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The Z& contribution of distant collisions to the average energy loss of heavy charged particles is obtained

by extending Bethe's quantum-mechanical calculation to the next highest order in Z, . The second-order porn
approximation for the inelastic-collision cross section is simplified by using two major approximations. The
infinite summation over terms arising from the coupling to intermediate states of the target atom is

approximated with the aid of a parameter and the closure relation. This parameter is proportional to the
average excitation energy of the intermediate states as described in the literature. The atomic form factors
are simplified through a dipole expansion. Results are obtained in terms of an average excitation energy of
the medium. Exemplary results for stopping in Al are presented for estimated values of the average
excitation energy of the intermediate states. These results approach the classical and experimental values as
the velocity of the penetrating particle increases, agreeing within 20% at P = 0.3.

I. INTRODUCTION

Calculations of the ionization and excitation ener-
gy loss of charged particles traversing matter were
made prior to. the development of quantum mechan-
ics. The first classical calculation by Bohr' has
been followed by the quantum-mechanical treatment
by Bethe' and by the method of impact parameters
by Williams. ' In Bloch's subsequent quantum-
mechanical treatment, the connection between the
metho. d of Bohr and Bethe was established. ' Mott'
demonstrated the equivalence of Bethe's method
and the method of impact parameters. The classi-
cal approach is expected to be valid when Z, /137P
»1, where the charge of the incident particle is
Z, e and Pc is the velocity. The validity of the
quantum-mechanical approach, in the first-order
Born approximation, requires that Z, /137P «1.

All of the above theories find the energy loss in
terms of Z, or, as Bloch found even powers of Zi.
However, different ranges for positive and negative
Z hyperons having the same initial energy have
been reported' from nuclear emuI. sion experiments.
Similar results have been found for pions. ' In ad-
dition, claims of finding super-heavy (Z, -92) nu-
clei in cosmic ray experiments have been pub-
lished. These results have supplied the motive
for recent attempts to extend the theory of stopping
power to include higher orders in Z, .

Using a classical formulation of the interaction
between a heavy charge with given impact param-
eter and a harmonically bound electron, Ashley,
Bitchie, and Brandt found a Z,' contribution to the
portion of energy loss due to distant collisions,

i.e., collisions in which atomic electron binding ef-
fects are included. Jackson and McCarthy" re-
peated the calculation of Ashley ef, aE. without lim-
iting the incident particle to nonrelativistic motion
and made a different choice of the minimum impact
parameter. The Z', contribution is given in terms
of tabulated functions. "

Hill and Merzbacher' also considered the har-
monic oscillator model of the atom, but treated
the pr'oblem quantum mechanically. The Z', contri-
bution is obtained through an exact evaluation. of the
dipole contribution with the quadrupole contribution
treated as a perturbation. Their results are identi-
cal with those obtained by Ashley et al.

Higher-order Z, contributions to energy loss for
close collisions (collisions where atomic electron
binding effects are ignored and arise from relativ-
istic effects) have been made by Eby and Morgan, "
by Jackson and McCarthy, ' and recently by Ahlen. '
Eby and Morgan found the higher-order contribu-
tions to all orders in Z, by using the exact Mott
cross section, while Jackson and McCarthy ob-
tained the Z', contribution for close collisions by
using the second-Born-Mott cross section. Ahlen's
calculation uses a Zv expansion of the cross sec-
tion. For a recent review see Ref. 15.

The calculation described in this paper extends
Bethe's nonrelativistic quantum- mechanical calcu-
lation for stopping power to the next highest order
in' Zi We obtained the Z', contributi. on for distant
collisions by using the second-order Born approxi-
mation and repeating Bethe's calculation. 'The

evaluation of the infinite sum over intermediate
states required by the cross section is approxi-

20 1979 The American Physical Society



20 Z)3 CONTRIBUTION TO -THE ENERGY LOSS OF HEAVY. . . 819

mated by introducing, as a parameter, the mean
excitation energy of the intermediate states and by
using closure. 'This method has been used by Bir-
man and Rosendorff" in calculating the collision
cross section for elastic scattering of electrons by
helium in the second-order Born approximation.
'The parameter was adjusted by these authors to fit
the experimental results. In our calculation w' e
follow the same procedure, but estimate the pa-
rameter by comparing our results with a different
calculation using the techniques of Holt and
Moiseiwitsch. '7

'The Holt-Moiseiwitsch approach is to truncate
the sum over intermediate states at a. low level,
set all remaining energy levels equal to the next
highest excitation level, and use closure to sum
the remaining terms.

