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The authors present a microscopic theory for the averages of any dynamical variable and in particular of
fluctuations in nonequilibrium stationary states that are arbitrarily far from equilibrium, as long as the
macroscopic gradients are sufficiently small. It is argued that the dynamics of the fluctuations are governed
by the linearized macroscopic equations of motion (analogous to Onsager’s hypotheses for equilibrium -
fluctuations). The fluctuation-dissipation theorem is examined and it is found that it does not hold in its
equilibrium form. The authors find that the dissipation does not contain an important part of the
information about the fluctuation, and attempt an interpretation of this fact.

I. INTRODUCTION

In the previous papers in this series'™ (here-
after Refs. 1, 2, and 3 are referred to as I, II,
and III) we have developed a statistical-mechan-
ical theory of nonequilibrium stationary states
(NESS). We developed the formalism using re-
sponse theory, which implies that the results
obtained are valid only for NESS that are fairly
close to equilibrium (up to second order in the
parameters that characterize the deviation from
equilibrium). In this paper we generalize our
results for NESS that are arbitrarily far from
equilibrium, provided the nonuniformities occur
over macroscopic distances.

Since the response technique is a perturbation
expansion around the equilibrium state, a deriva-
tion of a far-from-equilibrium result would re-
quire working to infinite order. In order to cir-
cumvent this difficulty, we employ here projec-
tion-operator techniques.>*® After establishing
the generalized results, we examine the average
time evolution of fluctuations in the NESS
and the existence -of a fluctuation-dissipation
theorem (of the first kind). Our main results are
that the Onsager regression hypotheses holds,
whereas the fluctuation-dissipation theorem must
be changed considerably.

The main result of I was an expression for the
nonequilibrium average of an arbitrary dynamical
variable, say B(X(t),T), where X is the phase
point

X ={7",p"}. (1.1)

This average is denoted by (B(¥,))ng, and a
shorthand notation is used omitting the phase-
point dependence. The result was

(B(?: t» NE =(B(Y')>L(t)
- [ anB@IE, - 0T (E, 0.

(1.2)
In this expression
B(%,t)=B(T,t)- (B(T), (1.3)

angular brackets stand for an equilibrium grand
canonical average, and the notation () .(¢) implies
an average over the local equilibrium distribution
function

FalX, 1) =Foc (X) expB&(F,, D*A(F,)]
(T [ axfec0

Xexp[ﬁg(?l,t)*4_<?l)]) . e

Here fgc (X) is the grand canonical distribution
function. The set of conjugate variables & (T, )
are chosen such that

(AT, )y =(A(T)L0). (1.5)

The theory dictates that the set A must contain
all the pertinent slowly varying (on the average)
variables in the system. In Egs. (1.2) and (1.4)
the symbol * denotes an integration over all space
of the dummy position variable that is repeated
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on the two sides of *, as well as a summation
over the set of variables. Finally, the quantities
I in Eq. (1.2) are the dissipative parts of the
microscopic fluxes and will be redefined below.
The parameters ﬂg(?, t) were shown to measure
the deviation from equilibrium. Result (1.2) was
verified only to second order in 8¢ and to first
order in -V.Bg .

Using the appropriate stationary values of
B®(T) in Eq. (1.2) yields the NESS average of B.
The first objective of this paper is to generalize
Eq. (1.2) to all orders in 3®. This is done in
Sec. II.

In III we calculated the detailed space-time de-
pendence of correlation functions for NESS that
are close to equilibrium. A posteriori we have
found that the results obtained could be recaptured
if one assumes Onsager’s regression hypothesis
for NESS time correlation functions. This hy-
pothesis implies that if

6a(T,t) =M (F|T,)*0a(T,,t), (1.6)

where da is the deviation of the macroscopic vari-
able from the NESS and M governs the linearized
relaxation, then -

(AF, DA (F)) s
——'gss(;l;l)*(é(;ut)é(Y'z»NEss . (1-7)

Here we justify this relation for NESS that
have small spatial gradients but otherwise are
arbitrarily removed from equilibrium. The im-
portance of this result will be stressed later, but
it is sufficient to say now that with this result
the calculation of NESS time correlation functions
reduces to the calculation of NESS static correla-
tion functions, if M is known. The justification
of (1.7) is presented in Sec. III.

Section IV is devoted to the examination of the
fluctuation-dissipation theorem of the first kind.
This theorem relates the dissipation due to an
external force applied to a stationary system and
the spontaneous fluctuations in the system.” We
show that in this context there is an interesting
difference between equilibrium states and NESS.
Section V offers conclusions and a discussion.

In all that follows, we assert that we have a
classical system whose evolution is governed by
the Liouville equation. The Liouvillian is denoted
by ¢L and the microscopic dynamical variables
evolve according to

A(F,t)=iLA(F,1). (1.8)

The main ideas developed in this paper can be
followed without reference to I, II, and III. In some

cases, however, we do rely on previous results

to omit technical manipulations. In such cases the
reader is referred to an explicit section in one

of the previous papers.

II. AVERAGES OF DYNAMICAL VARIABLES IN
FAR-FROM-EQUILIBRIUM NESS

As was mentioned in the Introduction, response
theory is limited to a predetermined order in the
deviation from equilibrium. In order to derive
results that are valid to any order in displace-
ment from equilibrium, we resort here to pro-
jection-operator techniques and generate the gen-
eralization of Eq. (1.2).

