PHYSICAL REVIEW A

VOLUME 20, NUMBER 3

SEPTEMBER 1979
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A formalism for a time-dependent harmonic oscillator is presented. The quantum-mechanical solution is
developed and the Green’s function is derived. Particular examples of runaway and dissipative behavior are

considered.

I. INTRODUCTION

The usual treatment of quantum-mechanical os-
cillators assumes that the Hamiltonian is time in-
dependent. It is unlikely that all physical oscil-
lators are of this form. Camiz et al.! have con-
sidered a special case of the time-dependent os-
cillator where only the frequency is allowed to
change with time. Kanai,? Kerner,® and Stevens!
have considered another special case leading to a
damped oscillator. In this paper, we consider the
most general form of time-dependent linear os-
cillator subject to the normal commutation rela-
tions. The technique yields both the Green’s func-
tion and a prescription for the explicit calculation
of the important expectation values.

To illustrate the technique, we consider four in-
teresting cases. The first is the damped oscillator
originally proposed by Kanai.! The second is the
corresponding runaway oscillator. The third is a
new model where the frequency of the damped os-
cillator is also damped. The final case is the cor-
responding runaway solution to case three.

II. FORMALISM

We represent the general time-dependent har-
monic-oscillator Hamiltonian as

H=F(t)p*/2m +g(t)smwix® (2.1)

where the time-independent harmonic-oscillator
Hamiltonian is expressed by

H, =p%/2m +%mw%x2 . (2.2)
The condition that H equal H,, at { =0 implies
f0)=g(0)=1. (2.3)
The Hamiltonian equations
. 0oH
= 2.
X=gy (2.4)
h=—2H 2.5)
ox
20

applied to the Hamiltonian (2.1) yield

x=f(t)p/m , (2.6)

p=-gltmwix. 2.7
The equation of motion obtained is.

5t = (Inf(0) i + AN (D)ol =0. (2.8)

The Lagrangian is expressed by

L=px-H. (2.9)
From Eq. (2.6),

p=f)"'mx. (2.10)

Hence the corresponding Lagrangian is
I =f(t) Yima? —g(t)%mw(z,xz . (2.11)

The equation of motion (2.8) can be rewritten in
the form :

d*x

— +Q(Owix=0 (2.12)
do
by a transformation
0=06(t). (2.13)
Equation (2.8) may be expressed as
;%[f(t)"fc] +&(Hwix=0. (2.14)
Since
d_ddo
dt—dedt’ (2.15)
one obtains
-1-_dx
1, 49X
1) x=-3 (2.16)
for
dé
;i_;zf(t) . \ (2.17)

Substituting Egs. (2.15)—(2.17) into Eq. (2.14), one
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obtains Eq. (2.12) with Q(6) expressed by

Q(6)=G(6)/F(6), (2.18)
where '

F(6)=At), (2.19)

G(6)=g(t). (2.20)

Equation (2.17) defines the transformation (2.13).

Integration of this equation yields

6(¢) =-ff(t) dat+C. (2.21)
One can choose the constant C such that

6(0)=0. (2.22)
If

gt)=£(t), (2.23)
Eq. (2.12) becomes

dzx 2

= 2.2
dﬁeg +wepx=0. ) (2.24)

III. QUANTUM-MECHANICAL SOLUTION

For H expressed by Eq. (2.1), x and p are taken:
as operators satisfying the commutation relation

[x,pl=in. (3.1)

The corresponding Schrddinger equation for the
wave function ¥(x,?) is

2 _

zﬁat =Hy. (3.2)
Setting

¥(x,t) =Ui(x,0), (3.3)

Eq. (3.2) implies

L OU

in o =HU, (3.4)
where U must be unitary to preserve norms.

