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Optical isotopic shifts and hyperfine splittings for Yb
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(Received 15 May 1978)

A cw tunable dye laser and atomic-beam techniques were used to determine the splittings and separations of
the natural Yb isotopes for the 5556.5-A, 'P, -'So transition. The resonant scattering was recorded with an
instrumental 'resolution of 7 MHz full width at half-maximum, giving peak separations accurate to +0.5
MHz. The hyperfine splittings were analyzed to yield values of —0.382(19)% for the hyperfine anomaly and
10.9 GHz/fm for the field-shift constant; these agree with published values. The optical isotope shifts

obtained, along with published electronic and muonic x-ray shifts, were analyzed to yield 5(r ) values

and a specific mass shift in the range 200-300 MHz. This latter is considerably greater than is normally
used for 6s '-6s6p transitions. The model dependence of the isotopic-shift analysis was examined, and the
hyperfine anomaly was compared with calculations based on Nilsson wave functions,

I. INTRODUCTION

The study of isotope shifts and hyperfine struc-
ture of optical transitions in atomic spectra has
been an important source of information on electric
and magnetic moments from-the very beginnings of
nuclear physics. Isotopic shifts yield detailed in-
formation about the changes in the radial moments
of the nuclear charge distribution between iso-
topes, and the hyperfine structure allows accurate
measurements of electric and magnetic moments
of the nucleus. Very precise measurements are
even capable of yielding information about the
changes in the nuclear magnetization distribution
between isotopes. Recent developments in dye-
laser technology promise a significant increase in
the quantity and quality of such data.

The high resolution obtained by the use of tunable
cw dye lasers in atomic and molecular spectro-
scopy is well known' and makes possible measure-
ments for a large number of elements, limited in
resolution only by the natural linewidth of the op-
tical transition. Furthermore, such measurements
can be made with atomic beam fluxes as low as
10 atoms/sec. Such capabilities will have impor-
tant consequences in the study of electric and mag-
netic moments of short-lived nuclei which has al-
ready produced interesting results for Hg, Na, Cs,
and Ba.s

The present paper reports measurements of the
isotopic shifts and the hyperfine splittings of all
the naturally occurring Yb isotopes, for the 5556.5
0
A transition, using an atomic beam and a cw tun-
able dye laser. The separations of all the com-
ponents of the fluorescent spectrum are determined
to a 0.5 MHz, without the use of isotopic ally en-
riched samples. An analysis of the hyperfine. com-
ponents of the odd isotopes yields values for the
hyperfine anomaly (HFA) and the field-shift con-

stant. The isotopic shifts, together with published
electronic and muonic x-ray data, are analyzed to
obtain the size differences between isotopes. This
analysis suggests that the specific mass shift for
the 6s -6s6P, 5556-A transition of Yb is much
larger than has been used previously. The HFA
results are compared with nuclear calculations
based on Nilsson wave functions.

II. EXPERIMENTAL APPARATUS

A block schematic of the experimental arrange-
ment is shown in Fig. 1. The 5145-A single line
output of the argon ion laser (Spectra Physics
164-03) pumps the cw tunable dye laser (Spectra
Physics 580-01). The output from the dye laser,
tunable via piezoelectric crystals in the cavity,
orthogonally intersects a collimated atomic beam
(A) and the scattered light is detected by a photo-
multiplier, operating in the single photon counting
mode, as a function of the dye-laser frequency.

' The rate of detection of scattered photons is nor-
malized to the dye-laser output via the monitoring
photodiode PD1, and fed to the y axis of an x-y re-
corder. This latter is swept in the x direction by
the same ramp voltage which sweeps the dye-laser
frequency. The instrumental resolution obtained
is 7 MHz (full width at half maximum, FWHM);
the largest contribution to this width comes from
the dye laser.

In order to obtain accurate measurements of
peak separations, a set of frequency markers are
recorded simultaneously with the optical spectra.
These markers are generated using the stabilized
He-Ne laser (Spectra Physics 119) and the confo-
cal Fabry-Perot etalon (Tropel 216V). The center
of the He-Ne laser oscillation is servo-locked to
the center of the Lamb dip (via PD4) and the etalon
cavity length is, in turn, servo-locked to a trans-
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FIG. 1. Block diagram of system. A, atomic beam; B, beam splitter; M, m, mirror; PD, photodiode; I, filter; OI,
optical isolator; I'S, polarization selector; PMT, photomultiplier tube.

mission peak of the He-Ne output (via PD3). The
cavity length is thus stabilized to 0.1 MHz. A

-fraction of the dye-laser output is also fed through
the etalon, giving transmission peaks every free
spectral range (300.35 + 0.05 MHz), as the dye
laser is swept. These peaks are detected in PD2
and used to generate markers spaced at 300.35-
MHz intervals. Facilities are incorporated which
enable the order of the He-Ne transmission peak„
to which the etalon is locked, to be changed suc-
cessively by one order. This arrangement bas
been described previously and produces markers
spaced at intervals of 300.35(X„,„,jX~„,—1) MHz.
This corresponds to a 41.7-MHz spacing in the
case of tbe 5556-A line of Yb. The etalon length
is stabilized at 6328 A, whereas the transmission
peaks of the dye-laser light are at 5556 A. The
difference in the index of refraction at these wave-
lengths results in movement of the marker posi-
tions with pressure changes in the etalon. This
effect was eliminated by operating the confocal
etalon in an evacuated chamber.

To facilitate the location of optical resonances,
a wavemeter is used. This comprises a Michel-
son interferometer which compares the number of
fringes from collinear beams of dye-laser light
and the 5145.38-A line of the argon ion laser, as
the path difference of one of the interferometer
arms is varied. The path change is effected by

mounting one of tbe mirrors on a Mossbauer drive
unit which is driven back and forth continuously
for a distance of about 1.5 cm with a period of
about 1 sec. The two sets of fringes are counted
separately over the central portions of the sweeps.
Approximately 3x10 fringes per sweep are count-
ed giving an accuracy of about 0.2 A in the deter-
mination of the dye-laser wavelength for a single
sweep of the mirror. This accuracy can be im-
proved by suitably averaging sweeps.

