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Inconsistency of the density-functional theory of adsorption when using computer simulations
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The authors compare predictions of a recent density-functional theory for adsorption of argon onto a solid-
carbon-dioxide substrate with Monte Carlo simulations of exactly the same system. The basic predictions of
the density-functional theory are shown to be qualitatively at variance with the simulation results. In
particular, the simulations show predominantly monolayer adsorption, with a second layer forming at higher
bulk densities. There is no sign of the thick structureless. films predicted by the recent density-functional
theory.

I. INTRODUCTION

It is the main purpose of this paper to discuss
the recently proposed "density--functional" theory
of interfacial phenomena of Ebner, Saam, and
Stroud (ESS)' and in particular to examine claims
made recently about its superiority over the
Percus-Yevick theory (PY)~ 5 in describing ad-
sorption at surfaces. The two theories are
examined by comparing both theories with simula-
tion data. Unlike the PY theory, the density-
functional theory is in qualitative di.sagreement
with machine simulations in that it predicts the
formation of thick unstructured films in the ad-
sorption of argon on to carbon dioxide at ele-
vated subcritical temperatures. The machine
simulations reported here are carried out for the
system examined by Saam and Ebner, who used
the density-functional theory. The potentials,
temperatures, and pressures used are identical.
There is no evidence for film formation in the
simulations under the conditions reported by Saam
and Ebner. The work of Saam and Ebner also
shows a density profile of argon away from an ad-
sorbing surface for which the height of the first
peak appears independent of substrate [Xe (Ref.
6) or CO, (Ref. 2)], temperature and bulk adsor-
bate density. This independence is not observed
in the simulations. The density profiles of Saam
and Ebner away from the wall show peaks at ap-
proximately 1.0, 1.5, and 2.5 times the bulk ad-
sorbate Lennard-Jones parameter o, again at
variance with the simulation results and the pre-
dictions of the PY theory.

The recent upsurge of interest in the statisti-

cal theory of interfacial phenomena has involved
a generalization of the techniques which have been
successful in elucidating the properties of homo-
geneous fluids. These generalizations have in-
volved applications to the problem of the methods
of computer simulation, ' ~ numerical solution of
the Born-Green equation, ' perturbation theory, "
cluster expansions, '3 and a technique based on
closure of the limiting form of the Ornstein- Zern-
ike equation for a mixture in the limit as one spe-
cies becomes dilute and large. ' ' ' '~ Further, a
technique closely related to the functional differ-
entiation derivation of the PY and hypernetted
chain equations (HNC), "6has been put forward
by Ebner, Saam, and Stroud. These equations are
discussed in Spc. II. We see that an equation very
similar to that of the density-functional theory
may be obtained from the limiting mixture Orn-
stein-Zernike equation and the HNC closure. In
Sec. III we review the main results of these theo-
ries as applied to simulation results on real gas
adsorption. As has been remarked elsewhere,
the PY theory of Perram and Smith ' ~ appears
to correlate quite well with all of the data of
which we are aware.

In Sec. IV we report Monte Carlo simulations
of the adsorption of Lennard-Jones (LJ) particles
appropriate to argon on to a model CO2 surface.
The model surface used is exactly that used by
Saam and Ebner as are the LJ pa, rameters used
for argon. The simulations were carried out at
the temperatures and densities reported by Saam
and Ebner. ' As remarked earlier, the simulations .

show no sign of the formation of thick films. In
their reporting of thick-film formation, Saam and
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Ebner' were severely critical of the PY theory.
In contrast to their density-functional theory, PY
theory predicts adsorption confined mainly to a
monolayer at the bulk adsorbate densities studied
by Saam and Ebner. ' The height of the peak in the
density profile corresponding to the monolayer .

found in PY theory is strongly dependent on sys-
tem, temperature, and bulk adsorbate density.
This feature of PY theory is in qualitative agree-
ment with the machine simulations.

In Sec. V we discuss the possibility of the for-
mati. on of thick films from the point of view of
the Lifshitz theory of macroscopic dispersion
forces. We also offer possible reasons for the
failure of the density-functional theory as used
by Saam and Ebner.