A. Formal solution for distribution function

Consider the set of dynamical variables

! } , (2.1)

cx®, =) _
A, )

where as usual the set A contains all the slow
variables in the system and the symbol A4* is
defined by

A'X@), T)=AXE),T) - (A(F).L0). (2.2)

The set C spans the space of the slow variables,
including the constants. Following the methods
derived in Ref. 8, we consider now the projection
operator P(¢) defined by

P()B(T,?)
=(B(T, t)C(T )L () (C(F,)C(F, )i ) C(F,),
(2.3)
where B(T) is an arbitrary dynamical variable

(when ¢ is not specified we mean that £ =0). Here
the inverse is defined by

(9_(-{'1)9(?2»21(”*<£(Y'z)£(-{'3»t,(t)
5;6(?1—?3). (2.4)
A second projector Q(¢) is defined as 1 - P(¢).

Denoting the operator 3, f dX by Tr, we con-
sider the operation

Tr[D(¥)P)B(F,1)] =(B(F, t)C(F) ()
+(C(F)C(FNZMO)
*TrC(T,)D(F), (2.5)

where D is again an arbitrary dynamical variable.
The right-hand side (RHS) of Eq. (2.5) can also be
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expressed as Tr([P'(#)D(T")]B(T,t)), which is in Tr_c_(‘f-l)}(x,t):Trg(?l)}L(X’ t)
fact a definition of the projector P*(t) ' I .
’ =(C(FVA (E )% BR(Ty, 1)

P @®)D(F")=f1 (X, ¢ )C(F,)* (C(F)C (T )7 ¢) (2.13)

*TrC(%,)D(F'). ' (2.6)
- Substituting this back into Eq. (2.12) and using
It is easy to verify that P*(¢) is indeed a projec- Eq. (2.4), we find

tion operator. Let Q" (¢) be the projector 1 —P*(¢).

These two newly defined operators are now
used to derive an expression for f(X,¢) in terms
of f1(X,¢t). Identically,

af(X t)

P = (X, ) AN(T)* B2 (T, 8)

<]
=— f.(X,t). 14
FEH=[Q O+ P O)F &, D). @.7) 5 /1000 (2.14)
By definition [cf. Eq. (2.6)], On the other hand,
P'(t) f(X, ) =fL (X, t)C(F,) )
*(C(T)C(ENTO*(C(F),  (2.8) @ (t)_f_(g&g)_ [1-P'(0)] af(X £) ax(gi, t)’ (2.15)
where
(E(?z» ne () = T}r(f(X, 1CX, ). .which is an equation of motion for X (X, ¢). Noting
For the Special set C, however, that the left-hand side (LHS) of Eq. (2.15) is
- -Q"IL[f(X,t)+x(X,t)], we see that Eq. (2.15) may
(CEhne =(O)2(#) =0, (2.9) be solved formally for x(X,¢):
unless C=1 [cf. Egs. (2.2) and (1.5)]. Thus ;
PO (X, 1) =fu(X, 1), @10 x&H=T.ex (- [ @ mrar) xer0
The other term in Eq. (2.7) is denoted by : .
X, 1) =@ (O (X, 1) @1 - [ st (- [ @niLar)
The next stage is to derive equations of motion XQ'(s)iLf (X,s), (2.16)
for f1(X,t) and (X, ¢). To do this, consider the
quantity where T, is the time-ordering operator. As
fX, ) =f(X,t)+x(X,t), we have now an exact
P (t)i(&t_) =f, (X, t)C(T) ) solution of f(X,?) in terms of £, (X, ¢) and the
- initial value x(X, 0). This solution contains the
*(E(Y')E(?l))il(t)*Tr_c_(?l)f(X» t). full N-particle dynamics and is by itself quite
2.12) useless. It may be used, however, to find the
@. nonequilibrium average of any dynamic variable
Using Egs. (1.5) and (1.4), we find B(T,t):

t
(B(F, O =(B(D).0) +7x [ BRI, ex - f @' (MiLdr) 0]

-Tr [B(Y‘)ftds T, exp (—f‘ Q‘(T)iLdT) Q*(s)iLfL(X,s)] . ‘ (2.17)

To make this result useful, it is necessary tointroduce approximations. To this aim it is convenient
to reintroduce the projectors P(t) and Q(¢) instead of the adjoints P (¢) and Q" (¢). Noting that

iLfL(X, ) =fL(X, VA(F)* BE(F', 7),

we readily see that Eq. (2.17) can be rewritten as

t
(B(E, e =(BF)20)+ (QOIT- exp ( [ iLq(nr ) B()) _=0)

- j:ds <[Q(s)T. exp ./\fstz‘LQ(T)qr) B(Y')] é($1)> [)+BR(F,9), (2.18)
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where the second term on the RHS is averaged
with the true distribution at time zero, and is an
“initial value” term. It is rigorously zero if
X(X,2=0)=0. Since

t

Q(0)T. exp (f iLQ(T)dT) B(T)
)

is orthogonal to the slow variables C, and

especially to unity in the sense that

<Q(0)T_ exp( '[;tiLQ(T)dT> B(t«)> _(t=0)-0,

(2.19)

we assume that its average varies quickly in
time compared with the evolution of the slow

set and should decay to zero on molecular time
scales. Thus for the calculation of (B(F, ),
for times that are longer than microscopic decay
times, we drop this term.

The most important approximation, however,
concerns the third term on the RHS of Eq. (2.18).
This approximation makes explicit use of the
smallness of A. The term appearing in the ex-
ponent, ¢LQ(7), is of course

iLQ(1)=iL—iLP(1)=iL+O0(A). (2.20)

Thus, to first order in the smallness of A_:, the
third term is

t .
- [ as(@E)e O BERIAE )5 * B2 (Fyy )
== f‘ds([Q(s)B(Y',t—s)]é(?l)),,(s)*ﬁg(?l,s)

- [ an@e - MBE, MAE) -
*BR(T),t=1), C(2.21)

where 7=f~-s.
Since the quantity @ (¢ - 7)B(¥, 7) is orthogonal
to the slow variables in the sense that

([@E-7)B(F, 7)]C(T,).¢t - 7)=0,

we assume that the correlation function in Eq.
(2.21) decays to zero for 7> 1,. It is now con-
sistent with the approximations previously made
to rewrite Eq. (2.21) as

- [ anQB(E, MIA(E) L0)+ 3 (F,y ).

