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Excitation of the hydrogen atom in a modified Glanber theory

T. T. Gien
Department of Physics, MemoriaI University of ¹mfoundland, St. John' s, ¹wfoundland A1C 5S7, Canada

(Received 2 December 1977; revised manuscript received 10 October 1978)

A modified Glauber method proposed recently for electron-atom scattering is extended to the analysis of
the 1-2 excitation of atomic hydrogen by electron impact. Exchange effects are not neglected, but included
in the calculation through the exact eikonal exchange formulas. The results are compared with experimental
data acquired by absolute measurements. Good agreement with experimental data is found. The differential
cross sections calculated with the conventional Glauber amplitude, but without neglecting the exact eikonal
exchange effects, are also obtained and shown for comparison.

I. INTRODUCTION

In the recent paper s,"a modif ied Glauber amp-
litude has been proposed for the analysis of elec-
tron-atom scatterings and considered for various
elastic scattering processes with some degree of
success. By a careful review of the derivation
of the Glauber amplitude, ' I found that the so-
called straight-line approximation affects the
second-. order eikonal term of the Glauber ampli-
tude most seriously. It is the consideration of
this approximation, coupled with the assumption
of a zero value for all the excitation energies of
the target intermediate states, which makes the
second-order terxn of the elastic electron-atoxn
scattering amplitude become divergent in the
forward direction on the one hand and its real
part (which is of a significant magnitude) disappear
altogether from the Glauber amplitude on the
other hand. As was well known, the Glauber meth-
od is essentially a sxnall-angle approximation. "
The approximations considered in the method
should, thereby, produce a scattering amplitude
which is more successful at small than at large
scattering angles. It is not, therefore, at all sur-
prising to find that the differential cross sections
calculated with the conventional Glauber ampli-
tude for both elastic and inelastic processes"
are much smaller than the experimental ones"
at larger scattering angles. At intermediate and
large scattering angles, not all the eikonal terms
may adequately represent the corresponding Born
terms anymore. Thus the avoidance of an auto-
matic consideration of eikonal approximation for
all Born terms may be a correct answer to these
problems. The divergence in the forward direc-
tion of the second-order scattering term due to
eikonalization is a very serious deficiency for the
Glauber amplitude, as this would mean a violation
of the conservation of probability which is a main
principle of quantum theory. Thus the eikonal
approximation should not be considered for this

FGM = Fc Fm+&s2— (lb)

Thus, within the modified Glauber method, the
second-order eikonal term in & has been cor-
rected with its counterpart prior to eikonaliza-
tion, i.e. , the second Born term. The considera-
tion of the second form of +« in an analysis of
scattering is to be able to make use of the various
methods of calculation of &~ and &&, already
available in the literature.

With this simple modification of the Glauber
amplitude, the theoretical cross sections were
found to agree quite well with experimental data
when the amplitude is considered for the analysis

term at all. A reasonably good correction for the
deficiency of the Glauber amplitude could, there-
fore, be achieved by considering an eikonal ap-
proximation restricted to scattering orders from
the third up only (instead of the second as in the
conventional Glauber method). Note that the argu-
ments usually used to justify the eikonal approxi-
mation in the conventional Glauber theory can
again be used here for higher orders of scatter-
ing. Within this spirit, a modified Glauber ampli-
tude has been proposed as follows for the analysis
of electron-atom scattering at intermediate ener-
gies:

F,M =fs, +fa. + F'c,

where E~ is the eikonal approximation of higher-
order scattering amplitude, and f» and f» are
the first and second Born amplitudes, respective-
ly. From a physical point of view, one may argue
that another reason for the limited consideration
of eikonal approximation is that the value of mo-
mentum k at these intermediate energies has not
been high enough to justify an eikonal approxima-
tion for all orders of scattering Since f. » is
identical to the first-order eikonal term of the
conventional Glauber amplitude, in practice, the
following equivalent expression of + is used for
evaluation instead:
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of elastic scatterings of electrons by hydrogen
and helium atoms. " These results indicate that
the sole rectification of the second-order eikonal
term is indeed sufficient to remove the discrep-
ancy between the theoretical results calcu1ated
with the conventional Glauber amplitude and ex-
perimental data at intermediate and large scat-
tering angles. Thus the conventional Glauber
method first introduced by Franco' and his co-
workers' to the domain of atomic and molecular
collision may be retained as a good approximation
for electron-atom scatterings at intermediate and
high energies provided that the eikonalization of
the second-order scattering term is not con-
sidered in order to avoid some very serious de-
ficiencies arising from it.