A dipole expansion of the atomic form factors is
employed in our calculation leading to results in
the form of moments of dipole oscillator-strength
distributions.

In Sec. 0 the formalism leading to the second-
order Born approximation for distant collisions is
described. Results and a comparison of the pres-
.ent calculation with the classical theoretical re-
sults and with experiment is discussed in Sec. III.

plished by introducing q,.„=W/hv„where W
= (E„—Eo),„ is the average excitation energy of the
medium. W is defined by writing Eq. (1) as'

x [I.,(v„Z, )+Z,I.,(v„Z,)+ "], (4)

where Io =1n(2mv', /Is) is Bethe's nonrelativistic
results from first-order perturbation theory, I., is
the Z, contribution, etc.

E E q
2 2

~ min n

with the auxiliary requirement that

( En Ep)/h vy

~&~(E.—Eo) If.o(q) I' =o
n

W/hvar

which serves to define W.
Notice that the average excitation energy, Win

Eq. (2) will be different from that obtained by Bethe
who calculated the scattering amplitude in the first
order Born approximation. 'This will be discussed
in greater detail in Sec. II C.

The general form of Eq. (2) may be conveniently

put in the form of an expansion in Z,"

4v(z, e ) 'NZR

dx MV g

II. THEORY

A. General

The average energy loss per unit path length of a
charged particle as it traverses a material is given
by

p) g (R„R,) e,„e=)p (R„-R-, )f „=„'"

xdn

The summation extends over all excited states,
and op„ is the total inelastic cross section that leads
to final atomic state n. The energy loss in the col-
lision is (E„—ER), the difference between the ener-
gy level of the excited state E„and ground state Ep,
and pf is the density of atoms. In momentum coor-
dinates

=2~Nu, 'g(E„-E,) '"
qdqIf (q)I'. (1)

dx

The scattering amplitude is f~(q), Sk„and hko are
the final and initial momenta of the incident par-
ticle, respectively, and kq=kkp —Sk„ is the mo-
mentum transferred in the collision. The minimum
and maximum momentum is approximately
(E„—Eo)/hv, and 2mv, /h, respectively.

Since the lower limit of Eq. (1) depends upon n,
the integration and summation cannot be inter-
changed. 'The interchange however can be accom-

B. Second-order Born approximation

'The Z', contribution to the average energy loss
may be obtained by using, as the scattering ampli-
tude, the Born expansion to second order. 'That is,

e
—gf(&) +) Rf (R)

where

f'„" = — f exp[i(k —k„) R)p„(R)dR

and

f( ) —f
I Q e ll&R'R ekl(o'R le (Rl)

), 4vj nlrb

exp(ik IR —R'I)
IK- K'I

The expansion parameter is )(, =Z,e')), /5', where g
is the reduced mass of the system and Sk is the
momentum of the intermediate states. 'The matrix
elements from initial atomic state s to excited
state t are given by

'"(")= '&' A((((-'-(
8 is the coordinate of the incident ion relative to
the nucleus, and r, is the internal atomic coordin-
ate. The sum over m implies a summation over
the discrete states and an integration over the con-
tinuum.
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Using the Fourier transform,

exp(ik„l R —R' l) . exp[i K (R —R')]
(K' —k'. —i~)

and an integral given by Bethe,

e jK R~ 4~~ jK'R

K

f J = 2~-' (Q z f0*„;«„.(-«)«(«)1

where the J„integrals are defined as

with K, =K —k, and K, =K —k„. The inelastic form
factor is defined by

Z

«„(«)= g.:(&le '"'"I() .

