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A relativistic amplitude for elastic scattering of electrons and positrons by hydrogen atoms or hydrogenlike
ions in the ground state is derived in the straight-line Glauber approximation without exchange terms. A
small-angle approximation valid to first order in the fine-structure constant is used for the relativistic
corrections to the input amplitudes describing the scattering of the projectile by the proton and the electron
of the target, and spin-flip terms are included. The results are given in closed form in terms of

hypergeometric functions.

I. INTRODUCTION

In recent years, a number of papers on the ap-
plication of the Glauber approximation to elec-
tron-atom collisions have appeared in the litera-
ture. The reader is referred to the review arti-
cles by Gerjuoy and Thomas! and Byron and
Joachain? for references to and a discussion of
such calculations through 1976. Since that time,
a major interest in this field has been in the treat-
ment of the exchange effects, which become in-
creasingly important as the energy decreases and
must be taken quite seriously below, say, 100 eV.
The various methods by which the exchange ef-
fects have been treated in the literature are dis-
cussed, e.g., in Ref. 3.

The present paper is concerned with scattering
at higher energies, where the relativistic correc-
tions to the Coulomb-scattering amplitude may
become appreciable. To study the influence of
these effects on the atomic scattering process we
use a formulation of the Glauber theory where the
amplitude for the scattering of the projectile on
the individual scatterers in the target is used as
input, rather than the potential between the projec-
tile and the scatterers. In doing this, we use an
approximate form of the relativistic Coulomb amp-
litude, corresponding to small-angle scattering in
the second Born approximation, including spin-
flip terms. We limit ourselves to elastic scat-
tering in a one-electron system in the ground
state, considering then the hydrogenlike ions in
addition to the hydrogen atom. It has previously
been shown? that the nonrelativistic Glauber amp-
litudes for the hydrogen atom can be expressed
very simply in terms of hypergeometric functions.
We find that for elastic scattering this is the case
also for other one-electron systems and that
similar hypergeometric functions appear in the
relativistic case as well. )

Thomas and Franco® have already calculated

the Glauber amplitudes for nonrelativistic in-
elastic scattering in hydrogenlike ions, expres-
sing the results in terms of Meijer’s G functions.
Their calculations are, however, done in such a
way that the resulting amplitudes are not appli-
cable to the elastic case.

It should be pointed out that relativistic effects
within the target have not been included in the
present calculation, i.e., the electron wave func-
tion is used in its nonrelativistic form. Further,
the version of the Glauber approximation which
is used here is the one which in this area of phy-
sics is generally called the “restricted Glauber
approximation.” This means that the projectile
trajectory (the z axis) is taken to be a straight
line perpendicular to the momentum-transfer vec-
tor ﬁ:Ei —E, (k;=k;=F); asisthen usually done,
we also use the exact value g = 2k sin(36) for the
magnitude of the momentum transfer in the re-
sulting formulas (the “wide-angle approximation”).

II. SPIN-DEPENDENT GLAUBER PROFILE FUNCTION

We consider the scattering of a projectile with
charge Z,e (Z,=+1 for positrons, ¢>0) in the
Coulomb field from a point charge Z,e. The scat-
tering operator, acting between the Pauli spinors
describing the initial and final spin states of the
projectile, can be written

Fen, @ =f(n,q) +ig(n,q)5 -1, (1)

where & is the Pauli spin operator, i= (E,
Xk‘)/iﬁfXE‘[ is the normal to the scattering plane,
and n=Z,Z,a/B, with a =, = (- 1)/%/¢, €
=E/m=(m*+E)?/m, 1k, |= |k;| =k, and m being
the electron mass. We use units for which zZ=c¢
=1. By solving the Dirac equation for a Coulomb
field® and retaining terms to the order a relative
to the Rutherford amplitude we find
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fmg) =c(n,x)[1 - 17 (e - 1 x* - §8Mnxd(x)],

g(n,q) =3cm,x)x[e (e - 1)(1 - 52912
—1B%nx(1 - 529/ %d(x)],

c(n, x) = -2k 'n exp[2io(n)](z2) ™2,

d(x) =7m(1 - 3x) +ixln(zx),

x=q/k=2sin(30),

exp(2io(n)]= [T(1 +in)l/[T(1 - in)].