At first sight, the modified Glauber method
seems to be closely related to a method proposed
by Byron and Joachain" for electron-atom scat-
terings [eikonal-Born series (EBS) method]. How-
ever, a closer look reveals immediately that this is
actually not so." While the two methods may only
formally resembl. e each other in the similar treat-
ment of theseeond Born term as usual1yconsidered
in the second Born scattering theory, they differ
from each other in all aspects, including their
numerical values, the procedure of evaluation,
and especially the basis for the consideration
of the approximation. In fact, the theoretical
basis for the consideration of the modified
Glauber approximation is completely different
from that of the EBS. While, as was stressed by
authors of the EBS method, the purpose of their
consideration of the EBS amplitude in electron-
atom scattering is to provide a consistent leading
order correction (1/k') to the second Born meth-
od, the modified Glauber approximation was de-
signed (as was discussed in some details above
and elsewhere" ) to correct a serious defect of
the conventional Glauber amplitude which I still
regard as an acceptable approximation for elec-
tron-atom scatterings at intermediate energies,
provided that its serious deficiencies are singled
out and adequately remedied. Furthermore, this
serious defect may also be related to the con-
sideration of the so-called straight-line approxi-
mation which is required in the derivation of the
conventional Glauber amplitude. Thus the ex-
clusion of f» from eikonalization in the modified
Glauber method is, to some extent, equivalent
to the relaxation of a strict consideration of the
straight-line approximation in the Glauber meth-
od. In this connection, one may now understand
why there seems to exist a concordance in the
results of the Glauber-angle method" and those
of other methods (such as modified Glauber,
EBS) in which the second Born term rather than

f~, is chosen to be evaluated. Even on the nu-
merical value side, the modified Glauber direct
amplitude differs very much from the eikonal
Born series amplitude by the presence of an in-
finite number of higher-order eikonal terms im-
plicitly contained in the Glauber amplitude. These
higher-order terms are usually found to be of a
significant magnitude. For instance, in the case
of elastic e-H scattering, the numerical value of
f« is found to be of the order of —,

' of f~, at small
scattering angles and double of Imf» at large
scattering angles. The abrupt cutoff of these
terms from the Glauber amplitude at fourth order
would seem quite arbitrary and unjustifiable. Note
that even if each of these higher-order eikonal
terms is of small magnitude, their effect, as a
whole through &&, on the scattering amplitude
might not be negligible either, since the number
of these terms is infinite. In fact, a comparable
situation worth mentioning here is the case of the
Born-Oppenheimer and Ochkur exchange ampli-
tudes: while these amplitudes also differ from
each other by an infinite number of terms pre-
sumably of small magnitude, the numerical val-
ues of the two amplitudes are found actually dras-
tically different from each other. Furthermore,
since amplitudes such as Ref», Imf», and f~,
also contain, beside their leading order term,
terms of order higher than I/k', the sole neglect
of the higher-order eikonal terms on that basis
(while retaining those of the similar nature in

Ref», Imf», and fG, ) would seriously jeopardize
the consistency in the procedure of making an ap-
proximation. Finally, the two methods of approxi-
mation (modified Glauber and EBS) also differ in
the calculation of exchange effects. While in the mod-
ified Qlauber method, the exchange effect is calculat-
ed with the exact eikonal exchange amplitude, "'"in
the eikonal-Born series method, because of the phil-
osophy of the model, the exchange effect is calcu-
lated with the approximate Ochkur form" instead.
Regarding this, it should be stressed that the val-
ues of these two exchange amplitudes are also
significantly different from each other. It is also
worth mentioning that these higher-order eikonal
terms imply a much drastic difference in cross
section between the two methods of approximation
in the case of positron scattering' (not discussed
here, also see my paper presented at XI ICPEAC,
Kyoto, Japan). Encouraged by the good agreement
with experimental data in the case of elastic scatter-
ing, ' in this paper, I extend the consideration
of the modified Glauber amplitude to the study of
the 1-2 excitation of a hydrogen atom by electron
impact to find out whether the modified Glauber
amplitude still remains a good approximation for
the inelastic case.
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Recently, ' experimental data for the 1-2 excita-
tion of hydrogen by electron impact have been
made available in the literature by absolute mea-
surement. The comparison of these sets of data
with results calculated with the conventional Glau-
ber amplitude' shows that the theoretical values
are much smaller at large scattering angles. In
all these calculations, the Glauber exchange ef-
fect was, however, neglected. The main reason
for the neglect of eikonal exchange effect is that
then one did not know exactly how to reduce the
order of the integrals of the Glauber exchange
amplitudes to a lesser, while the so-called Glau-
ber-Ochkur exchange amplitude available then
was shown to be unacceptable to represent cor-
rectly the exchange effect in an eikonal theory. "
Through an ingenious application of a method
similar to the one initiated by Gau and Macek"
for the direct eikonal scattering amplitude, Ma-
dan" and then Foster and Williamson" have suc-
ceeded in reducing the eikonal exchange ampli-
tude to a two-dimensional integral which can be
computed with much less difficulty. Although in
principle, the Glauber exchange amplitude for
e -H scatterings can now be evaluated, no work
on the excitation of hydrogen atom by electron im-
pact done within the conventional Glauber method
and with the inclusion of exchange effect has been
reported in the literature. The lack of the Glauber
calculations with exchange is perhaps due to the
fact that although the order of the integral involved
in the eikonal exchange amplitudes has been re-
duced to two, the derivations of those amplitudes
which can be ready for numerical evaluation in the
inelastic e -H scatterings are still not quite sim-
ple. For these processes, in general, one needs
to take the derivative of the integrand three times
and carry out an integration by parts once. As a
result, a number of terms which constitute the
amplitude increases drastically after each deriva-
tive or integration by parts is taken and the final
form of the amplitude to be evaluated becomes
quite complex. Obviously, one is tempted to find
out whether the inclusion of the exact eikonal ex-
change effect improves the Glauber results. In
this paper, I shall, therefore, also report the
results of an analysis of the 1-2 excitation of
hydrogen atom by electron impact with the con-
ventional Glauber method in which the Glauber
exchange effects are no longer neglected. To my
knowledge, no such work has been carried out in
the literature before, It will be seen that although
at lower scattering energies, the new theoretical
results with exchange improve somewhat in so
far as to compare with experimental data at small
and intermediate scattering angles, these results
are still far from being in good agreement with