'The J„integrals are discussed in detail in Refs.
16 and 18 and are readily evaluated. One finds

))'M/q, k'. &k', &k'„

—v'M/2q, k', =k', &k'„

Re(Z„[k', ;1])=
& 0, k', &k', &k'„

7) 3'/2q, ko &k', = k„

w'3f/q, k', &k'„&k',

where

~= [k', q'+(k', —k', )(k', —k'„)) '".

(8)

The Z', contribution to the stopping power is given
by the expression

2 ÃA. k

qQq E —Eo 2Re no no
@ min

Terms to order A.
' are omitted in Eq. (9) since we

have not included terms to this order that would

have appeared from the third-order Born expan-

one may immediately integrate over the ion coor-
dinate obtaining the first- and second-order contri-
bution to the scattering amplitude

f('0) (q) =2E„,(-q)/q'

sion. The calculation performed consistently to
order ~' thus requires that terms to order A.

' be
omitted.

The infinite summation over intermediate states
has been approximated using several approaches.
The earliest and simpliest is that of Massey and
Mohr" (MM), who set the energy of all intermedi-
ate levels equal to the ground-state energy and

used the closure relation

Q e+(r')e, (r) = 6(r —r')

to obtain

g &~ IZ(-K. ) lm&&mix(K, ) I 0& =
&~ IF(q) I 0& .

This approach is reasonable for high-energy pen-
etrating particles. However, when one sets 0'
=k', in the first integral of Eq. (5), the resulting
integral vanishes (cf. Ref. 16). Further inadequa-
cies of the MM approximation are shown by the cal-
culations of Holt and Moiseiwitsch, ' which indicate
that for the 1S-28 excitation of hydrogen by elec-
tron impact this approach is not reliable except at
large angles and high energies. Holt and Moisei-
witsch point out, however, that the MM approach
may be rendered more reliable by setting the in-
termediate energy levels equal to an excited state
level instead of the ground state.

Other approaches have been to truncate the sum
after using the exact value of k' for the first p
terms and dropping the remMning terms' or, al-
ternatively, setting k' =k~+, for the remaining
terms, and use the closure relation. " However,
these methods are difficult, in general, because of
the great amount of computational effort required
even for small values of p. In addition, one must
use the explicit excited-state form factors. These
approaches have thus only been attempted in a lim-
ited way for scattering of electrons and protons by
hydrogen and helium. "~

The approach used in this paper is similar to
that used by Birman and Rosendorff, '6 who modified
the MM approximation. We set k' = k', —~ in Eq.
(9) and use the closure relation. The free param-
eter 6 is interpreted as being proportional to the
mean excitation energy of the intermediate states.
One notes from the behavior of the J„integrals as
expressed by Eq. (8) that the m=0 terms may be
conveniently separated from the m &0 terms. .After
making this separation and using closure, one finds
that the cross terms of the squared modulus of the
scattering amplitude that are responsible for the
Z', contribution may be expressed as

&'f„".'f ) = ~'(~q) '(Z„[k'„~,„(q)F„,(-K,)Z„(K,) —Z, (q)Z, (-K,)]
+ J„[k',—~; le, „(q)l' —Z,„(q)Z„,(-K,)Z„(K,)] —J„[k'„;Z,„(q)Z„,(K,)]) .
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C. Distant collisions

'The excited-state form factors are not known in
general. In order to obtain a reasonably tractable
solution we make a dipole expansion through the
quadrupole. terms with the definitions

Dno rf D and np rf

Including, in Eq. (9), only those real terms that
survive the change in parity selection rules, we
find

= av2 m'u, ' p (Z„-Z, )
dist

where

X g+ jg dg
~ min

where

+2~y3$ 2 D 2 E
dist n

y [(y2 ~) 1/2~

—(4k„) 'In(2mv25(u, /I")], (12)

2 fAk (do (k 0 —Q )
q )2'a[a- (k', -u'„)]

(p 2 ~)II2 )( )()'2

. ~[a —()'2', —0'„)])2'v', j

g=[s- ()'2„q) '] (D,„(',
a = [q's+4(~. —~.)/~. ~.]l q..l',
s= ((a', - ~) q'+a[~- (I ', - I '„)])-'~2.