To terms of the first order in @ and all orders in
x the cross section, averaged over initial and
summed over final polarizations, corresponding
to this amplitude is

di
L IPIIHE
= 0% sin™*($6){1 - g% sin*(%6) — 78’0 sin($6)
x[1 - sin(30)]}, (3)

which is the McKinley-Feshbach™? cross section
obtained in the second Born approximation.

Keeping now terms to the order x? in the ampli-
tudes (2), which corresponds to a small-angle
expansion in the spirit of the Glauber approxima-
tion, we write

fn, @) =c(m, x)[F*, x) +£%%n, x)
+f 4 (m, x) + 2, 1),
gm, ) =c, 0[g" (m, x) +g'*n, »)],

fO=1, f2=_Lte(e-1)x?, )

fU=—inpinx, f12=gnpnat,

g =z e~ Dx, g=—gnpina’,

~ where the indices indicate the power of a and
power of x, respectively. This then reproduces
the cross section (3) to terms of first order in «
and second order in x.

As is well known,? there are difficulties con-
nected with the application of the Glauber approxi-
mation to the pure Coulomb potential, due to the
infinite range of the potential. We consider in-
stead the more realistic case of a screened Cou-
lomb potential (using, e.g., a sharp cutoff or a
Yukawa-type screening factor), which in the limit
of an infinite screening radius is described® by
the scattering amplitude

F..(@ =i6(q*/2k) + exp(iA) Fo(d) , (5)

where A is an infinite phase constant. We write
the corresponding profile function

P(n,b) = (2mik)™! f d’q exp(~i§ -D) 5,,@ (6)

@

P(n,b)=1 - explix(n, )], o
explix(n, b)] = exp(iA)S(n, b)

where the phase-shift function (in the usual ter-
minology actually the exponential of the phase-
shift function)

S(n, b) = Sy(n, b) + FXE,) - bS,(n, b) (8)

for the Coulomb potential is an operator in spin
space; we have here

Sy(n, b) =% f i q dq f(n, q)Jy(bq) ,
0 (9)

Si(n, b)= Z—jo‘ q dq g(n, q)J,(bq) .

The impact parameter b is by definition a vector
perpendicular to the z axis, which by choice is in
the direction %(E, +k,); the fact that § L&, is then a
consequence of our choice of z axis, and not an
additional assumption.

The phase-shift functions S; and S; for scatter-
ing without and with spin flip can now be calcula-
ted by using the amplitudes [Eq. (4)]. Admittedly,
one encounters certain mathematical problems
in doing this, as well as in the inverse Bessel
transformations from S, and S; back to f and g.
These difficulties are again connected with the
infinite range of the Coulomb potential and could
be remedied by retaining a finite screening radius
until a later stage in the calculation than we have
done. In practice, the same purpose is served by
the introduction of an artificial damping at small
q in the f% term of Eq. (4), e.g., replacing x”% by
%72 in ¢(n, x) and afterwards letting 6 -0, and
similarly employing a convergence factor exp(—vx2),
where v -0, in the terms that otherwise make the
integrals (9) undefined due to the large-q be-
havior. What this amounts to is simply that the
phase-shift functions [Eq. (9)] can be evaluated
from the amplitudes [Eq. (4)] and, inversely, the
amplitudes can be evaluated from the phase-shift
functions by taking!?