C, (z) =p, (z) (1 —e "') + p, . (2.5)

Equation (2.3) then becomes, upon rearrangement

"l»(H.)-»1&8) . (2.6)

Other workers'5*'6 have used the mean spherical
approximation closure of the Ornstein- Zernike
equation. We could also use the hypernetted chain
closure. In the limit this closure is

that the limiting process is exact, then so is (2.3).
Perram and White and others have tended to work
with the Percus-Yevick closure applied to the
Ornstein-Zernike equation. Under the limits used
this gives

II. FORMAL THEORIES OF INTERFACIAL PHENOMENA C,(z) =p, (z) —p, In(p2(z) /p, ) —Pp, V(z) (2.7)

p&(z) = lxm Izm p2[l + h(g(QR(+ z)]
R(~ o p)wo

(2.1}

measures the density of adsorbate at a distance
z from a planar wall. Under these limits, the 1-2
potential reduces to a wall particle potential.

V(z) =lim n(zA, + z) .
~ ao

1

(2 2)

Under these limits the Ornstein-Zernike equation
becomes

We begin with a brief description of the method
by which integral equations for the density pro-
file of a fluid adsorbed at a surface may be ob-
tained by taking limits on the mixed correlation
functions of a two component fluid. The adsor-
bate of density p, is considered as component 2
of a mixture, component 1 being composed of hard
spheres of diameter A, at density p, . The 1-2
potential may be written v(r). It is claimed that
the quantity

and gxves

p, (r,) = p, e "'"'exp I c„(lr—sl)
s -02

x(p, (-, ) —p, )d s)l. (2 8)

The exact part of the density-functional theory in
applications to adsorption is the equation

p (~r) p
e-Sv(r)

r j
&exp dadsC(r, s,a((»(l) —»]),

0
(2.9)

where C(r, s;n) is the inhomogeneous direct cor-
relation function, the parameter a describing an
integration path in the space of density functionals.
This equation may be obtained by a variational
principle applied to the grand canonical free energy
followed by a direct integration with respect to
density. Saam and Ebner supplement their varia-
tional principle with the closure

p2(r, ) =C2(r,)+ p2 . [p2(le. l) -p2]

xc, (lr-sl) (2 3)

1 Q

dn'c(r, s;n') =-,'c»(l'-'I p) ( '0)
0 0

where the subscript z refers to that component of
a vector normal to the adsorbing surface,

where

p= z[p2(r) + p~(s)] (2.11)
(2 4)C, (z) = lim lim p, [C»(—,'A, +z) + 1]

Ry~~ Pj ~0

and C»(r) is the bulk direct correlation function
for the adsorbate at density p2. If one accepts

is the density at which the bulk direct correlation
function is evaluated. Integration by parts of Eq.
(2.10) transforms Eq. (2.8) to

p, (r) =p, e 'r'"' exp
I

dt C22(lr —t l;p) + ndn[C(r, s;n) —C22(lr —s f;p)]
0

(2 .12)
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+Pp, (r) ' p, (s)g(r, s)V;Q(~r —s~) ds=0 (2.13)

and the inhomogeneous system Qrnstein- Zernlike
equation

tt(r, st=C(rs) s f dt Ctr ttpt(t)tt(t, s), (2.14)

and these equations may be thought of as contain-
ing exactly the same amount of information as
Eq. (2.9). The point we make here is that exact
hierarchical equations of the type (2.9), (2.13), or
(2.14), which relate the function p, (r) which we
wish to calculate to more complex unknown func-
tions, are without value unless a second relation
between these quantities may be found. For ex-
ample, the HNC, PY, mean spherical, and super-
position approximations are well-known closures of
of this type. The equation (2.10) of Saam and
Ebner is also precisely hf this type. Much work
in the theory of fluids has been devoted to the
question of which closure is to be preferred under
which circumstances. The usual test of the com-
plete set of equations is by comparison with ex-
periment, either physical or numerical. To our
knowledge, in every such test, no appeal is made
to the exactness of just one of the equations. We
believe it to be misleading of Saam and Ebner' to
contrast the "formally exact equation (4)" [Eq.
(2.9) of this paper, without the closure (2.10)] with
the "linearized Percus-Yevick equation" to which
a closure has been applied.

This form of Saam and Ebner's result invites com-
parison with the hypernetted chain result (2.8).

