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Recent experimental investigations of atomic x rays in protonium have revived interest in the atomic
cascade process. Following a calculation of Leon and Bethe, which includes chemical and Auger
deexcitation, Stark mixing and 'annihilation, as wdl as radiative transitions, we investigate the dependence of
the yields of K and L x rays on the target density, and on the hadronic shifts and widths of the 1s and 2p
levels. Numerical results are also given for kaonic, pionic, and muonic hydrogen.

I. INTRODUCTION

Recent investigations of atomic x rays in various
forms of exotic hydrogen have revived interest
in the subject of the atomic cascade process. The
relevant processes —Stark mixing, absorption due
to the strong interaction, chemical and Auger de-
excitation, as well as radiative transitions, were
investigated some time ago by Leon and Bethe'
(hereafter referred to as LB). In particular, as
was first pointed out by Day, Snow, and Sucher, '
the Stark mixing was shown to induce substantial
absorption of pions and kaons from high-n states,
resulting in a substantial reduction of both the x-
ray yields and the cascade time. Similar investi-
gations we re car ried out for antiprotons by De sai'
and by Dalkarov et al.' However, these authors
neglected the l dependence of the Auger and radia-
tive transition rates. 'The purpose of the present
work is to adapt the calculation of Leon and Bethe'
to the study of exotic hydrogen as a function of
target density, and to investigate the sensitivity
of the cascade process to such things as Stark
mixing rates, kinetic energy of the atom, , hadronic
shifts, and widths, etc. Xt is hoped that such in-
formation will be of assistance in the planning of
expe riments.

Although the calculation is based on that of LB,
some changes have been made. The calculation
of the various processes which affect the cascade
will. be summarized in Sec. XX. Section XXX will deal
with our results for the cases of muonic, pionic,
kaonic, and antiprotonic hydrogen. A comparison
with the available experimental data will be made.

by Auger ionization of the neighboring hydrogen
atoms, or by "chemical" dissociation of the hydro-
gen molecules. (Using a distribution of n& i1M»
as the starting value would result in an increase
of the cascade time by up to 30/q, but has little
effect on the yields, absorption probabilities,
etc. ) As in LB, we take the rates to be given ap-
proximately by

I',.z(chem) = 2%v»a'„ if —&E &4. 'I eV

I', (Aug)=~m R2 (26E+I 39) '~

if ~E&15.2 eV=0. 56 Ry.

Here R,.& is the radial matrix element for the
transition n,.l,- to nflf with l&=l,.+1, N is the density
of hydrogen atoms, v is the velocity of the exotic
atom, and a„. is the radius of its n,.th Bohr orbit.

The rates for radiative deexcitation are given,
as usualq by

I",q(rad) = —', o.8' 'MPR', .~(AE)'. (2)

The relative importance of the radiative and Auger
rates depends on the target density and on the type
of atom. For the case of pions (or muons) stopping
in liquid hydrogen, radiation is unimportant for
transitions such that n&&3. 'The relative impor-
tance of radiative transitions increases as the
target density is decreased (the radiative and
Auger rates for pionic hydrogen are comparable
for n= 6 at a gas pressure of I atm). The corres-
ponding n values are larger if the negatively
charged particle is heavier.

II. PROCESSES WHICH AFFECT THE CASCADE

After capture in an initial state with n = v M»
(M» is the reduced mass of the system, in units of
the electron mass), deexcitation proceeds mainly

32 (n' I)-
3 n

(3)

A. Absorption

The rates for hadronic absorption are given by
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'The widths 1"„and I',~, as well as the shift ~E„,
are input parameters. They can be related to the
imaginary part .of the complex scatte ring length by

I'„/2=2 lq„(0)l M 'i (A, )

= (1.56 x 10" fm-' s-')M' Im(A, ),

I „/2 = 6
l vq„(0) l'M I (A, /I ')

that R, is the root of

E(R) = (0.5747/n')M»
l
5E„l . (8)

For small values of n (&8), it is more appropriate
to take R, as the impact parameter for which

I'„,
,

t" dX
nv ~„3iy'(R)I

= (52.3 fm ' s ')M„' Im(A&/k'), (4b) or

provided the scattering- length approximation for
calculating the level width of a hadronic atom is
valid.

