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an effective Schrodinger equation whose potential
is just the on-site potential of the particular non-
linear system under consideration. Because
each of the on-site potentials so far treated has
more than one potential well, the lowest eigen-
value F (which is the configurational free energy)
is given by

I' =Ep —tp,

where for low temperatures Ep is essentially the
lowest harmonic oscillator level of an individual
well and 2tp is the tunnel splitting between wells,
which gives two new slightly shifted eigenvalues
centered about Fp. A phenomenological calcula-
tion' " (in which each soliton is treated as a par-
ticle in an "ideal gas" of kinks), shows the t,
term to be due to the solitons, and the WKB
method is of course the logical first choice for
the computation of t, .

The WKB breakdown was first noted by Currie
et gL, " in connection with SG tunneling; even
after corrections were made to account for the
periodicity of the wave functions corresponding to
the tunneling eigenvalues, the WKB result was
found to be only (e/w)'" as large as the result of
Ref. 6. Ordinarily such a numerical discrepancy
of order unity would be insignificant; in this
case, however, the determination of the correct
value is essential to achieving the basic goal of
the study of statistical behavior of solitons, which
is to show that the thermodynamic properties of
these nonlinear kinks can be obtained from a rela-
tively simple phenomenological model, which

V(g) = 4cos (~)2

0

V($) = 4(cos (+)—.5)2

FIG. 2. Periodic soliton-bearing on-site potentials:
(a) sine-Gordon, P(Q+ 2 g) = P (Q) = 4 cos (~ Q) = 2(1+cos Q);
(b) double sine-Gordon, '

V(Q+ 4m) = V(Q) =4 leos(2 P) —0'];
here 0. =0.5.

would provide considerable insight into the physics
of the system.

The starting point for the model is the fact that
a kink's energy E~(v) as a function of velocity v

can be straightforwardly computed via substitution
of the soliton waveform into the Hamiltonian den-
sity of the atomic chain. ' This knowledge of E„(v),
along with the introduction of a chemical potential,
enables one to obtain the partition function for a
grand canonical ensemble of solitons thermally
activated at temperature T; the calculation pro-
ceeds essentially as for a classical "relativistic"
ideal gas.

The test of the model's validity is the compari-
son of the free energy given by it with the analytic
ab inztio value; this value depends on the results
of what is mathematically a tunneling integral
(even though no quantum mechanics is involved)
for the particular on-site potential being con-
sidered. In computing this tunneling, however,
problems arise; for it will be seen later that con-
ditions for standard WKB to provide valid solutions
to the effective Schrodinger equation are strongly
violated in the wells of the potential for the low-
temperature limit which we consider. We go on
to show that this difficulty can be removed, and
the correct numerical value for the tunnel splitting
obtained, through the use, in the wells, of para-
bolic cylinder functions, which are especially ac-
curate in the low-temperature domain.

For the potentials considered so far, the numeri-
cal prefactors of the phenomenological free ener-
gies agree with the correct prefactors calculated
by the parabolic cylinder (Goldstein) formalism;
herein lies the chief point of the paper, namely,
that the free energy computed from a model of an
ideal gas of solitons is precisely correct, which
fact was hitherto obscured by the WKB method's
merely approximate numerical pref actor. The
results of the Goldstein method thus further
strengthen the already firm foundation for the
ideal gas concept.

Phenomenological treatments of three potentials
(sine-Gordon, " p', " and double quadratic" [V(p)
= —,'(1 —

~ p ~)'] have now been completed; in each
case, the ideal gas and &b initio (WKB tunneling)
free energies agree to within a numerical factor
of order unity. When the tunneling is calculated
by the adaptation of Goldstein's method the agree-
ment is exact, as the WKB numerical factors
are multiplied by (e/w)' ' and then become small
integers, which are explained" by phase-space
modifications due to certain topological restric-
tions on the placement of kinks and antikinks on
the chain. The Goldstein results, which agree
much better than WKB with the numerics for P
and SG, and are exact for double quadratic, "can
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be seen to put the ideal gas model on a much
firmer footing than do the WKB results. In Sec.
II we look more closely at the details and resolu-
tion of the disagreement between Goldstein and
standard WEB approaches.

