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The total cross sections for charge transfer in Ne' + + H, Si'"+ + H, and Ca + + H collisions are calculated

for ion impact energies of 0.025—2000, 0.025—5000, and 0.1—10 keV/amu, respectively, by means of a
unitarized-distorted-wave-approximation method. A scaling rule is derived from the results to predict cross

section data. The partial cross sections for electron transfer into the individual orbitals around the

projectiles are also investigated. The results show that the most probable principal quantum number of the

final state is almost independent to impact energy below 100 keV/amu, while with increasing impact energy

above 100 keV/amu it decreases considerably. The strong effects of level crossing and momentum transfer

are confirmed to appear in the distributions of final-state population over angular momentum quantum

number.

I. INTRODUCTION

Charge transfer processes involving heavy
multicharged ions are one of the main subjects of
recent theoretical and experimental investigations
on ion-atom collisions from the viewpoint of pure
academic interest as well as from that of practi-
cal applications to fusion research. Theoreti-
cal' ' and experimental" ' investigations on
these processes have been reported by several
workers. However, most of the experimental
studies are concerned with the processes between
partially stripped ions and atomic hydrogen.

Theoretical approaches which give results com-
paratively close to experimental values are the
method of coupled molecular orbitals ' for the
low-energy region, a classical trajectory Monte
Carlo method for the intermediate-energy region,
and a unitarized distorted-wave-approximation
(UDWA) method ' ' for the low-, intermediate-,
and high-energy regions, where low energy de-.
notes ion-impact energy below 10 keV/amu, inter-
mediate energy that of 10-100 keV/amu, and high

energy that above 100 keV/amu.
The primary UDWA work (hereafter referred

to as I) is applied to calculations of charge trans-
fer cross sections for collisions of 0', He ', and
H', results for 0", for example, showed excellent
agreement with preliminary calculations of Salop
and Olson, using the method of coupled molecular
orbitals and the calculations of Olson and Salop
using the classical trajectory Monte Carlo method
over the entire energy range considered by these
authors. In the second UDWA work (hereafter
referred to as II), cross sections for charge
transfer in collisions of I i ', Be, B ', and 0 '

ions with atomic hydrogen were calculated and the
results compared with other theoretical re-
sults ' ' and measured cross sections ' for
the collisions of completely and partially stripped
ions having the same charge as those considered
in the calculations. Comparisons showed that the
UDWA method was very useful for impact energies
2-100 keV/amu but tended to overestimate the
cross sections for impact energies greater than
100 keV/amu. In II, a scaling rule was also
considered based on the USA cross sections and
was applied to the experimental cross sections
including the data obtained by Berkner et al.
for Fe' " +H, collision systems in which one-
balf the value of the measured cross sections
were used. Plots of the scaled data almost fell
along a single smooth curve in the intermediate-
and high-energy regions.

In the present work, total and partial cross
sections for charge transfer in collision of Ne

Si, and Ca ions with atomic hydrogen are
calculated. Furthermore, an attempt is made
(a) to derive the scaling rule based on a theoreti-
cal basis including UDWA results for the highly
ionized projectiles and (b) to examine the general
properties of partial cross sections for charge
transfer into the e, l, m orbitals around the pro-
jectiles, where n, l, and m denote the principal,
angular, and magnetic quantum numbers, respec-
tively.

In Sec. II a summary of the UDWA method is
described; in Sec. III numerical results of the
total cross sections are shown and the scaling
rule is considered based on the results; and in
Sec. IV partial cross sections with respect to the
principal and angular quantum numbers, respec-
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tively, are examined. Finally, in Sec. V a con-
cluding summary of this paper is given. Atomic
units are used throughout the paper, unless other-
wise stated.