A diagram of the atomic beam scattering cham-
ber is shown in Fig. 2. The atomic beam is de-
fined by two slits, one at the top of the electric-
ally heated molybdenum oven and the other just
below the chamber center. Tbe slits are each
0.050 in. wide and are separated by about 30 in.
Light collection consists of a spherical concave
mirror and a, pair of two-element condenser lenses
which focus the light through a slit and onto a 56
AVP photomultiplier tube (PMT). Approximately
14%%ug of the fluorescent light reaches the PMT.

The laser beam is carefully baffled and enters
the chamber normal to Fig. 2, where it intersects
the atomic beam a,t the center and subsequently
leaves the chamber through a window. The cham-
ber was evacuated by an ion pump, to pressures
around 10 -10 9 Torr. The Helmholtz coils en-
abled uniform magnetic fields up to 350 G to be
applied to the center of the chamber;
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In order to eliminate significant differential
Doppler shifts between isotopes, due to different
average thermal velocities and a nonzero average
component of velocity parallel to the laser beam,
the later was retroreflected through the atomic
beam and the observed linewidth was minimized.

III. EXPERIMENTAL DATA
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FIG. 2. Scattering chamber. The laser beam enters
the chamber normal to the figure.

A composite of two wide sweeps of the 5556.5-. A
transition of Yb is 'shown in Fig. 3(a). The ob-
served transitions are labeled to indicate the iso-
tope responsible and, for the odd-A. isotopes, the
I' quantum numbers of the hyperfine component for
the ground and excited state. The 300-MHz fre-
quency markers are also shown. Figure 3(b) shows
a narrow scan of the type used to generate data.
The resolution of the laser system is seen to be
—7-MHz FWHM and narrow markers, generated
by hopping the mode of the He-Ne laser-etalon
system, are shown. Since natural abundance sam-
ples were used, the line due to ' Yb, is very
weak. Figure 3(c) shows this line together with
the nearby lines due to the I',„=2 components of

~ yb and '~3yb.
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The lines due to the I',„=& components of ' 'Yb
and ' Yb were unresolved and analysis of the un-
resolved linewidth indicated their separation was
less than 2 MHz. In~order to determine more pre-
cisely the line posit ons, a 102-6 magnetic field
was applied in a direction perpendicular to the
plane of the laser earn and photomultiplier, and
parallel to the pol ization of the laser beam. The
Zeeman splitting is shown in Fig. 3(d}. Due to the
different gyromagnetic ratios for the isotopes '~'Yb

and ' ~Yb, the splitting is unequal and the compo-
nents of the two isotopes are separated. Correc-
tions as large as 17 MHz were made to some of
the components to compensate for off-diagonal ma-
trix elements in the Zeeman interaction and zero-.
fieM line positions were computed. In order to
avoid blended components, only the M& —+ —,

' com-
ponents were used.

When analyzing data sweeps of the type shown in
Figs. 3(b}, 3(c}or 3(d}, the line positions were
determined by fitting a quadratic to the measured
positions of five calibration markers and interpo-
lating the positions of the data peaks. Nine to
twelve sweeps over each line were recorded and
analyzed. Standard deviations of the measurements
were between 0.38 and 0.87 MHz, which implies
a variance in the average of & 0.3 MHz. Systemat-
ic errors in the data have been examined by a ser-
ies of measurements in Sm, Dy, and Er, for which
the measured splitting is entirely due to hyperfine
splitting in the ground state. The ground-state
hyperfine splitting has been accurately measured
using radio-frequency techniques. 5 Thirty such
cases were measured and indicated that the sys-

tematic error is about 0.5 MHz. Since this is
larger than the variance in the average, we assign
an error of +0.5 MHz to our measurements. The
resulting line positions are listed in Table I.

IV. ANALYSIS OF HYPERFINE SPLITTINGS

A. Formalism

The hyperfine splitting of atomic energy levels
is due to the interaction of the electrons with the
nuclear currents and the nonspherical components
of the nuclear charge distribution. Analysis of
this splitting yields information on nuclear mag-
netic dipole moments and electric quadrupole mo-
ments and, for extremely accurate measurements,
may yield information about even higher-order mo-
ments. In addition, since the electrons have a non-
zero density within nuclear dimensions, there are
small effects due to the spatial distribution of the
nuclear charge and currents. The major effect of
the spatial distribution of nuclear charge is the
isotope shift, although, in principle, there is a
small effect on the hyperfine splitting due to higher
electric moments. An observable effect of the
spatial distribution of nuclear currents is a small
change in the magnetic dipole splitting. When
hyperfine splittings for two odd isotopes, are avail-
able, these changes can be detected assuming the
nuclear magnetic moments are known. Such ef-
fects are expressed as a hyperfine anomaly para-
meter.

Neglecting the small effects due to electron den-
sity within nuclear dimensions, the perturbation
Hamiltonian due the interaction of atomic electrons

TABLE f. Experimental data on isotope shifts and hyperf inc splittings of the 5556.5-A tran-
sition of YbI. Hyperfine components labeled with an asterisk were determined from the Zee-
man splittings as described in the text. Previous measurements due to Ross [J. Opt. Soc. 53,
299 (1963); 66 585 (1976)] and Chaiko [Opt. Spectrosc, 20 424 (1970)l are given in columns 3
and 4.

Spectral component
Position relative to ~ SYb (MHz)

Present work Boss Chaiko

173($ f)
171(&-&)

-1431.73(50)

-1177.23(50)
/

-1460 (6)

-1187 (3)

-1451(6)

-1184(6)

170

a73(~2- ~2)

171(~2-~2)

173(+g f)

954.76(50)

1955.04(50)

3241.51(50)

3266.49(50)

4610.14(50)

4759.83(50)*

4760.42(50) *

947 {2)

1940 (9)

3229(18)

3247 (9)

4581(15)

4761 (9)

4749(12)

947(2)

1940(9)

3232(6)

3253(6)

4761(9)

4700(6)
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with the nuclear charge and current distribution
can be written in the form

(k) (k)
Hhfs

k

where for even k the operators are given by

T, =g(-.) ~~IC (~„),(k) (s-
j=f eg j

A

T))) Q eg(pnsm (&nt)i
S=f

and for odd k

T ())» g ~

~g ( O(»»)(»)»

g=f Bg

A
T(()» ~ g [y(2y, 1}](/2&@-(

The second equation defines the parameter Ak. It
is easy to show that the "center of gravity" of the
hyperfine splitting is unchanged by the k & 0 corn-
ponents of the first-order perturbation energy, so
that

Q (2E +1)«P =0.