Thus our final expression for an average of an
arbitrary dynamical variable in any system that
has a set of variables that spans the slow evolu-
tion is ’

(B(E, Dy =(B(F)L(0)
— [T an(B(E, DA E )05 82 (D),
0

(2.22)

where ép(F) =Q(t)fi(?).

This result is valid to all orders in B% and to
first order in the smallness parameter character-
izing the average time variation of A(T,¢)..

B. Specialization to simple fluids

It has been argued in this series and else-
where® that in simple fluids the densities of the
conserved variables span the slow set A(T,1).

A discussion of this choice can be found in I~III
or Ref. 9. In other words, the energy, number,
and momentum densities are taken, along with the
constants (spanned by unity), to comprise the set
C. With this choice we can develop Eq. (2.22) a
step further. Since the equation

é(—f"t)=—§'£(-f, t)

is fulfilled for conserved variables, where the
i(?, t) are the microscopic fluxes, we can write
Eq. (2.22) as

(B(T,t)yne =(B(T)H ()
-f T dn(B(E, W (E) (O T8 (R, 1),
(2.23)

where we have used Green’s theorem in the last
term. .

This is the generalization of the expression
found in I [cf. Eq. (3.7)] to all orders in B®. The
main point of difference is that the dissipative
fluxes here are different from the ones defined
in I. There we had

{_(?; t)=Jp(T,t)
=J(%,4) - (J(F, ) A(F,)

HAFDAE) T AE,),  (2.29)

whereas here
Ip(T,t)= J(F, ) = (J(T, 1)C(T, ). (¢)
*<£(?1)£(Y‘2»;,1(t)*£(?2) .
(2.25)

Of course

(p(T,6)C(T,) () =0. (2.26)
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C. Hydrodynamic stationary states

The manner in which a NESS arises in the con-
text of a Liouvillian theory was discussed ex-
tensively in I and will not be repeated here. All
the arguments given there pertain to the present
stage of development.

The specialization of Eq. (2.23) to NESS is
easily obtained by changing the & (r,¢) which
appear explicitly and implicitly in the local aver-
ages to & (»), the stationary values of these
quantities. The final form for the NESS average
is thus

(B(?»NESS =<B(?)>L. s
— [ an B, Do Fs, e T8 (E).
(2.27)

III. REGRESSION OF FLUCTUATIONS TO NESS

We now show that the regression idea as
embodied in Egs. (1.6)and (1.7) is valid. As a
first step we have to derive Eq. (1.6) and find
the matrix M (r|r,).

A. Macroscopic equations of motion, linearized around NESS

The general equation (2.22) can be used in
particular for the dynamical variables A(T,?).

J

oa(t,t)

STATIONARY STATES. IV. ... 2537
Defining
2(?, t)= <é(.§’t»NE _<é(?»NESS ’ (8.1)

we find the macroscopic equation of motion
a(F, 1) =(A(F).L0)
= [ ano(F, DA 0 B2 (R 1)
(3.2)

These equations are highly nonlinear in prin-
ciple. In the vicinity of a NESS, however, we
may linearize them around the stationary state.
We do so by expanding in 68%(T, ),

0B&(T,t) = B2(T,1) - BB (F), (3.3)
keeping linear terms only. We are guided by the
fact that for any variable B(T, ) that is not ex-
plicity dependent on 3®, the functional derivative

5(B(F)(t)

5,32(1‘1’ t) =<B(Y" t)‘_a_(-]?l»L,ss )

Ss

where
é_(—f‘y t) =é(-§) )= <é_(?)>],,ss )

and, if ¢ is not specified, £=0. Remembering
also thata , =0, we find

- (AOAED 1 = [ AT DA+ AplFy VAT (Fr) 8 (F2)]) 2088 D).

(3.4)
In arriving at Eq. (3.4) we have used the fact that
5(Ao(F, DAn(F)2)
682 (T, 1)
84,(F, 1) . v OAu(F) e e
= (== A (T A —_— +A (T, AT, AT . . (3.5)
e he () |+ (e nggiy) | e DAMEIA(E),
I
The second term on the RHS of Eq. (3.5) is we can rewrite Eq. (3.4) in the form
zero by construction. The first term is of third . o .
order in A and therefore may be neglected. oa(T,t) =M (FIT")*da(T', 1), (3.7)
Noting that [cf. Eq. (1.5)]
- . - which are the equations of motion linearized
0a(T,t) =(A(T)A(T )z, *0B2(Ty, 1), (3.6) around NESS, with
]
Mss (Y‘rf,) = ((A.:_(.f)é(?l»L. ss T f dT[(é,,D(;’ T)éb(?l»l-. ss +<A_1D(Y‘) T)é(;l)éD(Y‘z»L,ss *B?_ss(-f'z)]>
- (o]
H(AF)AF N s (3.8)
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Note that these equations are nonlocal in space.
It has been shown previously how to transform
these equations to the local partial differential
equations of hydrodynamics by using the condition
of small macroscopic gradients. In this work we
use the nonlocal form to prove the regression
theorem.