For an operator O, the operators O, are defined
by5

o,=U%U, (3.5)

0-=UOU", © o (3.6)
From Eq. (3.4),

do, 1 90

F—E[O*’H*]i—(_ﬁ)*' (3.7)
Specifically,

dx. 1

TR CNAR (3.8)

dp. 1

= b H, (3.9)

d’x, 1 [dx. 3 fdx.

i " [dt ’H*]+at(dt ) (3.10)
Also, Egs. (3.1) and (3.5) imply

[x,,p]=in. (3.11)

Application of Egs. (3.8)~(3.11) to the Hamiltonian
H in Eq. (2.1) yields respective equations identical
to Egs. (2.6)—(2.8) with x replaced by the operator
x, and p replaced by the operator p,.

Since the Hamilton equations (2.6) and (2.7) are
linear in x and p, the operators x, and p, can be
represented respectively by

=alt)x +b(t)p, (3.12)
p,=c(t)x +d@)p , (3.13)
where
a(0)=d(0)=1, (3.14)
b(0)=¢(0)=0. (3.15)

Equations (2.6) and (2.7) imply

c=%§—?—, (3.16)

d =;m-5—?- (3.17)
The condition

lx,,p.]=lx,p] (3.18)
requires

ad -bc=1. (3.19)

Assuming the oscillator to be in a state [») at
t =0, we compute the expectation values of xﬁ and
x* at a later time ¢, These are denoted by (x%),
and (:'ci),,, respeétively. The harmonic-oscillator
operators A and A" are employed which have the
following properties:

x=(/2mw)' '} A +A"), (3.20)
p=(1/i)amhwy)' A -A"), (3.21)
Almy=Vnln-1), (3.22)
A=+ 1)V +1), (3.23)
[a,A"]=1. : (3.24)
From Eqgs. (3.20)—(3.24),
|ty =(n+3)/mw,, (3.25)
mp?iny =(n+3mhw, , (3.26)
nlxp +pxlny=0. (3.27)

The quantities (x%, and (x%), are defined in the fol-
lowing manner:

o= mlEny, (3.28)
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(oD = (nl1ny. (3.29)

The expressions for x, and p, are given in Eq.
(3.12) and (3.13), respectively. The operator x, is
related to p, through Eq. (2.6), i.e.,

x,=fp,/m.

Substitution in Egs. (3.28) and (3.29), respective-
ly, and using the relationships (3.25)—(3.27) yields

(3.31)
(3.32)

(3.30)

(= (@® +m*widD(n + 3)i/mw, ,

(,}5":]&[(1/7”20)‘2))02 +d*(n + w,/m .

IV. GREEN’S FUNCTION
The Green’s function G(x,x";?) is defined by

(xlUIx"y=G(x,x";t). (4.1)

The wave function Y(x,?) is obtainable from ¥(x, 0)
by the formula

et = Gl 00, 0)ax' (4.2)
The condition

[ vt nax=f ¥, 00, 0x  (4.3)
implies

f Gl x,x";)G(x,x";1)dx =06(x" —x") . (4.4)

The boundary condition

limy(x,?) =9(x, 0) (4.5)
t~0

implies
HUmG(x,x";t) =0(x" —x). (4.6)
t-0

Equations (3.5) and (3.6) applied to the operator
x yield

x,=U"xU, (4.7)
x-=UxU". (4.8)

The expression for x, is given in Eq. (3.12).
Since

Ux,Ut=x, (4.9)
(4.10)

one obtains from the respective Egs. (3.12) and
(3.13):

Up U '=p,

x=ax-+bp-, (4.11)

p=cx- +dp-. (4.12)
Thus

X.=dx -bp. (4.13)

From Eq. (4.1),

lxUlxy =xG(x,x";t) . (4.14)
Also,
xlxUlx"y=(x|Ux Ix"). (4.15)

The expression for x, is given in Eq. (3.12) and
0
(x1UplIx" :iﬁé?G(x,x';t) . (4.16)

Substitution for x, into Eq. (4.15) and then equating
to Eq. (4.14), one obtains

-Z%=(i/ﬁb)(ax’ -x)G. (4.17)
Hence
G =g(x,t) expl(i/fib)asx" - xx")]. (4.18)