II. UDWA FORMULA

o'„=2K P„p p dp,
p

with

&.(p) =
I &n I

S"'
I 0& I'

and

(2. i)

(2. 2)

S'"= T exp~ —i II"'(t) dt)~, (2. 3)

where I'„(p) is the transition probability for a
given impact parameter p, S'" the S matrix in
the interaction representation and H""(f) the
interaction matrix based on moving atomic orbi-
tals for a given time t. The UDWA formula is
obtained by an approximation in which the chrono-
logical-ordering operator T and all matrix ele-
ments except those involving the initial state

~ 0)
in the expansion series of Eq. (2. 3) are ignored.
Thus in the UDWA the matrix S'" is expressed as
follows:

The details of the derivation of the UDWA for-
mula have been described in II and only a summary
will be preserited here. We use a straight-line-
traj ectory impact-parameter approximation. The
cross section for transition from the initial state
~0) to the final state ~n) is given by

as this treatment is called the unitarized-distor-
ted-wave approximation (UDWA).

In the calculations of charge transfer cross
sections we introduce further approximation in
which direct excitation and ionization channels
are ignored.

III. TOTAL CROSS SECTION

In papers I and II, total cross sections for
charge transfer in collisions of O', He ', I i",
Be ', .B ', C ', and 0 ' ions with atomic hydrogen
have been reported. In the present paper, the
charge transfer processes in collisions of Ne
Si, and Ca ' ions with atomic hydrogen are
considered; then, using the cross sections ob-
tained, the scaling rule of total cross sections
for ionic charge of the projectiles is established.

The calculations of the total cross sections were
carried out according to the procedure described
in II, as follows: The numerical calculation of,
the DWBA probabilities for charge transfer to all
states having principal quantum number n was
carried out for n up to n, shown in Table I.
For n &n, it was estimated by extrapolation.
Relative increases in the cross sections due to
extrapolation are shown in Table II.

Total charge transfer cross sections calculated
are shown in Table III, and only those for Ne
and Si '-impact cases are also shown in Figs. 1
and 2. In the figures, experimental results ob-
tained by Gardner et a/. , Meyer et al. , and
Berkner et al. for impacts of projectiles having
the same ionic charge are also shown for compar-

(0iS'"
i 0) =cosp

(n (S'"
~ 0) = it„op sinP -(n 40),

with

(2.4)

(2. 5)
TABLE I. Values of nm~ for Ne +H, Si 4'+H, and

Ca + H collisions.

p=Q l&.ol' (2. 6)
Impact energy

{keV/amu) s04'

and

(2. 7)

where In), n= 0, l, 2, . . . , N denotes all channels
involved in the reaction.

Equation (2. 7) is approximately equivalent to
the semiclassical distorted-wave Born approxi-
mation (DWBA) formula of the transition matrix
elements; it is clear from Eqs. (2.4}-(2.6} that

N

n S'" 0 =-1, (2. 8)
n=p

that is, the unitarity of S'" is maintained in the
approximate formula given by Eqs. (2.4)-(2.7),
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TABLE II. Relative increase in the cross sections due
to the extrapolation for Ne + H, Si 4'+ H, and Ca + H

collisions.

10 I II~ I I I I( I I I I[ 1 I I I~ I I II

Ne + H(1s) ~Ne +H

Impact energy
(keT/amu)

5000
2000
1000
500
200
100

50
25
10

2.63 (-1)
2.55 (-1)
2.68 (-1)
3.59(-1)
3.24(-1}
1.26 (-1)
1.9S(-2)
8 48(-4)

si"
3.41( 1) '
2.06 (-1}
2.2O (-1)
3.29 (-1)
4.15(-1)
3.16(-1)
2.V4{-1)
4.94(-2)

Ca"'

6.11(-3}

-16
10

-17
10

-18
10

E

GI 10$

a&
0

3.41(-1) means 3.41 x 10 ~.
10

cr= no(~) (3. 1)

and

ison. As is known from the other systems de-
scribed in I and II, present results are larger
than the experimental ones. From the property
of the UDWA formula, it can be easily understood
that UDWA results are a little overestimated for
impact energy greater than about 100 keV/amu
owing to the approximation in which the direct
excitation and ionization channels are ignored.