We note the interesting fact that Eq. (3.8) can
be rewritten in a more compact form which is a
natural generalization of the equilibrium result.
In Appendix A we show that, to the appropriate
order in 4,

M. (FF)
~(AFDAF )1, o AFLDAF N . (.9)

B. Correlation functions in NESS

The general expression (2.27) can be used to
express time correlation functions in the NESS;
for any pair of dynamical variables B(X,T) and
D(X) -f‘l)’

(B(T, 0)D(F,))gss .
=(B(F, 0D (T,))z, s

- [ anBE, D) do(Es - i
0

xVB (F,). ] (3.10)

The objective of this section is to prove that

(B(F,0)D(F,)) xgss

=[£ss(?|?2)]36*<é(?2’ 0)D (T, )ess (3.11)

for any B,D ¢ A, where M is the linearized
matrix found in Eq. (3.8).=Equation (3.11) is the
generalization of Onsager’s regression idea to
the NESS.

There is one difference between NESS correla-
tion functions and equilibrium ones that enters
into the proof below. This is in the property of
“dot switching.” In equilibrium,

(B(F,0)C(¥,)) == (B(F, 0)C(F,) . (3.12)

This property is modified here. Consider the
local equilibrium correlation function

(B(},0)C(F, ), () =GLB(F, 0)C(F):).  (3.13)

Using the hermiticity of the Liouvillian, we
obtain

(ELB(T, 9)]C(¥, ). ()
=—(B(T, 0% LC(F,)) ()~ Tr[B(F, 0)C(¥,)iLfL(X, )]

=—~(B(%, 0)C(F, ). () = (B(T, 0)C(F)A(F,).(t)

*B&(T,,1); (3.14)

when &(T)=0, we recapture Eq. (3.12).

The proof of Eq. (3.11) is divided into two parts.
First we analyze the regression of the local
equilibrium correlation function and then turn to
the full correlation function.

C. Decay of local equilibrium correlation function

We derive now the microscopic equations of
motion for A. Using the projectors P and @,
where

Py B(%,t)
=(B(T,t)C(T )1, *( C(F)C(F )z s x C(T,),
Qs =1-Py,
we write
A(F, )= PHLA(F) =M, +Q,)IiLA(T).
(3.15)
Again we separate the RHS into two parts,
AR, =(AF) g H(ADAF Dz,
s(AF)AFEN o *A(Fy )
+e'PQiLA(T). (3.16)

The last term on the RHS is rewritten by invoking
the well-known operator, identity

;o
e°“”"=e"“—f S il ETdr,  (3.17)
0
Thus
eQ iLA=F*(T,t)

t
+ [ arGLE* (3,00 i

«(CEIC(TNzra*C(Ty = 1),
(3.18)
where
F¥(T,t)= %' HQ iLA(T). (3.19)

Using Eq. (3.14) for the dot switching property and
Egs. (2.1) and (3.18) in Eq. (3.16), we get the

final result for the microscopic equation of
motion:
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A(Y',t)
pon ¢ .
(I‘ t)“'(A(r»L ss +(A(1')A(I'1)>L ss*(A(r1)A(rz)>L ss *A(?z, t)—f dT(EI(?; T)é(;l»l,,ss*ﬁgss(?l)

f dT{[(F*(I‘ T)A(rz»L,ss +(F$(I‘ T)A(rl)A(rz»L,ss*B‘I)ss(rz)] <A(I'2)A(I‘3)>L ss *A_(Fsat" T)} .

(3.20)

Note that owing to the fact that our correlation functions are computed in the local equilibrium ensemble,
this equation is more lengthy than the analogous one which is usually obtained for equilibrium ensembles.®
With the help of Eq. (3.2) and the fact that 4 is zero in the NESS, we see that the second and fourth terms
on the RHS of Eq. (3.20) disappear. Furthermore, in the stationary state, A(r)* B () A (r)x B2 ()
+O(A2) This fact allows us to replace A by AD in all integrals that are O(A-Z) already.

We can now find the rate of change of the local equilibrium correlation function simply by multiplying
Eq. (3.20) by A(T) and averaging over f;, (X). We find

<A(I‘ t)A(r'»L.ss ‘<A(r)A(r1»L.ss*(A(r1)A (rz»L ss*(é_(?z: t)é__(;,)>L.SS
- f AKEHE DA F s +(EFE DAF)Ap(F)) s, %82 (T)]

*(AF)AFE N e #(A(Ty, t = DA(F ), o HdT. (3.21)

Iﬁ obtaining this equation we have made use of
the fact that

(F¥(F,)A(F))1, =0, (3.22)

which stems from the fact that F*( r,t)
=Qy F*(r t). This last equahty is obtained by
noting that e95*2Q =@, e9*%*Q,, which follows
from the series expansion of the exponentials and
from the fact that Q% =Q.

In fact, Eq. (3.22) can be used now to simplify
Eq. (3.21) further. The meaning of Eq. (3.22) is

M rlrz) (A(r)A(r1)>L ss*(A(rL)A(rz»L ss

that Fx has no component on’the slow set, and
thus the correlation function (Ft(r t)A(r1)>L o

is short lived. As is usually done, we extend the
limit of integration in Eq. (3.21) to infinity and
drop the T dependence in the last correlation func-
tion. We can then rewrite Eq. (3.21) in the form

(AEDAF N2
=M (F[T,) (A(Ty, VA(F )z, (3.23)

where

f (B, D Ap(F ) g, 0 +(EF(F, NAF) Ap(FN .o+ B (F)I(AFDA(F )20 HaT.

Equation (3.24) can be brought to a form that
makes the identity to the previously found [Eq.
(3.9)] M, obvious. As was mentioned, Eq. (3.9)
is valid to second order in A. To that order,
one can replace Ft by e'£4Q., iLA for the reason
described by Eq. (2 16). Thus, whenever F*
appears in a product with A we may replace it
by ép(r t)=A(T,t)- PssA(r t). With this change
it is obvious that Eq. (3. 24) is identical to Eq.
(3.8).