experimental data. Thus, to improve the agree-
ment, the consideration of the Glauber approxima-
tion modified as described above must definitely
be explored.

The 1-2 excitation of a hydrogen atom is com-
posed of four processes which are 1s-2s, 1s-2p
+, and 1s-2P, O, where + and 0 denote the bound
states of a hydrogen atom which have as eigen-
values of l„+1, and 0, respectively. In See. II,
I shall first analyze the four processes 1s-2s,
1s-2P+ and 1s-2P, 0 separately. The results will

, then be used to derive the differential cross sec-
tions of the 1-2 excitation. I shal1 make a brief
review on the explicit forms of various -scattering
amplitudes which are needed in my subsequent
calculations. I shall also describe briefly how
these forms are reduced to the simple final ex-
pressions which can be ready for numerical com-
putations. The procedure of calculating approxi-
mately the second Born term will also be dis-
cussed in some details. A brief outline of the bas-
ic equations for the Glauber exchange amplitude
is given as well. The results of the analysis will
be presented in Sec. III together with discussions.
Comparisons with the results obtained in some
other theoretical models (recalculated by me) and
with experimental data will also be made. Some
main conclusions drawn from this work are sum-
marized in Sec. IV.

II. FORMALISM

The 1-2 excitation of a hydrogen atom by elec-
tron impact is composed of four different pro-
cesses, namely, 1s-2s, 1s-2P+, and 1s-2p, 0.
In the following, I shall successively analyze
these processes with the modified Glauber ampli-
tude.

A. 1s-2s excitation

The simplified form of the Glauber ampl. itude
for the process 1s-2s is well known in the litera-
ture. '" One may use the integral form' or the
closed form by Gerjoy and Thomas" to evaluate
the amplitude. The ~ direction of this amplitude
has been chosen, as usual, perpendicular to the
momentum transfer direction. The second-order
eikonal amplitude &~, for this process can also be
evaluated with ease by using its closed form. "
The second Born scattering amplitude is given by"

x (p~e'"' —e'Ku' —e ' ~' + ]
~ p)

where P„=k„—29. The procedure of calculating
the second Born amplitude has been described in
details in the literature. " By integrating over r
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and then using the Feynman's technique, "one
can transform the second Born amplitude into an
one-dimensional integral which can be evaluated
with ease. Pertinent expressions which are useful
in the computation of f» may also be found, for

instance, in the paper by Byron and Latour. " In
order to evaluate f» for the 1s-2s process, one
also needs to calculate the first- and second-
order derivatives of I&(a') and I„(a') where I&(a')
and I„(a') are given by

dx
[a'x+ x(1 —x)q']'~'((a'+ 2(u„„)x+2(9 —&u& „)—2iP„[a'x+x(1 —x)q ]) '

1

I (
2

[a'x+ x(1 —x)q2]'~21(a2 —2&@&„)x+2&v —2ip„[a'x+ x(1 —x)q']'~'} ' (sb)

and

dI„' 1 Pip„1 vxda', Av &Av 2A2vx v
(4a)

d2I„' 1 ip2vx 1 x
d(a')' Av . Av 2A' v

Av v 2A2 x

ip„ ipox 1 x
Av Av 2A' v

2A4vx v2

where

This can either be done numerically or more con-
veniently by using directly the following explicit
forms of the derivatives,

either its closed form or its one-dimensional in-
tegral expression. '" Again, the z direction of
the system of axes is consistently chosen to be
perpendicular to the momentum transfer. The
second-order eikonal term for this process can
also be calculated with its closed form. " It should
be noted that if the phase factor e "~& is ignored
for all the scattering amplitudes involved in the
calculation, &~2 for the two processes 1s-2p~
will be a real quantity and equal to each other. As
for the second Born term of the 1s-2P+ processes,
similar arguments will lead to the same formula
as given in Eq. (2) above in the average closure
summation approximation, with the exception that
lv) is now the 2P+ bound states of the hydrogen
atom instead of the 2s. After the explicit expres-
sions of the ls and 2P+ states have been sub-
stituted into Eq. (2), the integration over the co-
ordinate variables in the matrix element part can
be done analytically and one obtains