'/0‘ tm*Zin dt J,.(;vt)

:2"'*2""(1“[%(" +m+1) xin]/Tzn-m+1) ;in])

xy'm-l:Zin (10)

for all m and =n of interest, the actual requirements
for the validity of this expression being ~n -1
<m<0. With upper indices corresponding to

those of Eq. (4) the contributions to the phase-
shift functions S; are then
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S8°(n, b) = (kB)**"
5%, b) = -’ (e - 1) (kD) *""2,
Sh'(n, b) = zinp™n’ exp {2i[o(n) - o (]}
X(kb)2mt |

III. SCATTERING AMPLITUDE FOR THE COMPOSITE
SYSTEM

Let now the charge Z, appearing in Sec. II be
that of the nucleus, so that the phase-shift function
defined there corresponds to projectile-nucleus
scattering. The relevant charge-velocity param-

12 1523 24n-2 (11) eter for the scattering of the projectile on the
So°(n, b) = 2mp "’ (kb) ’ target electron is —1n,, where n,=Z,a/B, and the
S3(n, b) = —ine~l(e - 1) (kD)% 1, corresponding phase-shift function should be
12 PRI P evaluated at b’=Db - 3§, in which § is the component
Si°(n, b) = gimfn*(1 - 2in) 18, of the electron coordinate ¥ = (§,z). Making
xexp{2i[o(n) - o' (MIHEb)?"2, the Glauber assumption about the additivity of the
VYRS D ST 1N phases, we then write the scattering operator for
exp[2i0 ()] = [T + in)/T(z = in)]. the composite system, screened at infinity, as
J \
Foo@ = (2m) ik f d%b exp(iq - B) dr y}(F) (1 - exp {i[x(n, B) + x(=n;, B (F) , (12)

where i; and j); are the initial- and final-state elec-
tronwave functions. It is to be understood that the
product involving the phase-shift functions should
be symmetrized in (7, E) and (—nl,ﬁ’). Denoting
the phase factor connected with the scattering
against the electron by A; we can then write Eq.

J

T
(12) as

Foo(@ =16,;6(q%/2k) + exp[i(A +A)IF @) , (13)

where the intensity away from the forward direc-
tion is determined by the operator

F@ =—-(2m)lik f d%b exp(iq - b) dr y}(F) 3[S(n, B)S(~n,, b)) + S(=ny, B)S(n, D)y (F) - (14)

We consider now elastic scattering in the 1s
state, using a nonrelativistic wave function for the
electron. In doing the integrations in Eq. (14) we
have been inspired by the methods developed by
Thomas and Gerjuoy? for the lowest-order non-
spin-flip term in the case n;=7. It is convenient
to write the result of the integration over the
electron z coordinate as

f dz |p(F) |?=~(4m)~1a3 :TKO()\S) ,
- (15)

r=2/a, a=ay/Z,,
where g, and a are the Bohr radii for the hydrogen
atom and the hydrogenlike ion in question; and K,
as usual denotes the zeroth-order modified Bessel
function of the second kind. After integration
over the directional angle for the impact para-
meter b we are left with a three-dimensional in-
tegral for &, the variallles being b, s and the
angle ¢ between § and b. The scattering ampli-
tude for the composite system takes the same
form as that of Eq. (1), & being as before the spin
operator for the projectile (we have not consid-
ered the target spin). We write

§@ =Flq) +iG(@)F -1,

do _
aQ

(16)
|F|*+]G]*,

r
where do/dSQ is the cross section summed and
averaged over spin directions. Polarization ef-
fects can of course also be considered when F

and G are given separately. The amplitude F
contains a contribution from the nonflip amplitude
for scattering against the nucleus combined with
the corresponding amplitude for scattering against
the electron [f(n) Xf(~n,)], plus a double-spin-flip
contribution [g(n) Xg(-n,)]. Similarly, G is due to
the spin-flip amplitude against the nucleus com-
bined with the nonflip amplitude against the elec-
tron [g(n) Xf(-ny)], and the other way around

[A(m) xg(-n,)]. Explicitly,

Flq)=Fy(q) +Fy(g), G(@)=Gylq) +G,(q),

Fiq) =ik fo b db Jy(qb) Pp,(b) ,

Ej(Q) =ik j(; bdb Jl(qb)PGj(b) )

B,,(b) = (4m)™"A 537\— f “ods Ko(rs)
0

2r
X do T,,(b,s, cos¢) ,
0

TFO = So(Tl; b)so("m: b,) ’
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Tp= 51(77; b)s1(—771, b ')5’ . 5 »