2l+ 1
~nl n l-1 2l 1 nl n k+1 ~ +Pa (5)

for l&1 where, as in LB, p, is an effective impact
parameter. It is the root of the equation

vM» g&~) 1
e "'"~(I+2p secg+ 2p' sec'g)dg.

2n p 'Fp ~

(6)

If an s state is involved, the removal of the de-
generacy of the energy levels by the strong inter-
action (and, where appropriate, by vacuum polari-
zation) hinders the Stark mixing, since the elec-
tric field must overcome the energy difference
between the ns and np states. 'This is taken into
account by using a different (and smaller) impact
parameter R,. According to LB, the fraction
R(y) of atoms which mixes with the ns state can be
approximated by

R(y)=1 ' lyl = ~
"' M»&0. 58 (R&R,), (7)

I &&„, l

3nER
where E(R) = (1+R-'+R '/2) exp(-2R). It follows

B. Stark mixing

Transitions among the n' degenerate states of a
given n are induced when the hadronic atom passes
near, or through, a hydrogen atom and "feels" the
electric field due to the hydrogen atom. (Coulomb
deexcitation is also possible, as has been dis-
cussed by Fiorentini. However, Stark mixing is
probably more important. ) Although this work is
based on LB, we treat the Stark mixing somewhat
differently here. In order to better describe the
n region where Auger and/or radiation become
competitive with Stark mixing (as happens in a
gas), we use a shuffling model. This presents a
difficulty compared with the usual cascade model
in that probability is transferred back and forth
among the l states at each value of n. We cir-
cumvent this by using a difference equation for the
arrival Probability. This is solved using standard
methods for the inversion of banded matrices.
The shuffle rates are calculated using the relation

MdXE'(R) =
ls

(9)

III. NUMERICAL RESULTS

A. Antiprotons

For the case of the Pp system, the interesting
observable quantities are the hadronic shift and
width of the 1s and 2' states, including spin de-
pendence, and the probability for annihilation from
a P state. Experimentally, Bailey et al. e have set
a lower li.mit on I » (probably spin averaged):

I"» & 10I"» (rad) = 0.004 eV .

An estimate by Kaufmann and Pilkuhn, ' based on a
black-disc model, predicts I'» = 100I"»(rad) = 0.04
eV (spin averaged). We have considered both of
these possibilities in the calculations.

At the present time little is known about the
shift and width of the 1s state. From the scatter-
ing lengths of Bryan and Phillips, ' one obtains

(610-750i)

&&„—il"„/2 = (950-625i)

.(870-650i)

in eV, for the singlet, triplet, and spin-averaged
cases, respectively. We also considered the
possibility -&E„=I'„=1000eV.

Since experimental information on the yield of
I- x rays in a gas target at 4 atm and ambient tem-
perature is available, a systematic study of the
sensitivity of the yields of K and L x rays at this
target density, as a function of the velocity of the

pp atom, Stark mixing coefficient k»„(an arbi-
trary factor multiplying all Stark mixing rates),
and annihilation width of the 2f state was under-

In practice R, is computed by both methods, and
the larger of the two is taken. We then have

(10)

The shift 6E„ in Eqs. (8) and (9) was taken as an
effective shift, such that

l
VZ„l „,= l

6E„(had)+ &Z„(vp) —ii"„/2
l
.

We assume that the energy shift of the np state is
negli'gible.
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FIG. 1. I —x-ray yields as a function of the ratio
I'2& (ann)/I'2& (rad) for antiprotons stopped in gaseous
hydrogen at 4-atm pressure and room temperature.
I fg 0 Efg 1 keV. The numbers labeling the curves
give the Stark coefficient. Dot-dashed lines: experi-
mental limits for yield (Yexpt= 6+ 3%). (a) T= j. eV,
(b) T=4 eV.

taken. For this exercise, the hadronic width and

shift of the 1s state were held fixed at 1 keV. The
results are shown in Figs. 1 (I yield) and 2 (K

yield). The x ray yields are plotted as a function
of I'»/I'»(rad) for various values of T„, (T„,
= 1 eV corresponds to v = 10' cm) and Stark coeffi-
cient. The Stark mixing rates are proportional
to the product 8. EST„, since the impact parameter
depends only very weakly on the velocity. A com-
parison of the curves in Figs. 1(a) and l(b), or
2(a) and 2(b) reveals that the yields depend on

these parameters individually, and not simply on
their product. 'The yields are also very sensitive
to the value of the Stark coefficient. For the velo-
cities under consideration, a value of Stark co-
efficient between 2 and 5 gives a reasonable fit to
the data (horizontal dashed-dot lines in Fig. 1).
'The decrease in yield as the Stark mixing rates

r„/ r„(rad)