D. Regression of fluctuations in NESS

"Here we prove Eq. (3.11). According to the
general formalism [cf. Eq. (2.22)],

(3.24)

I
(1_4._('17, t)é_(-f‘l DnE = (é(?, t)x_‘l:(-f'x DL ss
[ A A, DAE) Io(Fey = i

«VB2 (T,). (3.25)

The first term on the RHS was examined in
Sec. IIIC. We treat the second by expressing
A(r t) as

AF,0)=QLAF, ) +(A(F, )1,
+(AF,DAF, )z,
(AT, AT, )1 s +A(T,0 ),
(3.26)
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where Q% is defined by Eq. (3.26)..

Substituting this expression in the second term on the RHS of (3.25), we find two terms [cf. Eq.(2.26)]:

- [ an(@, AG 0JAE M (8, =)+ B2, ()

—(AF,DAF), AT, DAF L f TAR A, DAF) Loy = )au < TBR(E,). (3.27)

First we dispose of the first term. It contains
two dissipative variables that decay very quickly
The correlation function peaks when all the time
arguments are the same. For any ¢ that is non-
zero its largest value is obtained when 7=0. If ¢
is larger than some 7p, it has never any signif-
icant magnitude and thus can be dropped.

Using Eq. (3.9), the second term becomes

M (Rl [ anAE, DA(F) Do (Fp =i,
- 4]
«VB&(T,). ' (3.28)

Collecting Egs. (3.23), (3.25), and (3.28), we
find our final result:

(AT DAFuess
=M (FF,)* (A(Fo DA (F)ness - (3.29)

We remind the reader that ( )ygss is the average
in the true nonequilibrium ensemble. We have
thus proved the regression hypotheses for NESS.
The only property of the set A that we have used
is that it spans the slow variables. Thus the proof
holds for any NESS—hydrodynamic or not.

IV. FLUCTUATION-DISSIPATION THEOREM

The usual fluctuation-dissipation theorem of the
first kind states that there is a simple relation
between the spontaneous fluctuations which occur
in an equilibrium system and the dissipation which
occurs when that system is linearly displaced
from equilibrium.”

Using linear-response theory, the response
of a system initially at equilibrium with respect
to H, at time { =—x, subject to the Hamiltonian

Hp(t)=H,-A(T)*F(%,1), (4.1)
is”
(AF, e

= f:. at! ¢4 (F[F52 =)+ E(T', ). 4.2)

r
Here H is the Hamiltonian of the unperturbed
system; E('f', t) are weak external forces which
couple to the set of variables A, F(T,-»)=0,
and ¢ is the after-effect function. The quantity
(é )ng 1S the ditrerence between the average val-
ues of A in a system subject to the Hamiltonian
Hyp and in a system subject to the Hamiltonian H,,.
It is advantageous to define the Fourier trans-
form of ¢ in space and time,

xaalk, 0)=1im [ ant [ asF o, (%, ar)
A a4

€>0

X eik'Ar ~{iwAt e-E At ,

(4.3)

where A7 =T =T’ and At =¢ —=¢', If the system is
not translationally invariant, this function will
have a parametric dependence on T.

It has been shown that, if the dissipation is
defined as the work averaged over one cycle of a
monochromatic force, then this dissipation Q('l;, w)
is proportional to the imaginary part of x(E, w):

Q(k, w) =—Viwxfa&, w) | Ful®. - (4.49)

The proof of the fluctuation-dissipation theorem
in equilibrium reduces then to showing that x4,
is the Fourier transform of the autocorrelation
function (Ax ()A_g)."

We examine now the analog of this theorem in
the NESS and we shall clarify the differences
that occur between a NESS and equilibrium states.

A. After-effect function

Consider again the Hamiltonian in Eq. (4.1).
The corresponding Liouvillian is

Ly=Lo+Ly(t), .
Ly=i[H,, |; L,(t) =—i[A*F, ], (4.5)

where the symbols [ , | denote Poisson brackets.
The Liouville equation is

of (X, ¢t .

YLD o i1, ). @)

The formal solution of this equation is
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s, 0= exp (=i [ dt, Lat6)) 1008, =),

4.7)
J

where -« is the time when the forces have been
switched on. We take here f%(X, =) to be a
stationary-state distribution function.

Equation (4.7) can be written

f(X,t)=[exp (—[;Lod‘r) —[:dr exp[—iL(t — 7)]iL,(T)T, exp (—i j::chT(o))] foX, =)

=fX,t) - f‘ dtexp[—iL(t - 7)]iL,(T) X, 7).

'Here f°(X,t) is the true distribution at time ¢, if
the forces were never switched on. One must
remember here that our stationary state is not
an equilibrium state, and

e ol OX, =) # X, =), (4.9)
Equation (4.8) can be iterated, and, if we retain

terms up to linear order in the forces, we find

£, 02720, [ e84, (o) ok, ar

t
=foX,t)+ f dr e tbdt=m

X[fAN), AT+ E(T, 1),
(4.10)

where we have used Eq. (4.5).
It is possible now to find the after-effect func-
tion. The response of 4 due to the forces is

Tr{AGNF &, 0) £, O]}
- [{arrramer s O o, 1, A

*F(T,, 7). (4.11)
Thus the NESS after-effect function is

$aa==-Tr(A(D){e D[ rox, 1), A(F)]D.
(4.12)

We can clarify now the differences between the
situations in equilibrium and here. In the equi-
librium case (take a canonical ensemble, for ex-
ample) f°(r) is a function of the Hamiltonian H,,
only. Poisson brackets appearing there can be
transformed as follows'®:

[feal,), A(T))]= [HO,A(rl)]
-1 S -
=EB—Tfeqé(r1). (4.13)

The after-effect function becomes then

(4.8)