We now consider the scaling of the cross sec-
tions with respect to ionic charge z. As de-
scribed in II, it gives useful results to scale the
impact energies as well as the cross sections as
follows:

-21
10

1022
10

I& I I III I I III I

~0 ~04 &0'

Impact Energy (eV/amu )

I III I

&0'

FIG. 1. Cross sections for the charge transfer pro-
cess, Ne ++H(lg) Ne~++H+, vs Ne 0'impact
energy with Z = 10. —indicates present results, X the
results of Olson and Salop, Ref. 3 (classical trajectory
Monte Carlo method). For comparison, also shown are
the experimental cross sections for electron capture
from atomic hydrogen by partially stripped ions: 0
(Fe ') Gardner et al. (Ref. 15); and v (Fe '), ~ (Mo '),
D (Au 0+), & (W +), and C) (Ta +) Meyer et al. (Ref. 17).

Impact energy
(keV/amu) s.f,4+

5000
2000
1000

500
200
100

50
25
10
5.
2.5
1
0.5
0.25
0.1
0.05
0.025

5.os {-20)
,1.24 (-18)
2.6o( 1v)
6.41( 16)
2.85 (-15)
5.00 (-15)
5.80 (-15)
5.96 (-15)
5.39(-15)
5.S6 (-15)
V .21(-15)
v A5 (-15)
V .16(-15)
5.47 (-15)
4.93(-15)
3.53 (-15)

1.88 (-21) '
1.5O (-19)
3.45 (-18)
7.09(-17)
1.46( 15)
4.85 (-15)
V.96(-15)
7.97(-15)
6.s2 (-15)
v.1v(—15)
8.06 (-15)
8.80 (-15)
9.33(-15}
1.O1( 14)
1.02 (-14)
9.64(-15)
8.5s (-15)

9.3O (-15)

1.22 (-14)

1.3v( 14)

1.88(-21) means 1.88 x 10~' cm .

TABLE III. UDWA cross sections for charge transfer
in Ne +H, Si + H, and Ca + H collisions.

(3.3)

where n and p are the scaling factors, g the
scaled cross section, and E the scaled impact
energy.

Using the UDWA cross sections reported in I,
II, and this paper, and iterating trial and error,
the scaling factors are determined to be

Q Zi ~ 0V (3.3)

P Z0.464 (3.4)

The scaling factors given by Eqs. (3.3) and
(3.4) are close to n'=Z and P'-=Z' . However,
these 0, ' and P

' are not proper for the purpose of
more precise scaling. Equations (3.3) and (3.4)
will be discussed in connection with the distribu-
tions of final-state population in Sec. IV.

The scaled UDWA cross sections versus scaled
energy are shown in Fig. 3 with the data obtained
by Crandell et al. ,

"Meyer et al. ,
"Nutt et al. ,

Gardner et al. , and Berkner et al. ' For
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FIG. 2. Cross sections for the charge transfer pro-
cess, Si '+H(1g) Si ++H+, vs Si 'impact en-
ergy with Z = 14. —indicates present results, X the
results of Olson and Salop, Bef. 3 (classical trajectory
Monte Carlo method), and ——the results of the pre-
liminary calculation with excitation and ionization chan-
nels. For comparison, also shown are the experimental
cross sections for electron capture from atomic and
molecular hydrogen by partially stripped ions: z (Fe
+H), (Mo 4++8), 0 (Ta~4++H), ~ (Au~4++8), and

p (W '+H) Neyer et al. (Bef. 17) and 0 (Fe '+H2)
Berkner et al. (Ref. 19), where the data for molecular
hydrogen targets indicate one-half the value of the mea-
sured cross sections.

E & 8&& 10 eV/amu, the UDWA results fall along
a single smooth "universal curve. " With decreas-
ing energy the deviations of the UDWA results
become larger, Chere the cross sections are
determined due to the level crossings. For &
&2X10 eV/amu, the universal curve is drawn
as the scaled cross sections for Ne' ', Si' ', and
Ca ' impacts have minimum deviations. The
UDWA results for high values of ~ are expected
to tend to the universal curve.

At low energies, & & 10 keV/amu, molecular
effects are certainly important. These effects
are not rigorously included in the present method,
that is, the final-state interactions are not inclu-
ded in the UDWA method. Therefore, the accu-
racy of the cross sections is theoretically ob-.
scure. However, the low- energy. UDWA results
are in as good agreement with available experi-

1v 1
I I I I 1 I I I t l I I I

"10' ~0' io' &0' &0'

Scaled Impact Energy, p (eV/amu)
10

mental data as molecular calculations. ' We
will examine the source of this problem below.