A = [a'+ (1 —x)q2]'~2

v = (a'+ 2(u„„)x+2((u —(u„„)

—2ip„[a'x+ x(1 —x)q2]'I2 . (5b)

f»(ls-2P+) =, d'k12i, 1 1

q +sq Ku +sKu
(q2+ a2)3 (A 2+ a2)3

e„„is the energy difference between the ground
state and the second level excited state of a hydro-
gen atom, i.e. , co„,= —', a.u. The expressions for
dI,/da2 and O'I,/d(a')' can be obtained from those
of dI„/da' and d'I„/d(a')' by simply substituting

B. 1s-2p excitation

K~ +iK~
(A 2, + a')'

Furthermore, one may put f» in a nicer form
as follows

f»(lS-2p~) = 6i, , —(J„,2+i J„„)-—( 2~J+i Jp, )
d' 1. . 1

(6)

The 1s-2p excitation of hydrogen atom is com-
posed of three processes: 1s-2p+ and 1s-2p, 0,
where + and 0 indicate. the eigenvalues +1 and 0
of the z component of the orbital angular momen-
tum of the bound electron. I shall deal with the
1s-2p+ processes first.

As is well known, the Glauber amplitude for the
ls-2P+ process can be calculated easily by using

where J&,
vectors J„
tively. J&

1J=-
P 2

'tT

q2
(q 7iq )

(8)

J„„J,and J~ are components of the
and J, on the x and y axes, respec-
and J„are given by

Jd3k 1 1 Ku
alp p2 jg K2 K2 + g2

P
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1 d'k 1 1 KP—
7r2 jP p2 jq g~' +2 +g2 '

p p
(9)

in which

P = (k'„+x'q'+ 2xk„q)'I' (14)

(10)

and

J, = C,q+D,kp

where A, and 8, are, respectively, given by
)

and

A, = I(2(a') +
1 1 x dx

J, A(P„-P+~A)(P„+P+iA)

xdx p„—P+iA
IP3 Pp+P+iA )

xdx 1 1
(12)P2 Pp —P+iA Pp +P+iA

Finally, the mell-known Feynman's technique can
again be used to transform the vectors J„and J„
into an expression of one-dimensional integral

Jp =A,q+ B,k„

A = ([a'+ q'(1 —x)]xP".

dJ„(a') = —C2q+ D2kp

d'J„(a')
(
",), =A,q+ B,k„, (18)

To obtain the expressions for Cy and Dy one needs
only to interchange k„with k„everywhere, and
I&(a') with I,(a'). In order to calculate f», one
may also need to know the explicit expressions of
dJ„/da', dJ,/da', d'J„/d(a')', and d'J„/d(a')'.
They are given by

=A2q+ B2k„, (18)

i ' 1 P„-P+iA
p

2 0
P' &Pp —P+iA Pp+P+iA

d J(a)
d( 8)2

———C,Q+ D,k), ,

where

(19)

dI„(a') ' x' 1 1 irh*, 2A' (P, -P~iA)(P„+P+iA) A P, —P+(A P„~P+(A)

1 ' x 1 1
+ dx 34 0 P A Pp —P+iA Pp+P+iA

1 1 14, P'A (p„—P+(A)' (p„+P+iA)') '

1 ' x 1 1 1 ' x ir 1 1
2+ 2 + dx 314 „P'A (P„—P+iAI' (P„+P+iA)' 4, P'AiPp —P+iA Pp+P+iA)

d(A )' 4, '. A' (P„—P+iA)(P„+P ~ iA) A P„—P+iA „P+4P) (A)

1 x 2x' . x x ~ x4, A(P„—P+iA)(P„+P+iA). A A(P„—P+iA) A' A(p„— + P))(A

x x x
A(pp+P+iA) A' A(pp+P+iA) J

(20)

(21)

and

1 ' x' 1 1 1 . 1 18, P'A' A pq —P+iA p„+P+iA (pp —P+jA)' (pq + P+iA)'

8 P'A A (Pj, —P+iA)' ( q+PP+ )4Ai (Pq —P+(A)' ( pP+P+ )4'A)

8 P'A' A (Pq —P+iA)' (Pq+ +Pi )'A(Pq —P+iA)' ( q+PP+ )'iA)

1 ' x' 1 1 1 . 1 18, P'A* A Pi+P+iA P„—P+iA (P„+P+iA)' (P„—P ~ iA)*)

(22)