05 = ,:TIT@ (F,0A(E,), (4.14)

which, upon Fourier transforming and taking the
imaginary part, yields

X,fmoc w(Arod-p),

which, in conjunction with Eq. (4.4), yields the
fluctuation-dissipation theorem. The situation
here is different. The quantity f°(X, ¢) is not a
function of H, only, and therefore transformation
(4.13) is not possible. We may transform ¢4,
however, to a more familiar form by integrating
by parts the phase-space integral, finding

¢M=Tr{f°(x, AT, t=-7),AF)]}. (4.15)

B. Dissipation

We consider here the extra dissipation (beyond
the spontaneous, constant dissipation that exists
in the NESS) that is due to the forces. From Eq.
(4.11) and (4.15) we see that the response in any
variable A,, ba,(T,t), can be written as

0aq(7,t) = fd'rq)a,(rlrl,t—r)*F,(rl,'r) (4.16)

where repeated Greek indices are to be summed
upon and stationarity has been used. The dissipa-
tion rate is Q(¢) =dHr/dt =—A*9F(T,t)/5t. The
macroscopic dissipation is

Q) =~ AFysess +0a(F, 2R (a.17)
Choosing a monochromatic force, i.e.,
F(%,t)=Re[ F(T)e™***], (4.18)

we find the average of the dissipation over one
cycle:



2542 ITAMAR PROCACCIA, DAVID RONIS, AND IRWIN OPPENHEIM 20

lelw Q‘(t )dt

0

<l
I
Sle

w

=2 2'/mdtf‘ AT Qoy(T[Ty32 = 7)
2w, - :
¥Re[ Fy(T))e " “"|Re[iwFq(T)e™*“"].
(4.19)
Equation (4.19) is simplified by writing
Re[F,(T,)e™*“"] as 3[F,(T,)e"*“ +c.c.],
Re[iF,(T)e™ "] as (=1/2i)[F,(%,)e™*“" -=c.c.].

Multiplying these two factors together, changing
the variable of integration to s =¢ — 7, and then
performing the integration over £, we obtain the
result

Qu=—twlm [ ds €90, (FlFy ) 1R (FFu(E),
0

(4.20)

where the superscript * denotes complex con-
jugation. Defining in the usual fashion

Xarl(FlE @)= [ ds e %00, (FlE5s),  (421)
0]

we find
3«» = %wlm[Fa(—f)*Xar(;l—;l; w)*F:(Y‘l)] . (4.22)
As is commonly done in equilibrium theories,”

the space dependence of the force is chosen to
be a plane wave:

Fo(¥)=¢'FTF, . (4.23)
Thus

Qo =—bwlm [ dFANT T 47y, (T[T = AT; 0)FL B}

=—3wIm f AT xay(k, w[F)F,FF. (4.24)

It is natural to define the local diséipation as
Fru(T) =~ 30 Imya, (&, W[F)F,F; . (4.25)

Clearly, if the system is translationally invari-
ant, Eq. (4.25) reduces to the usual equilibrium
result, and Qz.(T)=(1/V)Q;,.

C. Relation between dissipation and fluctuations

The after-effect function for systems in NESS
‘was found in Sec. IV A to be ([A(T,s),A(T))])ygss -
The theory of Sec. II (and papers I-III) can be used
to evaluate this quantity for NESS whose spatial
gradients are not too large. Using the methods of
Sec. IVA3 of I, we can modify Eq. (2.23) to read
in this case

VaalFlF;8) =([Aa(F, 8), Aa(F)E™(F)
~ [ drAa(E, 9), Au(F)]

X Ip(=T)"™(¥)- VB2 (T),
(4.26)

where I 7= f{D(?)d? .

The superscript “hom” is a prescription for
evaluating the correlation function in a uniform
system whose & =B#(T). In other words, it is
computed with the distribution function

FEM) ~Foc explp(F)+Ar] /

(Z J axr, exp[ﬁz(ﬂ-érl)d, (4.27)
N

where the subscript T stands for the variable
“integrated over all space” (see I for more
details).

Denoting the first term on the RHS of Eq. (4.26)
by ¢L,, one may readily verify that

baalF,Ty;s)
= —B(FXAa(F,8)Aa(F,), Ho= Pr - F(D]E(F).
(4.28)
Fourier transforming in space and time accord-
ing to

Aa,;_w=fdreiE'Ff dte A, (%,1), (4.29)
()

we find
xea(k, w|F)
==(B(2)/VXAa,i u[Aa, -z, Hy=Br - F(F))E™(F).
(4.30)

In Appendix B we prove that the imaginary part
of x&, is

[xEa (&, wl[T)]” _
=(1/V)w=k-F(F)]BT)Re(Aq £, uha,-)"(F).
(4.31)

The term proportional to k +%(¥) is of course the
Doppler shift seen in light scattering from con-
vecting systems. In order to make our point more
simply, we consider now a NESS without con-
vection, that is, driven by a single force (F,).
Further, we decompose @(¥) itself into two
contributions, Q%(T) and @°(F), where §%(T)
corresponds to the contribution of x*(k, w|T) and
QP (T) stands for the rest. Comparing Eq. (4.31)
with Eq. (4.25), we may conclude that the space-
dependent local equilibrium part of the dissipation
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measures the local equilibrium part of the time
correlation function, in much the same way as in
equilibrium:

QEu(F) =3P Re[(Aq £, 0ha, -)E(F)/V]
XB(T)| Fq (&, w)[2. (4.32)

From the discussion given in Sec. III we see
that for small 2 and w the LHS of Eq. (4.32) may
be computed by using the regression hypothesis.
This approach is standard®”® and gives

QLu(F) = (w/2V)BE) [F o (k, w) |2
xRe{[1/(iwl - Mp)]- (Az A-Dlea(T) .
(4.33)

The remaining term in the expression for the
dissipation is related by Eq. (4.25) to the second
term on the RHS of Eq. (4.26). We define

X2k, w[F)
lfo -tws
v ) dse

x [ ar(A,26), Ay, -2 L= ENE) - T8 ()

=- —f ds e™***

0

x [ (a2l +7), 4, 2 MILE"(E)

<~

VB2 (%), (4.34)

where the second equality follows from the in-
variance of the Poisson bracket to canonical trans-
formations.!* Hence for the case at hand,

QB.(F) ==30|Fo(k, w)?[x24(k, w[F)]".