Since a dipole expansion has been made in arriv-
ing at Eq. (11) one would not expect the integration
to be valid for qgp»1. We therefore divide the in-
tegration into two regions [q . , q2] and [q„q ].
The first region corresponds to "distant" colli. sions
which are a,ssociated with small momentum trans-
fers. For the second or "close" collision region one
assumes, in most calculations, that the momentum
transfer is high enough so that the binding energies of
the atomic electrons may be neglected. The inter-
mediate momentum transfer, q„ is analogous to the
minimum impact parameter of the classical treat-
ment. Jackson and McCarthy" used the quantal radi-
us of the harmonic oscillator, i.e., 5 = (fi/2m(v, )'~2,
where +p is the effective harmonic-oscillator fre-
quency. Ashley et aE.' set b - = gr, where g is a,

parameter nearly equal to 1, and r is the shell ra-
dius of the "atom. " We used qo

= (2m(vo/)1)'~2 in or-
der to make a comparison with the classical re-
sults.

Integrating Eq. (11), assuming that a is indepen-
dent of q, one obtains for dipole transitions

We make the substitution 6 =2ge/If2 in Eq. (12),
where c is the average excitation energy of the in-
termediate states. Expanding the sinh ' functions,
dropping terms to order (6/k20)2 and smaller, one
obtains in the high-velocity limit

P (z„-z, )(D,„('[ —(E„-.z,)]
Vg Z2

& ln(2mv', k&2/I" ) . (13)

Pj . @do(E E,)„-
n I /&v~

& [28ef„",'(q)f'„"(q)] = 0.

Equation (14) defines Bethe's average excitation
energy from the first-order perturbation calcul. a-
tion, while Eq. (15) serves as the definition of the
average excitation energy that must be used for
the Z2 contribution. 'Thus Eq. (15) becomes

g (E„-Eo)(D„( [e/ (R- (Z„-E())]

x In[(Z„- Z, )/I'] =0

where S is the Rydberg energy.
The parameter e in Eq. (13) was estimated by us-

ing a modification of the MM approximation. 'The
intermediate-state energy levels were set equal to
an excited-state level instead of the ground state as
was the case with the MM approximation. This ap-
proach is expected to be more reliable than the MM
approximation. ' The results using this improved,
yet manageable, approach were then compared with
Eq. (13) to obtain a rough estimate of e.

If one applies the same procedure as was used to
obtain Eq. (12) and Eq. (13) to the modified MM ap-
proximation one finds after expanding the sinh '
functions

e will be considered later in more detail. How-
ever, if we compare the trends predicted by Bir-
man and Rosendorff' with the results of Holt and
Moiseiwitsch, "it is clear that & lies between the
ground-state energy level and one of the lower ex-
cited-state energy levels. Thus a value of e larger
than the ground-state energy, but not arbitrarily
large, is required to fit the experimental results.

I' is the average excitation energy obtained from
the second-order Born approximation. This is ob-
tained by noting that the auxiliary requirement
given by Eq. (3) may be written in terms of two
auxiliary equations when the second-order Born
approximation is used. That is,

(En Ep)/h Qy2 f Ode(2. &.)ii" (q)l'=O-()4)
n I~/go,
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5 = 8vr'M 'ko .
' Q (E„-Eo) ( D„o ('

dist ft

x ((2k') ' —(4k„) ']
x ln(2mv 2P(u, /I"), (IV)

where k' corresponds to an excited-state excitation
level.

We restrict k' in Eq. (1V) to correspond to opti-
cally allowed excitations only.

' For example, for
15-2P excitations we select k' to correspond to
the next highest optically allowed state, the 3P
state. Specifically

ko —k" =2p. (E,~-E,s)/k'.

s(1) L s(o)
4(13vp)' s(o) e, s(1)

I-(0) I (I)
s(1) s(1) (23)

In the high-velocity limit Jackson and McCarthy
found

6 - —'"" "" 22
6I S'(1) 6I S(1) S(1)

'

It should be pointed out that I' must not be inter-
preted as a correction to I~.