Substitution of Eq. (4.13) for x. into the equation

(x|l Uxlx"y ={xlxUlx") (4.19)
and noting that

(x| Uxlx"y=x"G(x,x";t), (4.20)
yields the expression

oG ; ,

-a}-=;z£b-(dx—x )G . (4.21)

From Eq. (4.18), one obtains

og _d

a8 (4.22)
Thus

g =F(t)expl(id/2nb)x"] . (4.23)

Substituting this expression for g into Eq. (4.18)

yields
G =F(t) expl(i/27b)(dx® +ax” - 2xx7)] . (4.24)

The expression for F(f) can be obtained from the
requirements (4.4) and (4.6). The result is

F(t)=1/(2minb)!/?. (4.25)
Hence
G(x,x';t)

=(B/im )"/ * explip(dx® +ax"? - 2xx")], (4.26)
where

B8=1/2%b . (4.27)

An alternative method of deriving the Green’s
function is through the path integral formalism.®
The Green’s function is expressible through the
relationship

G(x,x';¢) =F(@) expl(i/m)S(x,x";8)] , (4.28)
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(4.29)
0 .
The expression for F(¢) is obtained from Egs.

(4.4) and (4.6). |

<o>,=f_:dxf_:dx'f_:dx" P(x", 006 (x, "3 0G x, x'; Db x”, 0).

(0); is also expressible as

(0),= f :zp*(x, 0)0,¥(x,0)dx , (4.32)

where O, is defined in Eq. (3.5).
Consider, for instance, the Gaussian distribution

W(x,0)=(a/m'*exp[ - sa(x —x0)1]. (4.33)

This function has the property
f 3" (x, 0)x(x, 0)dx =3, - (4.34)

Also, since from Egs. (2.3) and (2.6),

x(0)=p(0)/m , (4.35)
this implies that
8, 00, 0

= (Tt 0 -

=m _wd) (x,0) axll)(x,O)dx—O . (4.36)

We evaluate (x), for the Gaussian expression
given in Eq. (4.33). Utilizing either the Green’s
function (4.26) or Eq. (3.12) for x,, one obtains

We=alt)x, (4.37)

which is the same as the classical solution for x
with the initial conditions x =x, and x=0.

The wave function ¥(x,#) for the Gaussian ¥(x, 0)
defined in Eq. (4.33) is obtainable from Eq. (4.2)
using the expression (4.26) for the Green’s func-
tion. The result is

Wlx, ) =(B/i) Ha/mB) %t (4.38)
where
=10’ +g%*, (4.39)
y==(a/24)4x —ax,)?, (4.40)
¢ =zarctan(2fa/a) +pld - (1/B)B%alx’
—(a%/2B)Bxyx +(a?/4B)Bax?.

(4.41)

V. EXPONENTIALLY TIME-DEPENDENT OSCILLATORS

For a Hamiltonian of the form (2.1) with

fity=e'’*1, (5.1)
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For an operator 0, the expression for the Green’s
function can be used to determine (O),, where

<O>t =f m‘pt(xs £)OP(x,t) dx . (4.30)
Thus
(4.31)
! )
gt)y=e'’2, (5.2)

where a; and o, are constants, Egs. (2.6)—(2.8)
and (2.11), respectively, yield

x=e''"p/m , (5.3)
j}:-e””‘?mw%x, -~ (5.4)
1.
%—&—x+ expl(1/a; +1/ay)tlwix=0, (5.5)
1
L=e/*gmx® —e'/ *24mwlst . (5.6)

We consider the following particular Hamiltoni-
ans H{ —H, of the above type:

Hy=e '"p?/2m +e' ' smwix?, (5.7)
Hy=e'""p*/2m +e™ " "smwix?, (5.8)
Hy=e" /"0 /2m +e " smwix® , (5.9)
Hy=e''"p*/2m +e' " smuwix® . (5.10)
Thus, in the notation of Eq. (2.1),
fi=e™t T =g{! (5.11)
fo=e'"=gy! (5.12)
fy=e ™ T=g, (5.13)
fi=e'T=g,. (5.14)