Teo= S1("7y b)so(—"h, b9,

Tg1= Sy(n, B)Sy(—ny, bl)g" b ’

b?=b>+s’-2bscoso ,

I;’.I;z(b-—scosgb)/b'. (a7)

In the scattering operator (16) it turns out to be

convenient to factor out the Rutherford amplitude
c(n, x) for scattering against the bare nucleus, a
phase factor exp[i®(n,)], and a Coulomb correction
factor C(n,) characteristic of the scattering
against the target electron. Introducing the
variable ¢ = (3ag)~%, we then write

F(@ =c(n, ¢) exp[i®(n,)]

xC(m)[F() +iG6 (0 -1,
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In the products Tyj of individual phase shift func-
tions consistency requires that we keep only those
terms that are of the order zero or unity in the
fine-structure constant and of second or lower
order in the scattering angle, when looked at from
the point of view of the original scattering ampli-
tudes, i.e., products

S,',}mi(ﬂ, b)5;3m2(—771y b')

where =1+, <1 and m=m, +m, <2. For the

contributing terms F}™ and G}™, where
Fy(2) = F{’(g) + F*(¢) + F§' () + F3A(©)

Fi(5)=FQ),

cn, &)= —%na(ak)‘f"' exp[2io(n]g'**", (18) Gu(®) =GU(D) +GL(D) , (19)
exp[i® (n;)] = (ak) "1 exp[-2io(n,)],
Cln) = | T xiny)|? | G(0)=G() +G1* (D),
=21, exp(-mn,)/[1 - exp(-27n,)]. we then have
J
FQ'=Iygep, F§'=—€"(€ = 1)(11"y000 + Niz007) »
Fy' = zinB*{n” exp[2i0(n)]1900 + 1} exp[~2i5(n) 1001} »
Fy = 3mB% (P Lggo — Milaoos)s FI2=mms[e7 (€ = DALy — Lg1a)s G§'=—ine™ (e = D)Iyyq0, (20)
G§* = g8’ n{zin(1 - 2in) exp[2iT(mL100 + €' (€ ~ 1) exp[~2i0(n))]Ly101},
GY =ime ™ (€ = VIyoo = Ii11a)
Gt =—3mB e (€ - 1)n* exp[2iG(m)](Ly192 — Tpyy9) — 3iny(1 + 2iny) exp[-2i0(n))(Lz103 — Lsa)},
(n)=0o(n) -o'(n),
in terms of integrals _
Ly un(8) = =470 (ak) ™ 227 exp {2i[0(n,) — o()HC ()] g™
XSBZ 0 ”v3'K*2‘A"JL(xv) dv ‘/o-mu“”KO(gi/vau) du‘/:ﬂ do cos(Mp)yN-2in
An=n-n, y=1+u?-2ucosp)!’? x=q/k. (21)

By using methods similar to those employed in Ref. 4 we find that

Ixpun = (@)™ i@ i) [T(1 = 3N = iny) /T(L = in)P[T(M + 3N +iny) /TGN +in)I[T(1 - v +in) /T (p ~ in)]

Xexp[-2io(n)] ¢ VDN F L (0,

Fupun =1 =3N—in)3Fy(M+ 3N +in, 1— u+in,1-v+ in;zN+in, M+ 1;-¢) 4+ [(M+1)(GN+ gl (M + 2N +in)
X(L=p+in)(L—v+intFy(M+3N+1+in,2— p+in, 2-v+inzN+1+in, M+2;-¢), (22)

p=zK+L-N), v=3(K-L~-N),

where ;F, is a generalized hypergeometric function. Since in our case M is an integer, ;F, can be ex-
pressed in terms of ordinary hypergeometric functions ,F;, the cases of interest to us being
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Frron =1 =3N=in),F{(1- p+in, 1-v+inl;-g) + (1 - p+in)(1 — v +in) &, Fy(2 - p+in, 2 - v +in;2;-f),
Frpn=1=3N—=in),Fi(l-p+in, 1 -v+in;2;—-¢) + (1= u+in)(L = v+in&,F (2 - p+in, 2-v+in;3;-8)
~FGN+in) (1= p+in)@- p+in) (1 —v+in) @ -v+in s Fy(3 - u+in, 3 -v+in;4;-¢) . (23)