This allows the centroid to be determined and the
isotope shift to be extracted. The isotope shift
may'require some correction due to second-order
effects.

The. orthogonality relationships of the 6-j sym-
bols make it possible to invert the equation for
4E'z' to obtain an equation for Ak:

g ((g( -I(1 )((( p (g(.Ug )((()/2
gsj g ~ng

The notation is standard and conforms to Ref. 6.
Matrix elements of the hyperfine interaction Ham-
iltonian can be written

&~JISM,
I H„,.I

» 'J'I'z'M,'&

»( g(—1)" ' (2F +1) «~(1). (7)

The usual dipole and quadrupole coupling constants
A and B are defined by

~FF'8M M, ( 1}""p-&»I IT'"
I
Iy'J'&

I' J'K

~ =(1I~JAi = (~~/ I)J&yJJ-I T"»

IyJJ&

a=4A, = 2eq&yJJIT'-"IyJJ&,
(8)

x &PIllr„" IIP'I' (4)

The hyperfine Hamiltonian is not diagonal in J
or I, but we consider first-order perturbations
and take y=y', J=J', P=P', and I=I'. The lat-
ter two equalities are very good approximations
since the interaction energies of the electrons are
small compared with nuclear energy levels. The
assumptions that y=y' and J=J' are less valid
and will require small corrections. First-order
perturbation energies are given by

where )»z is the nuclear magnetic moment and Q is
the nuclear electric quadrupole moment.

Equation (8) implies the ratio of dipole coupling.
constants, A, for hvo isotopes will be equal to the
ratio of the magnetic g factors (gq=)»q/I). Devia-
tions from this rule arise from the finite size of
the distribution of nuclear magnetism and are
parametrized by the hyperfine anomaly (HFA} 4»,
where

&(1) gI(1)[1—~(1)l gI(1) ]
A(2} g~(2)[1 —e(2)] g~(2}

«.'"=(-1)"""P
IJk The experimentally observable quantity is 4f2.

If we describe the nuclear ground state using
Nilsson wave functions of the form

(, g ( p
I

IE /('1JKJ) (1 !I'l))
kIJk J'0 j (IOIi-

lg) = g C INljQ),

it is possible to show that e is given by the expres-
sion
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CJC~. — -1 ~ '
2

&& p g, (bJ)»&j I II,(o'/Ro)'IIj'&+ g,(b,)»&j I Is,(o'/R'o) llj')
k

+la( bo)2k& jll (o)' "(c("s)"'(o'/Ro2)'
I

lj'& +gs(1 +~5(4i~2) g (b~)»~.

p. & is the nuclear magnetic moment in nuclear
magnetons. (b~)2„, (b,)2o, and (b~)2~ are atomic
parameters defined by Stroke et al. ' and can be
obtained from their tables for s&~2 and p&~2 elec-
tron configurations. The parameter v~ is a vari-
able introduced by Reiner" to parametrize the
radial distribution of the nuclear current, due to
the collective rotation. He has shown, for exam-
ple, that v2 —1 for incompressible flow and v2

= 5 for rigid-body rotation. a is the standard "de-
coupling par ameter. "

The reduced matrix elements in Eq. (11) can be
written as a product:

in the electron configuration to the magnetic dipole
coupling cons tant, .

Using the effective operator formalism of San-
dars and Beck, '3 the electron operators within a

configuration can be written in the form

~ 2yio ( C(2))(D
12

&vfj IIA.,(r'/R )"
oI

I~I'j'&

The radial integrals can be parametrized by de-
fining'

a -=(1/R,') &vf Ir' Ifif&,

)& [s (C(4)f )(3&](2) C(51

~4 02
(15)

so that we can write

I )
~2k

~
f(if'

Qn
I
(r'/R')'IM') =o'

o —
&b(l Jo

z lail)'

-=, o R &N I, f(t I ', b), (14)

where R can be computed using harmonic-oscilla-
tor wave functions. '2

When computing &&2 using Eq. (9), it is first
necessary to correct the magnetic dipole coupling
constants A(i) for second-order matrix elements.
In addition, computation of e(i) involves only the
effect of s, ~, or P, ~2 electrons (since only they
have significant density within nuclear dimensions)
whereas the A(i)'s involves the coupling of all
electrons to the nuclear magnetic moment. Con-
sequently, in order to analyze the HFA it is nec-
essary to analyze the hyperfine splitting to extract
atomic parameters which will allow second-order
corrections to be computed and also to determine
the contribution of the various electron types with-

where p, o is the Bohr magneton and the quantities
& )~ are relativistic radial integrals. (o Within the
central field approximation, a configuration of the
type [core] 6s6P requires four radial integrals for
the magnetic dipole coupling constant (one for the
s electron, three for the P electron) and two for the
quadrupole coupling constant (both for the P elec-
tron). Measurement of the hyperfine splitting of
four or more levels of the configuration allows the
radial integrals to be treated as unknown parame-
ters and fit to the experimental data. It i.s then
possible to use the radial integrals to compute
both diagonal and off-diagonal matrix elements for
levels of that configuration.

If measurements are available for fewer levels
than are required to determine the radial inte-
grals, the number of unknown radial integrals can
be reduced using an approximate procedure based
on the relativistic correction factors (RCF) of
Kopferman. '4 This approximation yields for the
magnetic dipole case
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(nl} = '2[(l+1)E(l,j=l+ 2}-G(/)
5(r) 2l(l + 1)
r &p

2 +

—lE(l,j= l —2}](1/rp)«&(n/),

(nl) = —
2/ 1-2[(2/ —l)(l+2)R(l, j=l+ —,')+6S(/)1 1

P2 +

+ (l —1)(2l + 3}R(l,j= l ——,') ]

x (1/r'), (n/),

(nl) = 2[2l(l +1)E(l,j=l +2) +G(l)rp
p& 2l + 1

+ 2l(l + 1)F(l,j= / —2) ]

2&(1/ '& ( l),

(16)

(nl) =
1 2 [(l + 2)R(l, j = l + 2) + 3$(/)

1 2&6
rp

&&
5 2l +1

+ (l —1)R(l,j= l - —,')]

x (1/rp)o(n/),

(nl} = — -2 [2(/ —1)R(l,j=l +2) +48(/)(
1 4M21

rp
&2 5 2l +1

—(2l + 3)R(l,j= l ——,')]
(n/) =—,[4/(/+1)(2/ -1)F(/, j= l +-,')1 1

rp
&2 3 2l +1

+ (2/- l)(2l + 3)G(l)

—4l(2l + 3)(l +1)F(l,j—k)1

and for the electric quadrupole

2& (1/rp) o(n/) .