At low energies, the DWBA probability ampli-
tude for charge transfer given by Eq. (2. 38) of II
results mainly from the points on the straight-
line integration path ~ =et where the argument
of the exponential function vanishes; that is,

~n +Inn +0 ++00 (3.5)

is satisfiai in Eq. (2. 38) of II. The right-hand
side of Eq. (3.5) means the energy level of the
initial state perturbed by the potential due to the
incident ion and the left-hand side means the
energy level of the final state perturbed by the

FIG. 3. Sealed cross sections o vs scaled impact
energy S. The charge transfer cross sections and im-
pact energy are expressed as o(E)=0.0(E) and E=PE,
respectively, with & =Z ' 7 and P =Zo' 4. The universal
curve indicates the best-fitted curve to all UDWA re-
suIts for E& 40 keV/amu, to those except the H' results
for E=2-40 keV/amu, and to Ne 'and Si 'results for
k & 2 keV/amu. Also shown are scaled experimental re-
sults: $ (He2'+H)Nutt etal. (Ref. 23); + (0 +H)Meyer
et al.(Ref. 17};~ (Ar '+ H) Crandall et al. (Ref. 18};
(Fe~' ~3'+H) Gardner et al. (Bef. 15); g (Fee' ~~+8)
Meyer et al (Ref. 17); Q (Fe ' '+ 82) Berkner et al .
(Ref. 19), and h.(Fe20' '+H2) Berkner et al. (Bef. 20),
where the numbers indicated express the value of ionic
charge and the data for molecular hydrogen targets
indicate one-half the value of the measured cross sec-
tions.
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potential due to the target nucleus. Accordingly,
Eq. (3. 5) denotes crossing of the energy levels
of the two diabatic states. For example, the
DWBA charge transfer probability P(p) for 0 '
+ H(ls) collision at low energies & & 1 keV/amu
denotes maxima at impact parameters of p =2.2,
4. 7, and 9. 0 a. u. as shown in Figs. 4 and 5 of I.
These values of the impact parameter correspond
to the crossing points of the energy levels of 0 '
+H(ls) and 0 '(n =3, 4, 5) +H' systems, where n
denotes the principal quantum number. One of
the ambiguities of the UDWA cross section at low
energies comes from the neglect of electron trans-
fer from 0 '(n = 5) +H' to 0 '+H(n = 2) diabatic
states through the crossing point R =-6. 1 a. u. ,
where 8 denotes the internuclear distance.
Therefore, this process is effective for an impact
parameter smaller than p&

——6. 1. The error due
to the neglect of this process can be estimated
using a classical treatment to evaluate cross
sections as the ratio of the area of radius p& to
that of radius p = 9.0 which corresponds to the
most distant effective crossing point; that is, little
charge transfer takes place for p & 9.0. Thus we
obtain —,

' &&6. 1 /9. 0 =0.2.a.s the relative error
included in the UDWA cross section, where the
probability for transition to the 0~'+H(n=2) dia-
batic state is assumed to be —,'.

Another error arises, at low energies, due to
the approximation where the chronological- order-
ing operator T is neglected. As seen in Fig. 11
of I, at impact energies greater than 0. 25 keV/
amu, this approximation produces a relative error
smaller than about 30% in the charge transfer
probability.

After all, at energies S =0.3-10 keV/amu the
relative error included in the UDWA cross sec-
tions is estimated to be, at most, about 50/&.

At high energies &~ 100 keV/a. mu, the errors
described above are vanishingly small, and an
additional error arises due to the approximation
in which excitation and ionization channels are
ignored. Although the inclusion of the excitation
and ionization channels needs detailed examina-
tion of the selection of channel-state vectors, a
preliminary calculation described below will be
useful to estimate the error included in the pres-
ent UDWA cross section. As an example, for the
Si + H(ls) collision the preliminary calculation
wa. s attempted using Eqs. (2. 28) and (2. 29) of Il,
where Coulomb wave functions centered on the
proton were used for the continuum states and the
post-collision perturbations due to the Coulomb
force of the Si ' ion were ignored. The results
obtained are shown in Fig. 2 by the dashed line.
At Z =1000-2000 keV/amu, the estimated value
with excitation and ionization channels denotes the

maximum relative deviation from the original
value without those channels, where the former
is about I/3. 5 of the latter.