Saam and Ebner, ' quite rightly, point out that
Eq. (2.9) connecting p, (x) with the inhomogeneous
direct correlation function C(r, s;o.) is exact.
Other exact results for inhomogeneous systems
are the first-order Born-Green equation

Vp, (r) + Pp, (r) VV(r)

sorbed onto graphite. At temperatures in the
range 77-90 K at bulk densities of the order p03
= 10 ", monolayer adsorption of Kr on graphite
is observed. A transition in the monolayer from
two-dimensional gaslike to two-dimensional li-
quidlike behavior was seen as the bulk density in-
creased. The experimental work of Thorny and
Duval" and others shows precisely this behavior,
and the simulation adsorption isotherms are in
excellent agreement with the experimental ones.
The Percus-Yevick theory, applied to the adsorp-
tion of adhesive hard spheres onto an adhesive
hard wall shows behavior in good agreement with
both experiment and simulation, predicting the
temperature dependence of the bulk transition den-
sity quite well. Beyond this bulk density, the PY
theory for adhesive spheres ceases to predict
physically meaningful quantities for- gas phase ad-
sorption of interacting gases. It should be noted
that the adsorption potentials considered here are
much stronger than those appropriate for the ad-
sorption of argon onto carbon dioxide.

At supercritical temperatures and pressures up
to 150 atm, Gibbs surface excess adsorption iso-
therms show a maximum" as a function of bulk
density or pressure. This behavior is predicted
quite well by the PY theory applied to adhesive
hard spheres. "

An advantage of using the adhesive hard sphere
system is that all the calculations may be carried
out analytically. This enables any singularities in
the adsorbing system to be identified precisely.
Further, the difficulties inherent in the system
when either the adsorbed monolayer or the bulk
adsorbate are in a two-phase region are made
quite clear. Use of the PY theory in this way
does not (unlike the closure for the density-func-
tional theory) require evaluation of correlation
functions at states inside the coexistence region,
where they do not exist.

III. ABSORPTION OF NOBLE GASES ON SOLIDS:
RECENT RESULTS

IV. COMPUTER SIMULATIONS OF ADSORPTION
OF ARGON ON CARBON DIOXIDE

In a series of papers"' Lane and Spurling have
described the results of Monte Carlo simulations
of the adsorption of rarefied gases on to solid
substrates. The substrate is considered as an
inert hard wall with an interaction potential with
noble-gas atoms appropriate for the basal plane
of graphite. These calculations were carried out
under physical conditions different from those
studied by Saam and Ebner, but provide an oppor-
tunity to check the appropriateness of the closures
discussed in Sec. II. The adsorbate was a Len-
nard-Jones model of krypton with the 10-4-3 po-
tential developed by Steele" for noble gases ad-

Monte Carlo simulations, using the method des-
cribed earliers ~ of sampling the grand canonical
ensemble are reported here for a system of Len-
nard-Jones particles with interaction potential

4(~) = 4~ [(o/~)" —(o/~)'] (4.1)

V(.) = 4~.„~„o'„[k(o„/~)'--I(o„/.) &]

with parameters o „=3.727 A, q „/k = 153 K, and

(4.2)

with parameters E/k = 119.726 K and o = 3.405 A,
appropriate to argon as used by Saam and Ebner, '
which interact with a wall via a potential of the
form
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FIG. 1. Density profiles as obtained by the density-
functional theory (Ref. 2) at W = 1.1. Reduced bulk
phase densities are indicated on the figure.

n„a~ =0.988. This adsorption potential is pre-
cisely that used by Saam and Ebner and is ap-
propriate to the adsorption of argon on carbon
dioxide. Note that it is a diff e rent potential from
that used in Refs. 8 and 9. In all the calculations
reported here we used a box of size 4 nm&&4 nm
&10 nm. The usual periodic boundary conditions
extended the box to infinity in the x and y direc-
tions, while in the +z directions solid C02 extends
to infinity. The grand ensemble Monte Carlo
runs commenced with two particles and went for
800000 configurations. Averages were taken
over the final 500000 configurations. The final
averages were independent of the number of par-
ticles used in the initial configuration. This sys-
tem has been studied by Saam and Ebner 3't re-
duced temperatures T*=kT/e of 0.9, 1.1, and 1.4
and yarious low bulk adsorbate densities. At T*
=1.1 and reduced densities po =0.03, 0.04, 0.044,
and 0.0465, these authors observe the formation
of thick films as pe3 is increased, as shown in
Fig. 1. In Fig. 2, for contrast, we show the PY