In this notation the amplitudes (20) then become

F{"=Fo00, Fi=—%€"(e = 1)x%(Fyp = tFa000)s F§' == 5mBnx[Fygeo — ilny/mtgh(mn,) g/ *Figy],
Fi =518 % [Fyg00 + (1/MEFa02)y FI* = =1 (/m) (€71 (€ = 1)Pea?[Fygpp = (1 + i) Fyq 5],
031 = %5—1(5 = 1)xFy199, Géz = "%Tfﬁz'ﬂxz[szo - i('rl1/”l)€-1(€ - l)tgh(ﬂn1)§1/2F21o1] ’ (24)

G =—zie (e = V)n' (1 +in) gx[Fyq9p — (1 +i0) Fyyq0],

Gi¥ = inp (n/n) tx*{e (€ = 1)(1 + 2im) [Fyy9o = (1 +iny) Foyy,)
+4(n}/n) (1 + 2in,) ™' 1+ in)tgh(an,) £ 2[Fyyos = (3 +im) Fyp b

We see that the lowest-order term

c(n, £) exp[i®(M]C (M FY°

is in agreement with the result of Thomas and
Gerjuoy® [their Eq. (28a)] for scattering on the
hydrogen atom, i.e., for n;=7. It should be noted
that our 7 and theirs are defined with opposite -
signs, ours being positive for positron scattering.
Another limit to be checked is the case where no
target electron is present, which means letting
7,0, £~ 0 and (¢/7n;) = 0; the amplitudes (4) and
(18) do then indeed coincide.

For finite n; and large momentum transfers
(£ <1) the role of the target electron is simply
to multiply the scattering amplitude from the bare
nucleus by a factor

expli®(ny)]C(n) (1 - iny),

i.e., the projectile-nucleus cross section is mul-
tiplied by a g-independent factor

D(ny) =C¥n)(1+7) . (25)

IV. NUMERICAL RESULTS AND DISCUSSION

So far, the only experimental differential cross
sections available for comparison with the present
theoretical ones are those concerning e~ scattering
on hydrogen.!'"!3 Since the highest projectile
energy here is 680 eV, relativistic effects play a
very small role in these cases, and for practical
purposes the comparison between theory and ex-
periment comes out exactly as shown in Ref. 12,
except for the fact that the newer results of van
Wingerden ef gl. at 100 and 200 eV should now be
included. ' .

It is clear that the present version of the Glau-
ber approximation does not do too well in explain-
ing the experimental results at 200 eV and below.
From Ref. 12 one is, however, left with the im-~
pression that this can be stated with certainty also
at 400 and 680 eV. We believe that Figs. 1-2,

—
where we have refrained from using the often in-
structive but at times misleading semilog plots
familiar to these areas of physics, depict the ac-
tual situation rather clearly. At these energies
the large-angle differential cross section is essen-
tially that of e”p scattering, whereas the target
electron makes itself felt at small scattering
angles. However, these experiments do not jus-
tify any choice between different theories based
on small differences in the calculated cross sec-
tion.

In general, we find that for hydrogen and the
light hydrogenlike ions it is never necessary to
consider the Glauber deviation from the bare-
nucleus cross section and the relativistic effects
[i.e., f/c#1, g#0 in Eq. (4)] at the same time.

As an example we show in Figs. 3-5 the differen-
tial cross section for e¢* scattering on He* at the
energies 100 eV, 10 keV, and 1 MeV. In the
range of angles that is considered in each case
the relativistic effects, and therefore also the e*
difference, are too small to be shown in the figure.
At 100 eV the deviation from the bare-nucleus
cross section is large and the relativistic effects
small at all angles; in the two other cases the
Glauber cross section becomes identical to the
bare-nucleus cross section [except for the small
difference introduced at these energies through
the factor (25)] long before the relativistic effects
become noticeable.