IV. PARTIAL CROSS SECTION

In this section we will examine partial cross
sections for electron capture into the individual
quantum states at intermediate and high energies
E~ 10 keV/amu. Although at high energies E ~ 100
keV/amu the UDWA cross sections are overesti-
mated due to the neglect of ionization and excita-
tion channels as described in Sec. III, the UDWA
results will give useful information on the relative
distributions of final-state population, since no
other calculations have been reported.

We will also examine low-energy partial cross
sections to know the trend of the UDWA results
at low energies & ~ 10 keV/amu, while the UDWA
gives inaccurate results due to the neglect of the
final- state interactions and the chronological-
ordering operator.

The partial cross section for electron transfer
from the 1s state of a hydrogen atom to the nlm
state of a. fully stripped ion will be denoted by
cr„„„, where n, l, and m are the principal, orbital-
angular, and magnetic quantum numbers, respec-
tively. The n, l-dependent cross section o„, is
defined by the sun' of o«over m and the n-depen-
dent cross section o„ is defined by the sum of o„,
over l, where the axis of quantization is taken to
be in the impact direction.

To investigate the general properties of partial
cross sections for charge transfer, we will ex-
amine the collisions of Ne and Si ' with H(ls) as
examples. The n-dependent cross sections are
shown in Fig. 4 with impact energy as a param-
eter. It is seen from the figure that, for both
cases, the principal quantum number nm of the
most probable state indicates a maximum and the
distribution over n is broadest at 100 keV/amu.
With increasing energy, n~ decreases and the
distribution becomes more and more narrow.
This is considered to be due to the momentum-
transf er effect; that is, with increasing energy
the charge transfer probability indicates a maxi-
mum at the impact parameter being more and
more small and, consequently, the electron trans-
fer into the inner shell is more and more domi-
nant. At low energies, charge transfer occurs
through level crossing as described in Sec. III,
and the distribution for n &nm becomes vanishingly
small.

It is interesting to examine the "interpolated
distributions" of final-state population over n ob-
tained by interpolating the plotted points of o„vs n
with a smooth curve. Figure 5 shows the depen-
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A ccordingly,

(4. 1)

pact energy is uniformly determined by the rela-
tion of the impact energy to the most-probable-
state energy, except in the low-impact-energy
region. Thus

„1e aoo ~ z/pI/2 z0 ~ 768 (4. 2)
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FIG. 4. Dependence of the partial cross sections 0„
for charge transfer in the Ne '+H(1g) and Si '+H(lg)
collision systems on the principal quantum number n of
the final state, for collision energies 5-2000 keV/amu.

dence of the interpolated principal quantum num-
ber, m~ at which the interpolated distributions
indicate a maximum on ion-impact energy for the
charge value of impacted ions being 2-14. We
now consider the scaling factor P introduced in
Sec. III. It is reasonably determined as the ~
dependence of the fictitious-state energy corres-
ponding to the principal quantum number n~, since
the dependence of the total cross sections on im-

Figure 6 shows the validity of Eq. (4. 2) for n =6-
14. Thus the theoretical meaning of P has been
clarif ied.