Similar equations have been used by Childs and
Goodman.

These relationships allow the number of radial
integrals in the expressions for the magnetic di-
pole and electric quadrupole coupling constants to
be reduced to one for each of the nonequivalent
electron types in the configuration.

Second-order perturbation energies are given
by'

gE&2& ~ ( 1)2 2" E V ( 1)V' 2~'
IJr (Eg Eg)+(Eg -—E2.) I I I' JJJ'

~(/I ll"P
I
II'&(/'ll&'N' III&«I IT's"

I
I&'&«'112'z"

I I».

I(2/ 1)—eQ
(I I

IT'."'I II) =[(2I 1)(2I+1)(I,1)(2I+3)]&/2 2

(19)

The reduced matrix elements of the electron op-

%e will assume I=I'. This assumption is justified
by the large energy denominator that would be in-
troduced by I'4I and this assumption has the effect
of limiting the tensor operators to cases which
have nonzero diagonal nuclear matrix elements.
Since the diagonal matrix elements of the nuclear
operators are large only for M1 and E2 operators,
we need to consider M1-M1, M1 —E2, and E2
—E2 combinations. The nuclear matrix elements
are easily evaluated from

erators can be computed in terms of the relativ-
istic radial integrals, which can be obtained with
sufficient accuracy from an analysis the first-.
order hyperfine splitting.

The r =0 term results in a uniform displacement
of all the hyperfine components of a level given by

~E r=o =
(2I» (2J + 1)

»p«&»' * '(—
)a&e

E~- E~,

& I(/IIT'"ll/& I'l«ll&z" IIJ'& I'

(20}

, This results in a small displacement of the center
of gravity of the hyperfine splitting and will effect
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the observed isotope shift obtained using Eq. (6).
The x =1 term results in a correction to the

dipole coupling constant A given by

A &2& g~
(

1)2I+2z'+a+q+tIJ, E~-Eg, I I I J J J'

A('P, ) =- 4 3.08&5(r)/r')«(s)

—11.382&1/r3)»(p),

A('P, ) = 1.526&5(r)/r2), 0(s)

—39.162&1/r~) ~(p).

8. Ytterbium

The line positions of the hyperfine components
of ' 'Yb and '73Yb are listed in Table I, and have
been used, with Eqs. (6), (7), and (8), to compute
the center of gravity and the magnetic dipole and
electric quadrupole coupling constants. The re-
sults are listed in Table II. Magnetic octupole
constants were computed and found to be smaller
than experimental error. The Yb 'So ground state
is built on the 4f' 6s configuration. The excited-
state configuration for the 5556.5-A line studied,
is 4f'~6s6P and is almost a pure 3Pi term. '6

The magnetic dipole coupling constant for the
s tates of the 6s 6p conf igur ation can be written in
terms of four radial integrals. Using the RCF's
this number can be reduced to one for the s elec-
tron, &5(r}/r2)»(s), and one for the P electron,
&I/r~)sn(P) Usin. g Eq. (17}we find

&5(r)/r'), 0 (P) =—0.2512(1/r')„„,

&1/r') «(p) = 1.3458(1/r') „„,
&I/r3), 2@)= 1.9173&1/rs)»,

where &1/r )Na is the nonrelativistic expectation
value. Using these expressions, a03p. ~p. o

—47.705
MHz (p„ is the nuclear magneton, i/, 0 is the Bohr
magneton) and p/ —0.6779930(33)i/, s," along with
the simple wave functions of Bauman and Wandel, '6

gives for '"Yb

A(3P, ) = —5.848&5(r)/r2), (s)

—46.058&1/r3) sa(P),

The radial integrals are in units of a()3 and the A s
are in MHz.

The present work yields 1094.20(60) MHz for
A(~P, }. Published values's 2' for A(3P2) and A('Pi)
are -737.7 and 58.72 MHz, respectively. The
three measured values of A form an overdeter-
mined set of equations, but as has been previously
noted, ' it is not possible to get a good simul-
taneous fit to the singlet and triplet states. This
is thought to be due to admixtures of the config-
uration f 'd in the 'Pi state. In view of this diffi-
culty, the radial parameters are derived using
only the triplet states. This yields

a03&5(r)/r ) io(s) = 163.2,

ao&1/r'&„a(P) = 3.03.

These values correspond to a, value of 130.5 MHz
for A('P, ) which, as expected, is in poor agree-
ment with the experimental value of 58.72 MHz.
The agreement is similar to that obtained by Bud-
ick and Snir.

Using the values of &5(r)/r'), 0(s) and &I/r')»(P),
single-particle reduced matrix elements can be
computed for the states of the 6s6P configuration.
Recoupling the JS basis to jj coupling enables
A('P, ) to be expressed in terms of the contributions
of s, ~2, p&~2, and p3~2 electrons. Furthermore,
the hyperfine anomaly can now be written in terms
of contributions from s&~2 and P&~& electrons. For
the P& state of Yb we find

& =0.877&(si/2) +0.1596(pi/2),

which is in good agreement with the result of Un-
lla

The same techniques can be applied to the quad-
rupole coupling constant, to which only the p elec-
trons contribute. The resulting expressions can be
reduced from two variables, &1/r )«(P) and

TABLE II. The center of gravity (c.g.) of the hyperfine components of ~~ ' ~ Yb and the mag-
netic dipole {A}and electric quadrupole (B) coupling constants for the 5556.5-L Pi So transi--
tion.