=e 8""ny (y, „}.
This yields

II. FORMALISM (8)

The details and significance of WKB breakdown
are best understood in the context of the formal-
ism for a general soliton-bearing potential. The
treatment is an elegant extension by Currie et gl."
of the techniques used by Krumhansl and Schrief-
fer' on the p' problem. The point of departure is
the recognition that any on-site potential with two
or more degenerate minima will give rise to
soliton solutions for the atomic displacement.
Application of this fact and appropriate boundary
conditions enable one to compute the energy E~(v)
carried by a soliton moving with speed v. In quan-
titative terms,

hence the free energy per unit length is

1
Fg= — lnZy z hEO'

(Here f.=Nl is the chain's total length. )
At low temperatures, the integrand in (7) is

negligible unless p, and p,. „are sufficiently close
together that %„(P,} can be accurately approxi-
mated by a second-order Taylor expansion about

Such an expansion leads to the effective
Schrodinger equation"

1 d'
„d ~ +.(0)+B,l'(4)~.(4) =~.~.(P), (1o)2m* dQ'

E,( ) =E,(o)[1-(./. ,)']- I', (2) with

where h has units of energy/length, and where p,
B~, and the entire expression in square brackets
are dimensionless (p is an atomic displacement,
for example). Z& is then given, for ~ sites,
by' ' "

Z& =
Jl dP, exp[-Phlf($„$, „)],

with l a discretization length, P-=1/haT, P, a
scaled multiple of p, , P„„=g„and

(4)

f(P; P „)= '(C/P)($, „—p, )'-+B V(y; „). (6)

where n, is a limiting speed on the chain and E,(0)
is the soliton rest energy, which appears in a,
Boltzmann factor in phenomenological expressions
for the soliton free energy.

The tunneling contribution to the free energy
arises from the potential energy (or configuration-
al) partition function Z&, which is constructed in
the standard manner from the continuumized Ham-
iltonian density II(x} of the atomic chain"

V(x) =h -g +B,V(y)+ —C—1 8y ' 1 8y'3
at ~ 2 ex

m* =h'C p'.

Equation (9) shows that only the n =0 term
(ground state) is relevant for free energy calcula-
tions. "'" The potentials that have been treated
so far [P' and SG, see Figs. 1 and 2(a}]are sym-
metric about the center of the hump between ad-
jacent minima; their eigenstates therefore have
definite parity, so that, in P, for example, +, is
the even member of the pair of states resulting
from the symmetric and antisymmetric combina-
tion of the essentially simple harmonic ground
states within each individual well. This is a bit
more subtle in the SG case, where the analogy is
more properly to a 1-D band structure problem,
although the fact that m* is large keeps the situa-
tion fairly simple since we are then in the realm
of "tight binding. " The even and odd tunneling
eigenvalues in this case represent the bottom and

top, respectively, of the lowest-energy band, and
the splitting between them is exponentially small.
Specifically, if the Hamiltonian density for a chain
of atoms with on-site SG potential is given by

e(x) =h~' — —+—c', —+(uo(1+cosy)
1 8$ 1 8$
2 BI; 2 Bg

The integration is effected by introducing an
additional integration variable P„and inserting'

6(y', —y, ) = g +„*(y',)+.(0,),
n =0

where the +„form a complete orthonormal set
and satisfy" the transfer integral equation

(6)

(12)
(c, is the limiting velocity and 7 a characteristic
time), the soliton rest energy E~(0) is given by

E~(0) =Shl (doco ~

and the effective Schrodinger equation (10) be-
comes, in the notation of Goldstein, '
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dx~ —k'(cos'x)y + (2n +1)ky =0. (14)

Here x= —,'p, y =y(x}=—11„(p), and k= ,'pE—„(0),so
that e„=(4+,'v'/k) (n+ —,'); we are in the limit T- 0
(k- ~), so that n is an almost integral quantity
given by n =m+(a„/k), where m is an integer cor-
responding to the mth essentially harmonic oscil-
lator state of a single well and where a„/k (equiva-
lent to A/2k in Ref. 19) is the exponentially small
tunnel splitting within the mth band for the state
indexed by n.