In Fig. 7 the l-dependent cross sections for Ne '
+ H collisions are shown with the principal quan-
tum number of the final state as a parameter, at
impact energies of 1, 25, and 500 keV/amu, which
correspond to low, intermediate, and high ener-
gies, respectively. The l-dependent cross sec-
tions for 1 keV/amu indicates a maximum at l &n
—1. In low-energy collisions, as stated before,
the electron transfer occurs through level cross-
ing. Therefore, the electron is mostly trans-
ferred into a state that has a wave function indicating
a large amplitude at the crossing point, which
usually has a smaller value of / than n- 1. Thus
the f-dependent cross sections for 1 keV/amu can
be understood.

ln the case of 25 keV/amu, the results for n ==3- 6 indicate a maximum at l & n —1 and those for n
~7 indicate a maximum at l =n —1. These results
show that at intermediate energy the level crossing
is still effective for the low-n states, but not for
the high-n states. At the higher energy, the
lower-n state becomes free from level-crossing
effects. At further higher energies, as shown for
the case of 500 keV/amu, momentum transfer be-
comes effective and the distributions in the higher
value of 1 are suppressed considerably.

The partial cross sections o„, are shown in
Figs. 8-10, also for Ne '+H collisions, at im-
pact energies of 1, 25, and 500 keV/a, mu, where
the quantization axis is taken along the direction
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principal quantum number
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FIG. 8. Dependence of the partial cross sections 0 „&~
for charge transfer in the Ne '+H(18) collision system
on the magnetic quantum number m of the final state,
with n and l as parameters, at the collision energy of
1 keV/amu.
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UDWA results for the case of C +H(ls) collision
energies of 25 and 75 keV/amu. Figures 13 and
14 present the l-dependent cross sections for the
same collision system and for the case of n=4.
Salop supposed that the classical energy and mo-
mentum of the captured electron which are within
0. 5 of the integer n and l correspond to the quan-
tum numbers n and l, respectively. Because of
such a rule of correspondence, a little ambiguity
is included in the distributions and unphysical
transitions into the state of l &n —1 are seen, as
shown by shadow marks in Figs. 13 and 14. Con-
sidering the situations described above, it ean
be concluded that the results obtained with both
methods show fairly good agreement.

FIG. 13. Comparison of the partial cross sections
0„& of the present work with that of Salop (Hef. 24) for
the C '+H(lz) collision system at the collision energy
of 25 keV/amu, where n=4.

20

15 75 keV/amu

O
10

UDWA

——--- Salop

/'//I

0

FIG. 14. Same as Fig. 13 for a collision energy of
75 keV/amu.

narrow, indicating a maximum at m =0. The
high probabilities of electron transfer into nz =0
states correspond to the classical picture that the
electron is mostly captured into the orbitals on the
collision plane.

Salop has calculated the n- and l-dependent
cross sections for the collisions of B", C ', and
0 ' ions with atomic hydrogen at intermediate
collision energies (v„„=1-1.7 a. u. ), using the
Monte Carlo classical trajectory method. Figures
11 and 12 show the comparisons of the n-depen-
dent cross sections obtained by him with the

V. CONCLUDING SUMMARY

We have examined the total cross sections for
charge transfer in collisions of H', He ', Li ',

with atomic hydrogen, and have also examined
partial cross sections for C '+H, Ne +H, and
Se '+H collision systems. The results show that:

(a) lt is useful to scale the energy dependence of
the total charge transfer cross section as

o(&) = oo(E), E=0&,
with

g1~ 07 d P g 0.464

where o and & are the sealed cross section and
impact energy, respectively.

(b) At low impact energies (&10 keV/amu), the
distributions of final-state population over n indi-
cate a maximu& at n =n~ determined from the
effective outer level-crossing point, and the dis-
tributions for n~n~ are vanishingly small. With
increasing impact energy up to about 100 keV/
amu, the distribution becomes broader, while
n~, at which the distributions indicate a maxi-
mum, remains almost unchanged. With increas-
ing impact energy greater than 100 keV/amu, the
broadness of the distributions and n~ decrease
considerably.

(c) At low impact energies, distributions over l
for a given n denote larger values at the particular
l 's due to the effects of the level crossing. At
intermediate impact energies, the distributions
indicate a maximum at l =n —1 for the higher
values of n and indicate a maximum at l &n —1 for
lower values of n. At high impact energy (-500
keV/amu), the distributions are completely free
from the influence of level crossing, but are
strongly affected by momentum-transfer effects.
Consequently, the distributions are suppressed at '

the higher values of l.
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(d) Distributions over I for given l and n indi-
cate a maximuim at m=0 except for the cases of
low- energy impacts.
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