Isotope
c.g. relative to ~76Yb

(MHz)
A

(MHz)
B

(MHz)

'"Yb
i 73Yb

2780.81(50)
1510.38(50)

3957.97(47)
-1094.20(60) -827.15(47)
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(1/r )o,(p), to one variable usingthe RCF's. Using
Eqs. (17) gives (1/r3)«Q&) =- 0 0.45(1/ra) 02(p) .The
resulting expr'essions for B, in terms of (1/r')p2(p)
ar.e

B(3P2) =239.84(1/rs)02/),

B(3P2}=- 134.33(1/r3)»2(p},

B('P, ) = 254.27(1/r3)o2},

where B is in MHz and (1/r )p2(P) is in units of
a03. The quadrupole coupling constants have been
measured, in the present work, for the 'P& state
and by others for the P2 and 'P, state. Each of
these measurements determines a value for (1/
r )»2(p} for the corresponding P state. Values of
5.47, 6.16, and 2.38 are found for the P2, P„
and 'P, states. The triplet-state values are seen
to be similar but the singlet-state value, as in the
magnetic dipole case, is substantially different.
Budick and Snir obtain better agreement in the
quadrupole coupling case. This is fortuitous, due
to their use of an equation which contains typo-
graphical errors.

In order to extract a numerical value of 4 from
the experimentally determined values of A, it is
necessary to correct A for second-order effects.
These corrections have been computed using Eq.
(21) and the energy levels and nuclear moments
are listed in Table III. Also included in Table III
are the corrected ratio of the dipole coupling con-
stants and the resulting experimental value for 4.

The only important second-order corrections are
seen to be the M1-M1 corrections and they are on
the order of', or smaller than, experimental er-
rors. The dominant contribution to the M1-M1
correction is due to the nearby 3PO state.

The hyperfine anomaly parameter b has been ex-
tracted with an experimental error of 5%. Budick
and Snir have previously reported a value of
-0.376(20)%%uo. This value must be adjusted since
they used a differen't, now superseded, ' value for

TABLE IV. Magnetic moment and hyperfine anomaly
parameters computed using Nilsson wave functions (Ref.
8) for the 2

—[521] orbital for Yb and the 2
—f512] or-

bital for i Yb. The neutron spin gyromagnetic ratio g~
was renormalized by 0.7 (Ref. 26) and the experimental
values for gz and (gE -g~)bo were taken from Ref. 26.

"'Yb
(gE -az)&0

0.3
0.2
0.1
0

-0.1
-0.2
-0.3

-0.43
-0.37
—0.20
-0.39
-0.21
-0.01
+0.08

1.45
0.88

-0.18
0.38

-1.58
-2.03
-2.24

0 44
-0.71
-1.28
-0.56
.-1.93
-2.20
-2.34

-0,31
-0.62
-1 54
-1.14
-1.55
-2.76
-2.90

Expt. -0.49 1.43 -0.48 -0.388(14)

the ratio of the nuclear magnetic moments. Budick
and Snir's adjusted value for 6 is -0.394(20)'%%uo,

in good agreement with the present value of -0.382
(19)lo, yielding an average value of -0.388(14)%%uo.
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Using Eqs. (11)-(14)and Nilsson wave functions
to describe the nuclear states, a theoretical value
of 4 has been calculated for Yb. The method used
is similar to that of Unna and the same values
for the parameters v&, v2, and v4 were used. An
effective value for g, (the neutron-spin gyromag-
netic ratio) equal to 0.7 times the free value was
assumed, based upon, an analysis of the magnetic
moments of rare-earth nuclei. The nuclear ma-
trix elements computed using the Nilsson wave
functions, were also used to compute g» and (g»
—gs}bo. Definitions of these parameters can be
found in Ref. 26. The results of the calculations
and the available experimental data are listed in
Table IV. It is seen that g», (g'»-gz)bo, and b, are
rapidly changing functions of the nuclear deforma-
tion P, but at P-0.3, the Nilsson wave functions
yield results for all three which are consistent
with the experimental results.

TABLE III. Second-order corrections to the magnetic dipole coupling constants and the hy-
perfine anomaly parameter & for the upper state of the 5556.5-A transition in Yb. The atomic
and nuclear data used in these calculations included: E( Pi) =25068.2 cm, E( P2) =19710.4-
cm; E( P&) =17992.0 cm; E( Po) =17288.5 cm; pl(171) =0.493695(8) nm (Ref. 17); pi(173)
=-0.679 930(33) nm (Ref. 17); and Q(173) =2.8(2) b (Ref. 19).

Ml-Ml M1-E2 E2-E2

A (171) (MHz)
A (173) (MHz)

-0.40
-0.06 -0.0010 1.2&&10 '

Uncorrected (MHz) Corrected (MHz) A(171)/A(173) &(%)

A(171)
A(173)

3957.97(47)
-1094.20(60)

3957.57(47)
-1094.26(60)

-3.616663(66) -0.382(19)
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I

V. ANALYSIS OF ISOTOPE SHIFTS

Isotope shift measurements have been the sub-
ject of several recent reviews. ' 9 A good outline
of the theory and a compilation of the available
experimental results have been provided by Heilig
and Steudel. ' As far as is possible, the same no-
tation will be used here as in Ref. 27. An excep-
tion is the use of MHz, instead of mK, for the un-
its of the isotope shifts. (1 mK =10 3 cm =29.979
MHz =1.240&&10 ' eV.} To review briefly, the
isotope shift (IS) of an atomic spectral line is the
sum of a "field shift" (FS}and a "mass shift"
(MS). The FS is due to a change in the spatial dis-
tribution of the nuclear charge between two iso-
topes. The MS is due to the difference in the nu-
clear kineti. c energy, which is a result of the dif-
ference in the nuclear masses. The FS can be
written in the fac tor ed form

(22)
fe ff81d

where A& and A2 are the mass numbers of the iso-
topes and the subscript i labels the atomic trans-
ition. E~ is usually written as a product of an elec-
tronic factor E& which is proportional to the change
of the total nonrelativistic electron density at a
point nucleus, and a computable factor f(z) which
includes corrections to the electron wave functions
due to relativistic effects and finite nuclear size.
J; is written

Fi =Eif(s),
where

(24)

1 1 ——',(1+o)(1+0.01064o)
"[r(2cr)] 1 ——,'(1 —o)(1+0.01054o)

2mA 20M.
ap

(27)

6~ i, mass —
A A (Mi ~ normal ™,isesci iic')

1 2
(29)

The normal mass shift (NMS} is the familiar re-
duced mass correction and is often eliminated,
from the measured IS, using M; „,„=v;/1836. 1.~i

The specific mass shift (SMS} is due to (p;Pi}
terms in the recoil kinetic energy of the nucleus
and is not readily calculated. The determination
of the SMS is a major obstacle in the extraction of

A)A2
X ' 2 from measurements of optical IS.