(23)
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fs, (1s —2P+) = 6ie "~~(m,q~+ m, k„~+m, k»), (24)

where m„m„and m, are given by

m, = 2(A, + C,)/a' —2(A, + C,)/a'+ (A, + C,)/a'

—[2q'/a'(q'+ a')'](q'+ 3a'q'+ 3a')I, (25)

P and A are given by Eqs. (14) and (15) above. To
obtain the expressions for C„D„C,& and D3g
again, one needs only to interchange k„with k,
and l„(a') with l„(a') in the expressions for A„B„
A„and B,. The combined use of the appropriate
expressions above inf» [Eq. (7)] gives the
expression for f» which can be evaluated easily,

where 0 is the scattering angle. All the vectors
q, k„, and k„have the same azimuthal angle Q, .
Again, when the amplitude f» is computed, one
ignores the phase factor e "@& altogether.

It is worth noting that with the direction of the z
axis taken to be perpendicular to q, as was
usually considered in the conventional Glauber
theory, "' the Glauber amplitude for the process
1s-2P, 0 is vanishing. The second-order eikonal
term of the amplitude is also vanishing. However,
the corresponding second Born term is not. The
expression for f» of the process ls-2p, 0 can be
derived with ease. One finds that

m 2
= 2B,/a' —2B2/a + B,/a (26) fs, (1s-2P, 0) = 6v 2i(m, q, +m,k„+m,k„,) (29)

where, with the usual choice of z-axis direction,

m, = —2D,/a'+ 2D,/a' —D,/a' . (27) q, =0
(30)

g~, k,~, and k„~ are algebraic components of q,
k„and k„on the plane perpendicular to the z
axis. In this plane, q, k,~, and k&, are all re-
ferred to q as the common positive direction of
axis. Thus,

q = q, k,~= (k„cos()—k„)k„/q,
(26)

k„~ = (kq —k„cos&)k„/q,

k„=k„,= k„k,sin8/q.

C. Eikonal exchange amplitude

As for the eikonal exchange amplitudes, the
following general formulas for "post" and "prior"
e-H scatterings have been given by Foster and
Williamson, "

z,.';"'"'"=,2'-'" '
.
""cpcc(pi)a(ns, c, ) dpi "'-'j 'd. . r(1-zq, )

gg 0 0

&& u, P(,)(1,0, 0, 0, 0) —x ',. F(,)(1,0, 0, 1, 0)d~2 (+) (31)

+co 1
—w2' '"~ —— . Cg"C;D;(u, y)Dq(M, I") dXA '"~ ' dxx '

0

M, 6( )(1,0, 0, 0, 0) —x ', 6'( )(1,0, 0, 1, 0)
dM dM

where 7); = 1/k;, q~ = I/kz and the initial and final
bound states of hydrogen atom are written as

a;(r)=D;(u, y)C; exp(- u~+iy r)I;=. (33a)

uy(R) = D~(M, I')CPexp( —MB —i I' R) Ir c . (33b)

C; and C& are normalization constants and D;(u, , y)
and Dz(M, I") are appropriate differential operators
which generate the required wave functions. Other
notations have their usual meanings. " To be con-
sistent to the case of direct scattering, here the z
axis is also chosen to be perpendicular to the mo-
mentum transfer q. It is worth mentioning that

with this choice of z axis, the discrepancy be-
tween the values of "post" and "prior" exchange
amplitudes will be minimized, especially at higher
scattering energies. " For the 1s-2s process,
one has

D;(u, y)=1, u = I
(34)

CP=(I/4vY)(I/vV), D,(M, r)=2+d/dM, M=-,'-.

For the 1s-2P+ process,

8 . 8
Cg = ~, Dy(M, R)=i +i, M= 2. (35)
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Finally for the 1s-2P, 0 process,

1 1 8
Cy= ~ ~, D,(m, a)=i, M=-,'. (36)r Z

In order to reduce the eikonal exchange ampli-
tudes to the forms which can be ready for numeri-
cal integrations, one needs to use the following
expressions of the derivatives of Si,&(m, p, r, s, t),

F&,&(m, p, r, s, t) =2(iq; —m)P'„&(m+1, p, r, s, t+1) —(iq,. +r)Pt, &(m, p, r+1, s, t)+tF', &(m, p, r, s, t 1),—d

(3')

, F&,&(m, p, r, s, t) = 2xpF&, &(m, p+2, r, s, t)+(iq,. —m)xÃ. &(m+1, p+ 1, r, s, t+1)

—2x(ig;+r)F&+&(m, p+l, r+1, s, t)+~xtP~ &(m, p+l, r, s, t- 1), (38)

+i $~,~ m, P, r, s, t = —2iq; —m k,.~ —x ~ e"~~$~,
~ m+1, p, x, s, t, (39)