FIG. 2. K-x-ray yields as a function of the ratio I'2&

(ann)/I'2& (rad) for a gas target. Description of curves
as in Fig. l.

are increased is easy to understand. As the pro-
bability for mixing with a high-n s state is in-
creased, the probability that the system annihi-
lates from a high s state is increased. In addition,
there is considerable p-state annihilation from
states with n=6, 7, 8; this is also affected by the
Stark mixing. The available data can be fitted with
values of I'» between 4 and 40 meV; however,
smaller Stark mixing rates are required as I'» is
increased.

Figures 3, 4, and 5 show the total L x-ray yield,
the total K x-ray yield, and the probability for
absorption from a P state as a function of target
density. Figures 3(a), 4(a), and 5(a) show the re-
sults obtained with 1"»——4 meV,

~

5E,„~= 1"„=1 keV
for several values of k»K and T„, which gave rea-
sonable fits to the data at 4 atm. The dashed
curves are similar, except that I'»=40 meV. The
curves in Figs. 3(b), 4(b), and 5(b) were calculated
using the predictions for I „and &E„ from the
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coefficient, as can be seen in Figs. 5(a)-5(c).
With a smaller Stark mixing coefficient, and/or
smaller width of the 1s state, even larger values
have been obtained. As was first pointed out in
Ref. 2, Stark mixing increases the probability for
annihilation from s states with high principal
quantum number e, and thus reduces the total
absorption from P states (as well as the x-ray
yields), so this result is not surprising. The ex-
perimental situation regarding pf annihiLation from
jt) states is unclear. Evidence from the process

pp -7r'r'

indicates a substantial probability for p-state
annihilation, ' which in turn would favor a Larger
value of I'» and smaller Stark mixing (k»K & 5). On
the other hand, experiments on the process

PP -KOK

indicate a significantly smaller p-state annhilation
probability, ' '" which would favor I',

~
= 10 meV

and a somewhat larger Stark mixing coefficient

(k &3). It is also possible" that the annihilationSTK
to 1T'7t' takes place in two steps:

m Iatamicstate IN I ttg this bound+& ~

nuc.lear state

0 O~p
I tightly bound
nuclear s tate

If this is the case, what appears to be p-wave
annihilation is really s-wave absorption. One
could obtain a useful constraint on the parameters
of this calculation if the probability for annihila-
tion from a p state as a function of the target den-
sity were better known experimentally.

Figures 6 show the relative K yields Kn/(all K);
KP/(all K), etc. as afunction of the unshifted x-ray
energy for p stopped in liquid hydrogen. These quanti-
ties are mainly sensitive to the width of the 2P state,
and rather insensitive to Stark mixing and to the shift
and width of the 1s state. In general, an increase in
the Stark mixing rates enhances the transitions (n & 5- n = 1). Figure 6(a) uses values for the shift and
width of the 1s state suggested by Izycki et al. " (I'„
= 250 eV, 6E„=-2500 eV). Figure 6(b) corresponds
to I', = 6E„=1 keV. In all cases the Kn and KP linesls
are very weak and most of the x-ray intensity
is concentrated in the 4-1 and 5-1 (or 5-1 and
6-1) transitions. It is therefore unlikely that the
pattern sought by Izycki et al." could have been
seen.

'The total R-x-ray intensity is more sensitive to
the Stark mixing, velocity, and shift and width of
the Is level, as can be seen from Figs. 4(a)-4(c).
'The branching ratios also become more sensitive
to these quantities in a gas target, as can be seen
in Fig. 7, where the ratio of Kn to aLLK is plotted
as a function of target density for two different
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FIG. 6. Relative K—z-ray yields (normalized to total
yield 1) as a function of unshifted x-ray energy (in keV).
Solid lines: I"2& =4 meV; dashed lines: I 2&

=40 meV.
In (a), we ~eke I'1~ —-250 eV, 6 E& ———2500 eV; (b) cor-
responds to I"„=—BE&s=1000 eV. ~sTKWT —2 for both
figures.