The total IS can be written

where 8„ is the Rydberg constant.
A(A2The factor X ' contains the dependence of the

IS on changes in the nuclear charge distribution
between isotopes A, and A2. Seltzer ' has shown
that X can be written

~"'"'=6(r') ' '+(CgC )6(r') ' '+ ~ ~ ~ . (26)

Seltzer has computed the constants C„ for K-shell
electrons and points out that their ratios are also
valid for optical transitions. This implies that
x-ray IS and optical IS are sensitive to the same
nuclear moment. Seltzer's results show that (Cg

A1A2Ci)-10 ~ for the rare earths so that X ' ~

2 A)A2 A(A2=5(r ) ' ~. It is the parameters X ' ~ that are ex-
tracted from an analysis of the measured optical
isotope shif ts.

The MS is a sum of two parts and can be written

and
A2-A~

iv) —EgX + M ].
2

(30)

(26)

In these expressions, z is the nuclear charge, ap
is the Bohr radius„

If IS measurements are available for more than
one transition it is possible to obtain a functional
relationship between the measurements:

A1A2 A(A2 Eg A(A2

+ Mg-M ] (31)

A =—,'(A, +A~),

o (I ~2g2)l /2 (26)

C„,« is an isotope shift constant for a uniformlyA)A2

charged sphere. We use a value based on the work
of Bodmer':

so that if g,
' ~ =[A,AQ(A~-A, )]5v, ' ~ is plotted

against the same' parameter for another transition

j, a straight line should result. This is called a
"King plot. "32 The slope and intercept of King-plot
lines relate J

&
and M~ for different transitions.

When optical transitions are used to construct the

plot, Fi/F, =Ei/E;.
A King plot can also be constructed using x-ray

IS data. Since E& and Mq can be calculated with

some degree of certainty for x-ray transitions, 3'
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such a plot can, in principle, be used to determine
these parameters for optical transitions. Since
the x-ray and optical IS are sensitive to the same

A)A2radial moment A.
' 2, this procedure is valid, but

severely limited by the accuracy of the available
x-ray IS data.

Muonic atoms IS data can also be used to con-
struct a King-plot line but it is well known that the
radial parameter determined by the muonic IS dif-

A)A2fers from X ', so that such a procedure will be
valid only if certain conditions are satisfied. 34

Barrett35 has shown that the FS of the muonie IS
is given by
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where the notation is as used by Engfer et a/. In
order for the King plot to yield a straight line,

/6(r e "Q must be constant.
If, for example, we consider a nuclear charge

distribution given by a Fermi function

p(r) =po 1+exp'
/4 1n3(r- c)

t
(33)

A)A2
then such a ratio. will be constant if 5e 1 2 and

A)A2
6t ' are small and proportional to each other.
A frequently considered special case, which sat-
isfies this criterion, is 5t =O. Any eompari-AiA2

son of muonic x-ray IS data and optical IS or elec-
tronic x-ray IS data must include some model-de-
pendent assumptions.

The isotope shift data are tabulated in Table V.
The isotope shift, including the correction for the
normal mass shift, has been multiplied by a mass
factor to generate appropriate values for the King
plot. A mass factor of IA,A2/(A2 —A, )j(2/174/176)
was used; this is close to unity, so that the listed

AjA2values of 4 ' 2 are close to the measured values of
the isotope shifts. Since only one transition is
measured in Yb, the usual method of plotting one
optical transition against other optical transitions,
cannot be applied. Instead, the published electron-
ic and muonic x-ray IS data3 '~' are used to con-

FIG. 4. King plot, for Yb, of optical shifts (5556.6 A}
vs electronic and muonic x-ray shifts. The GFS and hfs
lines correspond to simultaneous fits to the muonic and
electronic data using R =-1.44 and E& computed using the
Goudsmit, Fermi, Segre method (GFS}or derived from
the present analysis of hyperfine splitting (hfs}, as de-
scribed in the text.

struct the King plot, which is shown in Fig. 4.
Table V includes a tabulation of the x-ray and mu-
onic atom data used. The quoted x-ray and muonic
atom IS include all the necessary corrections to
yield pure field shifts. The data points of Fig. 4
lie on a straight line reasonably well, but suggest
that the x-ray and muonie data are more consistent
with each other than they are with the optical IS.
The reason for this is not known and may be coin-
cidence. The x-ray and muonic IS data are sig-
nificantly less accurate than the present optical
IS data and this is reflected in the error bars in

Fig. 4, where the uncertainties in the optical IS,
which would be represented by horizontal error
bars, are smaller than the plotted points.

If the x-ray and muonic atoms IS data of Fig. 4

are individually fit to straight lines, they yield

TABLE V. Optical, x-ray, and muonic isotope shift data used to plot Fig. 5. Column 3 is obtained from column 2 by
correcting for the normal mass shift, calculated using Eq (29) with M;.«,~,|=dv;/1836. In the cases of odd isotopes,
the center of gravity of the hyperfine levels was used.

d pA(A2

Optical isotope shift
Present work (MHz)

g pA)A2 pA)A2
FS+ SMS FS+ SMS

X-ray isotope shifts
from Bef. 1 (meV)

g@A)A2 (A(A2
FS FS

Muonic isotope shifts
from Bef. 37 (keV)

dEAtA2 (A)A2

174
172
170
168
173
171

176
174
172
170
174
172

-954.V6(5O)
-1000.28(50)
-1286.47(50)
-1368.63(50)
-555.V2(5O)
-s25.7v(5o)

-974.00
-1019.96
-1306.60
-1389.23
-565.39
-835.77

-974.00{50)
-997.35(50)

-1248.75(50)
-1297.3.1(50)
-1112.8 (10)
-1608.2 (10)

