulas for backscattering. How-
ever, it is also important to study the angular de-
pendence of these deviations, as illustrated in
Fig. 2.

Foror a given beam energy and scattering angle,
the ratio between the scattering yields from gold
and carbon is given by an equation similar to E .
~19~ The ratio between the gold and carbon area
densities is determined by normalizing the data
for the scattering of 1.5-MeV He' through the lar-
gest scattering angles to the DHFS""'" results
For measurements at scattering angles smaller
than 4 'an 45', it has been necessary to correct the gold
cross sections for the influence of multiple s t-

~,23 ~

e sca-
tering ~ since the measurements do not directly
yield der(6) but rather a thickness-dependent re-
duced scattering yield. The largest correction
amounts to 21.8%%uo, which is applied to 300-keV hel-
ium scattered through 14.5', corresponding to the
lowest value of t 2 =1.74. For higher t values,
the correction decreases rapidly, and it is negli-
gible in the carbon case.

In Fig. 6 is plotted the ratio between gold and
carbon cross sections relative to the Rutherford
cross section as a function of y„,. Since the var-
iation of the deviations of the cross sections from
the Rutherford predictions is attributed mainl to

e gold results, and since the cross-section ra-
tios in Fig. 6 for y„„&90' are close to the Ruther-
ford predictions, the angle-independent screening
correction [Eq. (11)]gives a good description of
the deviation from the Rutherford formula for al-
most all RBS-analysis experiments (E„,z 300 keV,
y„„~90'). The experimental results in Fig. 6 are
compared with the predictions from exact classi-
cal calculations based on the DHFS potential with
universal screening, with the LNS similarity re-
sults for the LJ potential, and with the results
from the angle-dependent analytical formula [Eil.
(16)] with &, given by V, ~ [Eil. (14)]. It is seen
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FIG. 6. Angular dependence of the differential-scatter-
ing cross-section ratios (relative to the Rutherford pre-
diction) for the Au-C system. The experimental results
are compared with those from an exact classical calcu-
lation based on DHFS radial densities, with the LNS
similarity results for the Lenz-Jensen potential, and
with the results from the analytical formula (Eq. (16)j .

that the deviations from the LNS prediction de-
crease with decreasing y„„ in agreement with ex-
pectations from .Fig. 2. Both the analytical and the
da &DHFS""'"d & HFS '

& results are in good agreement with
the experimental data, but once again, the
DHFS" " curve is superior.

C. Validity of analytical correction formulas

The above results show that the energy depen-
dence of the experimental cross-section ratios for
backscattering within 1/& may be represented by
the analytical expression in Eil. (11) in the entire
energy region studied and that the angular depen-
dence for a fixed energy (E„,~ 300 keV) for y„„
~ 46' also within l%%uo is represented by Eil. (16),
in both cases with V~ given by V~ [Eg. (14)]. The
latter equation may, in fact, also be used to rep-
resent all of the backscattering results within 1%.

the
t this place, a few comments on the bas s f

e success of the analytical formula would be ap-
propriate. For that purpose, Fig. V shows the in-

th
teraction energy for the He-Bi system in t f

e screening function p = y L~ for the Lenz- Jensen
potential as a function of the internuclear separa-
tion x in units of the screening length (x =w/a) as
well as three more curves of relevance to our dis-
cussion. One of these is a curve denoted y —xjj'
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FEG. 7. The figure allows comparison of the inter-
atomic LJ screening function pLJ (see text) to the ap-
proximation 1—1.586x of Eqs. (15) and (14) that leads to
the correction formula of Eq. (16). V&(x) denotes the
gained kinetic energy (or the negative of the potential
energy) due to the attraction of the projectile by the elec-
tron distribution. V&(0) appears in the correction formu-
la for backward scattering [see Eqs. (11) and (13)J.
Finally, y-xfIt)' represents the interatomic force corre-
sponding to y= y~. The force deviates only little from
the pure Coulomb force for x& O.la. The letters K, L,
and M indicate magnitudes of the radii of the correspond-
ing electron shells of the Bi atom.

representing the force (Z,Z,e'/r ) (y-xy'), an-
other curve is denoted V~(x)/V, (0), where V, (x)
is the gained kinetic energy at a distance x caused
by the electron distribution, and finally the curve
denoted 1 —1.586x, representing the approximate
potential (Z,Z,es/r) [1+ y'(0)x] of Eqs. (12) and
(19) used for the derivation of the correction form-
ula (16). In Fig. 7 we have furthermore indicated
the radii of the E, L, and M shells of bismuth.