In Appendix C we show that for the hydrodynamic
variables

(4.35)

Xgr(lz’ w|T)

=— [(w_f.g; > o I’/;E . fomdtl(I,_T(tl)I,,T)
Fpa,(0)] (),

Y=E,P, x&(&, »[f)=0, v=N, (4.36)
to leading order in 2. Recognizing the time inte-
gral appearing in the expression above as the
Green-Kubo form for the Onsager coefficients,”*®
it is a simple matter.to show that for systems
under thermal constraint, for & in the light
scattering regime, and for small macroscopic
gradients,

Q2. (T)/QF o(¥)~[k-V Ing(F)]/k2 < 107¢,
' (4.37)

which follows by using Egs. (4.36), (4.35), and
(4.33). A similar estimate holds for the case in
which convection is present and hence the con-
tribution of the dissipative part of the after-
effect function to the average dissipation is neg-
ligible, and so

Rru(P)=FFu(D). (4.38)

In other words, a measuvement of the dissipa-
tion vesulting from pevturbing a NESS yields only
the local “hom” part of a time correlation function.
Hence none of the new effects predicted in II and
III would be seen in this fashion, since the full
NESS time correlation function is not involved in
the dissipation. In this sense the fluctuation-dis-
sipation theorem is less useful in NESS than in
equilibrium states, since it gives only partial
information about the fluctuations.

In fact, from Appendix B [cf. Eq. (B5)] we see
that the information contained in the NESS dissipa-
tion is rather simply connected to equilibrium
quantities which are themselves directly mea-
surable in an equilibrium-dissipation measure-
ment.

A couple of remarks concerning Eq. (4.38) are

" in order. In the first place, the light scattering

predictions made in Refs. 1-4 are consistent with
the fluctuation-dissipation theorem as given above.
This is true since the dissipative contribution to -
the NESS time correlation function gives zero when
integrated over frequencies and angles. Thus it
does not contribute to the total scattering intensity
(i.e., all angles and frequencies). This means that
the total scattering intensity (which is simply re-
lated to the dissipation) involves only the local part
of the NESS time correlation function as shown
above. It will be seen in our future publications
that the same remark pertains to light scattering
from NESS with a velocity field. Although the
spectrum is changed considerably compared with
local equilibrium, the integrated effect (over all

k and w) contains only the local equilibrium con-
tributions.

The second remark is that Eq. (4.38) is not real-
ly a surprising-result. We have all along been re-
stricted to wave vectors k& larger than the macro-
scopic gradients. In this regime the terms in the
hydrodynamic equations proportional to the
33@ ss are completely negligible. Hence the
dis—s-ipation could be computed by solving the hy-
drodynamic equations in a system subjected to
some monochromatic disturbance, all the while
neglecting the explicit .V.ﬁf_ s terms. For small
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perturbations the d1ssxpat10n computed in this
fashion will equal ka as the hydrodynamics is
the same as in equilibrium.

V. DISCUSSION

We discuss first the significance of the gen-
eralization to all orders in & with the restric-
tion that the final result, Eq. (2.22), is valid to
first order in 33?_. This generalization is im-
portant, since macroscopic systems tend to be
fairly large (think about the ocean, for ex-
ample, ... ) and even with very small gradients
one can achieve large deviations from equilibrium
if the system is large enough. The level at
which the theory pertains now is similar to the
level of the first-order “€ expansion” in the
Chapman-Enskog method. Namely, the reference
state is a local equilibrium state and not an
equilibrium one, and the smallness parameter
is the spatial variation of the local properties
and not the deviation from equilibrium.

We have proven the regression hypotheses for
the NESS correlation functions. This result is
fairly important, since Eq. (3.29) can be cast
into the form

(A%, t)A_:(-;'J_»NESS
=%M“(ﬂi.z)t*(é(?z)é(?l»NESS , (5.1)

which means that once the linearized (macroscop-
ic) equations of motion are known, the computa-
tion of NESS time correlation functions reduces
to the calculation of the static-correlation func-
tions. As was shown in III, the static correla-
tions themselves can be evaluated once M  is
known. We stress here that one must be extreme-
ly careful not to employ the local equilibrium
value of the static correlation functions, since
this leads to important omissions. A complete
calculation of the type suggested in III (or II) is
needed. Another word of caution: Eq. (5.1) is
valid only for positive time, and time-reversal
symmetry is broken in the NESS. The method
used to extend Eq. (5.1) to negative time should
be based on the stationarity property of the cor-
relation functions (cf. III).