65.5 (74)
88.0 (84)

101.4(116)

56.8(206)
53.4 (S6)

65.5 (74)
86.0 (82)
96.9(l ll}

111.8(405)
102.9(165)

7.86(32}
s.v5(23)

10.63(36)

5.Ov(4O)
5.vs(3v)

V.86{32)
8.56(23)

10.16(36)

9.98(so)
11.12(72)
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For Yb, C, is 623 meV/fm2, 3' and BZ is 110.8 keV/
fm, 3 giving 5.62R for the ratio, where, for con-
venience, we define 8 by

It = Z/5(r'e- -') . (35)

In order to estimate 8, we consider a nuclear
charge distribution given by a Fermi function [Eq.
(33}]. In the case of Yb, numerical integration
gives

X =45.45c/c+ 4.955t/f

5(r"e ")= 31.55c/c + 2.885t/t, (36)

using c=6.37 fm, t=2.3 fm, k=2.340, aj. =0.136
fm ', and C2/C) ——9.29&&10 4 fm .~ '3 These ex-
pressions yield

1+0.301M/5c
1+0.252M/5c

(3'I)

The assumption 5t =0 implies B =1.44. An often
used upper limit on 5t is 5t/f = 5c/c, which in-
creases R to 1.47. Attributing all the change in
A. to skin-thickness variation gives 8 =1.72.

One source of skin-thickness variations is chang-
es in the intrinsic deformation. Using a charge
distribution given by a deformed Fermi function

4 ln3[r(1 —pI'~, cose) —c]
p(r, 8) =p, .(( +exp: -*' (88)

0

yields a spherical average with an "effective skin
thickness" given by

much different values for the SMS and the I'q of the
optical transition. In order to extract a meaning-
ful SMS and I ~ it is necessary to correlate the x-
ray and muonic IS and perform a simultaneous fit
to both sets of data. This can be accomplished by
requiring that the fits to the muonic and x-ray data
have the same horizontal intercept, since they
should give the same SMS, and by also requiring
that the ratio of their slopes on the King plot yield
a value compatible with theory. This reduces the
total number of free parameters and allows a more
reliable determination of SMS and Il &.

The ratio of the slopes is given by

(slope) „,~ ~C

(slope) „„„BZ5(r'e ') '

Lk(0} ~ coreene2 ~ 4(0) ~ coreenenoy= 2
I P(0)l „, (41)

enables a value of E; to be computed. The Har-
tree-Fock (HF) calculations of Wilson44 and the
relativistic Hartree- Fock (RHF) calculations of
Coulthard, 5 both show that y is nearly constant at

TABLE VI. Charge-deformation parameters for Yb.
Reference 36 is muonic atom x-ray analysis of Zehnder
et aL Heference 40 is the Coulomb excitation measure-
ment of %ollersheim et aL

tribution of the type given by Eq. (38) with a small
additional term due to hexadecapole deformations,
P4. Their values for P2 and the values obtained
from the Coulomb excitation measurements of
%ollersheim et al. ' are listed in Table VI. Using
tf= 0.32 as indicated by Table VI, and assuming
E; =11.0 GHz/fm (which we shall show later is a
reasonable value), an estimate can be made of the
fraction of the IS which is due to 5t. In the worst
case ("Yb- ' 'Yb), about 0.4 of the IS would be
due to skin- thickness variations. This implies
5t/f =- 5.55c/c and decreases A by about 6.5% to
1.35. This suggests that for individual isotope
pairs, A can be expected to vary a few percent
from the "constant t" value of 1.44. Remember-
ing that the above estimate of M/f is for the larg-
est 5P in the sequence; that some averaging of
variations will occur using a King plot; and that
diffuseness variations due to changes in deforma-
tion are often suppressed; a smaller value of 5t/t
is to be expected. Consequently when estimating

A(Athe accuracy of X ' ~ extracted from the data, the
effect of variations in R due to skin-thickness vari-
ations are assumed to be limited by 5t/f =25c/c.

As has been discussed in the review article of
Eieilig and Steudel, the Qoudsmit- Fermi-Segre
(GFS) equation can be used to compute a value of
~g(0}

~

which in turn can be used to compute E4
[Eqs. (23) and (24)]. The GFS equation is a semi-
empirical method based on the sequence of 2s&~2
states of the [closed core] +ns configurations. 42

These states have been identified by Kaufman and
Sugar4~ and, using their data, gives (7)a03/z)

~
$(0) j „

=0.444. Using a screening ratio y, defined by Ref.
27 as

t„,2=t(~) (+14n)3(3/4v3)c P +O(P3).

Taking to to be constant gives

5t.„/f.„=3.5VJP)5/P/ .

Zehnder et aE.3 have analyzed the muonic atom
x-ray energies in terms of a nuclear charge dis-

168
170
171
172
173
174
176

P, (Hef. 36)

0 ~ 0

0.322(1)
0.327(1)
0.325(1)
0.324(1)
0.320(1)
0.309(1)

P, (ref. 40)

0.326 (9)
~ ~ ~

0.322(10)
0.301(10)
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0.72 in the rare earths. Using a value for f(z)
calculated from Eq. (25) yields E, =11.4 GHz/fm2.

It is also possible to determine (va,'/z) i $(0) I

from the measured hyperfine splitting (HFS}. The
radial integral ( 5(r)/r ),0 has the nonrelativistic
limit:

= 10.9 GHz/fm2, a value which is 5% smaller than
the GFS value.