8'
i $&,&(m, p, r, s, t)=(iq,. +r)Pt, &(m, p, r+1, s, t) —2iQ„(iq, —m)F&, &(m+1, p, r, s, t)8r, (4o)

as well as the similar expressions of the derivatives of 5& &(m, P, r, s, t). Besides the above derivatives,
in order to guarantee the numerical convergence of the integration over X at A, = 0, it is preferable to take
an integration by parts in terms of the variable A. first. This integration implies the need for the know-
ledge of the explicit expressions of dP&, &/dX and d%& &/d' dS~, &/dA. is given by

8
p(, &(m, p, r, s, t)

=(1—x) /pe&&(m, p+2, r, s, t)+2M(iq; —m)St, &(m+1, p+ 1,r, s, t) —(iq, +r) j&„&(m,p+l, r+ 1, s, t)

+tF', &(m, p+1, r, s, t —1)j[A(1 —x)-ixk~]+sF&, &(m, p, r, s —1, t)

—2i(iq, -m)k, ,F&,&(m+1, p, r, s, t)+(iq, +r)F&+.&(m, p, r+l, s, t)) (41)

SF& &(m, P, r, s t)/BX canbe obtained by simply in-
terchanging k; with kz, y with I' and p, with M in

Eq. (41). The combined use of these derivatives
of F&,&

and 7& &
in Eqs. (31) and(32) for eachof

the processes 1s-2s, 1s-2P+, and 1s-2P, 0 yields
after some very tedious algebra the appropriate
final forms for the Glauber exchange amplitudes.
It should be noted that an alternative method of
obtaining the values of exchange amplitudes may
be available by using directly the numerical de-
rivatives of the integrals involved. The numerical
evaluation of the exchange amplitudes by this
method is, however, also rather cumbersome.

III. RESULTS AND DISCUSSIONS

The Glauber exchange effects have been evaluated
with the post eikonal exchange formulas for the
four processes 1s-2s, 1s'-2P 0, and 1s-2P, ~ and
included into the direct conventional Glauber amp-
litudes to obtain the differential cross sections
with exchange at 100, 200, and 300 eV. In Tables
I and II, I present the results of the 1-2 excita, -

tion of hydrogen atom at scattering energies of
200 and 300 eV. The exchange effect is mostly
enhanced at intermediate scattering angles from
around 30 up. %ithin the conventional Glauber
method, while, as was well known, the direct
scattering amplitude of the process 1s-2P, 0 is.
vanishing; the eikonal exchange amplitude is not.
The eikonal exchange effect 1s-2P, 0 is also tenta-
tively included into the differential cross sections
of the 1-2 excitation. However, the results are
not modified much by such an inclusion.

The second-order eikonal term &~, of the pro-
cesses 1s-2s and 1s-2P+ have been calculated"
for scattering angles from 0 to 180 and at scat-
tering energies of 100, 200, and 300 eV by using
the appropriate expressions already well known
in the literature. The results show that E&, of
the 1s-2s process can be a good substitute for the
imaginary part of the second Born term calculated
with the average closure summation method and
that the real part off» contributes significantly
to the differential cross sections. The differential
cross sections of 1s-2s excitation of hydrogen
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TABLE I. Differential cross sections of 1-2 excitation of hydrogen atom by electron impact
at 200 eV in ~2sr ~ unit, calculated with the conventional Glauber method with exchange. The
numbers in parentheses indicate the possible error in the least significant digits of the cross
section experimental value.

Angle
in

degree

20
25
30
40
50
60
70
80
90

100
110
120
130
140

First
Born

7.125 x 10-2

1.569 x 1p-2

3.848 x 10&
3.218 x 10&
4.006 x 10-5

6.947 x 10&
1.580 x 10

Glauber

5.868 x 10-'
1.529 x1p 2

5.633 x 10&
1.646 x 10&
7,302 x 10&
3.809 x 10&
2.212 x 10~
1.399 x 10&
9.501 x 10&
6.855 x 10-5

5.213 x 1p-5

4.152 x 10 5

3.448 x 10&
2.973 x 10&

Glauber
with exchange

(without
including
1s-2P, 0)

5.282 x ].0-'
1.476 x ].0-2

6.111x 10+
1.981 x 10
8.593 x 10&
4.283 x 10&
2.382 x 10&
1.454 x 1p-4

9.609 x 1p 5

6.796 x 10-5

5.102 x 10-&

4.040 x 10-5

3.360 x 10&
2.931 x 10&

Glauber with
exchange

5.309 x 10-'
1.488 x 10
6.164 x 10&
1.994 x 10&
8.632 x 10+
4.298 x 10+
2.390 x 10-4

1.459 x 10-4

9.634 x 10-&

6.811x 10 5

5.112x10 5

4.050 x 10 &

3.380 x 10-5

2.987 x 10 &

Exper imental
data

4.97(57) x 10 2

~ ~ 0

6.72(61) x 10+
2.54(38) x 10&
1.32(24) x 10&
7.27(72) x 10 4

4.48(66) x 10&
2.71(33) x 10&
1.99(29) x 10&
1.66(36) x 10+
1.51(28) x 10+
1.20(29) x 10+
1.04(31) x 10&
1.17(39) x 10&