theory density profiles obtained by Saam and Eb-
ner2 at the above temperature. In Fig. 3 we dis-
play the density profiles calculated in the Monte
Carlo simulations at T~ = 1.1 and (pv') =0.03,
0.040, and 0.0465. In Fig. 4 we display the radial
distribution function for the monolayer shown in
Fig. 3 at (po3) =0.0465, together with the radial
distribution function gI2I(r) for the bulk gas at a
density of p03=0.0465 and 7*=1.1 using the virial
expansion appropriate to the I,J parameters for
argon and up to the term proportional to the gas
density. The definition of the radial distribution
function gI2I(z„P, r)for surfaces is

p' '(r„r,)=p"'(r, )p"'(r, )g"'(z„P,r) (4.3)

where r, and r, are the vector coordinates of the

'n

FIG. 3. Density profiles obtained by the Monte Carlo
simulation at T*= 1.1. Reduced bulk phase densities are
indi. cated on the figure.
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FIG. 2. Density profiles as obtained by the Percus-
Yevick theory (Ref. 2) at T*= 1.1. Reduced bulk phase .

densities are indicated on the figure. -

FIG. 4. Radial distribution functions at T*= 1.1. Full
line is the Monte Carlo result for the particles in the
monolayer and the broken line is for particles in the
bulk phase calculated from a virial expansion. The re-
duced bulk phase density is 0.0465, Q&}= 0.39 nm and
&pl = -,'II rad.
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particles, r =
~
r, —r,

~

the distance between the
particles, z, is the z coordinate of one particle,
P is the angle between the line joining the two
particle centers and the normal to the interface,
and p' '(r„r,)is the average number density func-
tion for pairs of particles. The similarity of the
monolayer and bulk radial distribution functions
suggests that the monolayer structure is similar
to that of a dense gas. This is true of all densi-
ties and temperatures reported here and suggests
that no transition occurs in the monolayer under
these conditions. Ebner and Saam23 also report
calculations at T*=0.9 for po'=0. 009, 0.0092,
0.0095, 0.0097, 0.0099, and 0.0101. They show
the growth of thick films as the density increases
and locate a phase transition in the film thickness
at pv'= 0.0097. Their results are shown in Fig.
5. In Fig. 6 we show the density profile from a
Monte Carlo simulation at T*=0.9 and (po3)
=0.0101, and in Fig. 7, the radial distribution
function for pa'rticles confined to the monolayer
shown in Fig. 6. Also in Fig. 7 is the radial dis-
tribution function for a bulk gas at T*=0.9 and
po' = 0.0101 calculated as before.

It may be noted that the simulations show no
sign of the formation of a film and, for that mat-
ter, show only very slight evidence of second
layer adsorption at these gas densities. It may
be seen from the g"'(r, z„P) for particles in the
monolayer that the monolayer i.s a two-dimen-
sional fluid.

A second curious feature of the density profiles
reported by Saam and Ebner is the independence
of the height and shape of the first peak of the
density profile on bulk density and temperature
and adsorption potential. Both the simulations
and PY theory show a variation approximately
described by

(4 4)

03

T =0'9

0'2—

01—
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FIG. 6. Density profile obtained by the Monte Carlo
simulation at T*= 0.9 at a reduced bulk phase density
of 0.0101.

where n is a constant, which would be expected if
the virial expansion of p, (r) was dominated by the
first two terms. Such behavior reduces to Henry' s
law at low densities in the situation under consid-
eration, for which the adsorption potential is
quite weak.

A third feature of the predictions of the Saam
and Ebner density-functional theory which is at
qualitative variance with both computer simula-
tions and the Percus Yevick theory is the position
of the second and third peaks of p, (r) for the ad-
sorption of supercritical gas on the solid. In
both simulations and the PY theory' ' under all
circumstances, these peaks are seen (if present)
at approximately 0, 2o, and 3o', where o is a mea-
sure of the particle diameter. The density-func-

T = 0'9

f'2-
T = 0'9 CL

N

e4

0'4-

FIG. 5. Density profQes as obtained by the density-
functional theory (Ref. 2) at W = 0.9. Reduced bulk
phase densities are indicated on the figure.