0
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FIG. 7. Relative yield Kz/Kto& for K x rays as a func-
tion of target pressure. 1s =1-1.5 keV, 5E»= —1 to
—2 keV. ksTK V T varies from 1 to 2.5. Vertical bars:
range of values for I'2& = 4 meV. Horizontal bars:
range of values for I'2& =40 meV.
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FIG. 8. X—x-ray yield for X p as a function of target pressure (ambient temperature). I"2& (ann)=10
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' eV; dashed curve: ksTK =2, T=1 eV; —~—:
ksTK= 5, T=—,

' eV; ——:ksTK = 5, T =1 eV. (a) Kn yield; (b) EP yield (c) Ky yield; (d) Xt,t yield. Experi-
mental points in (a) and (b) from Ref. 14.

values of I'». The bands indicate the maximum
variation which was obtained for Stark coefficient
between 2 and 5 for several values of velocity.

B. Kaons

A recent experiment from the Rutherford Labora-
tory" has reported observing the Ke x ray from
kaonic hydrogen with an intensity of (0.11+0.06)/q
per stopped kaon. 'The hadronic shift and width
were reported to be 40+ 60 eV and &250 eV, re-
spectively. 'The shift of the Kn line due to vacuum
polarization is about 25 eV. The KJ3 line was not
observed, and an upper limit on its intensity of
about half thai of the Kn line was reported.

The observed shift and width of the 1s state are
not in accordance with what one would expect from
the scattering- length approximation. However,
the presence of a subthreshold resonance —the
Y*(1405) in the K P system makes it unlikely that
the scattering-length approximation is valid in
this case. 'The results of our calculations for the
observed shift and width of the 1s state and for
I'» --10-' eV [note that 1»(rad) = 2.6 x 10 ' eV] are
shown in Figs. 8, 9, and 10. Here we plotted the

Kn, KP, and Kz yields, as well as the total K
yields, cascade time, and percent absorbed from
aP state, as a function of density for several
combinations of Stark coefficient and atomic kine-
tic energy. The results on the Kn yield are not

10—

0.1—

I I I ~ I

1 10 100

TARGET PRESSURE (atm)

FIG. 9. Cascade time (in units of 10 ' s) for kaonic
hydrogen as function of the target pressure. Parame-
ters and notation for curves as for Figs. 8(a)-8(d). (The
dashed curve is identical to the dash-dot curve. ) Ex-
perimental limit from Ref. 15.
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FIG. 10. Percent of kaons absorbed from P state as
function of the target density. Parameters and nota-
tion as for Fig. 8.

ly changed at all for a gas target.
For the case of kaons stopped in a dilute gas,

the cascade time is comparable to the kaon life-
time, and a significant fraction (&10/o) of the kaons
decay before they complete the cascade. A sub-
stantial fraction is also absorbed from a p state
(2P to 6P). The long cascade times for kaons
stopping in a dilute gas might permit the detection
of the decaying kaons; the time distribution of the
decays could also yield useful information.

C. Pions

For the case of pions, the width of the 1s level
has been fairly reliably determined from experi-
ments on charge exchange at low energies and on
the radiative capture process. " We have used

inconsistent with the experiment of Davies et aL"
for Stark mixing coefficient 2 —5 (4sr„= 1 results
in too large a yield). It is not possible to fit the
observed branching ratio KP/Kn & —, (in liquid) with
a larger value of 1"». 'The predicted yields are
also too low if I'„(abs) & I',,(rad). The calculated
cascade time is somewhat too high [(5—6) && 10 "s
as compared to an experimental upper limit" of
4 & 10 "s]. The cascade time can be reduced by
about 20/0, with no significant change in the cal-
culated yields, by reducing the initial value of n
(from 25 to 23) or by doubling the rates for chemi-
cal deexcitation. 'These results are not very sensi-
tive to ~E„. Here we use I"„=250 eV, and &E„
= 125 eV. 'The dashed curves and the dash-dot
curves would be the same if I"„=&&„=80eV. If
we take I'„=250 eV, and &E„=80 eV, the Kn
yields in liquid are reduced 10-20/q, but are hard-
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FIG. 12. Total K—x-ray yield (in Q3 for pionic hy-
drogen as a function of target pressure. I'f = 0.82 eV.
Data from Ref. 20. (a) ka&K