Experimental data by Williams and Willis (Ref. 7).

atom by electron impact are then computed first
without and then. with the inclusion of the Glauber
exchange effect. In Fig. 1, I present these re-
sults along with those calcu1ated with the con-
ventional Glauber amplitude as well as those cal-
culated with the first Born approximation at 100
eV. It is found that the values calculated with

the modified Glauber amplitude differ considerably
from those evaluated with the conventional Glauber
amplitude at all angles. The inclusion of the
eikonal exchange effect does not modify signifi-
cantly the differential cross sections at small
scattering angles, but alters considerably these
values at larger scattering angles. For the second

TABLE II. Same as in Table I at 300 eV.

Angle
in

degree
First
Born Glauber

Glauber
with exchange

(without
including
1s-2P, 0)

Glauber with
exchange

Experimental
data

10
15
20
25
30
40
50
60
70
80
90

100
110
120
130
140

8.989 x 10 ~

1.169 x10 &

1.752 x10 2

3.074 x 10&
6.349 x 10~
4.235 x 1Q 5

4.624 x 10&

8.Q34 x 1p-
1.Q16 x 10-~

1.696 x 10-2

4.386 x 10+
1.754 x 10+
5.452 x lp+
2.358 x 10+
1.200 x 10+
6.862 x ].0-~

4.305 x 10+
2.911x 1p-5

2.096 x10 ~

1.592 x 10 5

1.268 x 1p-'
1.052 x 10-~

9.077 x ].0+

7.661 x 10 i

9.300 x 10-'
1.556 x 10-'
4.335 x 10+
1.872 x 10+
6.041 x 10.+
2.555 x 10+
1.265 x 10+
7.065 x 10+
4.350 x 1p-5

2.900 x 10+
2.067 x 10 5

1.561 x 10&
1.241 x 10+
1.033 x 10 5

8.970 x 10&

7.664 x 10 ~

9.311x 1Q-2

1.560 x 1p-'
4.350 x 10
1.878 x 10+
6.054 x 10&
2.560 x 10+
1.267 x 10&
7.074 x 10 5

4.355 x 10+
2.903 x 10 ~

2.069 x 10-&

1.563 x 10-~

1.242 x 10 ~

1.035 x 10-5

9.000 x 10+

~ ~ ~

1.16(25) x 10
~ ~ ~

1.57(27) x 10+
6.11(82) x 10+

~ ~ ~

1.85(30) x 10~
~ ~ ~

1.01(18)x 10+
~ ~ ~

8.33(97) x 10&
~ ~ ~

6.42(142) x 10+
~ ~ ~

4.10(122) x 1Q

Experimental data by Williams and Willis (Ref. 7).
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FIG. 1. Differential cross sections of e-Hls —2s
inelastic scattering in ao 8& unit at 100 eV.
first Born approximation; ——.——conventional
Glauber; —.— — — conventional Glauber with
eikonal exchange; ———- modified Glauber, ~ =0.50;

modified Glauber with eikonal exchange.
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FIG. 3. Differential cross sections of 8 -H1 —2 exci-
tation at 100 eV inane S+ unit ' ' first Born
approximation; ——' ——.conventional Glauber;————- conventional Glauber with eikona1 exchange;
modified Glauber with eikonal exchange.
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FIG. 2. Differential cross sections of e —H1s —2p +
inelastic scattering ina&2S v ~ unit at 100 eV. —.--- ——.
first Born approximation; ——-—-- conventional Glau-
ber; modified Glauber, v =0.50.
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FIG. 4. Same as in Fig. 3 at 200 eV.
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FIG. 5. Same as in Fig. 3 at 300 eV.

Born term f» of the ls-2pa processes, one cal-
culates it approximately with Eq. (24) and with
the help of the expressions of A.„A„A.„B„B„
B3 C y C2 and C3 given in Sec. III. In al l the
amplitudes of interest, the factor e "~& has been
ignored. It should be noted that with the disregard
of the factor e "&, &~, is a real quantity. I
find that the characteristic behaviors of &~, as