If the differences in &„and g„between the top
and bottom of the lowest band are given, respec-
tively, by t1e(0) and b, a(0), a relation following
(14) gives

a e(0) = [4((u,~)'/k']ma(0), (15)

from which the soliton free energy —,'khan(0) (Ref.
1 and 15) follows immediately upon determination
of b, a(0). Explicitly, the bandwidth is [Eq. (23) in
Sec. 3 of Ref. 7]

Ae(0) = 2'(2/w)' '((u ~)'[PE (0)] ' 'e ss&C (16a)

which is (w/e)'I' times as large as the standard
WKB result

[&e(0)]~=(2'/w)(2e)' '((u ~)'

x [PE ( )0]-1/2 eBEy(0) (16b)

(In the Handbook of Matkematical Functions, the
effective Schrodinger equation is cast in the form'

+[AD —2qcos(2x)]y =0, (17)

so that q corresponds to —,
' 4' in Goldstein's and

+[PE~(0}]'in our notation; the expression' in this
reference for the bandwidth corresponds to our
2b a(0), and therefore gives the same value for
ae(0) as does Goldstein. )

The WKB tunneling value can thus be corrected
by a very minor adjustment, which yields exact
agreement between the SG ab initio and phenomeno-
logical calculations. Consideration of the main
features of Goldstein's method suggests that it
should be generalizable, and shows why it is more
accurate then WKB in the limit T-0 (so that m*
—~ in the effective Schrodinger equation).

The most prominent feature of the Goldstein
method (GM) is the use of parabolic cylinder func-
tions to approximate the wave function in the wells
(allowed region). This derives from the fact that,
as m*- ~ and the individual well's ground state
thereby becomes more and more deeply bound,
any of a wide class of potentials becomes more
and more quadratic in an appropriate dimension-
less variable centered on the well minimum. "
Parabolic cylinder functions of proper index are
exact solutions over a region where the potential

III. GENERALIZATION OF THE GOLDSTEIN METHOD

It turns out that the GM can be extended quite
readily to p', and that once again the WKB ex-
pression is (e/w)'~' times that of the GM; specif-
ically, with the P' Hamiltonian density given by

2m e ~ e ~2~
11(x)=1, ~ +x' —~

l
+ (0' —1)'} (18)

Bu~ . Bt Bx)

the soliton free energy per unit length is given by
the GM as

CM

x ex ' $9

while the WKB free-energy density is E~~
=(e/w)'I'Fo„. [Our notation in Eqs. (18) and (19)
follows Krumhansl and Schrieffer, ' so that the
potential (see Fig. 1) is A'/(4B) + —,Au'+ —,Bu'(A
& 0),u =+(lA}/B)'~' =su, are the locations of the de-
generate minima (p —= u/ug, c, is the limiting ve-
locity, l is the discretization length, and k = Buo/4l
is the scale of energy density. The kink rest ener-
g»s B.(0) = (2~2/3)(IA I'meg"'/(Bl) ]

To proceed with the calculation we first connect
(18) with the notation of Eq. (3). Thus

C =4mc', /Bu11, Br, V(p) =(Q' —1)',
so that

(20a)

is purely quadratic, so that the GM approximation
gets better as m* gets larger. The WKB value,
on the other hand, is increasingly suspect as m*
-~; this is because WKB can be relied on only
when the rate of change of de Broglie wavelength
with distance is much less than 2p, which condi-
tion is increasingly violated as the bound state
becomes deeper. These points are especially
emphasized by Furry, ~ and by Morse and Fesh-
bach" when they deal with application of the WKB
approximation to the "case of closely spaced
classical turning points. "

We have extended the GM to the calculation of
tunnel splitting for the P' and double-sine-Gordon
potentials. This extension is actually a triple
hybrid combining the logical systematization of
Morse and Feshbach with the mathematical simpli-
city of Goldsteiri, while retaining the standard WKB
functions where they are accurate. The formal-
ism" used most closely resembles, but was de-
veloped independently of, that of Furry", ' it also
goes beyond Ref. 12 by treating periodic potentials.
For the purposes of this paper, however, our
method is best explained by example, which we
now give in the form of an outline of the p' calcu-
lation.
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m+ =a'CP' =P 'Q, /I)'(-,'aa,')(-,'mc', ). (20b) @k(z) p z-1/2(z}ekKlg) (23}