The examination of the fluctuation-dissipation
theorem gave the following results: The dissipa-
tion is related to the local equilibrium part of
the fluctuation and not to the true fluctuation.
Thus, when the difference between the local part
and the complete form of the fluctuation is large,
(as it is for small &’s), the fluctuation-dissipa-
tion theorem does not hold. In other words, the
dissipation does not contain all the information
about the fluctuations. Our explicit calculations
of NESS correlation functions agree with these

results. In the two cases of a NESS with a
temperature gradient® and with a velocity field'?
we found that the spectra of light scattered from a
NESS differed considerably from equilibrium
spectra. However the total scattered light ob-
tained by integrating the differential intensity
over all angles and frequencies was completely
determined by the local equilibrium part of the
fluctuations alone.
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APPENDIX A: PROOF OF EQ. (3.8)
Consider the quantity
(A(r DAz, s ¥ (AT, DAF NI s - (A1)

Any function f(¢) can be written as f(0) +f f(r)dr.
The above quantity is written as

(A( I‘)A( rl))L ss *(‘4(f A(—f',» o

f [(A(r T)A(r),»L ss *<A(r1’ T)A(r ))L ss

HAE DAF )5 5= (A(F, DAY, Jdr

(A2)
Since
(AF,DAF ) e +(A (T, AT 1,0,
=i6(? -7,
(A(F, NAF )
=~(A(F;, DA, +(A(F,, DA(F)z,w
*(A(rs, T)A(r'))L s - (A3)

Substituting Eq. (A3) in Eq. (A2), we find, after
some trivial algebra,
(AE,DAF )z, *(A(F, DAF i

"(A(I‘)A( r],))L ss *(A(rl)A( ) L ss

t o -
+ [ (Fo(E AR
*(A(T,, T.)é(—!."));,fss dr. (A4)

Using the rule for dot switching [Eq. (3.14)] and
noticing that (A(r t)A(rl))L « is slowly varying
in time, we conclude that the last expression is
nothing but M (T|T’).
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APPENDIX B: PROOF OF EQ. (4.31)
The form of xZ,(k, w|T) is
xaa (&, |F)

- B4 A op H= B R
(B1)
It can be rewritten as
Xealk, w|T)
=807 ((Aaf,0da -
9 hom
- <Aa,i',w JZS_Y,:Aa,-'k’> L (I‘)
-V(?)) , B2)

where the sum extends over all the particles in the
system and ?, is the position of the jth particle.

In the “hom” average we can dot switch (cf.
Sec. III B) and rewrite Eq. (B2) as

tEalk, off) = £2) )(zw<A.,w o E(F)
(A g A, -2Y(F) +7(F)

9 hom ,»
'<Aa,E,m Za—"r:Aa,-i'>L (1‘)) .
i

and thus
Xaa &, w[F)]" =[w =T -F(F)]V18(F)
XRe[(4a t,wha,-B)7 (T)].
(B4)

Further, for the important case in which a= N
introducing the Gallilean transformation P, —
+m(V); allows Eq. (B4) to be rewritten as

[XNN(k UJ'?)]”
={[w -k F())/V}
XB(rXNk,w-k v(r)lv k)l iTéF;, o
p=p(r )+ 1omo2(T)

(B5)
where we have used the fact that (Ng,,N.g) is
real. In the same manner it can be shown that a
relationship like that given in Eq. (B5) holds
whenever A, g does not explicitly depend on the
particle’s momentum. Should this not be the case,

(Aa.B,whAq,-£)°" will contain terms explicitly
proportional to V(T).

APPENDIX C: PROOF OF EQ. (4.36)

For equilibrium correlations it is useful to
write

Ag(f)
(B3) = etE °A,‘(o)+f t, HETI () ok, (Cc1)
It is easy to verify that L L
which is valid for ¢> 7, and where Mg is given by
Z_a__A C oA = Eq. (3.24) evaluated at equilibrium? The set Ay
ar,  k %ok is taken to be the set of hydrodynamic variables.
)
Let
Vo, sl =~ f A7([Ag,2(s +7), Ay, £ (DL E™(F) - VBS (F); (c2)
0
then using (C1) we have
V92, s[®)=- [ ar ((eﬁr‘“” Jaa ()Y ([Au, g, Ay, 2 )L 1) - VBR(F)
(V]

T+S8S . . -
+f dt]_(e'i‘l-r(s"'tl)) (e-—k‘r)" [lk Io:’k(t)Ar' -l'z'] T>.Vﬁ2(r)

0o

T - -
—f dtl(egz(s*f))“,(egr( T-tl));kr'dAa'.Y:ik'Ir’.-i'(tl)]I_T> 'Vﬁg( r)> ’ (C3)
0 .

where the term containing two explicit factors of ¢ has been neglected and where the superscript “hom”
has been dropped. To leading order in 2, the 2 dependence of the variables appearing in the last two terms
on the RHS of Eq. (C3) can be neglected. Further noting that

[I(!',T(tl.)’AT'.T] =I.<¥'.T(t1)67'.E

(C4)
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allows Eq. (C3) to be rewritten as

Vo2& == [ a7 (el el A5, AT L)
1]

T+s - .
w77 (M) MV R e, 1)L
(1]

T ’ . - -
+ f dt, (2 * ) g (e =10, ik o Lo p(t,)] T>) *VBe(T). (C5)
A :

Performing the above integrations over ¢, by parts and neglecting terms: containing more than one explicit

factor of £ (remember Mf”ﬁ), we find that

Vo2, (&, s|F)=- f dr((ele(s*? )aa'(eéff):v'k[Aa',i‘,Ar'.-i‘]I_T> - 57'.13({1; T, p Ll 1) = 5a.E<iE Ly o1 )}

0

+(€E), 5k Lo, (T +8)L 1) + (e¥E* "V ) g (K o1, 2(7)L 1)) * VB2 (F). (C6)

Using the explicit forms of the hydrodynamic
variables,® it is straightforward to show that the
terms in braces in Eq. (C6) cancel to O(k2).
Since the time correlation function {(I¢)I) is
assumed to decay to zero when ¢{>7,, this
implies that the next-to-last term on the RHS of
(C6) may be dropped for s>7,. Finally, putting
" T to zero in e£(**” which appears in the last
term, results in

V2, (&, s[F)

= (eMF)p [ drike (L, o(n)I5) - FoR (D),

o
(cm

which, on taking the half-sided Fourier trans-
form and using the forms of the I, r, gives
Eq. (4.36).
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