——2. Solid curve: T=4 eV,
'6 Efs —5 7 eV; dashed curve: T = 1 eV, 5 Efs 5 7 eV;
dash-dot curve: T=4 eV, f5Ef =2 eV; dash-dot-dot
curve: T=1 eV, 6Efs=2 eV; (b3 Solid curve: ks~K
= 5, T =1 eV, 6 Ef,=10 eV; dashed curve: ksm=
= ~ eV, 6 Efs= 10 eV; dash-dot curve: ks&K = 5, T =1 eV,
6Efs =5.7 eV; dash-dot-dot curve: ksqK=1, T=1 eV,

Efs = 5.7 eV.
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'The real part of the m P scattering length has been
determined from measurements on pionic atoms, "
and by dispersion methods". The results are
nearly identical, and give

Rem, ~=0.98 m ',
which results in less binding:

@as = 5.7 eV.

'The vacuum polarization shift of the 1s level in
pionic hydrogen increases the binding by

=7.7 eV.

For pionic hydrogen, absorption from P states is
negligible.

FIG. 15. Ln —x-ray yield in rnuonic hydrogen as a
function of target pressure. Curves denoted as in Fig.
14.

Experimental information" exists for the cas-
cade time in a liquid target [7', = (2.3 + 0.6) x 10 "
sj, for the total K-x-ray yield and for the ratio of
Kn to all K in a gas" at 4 atm:

Kn/K„, = 0.53+ 0.04,

where K„,= 0.40+ 0.04 per stopped p . These
quantities, as well as the results of our calcula-
tions, are shown in Figs. 11-13. For these, we
fixed the value of 1 „at 0.8 eV and varied &E„,
T„, and the Stark mixing coefficient. Figure 11
shows the ratio of Kn to K„, as a function of the
target density. Our predictions are uniformly
smaller than the experimental value (ranging from
0.40 to 0.45) and are insensitive to all of the para-
meters which were varied except for the Stark
mixing rates.

On the other hand, the total K-x-ray yield is
sensitive to the velocity and to DE„as well as to
the Stark mixing coefficient, as can be seen in
Figs. 12. Only a fairly small value of Stark co-
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FIG. 14. Kz-x-ray yield in muonic hydrogen as a
function of target density. Solid curve: ksTK=10, T
=1 eV. Dashed curve: ksTK ——1, T = ~ eV. Results for
intermediate values of these parameters lie between
these curves.

I
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TARGET PRESSURE ( atm)

FIG. 16. Percent of muons arriving in the 2s state
as a function of target pressure. Curves denoted as in
Fig. 14.
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efficient (h»„& 2) approaches being consistent
with the observed yields. However, our results
for the cascade time (Fig. 13) favor larger Stark
mixing rates. As for kaons, the cascade times
could be reduced by decreasing the initial value
of n or by increasing the rates for chemical de-
excitation.

D. Muons

Figures 14-16 show our results for muons (Kn
and L n yields, and the percent arriving in the 2s
state). These results depend on the. kinetic energy

-of the muonic hydrogen atom, Stark mixing rates,
etc. , only in a gas target at a pressure below about
5 atm. The two curves shown indicate the maxi-
mum variation which was found when the Stark
coefficient was varied from 1 to 10 and the atomic
kinetic energy from —', to 1 eV. (The solid curve
gives our results for ksvK = 10 T = 1 eV and the
dashed curve for h»„--1, T, = —,

' eV). The small
l -x-ray yield and the large K-x-ray yield found
in liquid are easily explained by the fact that the
Auger rates dominate for n as low as 3 at liquid
density. Our predictions for the Kn yield at pres-
sures below 1 atm are in reasonable agreement
with the reported experimental results. ""

IV. SUMMARY

Kith reasonable values of arbitrarily adjustable
parameters, it is possible to fit the available ex-
perimental data on x-ray yields in exotic hydrogen
fairly well. More data, would be required to deter-
mine these parameters with any degree of relia-
bility, however. Contrary to popular belief, Stark
mixing remains an important factor in the cascade
process even in a gas at target pressures as Iow
as 1 atm. In the case of antiprotons and kaons,
direct absorption from p states plays an important
role (this effect is negligible for pions and muons).
Because of Stark mixing, the yields are insensi-
tive to the initial distribution of stopping mesons
(or antiprotons). The cascade times are somewhat
sensitive to the initial n distribution, however.
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