FIG. 7. Radial distribution functions at T = 0.9 and
a bulk phase density of 0.0101. Full line is the Monte
Carlo result for particles in the monolayer and the
broken line is for particles in the bulk phase calculated
from a virial expansion, (z&) = 0.38 nm and (P) = z7r rad.
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tional theory sees the second and third peaks at
approximately 1.50 and 2.50. Further, for dense
fluids in contact with a wall, both the simulationh '
and PY theory show very pronounced oscillations
in the density profile, in contrast to the smooth
structureless density profiles predicted by the
density-functional method.

We note that the conditions reported by Saam
and Ebner lie close to the Percus-Yevick coexis-
tence curve for this system. The simulation co-
existence curve has recently been published by
Adams, 2" who finds that at 7*=1.1 it is very close
to the Percus- Yevick curve. Work by two of us
confirms Adams' calculation. " We have per-
formed a simulation at T*=1.1 and a gas density
of (po'3) =0.049, which is just below the simulation
coexistence curve, and this produced a density
profile which is superposable on the one for (po3)
=0.0465 in Fig. 3. At chemical potentials cor-
responding to a. gas density above (per~) =0.049, the
grand ensemble simulation produces a liquid and
under these circumstances no comparison with
Saam and Ebner's work is possible. In our pre-
vious work, we have noted that for chemical po-
tentials close to a surface transition the grand
ensemble Monte Carlo calculation produces bino-
dal distributions for the number of particles in the
system. No such behavior was observed in the
present calculations for either (po3) =0.0456 or
(pa~) = 0.049.

equation gives an approximate layer thickness I,
where

(5.3)

and p~ is the density of the saturated vapor. We
stress that this argument, while appealing, is
based on macroscopic thermodynamics. In the
situation where thick films may form from an un-
saturated vapor, we would expect that the density
profile in the film would be similar to the highly
oscillatory profiles predicted by the PY theory'4
for the adsorption of hard-sphere liquids on solid
substrates and confirmed by computer simula-
tions. The density profiles in the films predicted
by Saam and Ebner show only weak oscillations
with peaks at positions different from those pre-
dicted by the PY theory and observed in simula-
tions.

We must now consider the possible reasons why
the density-functional theory of Saam and Ebner
predicts film growth phenomena which are not
seen in the simulation results. Apart from the
exact equation (2.9), the density-functional theory
as used by Saam and Ebner has two inexact inputs.
These a,re the closure equation (2.10) and the
parametrized trial density functions which were

(5.4)

V. DISCUSSION for T*= 1.1
The possibility of the formation of thick homo-

geneous liquid films on certain substrates can be
seen from the following simple argument based
on the Lifshiftz theory of macroscopic dispersion
forces, as noted by Saam and Ebner. ' Provided
the thickness l of a film is. large enough for ma-
croscopic thermodynamics to be valid, the free
energy per unit area of a film of liquid at chemi-
cal potential p, ~ in contact with a substrate on one
side and the unsaturated vapor on the other side,
present at chemical potential p, ~ may be written
as

E= A/ l + (u Ipl 1, (5.1)

where p~ is the number density of the liquid film
and & is a complicated function of I and the di-
electric spectroscopic properties of the substrate
and the liquid. This free energy may be differ-
entiated with respect to the numbers of particles
per unit area of liquid layer to give an approxi-
mate chemical potential

pr, = 2&/pr, l + pc = &o ~ (5.2)

If & is positive, which can indeed be the case, this

and

(5.5)

for T*=1.4. In testing an approximate theory of
this type against experiments, either numerical
or physical, one is really testing the accuracy of
the approximate closure employed. Under these
circumstances, errors may be introduced in a
variational calculation by the use of an unsuitable
trial function. We find it surprising that the last
exponentials in the trial density functions LEqs.
(5.4),(5.5)] do not contain the attractive part of the
wall particle potential, so that they will not expli-
citly reduce to Henry's law at low bulk densities.

This being so, the failure of the Saam and Ebner
theory to agree, even qualitatively with the re-
sults of computer simulations must mean that the
closure [Eq. (2.10)] is very bad in this situation.
The present agreement between the PY theory and
experimental results, both numerical and physi-
cal, suggests that an alternate approach which is
more complicated and cannot improve the agree-
ment is unnecessary.
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