If we now define n —= 2'~'m*'~' and z =—n(P —1) (z is
thus centered on the minimum of the right-hand
well), the effective Schrodinger equation

WKB is in particular adequate in the region
-c «z « - v 2, where «(z) =(—,'z' —~)'~'; with this
approximation the integral K(z) takes on a simple
form, and is equal to"

becomes

(21a)

+—z' 1+—e„(z) = ")e„(z),

K(z) = ~z2(I 2/z ) ~2

——,
' ln Elz I

+ lzl[ —(2/z')]'&'} +-,' ln2. (24a)

(We obtain ~z~ since z& 0 in the hump. ) When ex-
panded to sufficient accuracy in I/~z~, K(z) re-
duces to'2

(2 lb)

or, since z - + ~ as m*- 0, we have roughly for
the ground state (dropping subscripts)

K(z) = —,'z' ——,
' ln ~z~

——,'(1+ln2) .
Since « '~'(z)=2'~'(-z) ' ', we obtain

(24b)

d'q 1, 1t 1 n'g„
, ——z'y+ a+—

i q =0 a+—= "; (21c)
q"( ) =+ 2'&'(2)"f'e "&'(- )-"""'exp(~-' ')

(25)

U(z) = —,'z'(I +z/2n)' (22a)

—,
' is the ground-state harmonic oscillator eigen-
value for one well, while a represents, to Eeroth
order in I/n, the exponentially small shift in the
eigenvalue due to tunneling. This approach thus
neglects the anharmonic corrections for an indivi-
dual well, and concentrates on the splitting arising
from the tunneling between wells; details dealing
with such subtler points and their mathematical
justification will be found in Ref. 14.

Before continuing it is best to define some
terms and functions which occur repeatedly in the
subsequent analysis:

for the forms of the hump functions which must be
joined to the two independent solutions within the
right-hand well, 5«& z& I)«) . (Parity enables us
to find the eigenvalues without dealing with the
left-hand well. )

Within the right-hand well, then [and for all z
such that ~z~«o. , so that U(z) remains essentially
quadratic], the solution 4'(z) will be approximated
very well by a linear combination of the parabolic
cylinder functions' (pcf's) D,(-z} and D f,+,)(-iz).
In the region -e« z« —v 2, where we will match
them to the WKB's, the pcf's assume the asymp-
totic forms'

is simply the potential in (21b):

f, =-2~+Ma, I „=-WZ, f„, =+M; (22b) and

D,(-z) =(-z)' exp(--,'z') ™exp(--,'z') (26a)

«(z) = [U(z) ——.'l"' (22c)

finally, we also define, within the hump bI &s &b&z,
the function K(z}:

to zeroth order in 1/o. these are the three right-
most values of z for which U(z}=-,. They corres-
pond to classical turning points of the motion (see
Fig. 1).

For 5, &z& b&» the imaginary wave number z(z)
will be approximated by

D &„,)(-iz) =(exp[- —', (1 +a)wi]}

x(-z) "")exp(-,'z')

= -i(-z) 'exp(-,'z'). (26b)

/a[see Eq. (32)] goes as e z, where K [see Eqs.
(22)] is equal to —,'n'I; here I= ', —(2/n')(I+In8-
+lno.") which is of order unity for large u. There-
fore, ~z ~

«n implies that ln[(-z)'] is smaller
than e El', which goes to 0 as 0'- ; thus in this
limit, (-z)' =1.} This gives the following connec-
tions from the hump into the well:

~II g g
«(z )dz,

E~ -g

so that the tunneling integral is (to order + '}

K = K(b, ) = -& [1+ In—24 + InpE«(0) —2pE«(0)] .