Substituting Eq. (22) into Eq. (13),one finds the
expression

The next highest level is chosen because of the re-
strictions of Eq. (8). One notes from Eq. (8) that
the J„integrals vanish unless

S(1), , ~ I-(I)
()()37d)' d(0) ' d(()

' ) '

(24)
6 &k(, —k „or e &(E„—Eo) .

We consider only one excitation level, namely
the 1S-2P excitation. Thus

e&(z, -Z„)
and k' must correspond to at least the E» energy
level.

Comparing Eq. (1V) with Eq, (13),one obtains the
approximate relation

k, =(k', —~)"'
or

6=k~- k2,

then

In comparing Eq. (23) and Eq. (24), one finds cer-
tain similarities. Both have the same v, velocity
dependence and both are proportional to S(1). S(1)
is approximately equal to the absolute value of the
total binding energy and S(0) =Z, from the oscilla-
tor strength sum rule 2' If one multiplies Eq. (23)
by the S(1)/S(0) factor the results are in the form

s(1) , , L I,(o) . I.(1)
s(o)

'" " 6i s(o) s(o)

Thus the logarithmic term, which %ill be the dom-
inate term for high energies, is proportional to the
difference between the average excitation energy of
the intermediate states and the absolute value of the
binding energy per atomic electron.

~=E,~-E„ (18)
III. RESULTS

The estimated value of e given by Eq. (18) was
obtained from the first optically allowed state only.
If more intermediate states were included, Eq.
(1V) would be much more complicated as would Eq.
(18).

We next introduce the dipole oscillator-strength
distributions:

The distributions in Eq. (24) may be obtained
from the normalized moment integrals

S(a)=J . d(di)aPd~
0

r(a)=f (red)w'In((o) wd,

0

S(a) = gf„(z„-E.)';

I.(a) = pf„(z„-z,)'ln(Z„-E, );

where f„ is the oscillator strength given by

a', ef„=(z„-z,) (D„,('.

(2o)

where g(tu) is the oscillator strength distribution,
normalized such that S(0)=1. This was done in the
earlier classical calculations by using the Thomas-
Fermi statistical model as suggested by Lindhard
and ScharfP with the Lenz- Jensen approximation
for the statistical-model number density. " That
1S,

Returning to Eq. (14) and Eq. (15), Bethe found

upon solving Eq. (14)

»(I,/6I) =I (0)/S(0) (21)

In our case we have an additional relationship for
I', according to Eq. (15). Thus,

g„((u) = p„(r)&((v- (u(r))(fr.

Subsequent to the first classical calculations, ' "
Dehmer eg gL" and Inokuti eg a$. published the
moments S(a) and L(a) for -6 ~ a ~ 1, obtained from
the Hartree-Slater oscillator- strength distributions
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for He through Ar. Recently Ritchie and Brandt '
applied the Hartree-Slater distributions to their
classical approach reported earlier. ' The Lenz-
Jensen approach is not expected to yield reliable
results for Z~ ~54." We therefore used the pub-
lished results of the Hartree-Slater distributions
in our calculations.

Ashley eI; al. published their results in the form
of a tabulated function X(b, x), where

I., =L,(x)X(l, x)Z '" L1

10

10

with Lo =In(2mv', /Ifsg, ). Ks is Bloch's constant
=9.76 eV, x=(137P)'Z, ', and b is a parameter re-
lated to the minimum impact parameter cutoff.

Figure 1 is a. plot of L, vs p [Eq. (23)] for
charged particles incident on Al with the parameter
e/(R =125 and 100. The curve representing the ex-
perimental data was obtained from the best fit
equation given by Andersen et al." The classical
results of Ashley et al. with b =1.6 are included for
comparison along with the results of Jackson and

McCarthy (high-velocity limit). One notes from
the figure that the quantum results for e/dl =100
and the experimental results are about a factor of
2 larger than the classical results with b =1.6.
However, if one reduces the minimum impact pa-
rameter cutoff by setting 5 = 1.4 in X(b, x), I,, is
increased by a factor of 2 over the b =1.6 values"
and the classical, quantum, and experimental re-
sults are in closer agreement. One also notes
from the figure that the quantum results fit the ex-
perimental curve fairly well for e/(8 =100. The
value of (E,~ E,z) is ap-proximately 116+ for Al.