well as its magnitude can be reproduced adequately
by the real part of the approximate second Born
term, although the magnitude of &G., is somewhat
deficient in comparison with Ref», especially at
larger scattering angles. The results of differen-
tial cross sections of the 1s-2P+ scattering at
100 eV are shown in Fig. 2 together with those
calculated with the conventional Glauber and first
Born amplitudes. Within the modified Glauber
method, &« for the process 1s-2P 0 is identical
to the second-Born amplitude. f» of the process
ls-2P, 0 is calculated with Eq. (29) shown in Sec.
II. The values of differential cross section of
this process are not so large, compared to those
of the other processes which constitute the 1-2
excitation- of a hydrogen atom. The combination
of the differential cross sections of the above four
processes give the differential cross sections of
the 1-2 excitation of hydrogen atom by electron
impact which are to be compared with experimental
data acquired by absolute measurement. ' In Figs.
3-5, I present the differential cross sections
of the 1-2 excitation of hydrogen atom calculated
with the modified Glauber amplitude with the in-
clusion of the Glauber exchange effects at 100,
200, and 300 eV. Also shown along are the dif-
ferential cross sections calculated within the con-
ventional Glauber method with and without the in-
clusion of exchange, as well as those given by the
first Born approximation. It is found that the re-
sults of the modified Glauber method agree quite
well with experimental data. The deficiency of
the differential cross sections at intermediate
and large scattering angles suffered by the con-
ventional Glauber amplitude has been completely
removed by the replacement of +~, by f~,. Thus,

TABLE III. Differential cross sections in aosr unit of the 1-2 excitation of hydrogen atom

by electron impact, calculated with the modified Glauber method at 100 eV.

Angle
in

degree

20
25
30
40
50
60
70
80
90

100
110
120

Modified
Glauber

3.542 x 10"i
1.122 x 10-&

4.295 x 1p-'
1.370 x 1p 2

7.794 x 10
5.074 x 10+
3.483 x 10+
2.505 x 10
1.885 x 10+
1.481 x 10&
1.209 x 10+
1.022 x 10 3

Modified
Glauber (with

1s-2P, Q)

3.599 x 10
1.160 x 10 i

4.542 x 3.0-2

1.477 x 10 2

8.291 x 10+
5.323 x 1,0+
3.616 x 10+
2.580 x 10+
1.93p x 10+
1.508 x 10+
1.225 x 10 3

1.032 x 10+

Modified
Glauber with

exchange

3.].88 x 1p ~

1.077 x 10 ~

4.856x 10 2

1.96p x ].0-'
1.069 x 10 2

6.287 x 10
3.945 x 10+
2.648 x 10+
1.896 x 10 3

1.440 x 10+
1.153 x 10
9.715 x 10+

Modified
Glauber with

ex.change (incl.
1s-2P, 0)

3.247 x 10-1

1.112x 10-i
5.p71 x ].0-'
2 044x 10 2

1.106 x 10-
6.477 x 10
4.p50 x 10&
2.708 x 10+
1.931 x 10+
1.460 x 10+
1,167 x 10+
9.868 x 10+

Experimental
data'

2.97(25) x 10 i
~ ~ ~

5.19(23) x 10 2

1.82(16) x 10 2

8.73(62) x 10 3

6.19(57) x 10
4.07(41) x 10 3

2.38(29) x 10+
e ~ ~

1.82(37) x 10 3

~ ~ ~

1.79(68) x 10-'

Experimental data by Williams and Willis (Ref. 7).
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the sole correction of the second-order term of
the conventional Glauber amplitude with its coun-
terpart prior to eikonization, i.e. , f» is suf-
ficient to make up for the deficiency of the amp-
litude at larger scattering angles in both elastic
and inelastic scatterings. The inclusion of the
1s-2P, 0 process into the total 1-2 excitation of
hydrogen atom only modifies slightly the theoreti-
cal results of cross sections. In Table III, I
show the modified Glauber results with and with-
out including the, 1s-2P, 0 process at 100 eV for
comparison. Also presented in this table are the
theoretical results of the first Born approxima-
tion, those of the conventional Glauber method
with and without exchange and experimental data.
The consideration of the eikonal exchange effects
improves the agreement between the theoretical
values and experimental data. As expected, the
exchange becomes less significant as the scatter-
ing energy increases.

IV. CONCLUSIONS

In this paper, the modified Glauber method
proposed earlier for electron-atom scattering
has been extended to the analysis of the 1-2 exci-
tation of hydrogen atom by electron impact. The
exchange effects have not been neglected. They
are included into the calculations by using the
exact eikonal exchange formulas. The differential
cross sections of the conventional Glauber method
with the inclusion of eikonal exchange effect have

also been obtained. I found that the deficiency
of the theoretical cross sections calculated with
the conventional Glauber amplitude in so far as to
compare with experimental data at intermediate
and large scattering angles can be corrected by
a restricted consideration of eikonal approxima-
tion for the scattering amplitude. The agreement
with experimental data of the theoretical results
given by the modified Glauber method is rather
good. Since the conventional Glauber method is
essentially a small-angle approximation, its abili-
ty of providing a good agreement with experimental
data, as expected, decreases gradually as the
scattering angles become greater. This is be-
cause the eikonalization of the exact scattering
has transformed its higher-order Born terms be-
yond the first one into the corresponding eikonal
terms and some of them at this intermediate range
of energies are no longer good approximations for
the Born terms at larger scattering angles. The
nonconsideration of the eikonal approximation for
the second-order scattering term appears to be
sufficient to mike. up for the deficiency of the
conventional Glauber amplitude in both elastic
and inelastic scatterings.
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