We first consider the ratio 1/[1+ V, (0)/E, ] of
Eq. (11) for backscattering. The derivation of this
expression presupposed pure Rutherford scattering
with the additional kinetic energy V, (0), and one
might intuitively expect Eq. (11) to hold only when
the main deflection occurs well inside the E shell
of the target atom. However, this is not so since
Eq. (11) turns out to hold even for backscattering
with smallest separation larger than two times the
K-shell radius (for 200-keV Li-Bi). To under-
stand this finding, we observe (Fig. 7) that the
force, contrary to y, even at such relatively large
separations, deviates only little from the un-
screened Coulomb force, and the fact that V~(x) is
20-30 /q smaller than V~(x) in this range further
counteracts the effect of the diminished force.

To complete the discussion of Eq. (11), it should
be said that the above argument is only part of the
truth since the differential cross section for scat-
tering with closest distances of approach near the
E-shell radius, but with smaller deflection angles,

deviates substantially from predictions of the ang-
ular dependence based on the assumptions that lead
to Eq. (11).

The angular dependence of the cross-section ra-
tios is adequately given by Eq. (16) for collisions
with closest distances of approach x, smaller than
approximately two times the K-shell radius of the
heavier target atom. Figure 7 shows that the
screening function 1 —1.586x that leads to Eq. (16)
actually represents y~, quite closely in this
range. Furthermore, we may note that the ap-
proximate potential yields a repulsive force equal
to that for the unscreened case for ~&r, =0.63a.
The success of Eq. (16) for collisions with ro/a
&0.1 is thus a result of a force that is zero for r
&0.63a and equal to Z,Z,es/rs for r &0.63a.

V. COMPARISON WITH OTHER MEASUREMENTS

There are very few experimental investigations
of the deviation from the Rutherford and the LNS
cross sections for wide-angle scattering in the
weakly screened Rutherford region, the main rea-
son being that a high degree of accuracy is needed.

The Chalk River group' has given an excellent
discussion of all the experimental problems invol-
ved in measuring absolute RBS scattering yields.
A major part of their experimental program was
to measure the screening correction as a function
of +y +g and &„„.In an experiment similar to
the present one, they measured the relative scat-
tering cross sections de(Bi)/do(Mn) at a fixed,
large scattering angle for ~He, "C, "N, "0, and
'Ne ions at energies 0.1 & Eo (MeV)/Z~ ~ 2. Based

on the first-order correction given by Eq. (18),
they express the screening correction as a function
of the variable E„„/Z,. Applying our procedure
(see above) to their data, we obtain an n„,/n, ra
tio, which is 1/o lower than theirs. Their results
then show the same tendency as ours, namely that
the experimental cross-section ratios are lower
than the prediction from Eq. (18) for energies
down to 100 keV/amu.

Van Wijngaarden et al.' '"measured differential-
scattering cross sections for 9-75-keV H, He, B,
and N ions scattered on a thermal beam of mer-
cury atoms in the range of 2.8' & y„~ & 60', i. e.,
for 10'~t' ~1. Since their data are vitiated by
experimental uncertainties up to +15%, it is dif-
ficult to draw specific conclusions, but the tenden-
cy is that at small scattering angles, the experi-
mental data are in good agreement with LNS pre-
dictions for the TF potential, but at large scatter-
ing angles, they follow the exact TF predictions.

Van Wijngaarden et al."also measured the dif-
ferential-scattering cross sections for scattering
to an angle of 136.4' of (50-110)-keV 'H, ~He, 'Li,
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and ' 8 from a gold target. From Fig. 8 in Ander-
sen et a/. ,

' it is seen that within the experimental
accuracy, the data of Ref. 20 agree both with the
LNS predictions for the TF potential and with the
data of Andersen et al.' This is in contradiction to
the present measurements and also to the theoreti-
cal results in Fig. 2 that deviate 10-20% from the
LNS predictions for the relevant(t'~', e) values, 1.5
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