The situation is different for higher Z,, as ex-
emplified in Fig. 6 for scattering of 0.5-MeV
positrons at Z,=20. In this case we see that in
the angular region from 10° to 30°, say, the rela-
tivistic Glauber cross section differs appreciably
both from the relativistic bare-nucleus cross sec-
tion and the nonrelativistic Glauber cross section.

Our conclusion is, then, that the type of calcula-
tions presented here will be of value when one
considers high-energy e* scattering in complex
atoms, whereas scattering on actual hydrogenlike
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FIG. 3. e* scattering on He* at 100 eV in the Glauber

corresponds to the Rutherford cross section for scatter-
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approximation, compared with the cross section for
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FIG. 2. As Fig. 1, but at 680 eV.
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FIG. 4. As Fig. 3, but at 10 keV.
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FIG. 5. As Fig. 3, but at 1 MeV.

ions (low Z,) may be suitably described either by
a nonrelativistic theory or as relativistic scatter-
ing from the bare nucleus, depending on the en-
ergy and the scattering angle in question.

As far as the scattering at very small angles is
concerned, it is clear that this process is inade-
quately described by the present methods. We
mention, however, that the direct term in the
amplitude now behaves as F(g) «<i(1+ 3iAn) lng
as g - 0; for a hydrogenlike ion the divergence
therefore appears in the real as well as in the
imaginary part of the amplitude. The spin-flip
term G(¢) has an even stronger q'1 divergence as
g-0. As suggested already by Franco!* these
difficulties could be remedied by relaxing the
frozen-target assumption which is implicit in the
method used here.

In conclusion, we should like to mention very
briefly some of the attempts that have been made
to improve upon the present “restricted” version
of the Glauber theory, as applied to atomic scat-
tering problems. These include the “unrestric-
ted” Glauber approximation considered, e.g., in
Ref. 15, where the path of integration is chosen
along the direction of the incident beam (g,#0).
It is, however, our opinion that this method does
not remove a restriction as much as violate a
basic principle, viz., that of time-reversal in-
variance, due to the asymmetric treatment of the
initial and final directions. In the “Glauber

sin‘(8/2)(do/da)(10%a?)

3

0 10 g(deg) 20 30

FIG. 6. Positron scattering on a hydrogenlike ion with

Z =20 at 0.5 MeV in the relativistic and nonrelativistic

Glauber approximations, compared with the correspond-
ing cross sections for scattering on the bare nucleus.

angle” method of Chen et al.,'® one uses two in-
tersecting straight lines as the path of integra-
tion, and we also mention the “eikonal-Born
series” of Byron and Joachain'? and its close
relative the “modified” Glauber approximation, 8 1?
where the scattering amplitude is obtained partly
from the Glauber and partly from the Born ap-
proximation. The virtues and disadvantages of

the different approaches depend to a great extent
on the projectile energy in question. If we limit
the discussion to energies of some 400 eV and
above (for e*H scattering) it is clear that over a
large range of scattering angles the differential
cross section is largely determined by the scat-
tering against the nucleus, the influence of the
target electron being important only at fairly small
angles. In these circumstances it seems natural
to use a theory which has built into it the property
that it reproduces at least the dominant part of the
amplitude, i.e., the amplitude for scattering against
the bare nucleus, well. In this respect the “re-
stricted, wide-angle” Glauber approximation, in
spite of its several shortcomings, has the advan-
tage that it reproduces the Rutherford amplitude
exactly.®® We should like to stress that it is not
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our purpose to advocate the indiscriminate use of
the Glauber approximation in atomic scattering
problems, but only its usefulness in situations
where the target electrons have a fairly small in-
fluence on the scattering cross section. In other
cases the problem should be tackled by different

methods. We mention, for instance, that in the
case of electron scattering on He, for which very
accurate data exist, the eikonal-Born series me-
thod has made it possible to reproduce the mea-
sured differential cross sections in the energy
range 100-700 eV very well.!”
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