(22d)

(22e)

and

@ (z)-2q, 'D, (-z)

e'(z)- iq, D („,)( -iz) -&D,{--z),

(27a)

(27b)

We begin by noting that deep within the hump
WKB is valid, so that the two independent solutions
q'(z} are well approximated by WKB functions,
1.e, ,

where q, =2'~'e '~' and where A, is an arbitrary
constant much less than e reflecting the fact that
the asymptotic form for ++, which is dominated
by the exponentially large function D f„,)(-iz},
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and

D,(-z) = e"'D.(z) —[a2w/r(-a)]

x e (1-a)a(/2 D (iz) (28a)

D („,)(-iz) = e"-'I) („,)(iz)

+[V'2w/I'(1+a)]e ~ D (z), (28b)

may also contain an exponentially small component.
The form of the solution for z& 0, &2«z«(), ,

is determined via the formulas'

statistical mechanics of the double-sine-Gordon
system will be the subject of a later paper; here
we give the results of tunneling calculations via
our method and WEB. For this doubly periodic
system, the Hamiltonian density H(x) breaks the

symmetry of that in Eq. (12) for the sine-Gordon
case, and thus gives rise to the interesting fea-
ture of two different kinds of solitons. The explicit
form of II(x) is

where I"(x) is the gamma function. Now the tunnel
splitting a-exp(-K) «1, so that 1/I'(-a) = -a and
Eqs. (28) become

2

+2 (d() c os cos xo (34)

and

D.(-z) = D,(z) —iv 2w aD („,)(iz)

D („,)(-iz) =-D („,)(iz) + v'2w D, (z) . .

(29a)

(29b)

which reduces to the SG case when x, =-,'m.

The effective SchrOdinger equation is now

+2((doT} cos —cosxo2m* dp'
The symmetric nature of the P' potential de-

mands that the ground-state solution @(z) have
zero derivative at the center of the hump (z =-o.'),
so that

e(z) =@'(z)—e"e (z) (30)

= i(q +2ov'2 qow'ae )D (,+,)(iz)

—[2q, e"]D,(z), (31)

As was seen in Eq. (26), D,(z) decreases ex-
ponentially while D („,)(iz) increases exponential-
ly for large z, so that the coefficient of D („,)(iz)
must vanish for e(z) to be well behaved as z-+~.
This requirement gives

is an unnormalized solution to (21b); Eqs. (27)
and (29) now combine to give the form of the wave-
function in the region 0& z«o. as

e(g) = i(q, +~2wA, a+2m'2wq, 'ae )D (, ,)(iz)

—(2q, V'+A, + v 2w iq, )D,(z)
Fjk = Fo„jk = -f,-= - (4/Ww) (sinx, )51'

x (k T/E )"'(e "i@'+e '""') (36)

where E, =kc, /&uo3)' is essentially a weighted
average of E,(0} and E,(0}, which are the rest
energies for solitons spanning the smaller and
larger hump, respectively. Once again, the %KB
free energy is related to the correct expression
FGM by

(35)

where m" =p k'car', p= I/kzT.
The double structure [see Fig. 2(b)] gives two

tunneling integrals, so that each type of soliton
contributes to the free energy. Through the gen-
eralized GM we obtain the following expression
for the soliton free energy density F, valid for a
fairly wide range of x, (Ref. 14):

1 —112e —1/2 K (32) F~, =(e/w)"'F „.
the odd state (tunnel split from the ground state)
will be shifted by an amount a„«= [a~, so that the

tunnel splitting 2t, = a,« —a is equal to

2f =(we) '~'e (33)

or just (w je)'~' times the standard WKB value. '
[8, k'/2m, and m&u' in Ref. 22 are equal, respec-
tively, to e z, 1, and —,

' in our Eq. (21c).]
The above example hopefully gives a fairly clear

idea of how our method works. In recent work on

soliton statistical mechanics, we have applied to
the double-sine-Gordon potential an extension of
the procedure outlined above, which generalization
constitutes a formalism for handling a wide class
of periodic potentials. A detailed treatment of the

IV. SUMMARY

Phenomenological calculations" for very-low-
temperature soliton statistical mechanics have
recently reached a stage such that they agree with
the analytic functional integral results in all tem-
perature dependence and differ only by numerical
factors. In comparing the values obtained by
these two approaches, it is therefore important
that the numerical factor for the analytic calcula-
tion be computed correctly. For this purpose we
have extended the technique of Goldstein, which
gives accurate values for the sine-Gordon case,
to both the p' and double-sine-Gordon potentials;
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in all three cases the ratio of the WEB to the
Goldstein splitting is (e/w)'~'. "
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