The cross section for excitation depends upon the
energy of the penetrating particle, which is par-
tially contained in the velocity dependence of a.
O~e can treat 6 as a parameter and fit the experi-
mental data as did Birman and Rosendorff in their
calculation of the differential cross section. 'They
examined the scattering of 200 and 700 eV elec-
trons by helium. For low-momentum transfers
they found that z =5ao at 200 eV and & =7a', at an
initial kinetic energy of 700 eV gave relatively
good agreement with experiment. This trend is al-
so evident in the results of Fig. 1, where the prop-
er e/(R depends on P. In view of the experimental
uncertainity, we found the best fit for b, (v, ). If
A(v, ) varies from E,~ E,z from high v, to-
a(E,~ E,z), where a & —1, we probably can fit the
velocity dependence of dE/dx very well throughout
the range of available experimental data.

IV. CONCLUSIONS

'The calculation discussed in this paper extends
Bethe's stopping-power calculation to the next
highest order in. Z, . However, as was the case in

10

10
3

0. 1 0.2 0. 3

Fla. i. Z', contributions for stopping power of Al as a
function of initial velocity of the penetrating particle.
The solid curves are the second-order Born results.
The dash-dot-dot curve is from the experiments by
Andersen et al. (Ref. 26). The dash-dot curve is from
the classical results of Ashley et al. (Ref. 9) with b=1.6.
The dashed curve is Jackson and McCarthy s (Ref. 10)
high-velocity limit.

the classical formulation, this is accomplished at
the expense of introducing a parameter which may
be estimated through the techniques used in calcu-
lating inelastic collision cross sections. We have
thus presented a quantum-mechanical version of
the earlier calssical calculations of the Z', contri-
bution to-energy loss.

he calculation also requires a minimum mo-
mentum-transfer cutoff separating close and dis-
tant collisions analogous to the maximum impact
parameter cutoff required in the classical ap-
proach. The consequences of this cutoff are now
under investigation.

The quantum results approach the classical and
experimental results as the velocity of the collid-
ing particle increases if the lower minimum im-
pact parameter cutoffs are used in the classical
results. The second-order Born results are about
a factor of 2 larger than both the high-velocity lim-
it results of Jackson and McCarthy and the results
of Ashley et al. with b=1.6. Andersen et al. also
found their measured values of I., to be nearly a
factor of 2 larger than the Jackson and McCarthy
results. This is discussed by Lindhard, ~ who at-
tributes this to contributions from small impact pa-
rameters that should be included in the classical
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calculations. The better agreement with experi-
ment and with the results presented in this paper
if a smaller impact parameter cutoff is used would
seem to support this.

The velocity dependence found in our calculation
is L, /L, -v, ' as was also found in the classical
high-velocity limit results. Andersen et al. found
that the most favorable fit to their experimental
data was L,/Lo-v, 2. Jackson and McCarthy find a
velocity dependence which varies from L,/L, -v, '
to L,/Lo-v, 2' for low velocities, i.e., for P ~0.07.
The velocity dependence of L,/L„however, de-
pends upon the minimum impact parameter cutoff
chosen or alternatively the maximum momentum
transfer for distant collisions. This and the vary-
ing results found thus far would lead one to con-
clude as stated by Hill and Merzbacher and by
Inokuti et al."that the question of Z', contributions
for small impact parameters remains to be com-
pletely resolved.

Although the calculation discussed in this paper
is treated as a quantum-mechanical scattering
problem, a minimum momentum-transfer cutoff
qo was required because of the dipole expansion used

for the target atom from factors. This cutoff was
assumed to be related to the classical minimum
impact parameter and our solution should be
termed, in a strict sense, semiclassical. For the
quantum-mechanical first-order perturbation treat-
ment, this cutoff is arbitrary since it cancels when
the close and distant contributions are added. The
relative contribution to stopping power of those
collisions with momentum transfer greater than qo

will be reported in a subsequent paper with the
form factors for atomic hydrogen and other avail-
able target atoms used explicitly instead of a dipole
expansion.
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