Using fixed values for I'» and R, a simultaneous
fit of the muonic and x-ray data to straight lines
on the King plot, yields a value for the SMS and
for y as defined by

(5(~)/~'}i& —4«0
~
0(0) I'E, (jf)(I - 5), (42) F) (data) —Fg (fit)

0'g

~ P( ) ~ core+Rs80 ~ 4(0) ~ core+Ra2

1 P(0) I',„»
The RHF calculation 5 for EuI gives y'=0.881.
The HF calculation gives y' =0.887 for EuI and
y' =0.880 for SmI. Assuming y' is constant and
equal to 0.88, gives E& ——0.305. This yields I'q

(48)

where E„(jl) is the relativistic correction factor
(RCF) of Kopfermann' and 5 is the Rosenthal-
Breit correction for finite nuclear size as com-
puted by Rosenberg and Stroke. Using the value
of (5(r)/r2}, 0 obtained from an analysis of the HFS.
E„(jl}=1.784 and, 5 =0.056 gives (ma03/z)

~
$(0) ~62,6~

=0.346. A screening ratio y' similar to y is re-
quired:

where o'~ is the experimental error. A contour
plot of X2 and SMS in the (Eq, B) plane (see Fig. 5}
yields a shallow minimum in X at E& =12 GHz/fm
and R = 1.65. This value of I'» is close to the GFS
and hfs values but R implies that 5c-0 and gives
a SMS-600 MHz which is much larger than ex-
pected. Since the X contours show such a shallow
minimum almost any combination of I'& and R
plotted in Fig. 5 yields an acceptable fit to the data.
However, other arguments presented here suggest
E, values between 10.4 and 11.9 GHz/fm2, and R
within limits determined by 5t/t =+25c/c, are
reasonable constraints. The corresponding area
is indicated on Fig. 5. Although the SMS varies

20

IS

IS

14
N

12

l
0 MHz

1.40 1.45
St Sc--= -2— St=0
t c

1.50
St Sc
t c

1.55 1.60 1.65

ac =0

FIG. 5. Contours of g (solid lines) and SMS values (dashed lines) in the R, E& plane. The Goudsmit-Fermi-Segre
(GFS) and the hyperfine splitting (hfs) values of E; are shown. The box indicates the variations considered in I'& and
R in assigning errors to 3+&+2.
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TABLE VII. Comparis'on of experimental results for A, t 2 and &(r~e "") t 2 for Yb isotopes
The previously reported results are from Refs. 27, 36, and 38. For the muonic atom data,
6(~~e ") was computed from the reported IS using B&=110.8 keV/fm~ and A, has been obtained
from d(r~e "")using the factor & =1.44 which is computed assuming dt =0.

A2

This
analysis

Optical
IS

gA(A2 (fm2)

X-ray
IS

X-ray+
optical

Muon, ic
IS

Q(rk I )
Muonic

IS

174
172
170
168
173
171
170
172

176
174
172
170
174
172
171
173

0.109(8)
0.114(8)
0.139(8)
0.147(8)
0.061(4}
0.085(4)
0.054(4)
O.053(4)

0.087(13)
0.092(15)
0.116(16)
0.128(19)

0.041(10)
0.041(10)

0.103(12)
0.141(13)
0.163(19)

0 0 0

0.091(33)
0.086(14)
0.077(32)
0.050(27)

0.104(11)
0.138(12)
0.167(16)

0 0 0

0.077(32)
0.050(27)

0.102(4)
0.114(3)
0.138(5)

0.066(5)
0.075(5)

0.071(3)
0.079(2)
0.096(4)

0.046(4)
0.052(4)

rapidly for changes in F&, the values of F& and
SMS are correlated by the fit to the x-ray and
muonic IS in such a way that the resulting values

A(A2of A.
' are nearly constant. The rather large

variation of F& results in only +0.002 fm variation
A(A2in X ' 2 for 5A =2 in the worst case.

A)A2No such offsetting effect on the value of X ' is
present for variations in R. For E; =11.5 GHz/
fm, the limits on R result in a SMS variation of
+35 MHz. Although this is about three times
smaller than the variation in SMS we consider for
variations in F&, it is not compensated by a, change

A)A2in F; and results in a change in X ' of +0.006 fm
for CA=2.

A(A2Table VII lists values of A.
' 2 computed using

E& ——11.5 GHz/fm and R =1.44. The assigned er-
A1A2rors reflect the changes in X ' 2 that result from

the uncertainties assigned to F; and R. The re-
suits of other experimental measurements of X ' 2

and 5(r'e ") are also listed. The present values
are in good agreement with the x-ray and muonic
atom data, but are consistently larger than pre-
vious optical IS results. The analysis leading to
these latter results used nearly the same value of
E; (11.76 versus 11.5 GHz/fm ) as used here, but
used a SMS equal to half the NMS. This is a SMS
of only -10 MHz, which accounts for the consist-

A(A2ently small values of X ' 2 obtained. Small values
of the SMS for transitions of the type (s -sP), have
been used throughout the literature [Ref. 27 and
references therein]. This choice has been sup-
ported by the theoretical calculations of Bauche, 4~

who concludes that, in the 4f series, if two con-
figurations differ only in the number of 6s, 6P or
5d electrons, the SMS is &50 MHz.

Lines of constant SMS are included in Fig. 5
where it is seen that the value obtained is relative-
ly insensitive to the choice of R, and hence to de-

it is easy to show that

5Q 5$(bsMs +2ht )

Q ($, —SMSg($2 —SMS;)
(44)

where ~SM& and && are the errors in the SMS and

$t and $2. &sMs» &$ for our measurements. Us-
ing SMS; = 280 MHz and &SMS —+ 100 MHz, we find
the 5Q/Q varies from 0.0015 for the ratio X't2' 't4/

to 0 03 for X' ' /It' ' The maximum
3% variation in the relative values of )t is a sub-
stantial improvement over about 10/o variation in
the value of. X.

Very few theoretical calculations of 5(r ) are
available for deformed nuclei. The only published
results for Yb isotopes give 0.065 fm and 0.100

tails of the nuclear charge distribution, but varies
rapidly with F; value. The error box drawn in the
figure suggest SMS values between 150 and 350
MHz are acceptable in the present analysis. A

value less than 50 MHz would imply E& values 20%
lower than the Goudsmit-Fermi-Segre value, which
is difficult to justify.

The differences between our results and the x-
ray and muonic atom results are not inconsistent
within experimental errors. This is to be expected
since we essentially normalize our results to the
muonic and x-ray data. The results of the pesent
analysis provide a more consistent set of X '
values by normalizing the optical isotope shift
precision relative measurements to the absolute,
though less accurate, values from x-ray and mu-
onic data.

The accuracy of the relative values of X are bet-
ter than the absolute values. If we define Q by
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fm for '"Yb-" Yb and ' Yb-" Yb, respectively.
The '7 Yb-'~ Yb calculation is in excellent agree-
ment with the present experimental result, but the"Yb-' Yb calculation is substantially larger than
obtained here.
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