Equation (5.3)~(5.5) yield the following equations
for the Hamiltonians H,-H,, respectively:

xy=e""p/m , (5.15)
pr=—e"""muwlx, (5.16)
X%y +(1/7)%, + whx =0; (5.17)
xy=e"""py/m , (5.18)
ba=—e"""mwix, (5.19)
%y = (1/7)xy + wha, =0 (5.20)
xg=e""py/m , (5.21)
py=-e"muwixs, (5.22)
g +(1/ )y +e ¥ Twjng = 0; (5.23)
iy=e'"py/m (5.24)
pi=-e"'"mwix,, (5.25)
= (1/T)x +e? "l =0, (5.26)
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Equation (5.17) is the equation of motion for a
dissipative harmonic oscillator, and Eq. (5.20) is
the corresponding equation of motion for a runaway
harmonic oscillator. Equations (5.23) and (5.26)
can, respectively, be written as

g+ (1/7)icy + (1% =0, (5.27)
w3(t)=e-t /T’-Oo§ . (5.28)
%y = (1/7)x, + wi()xy =0, (5.29)

wy(t)=e""w,. (5.30)

Thus Eq. (5.23) corresponds to a system whose w
is decaying with time and Eq. (5.26) to a system
whose w is growing with time,

The Hamiltonians Hy and H, satisfy the condition
(2.23). Hence these Hamiltonians satisfy the equa-
tion of motion (2.24), which is the equation of mo-
tion for H, with ¢ replaced by 6. The respective
expressions 6; and 6, for the Hamiltonians H; and
H, are obtainable from Egs. (2.21)-(2.22). Thus

(5.31)
(5.32)

6y =T(1—e"*'")
6,=7"’"-1).

As noted in Sec. III, the corresponding quantum-
mechanical expressions are identical to Egs.
(5.15)—(5.26) with x replaced by x, and p replaced
by p,.

For the Hamiltonian H,, the solution obtained is
(5.33)

(5.34)

x,=e " /*"(0, coswt + 0, sinwt) ,

w=(wi-1/47)1/2

where Oy and O, are operators to be determined.
The corresponding expression for p, is obtained
from the relationship

dx.

p.=e"""m ar " (5.35)
At =0,
X, =X, (5.36)
iz _L (5.37)
Thus
0, =x, (5.38)
0y =(1/w)lp/m +(1/27)x]. (5.39)

Substituting Eqs. (5.38)—(5.39) into Egs. (5.33)—
(5.35), one obtains :

x,=e ¥ coswt + (1/2wT) sinwt]

+

+(p/mw) sinwt}, (5.40)
p,=e'*plcoswt — (1/2wT) sinwt]
—xm(w + 1/4w7?) sinwt} . (5.41)

The corresponding expressions for H, are ob-
tained by the substitution 7—- 7 in the above ex-
pressions. .
The solution to the Hamiltonian H; may be ob-
tained from the above-mentioned property that the
equation of motion for x, is of the time-indepen-
dent harmonic-oscillator type in the coordinate

6(¢). Thus
x,=0{ cosw,f + 0, sinw, 6 , (5.42)

where the expression for 6 is given in Eq. (5.31).
The operator p, is given by

dx+
dt '

The =0 conditions (5.36) and (5.37) imply

p,=e"""m (5.43)

Oy=x, (5.44)
O, =p/mwy . (5.45)
Hence
%, =xcoslw,T(1 —e™*/7)]
+(p/mw,) sinfwyT(1 =& /7)], (5.46)
p,=pcoslw,T(l —e /")
- xmwqsinfw,T(1 —e /7). (5.47)

The substitution 7—-- 7 in the above expressions
yields the corresponding expressions for the
Hamiltonian H,, :

Note that the expressions (5.40) and (5.41), (5.46)
and (5.47), and the corresponding expressions for
H, and H, are of the general forms (3.12) and (3.13).
They satisfy the conditions (3.16), (3.17), and
(3.19). Thus for the Hamiltonian H,,

a=e ¥ coswt +(1/2wT) sinwt] , (5.48)
b=et'¥(1/mw) sinwt , (5.49)
c=—e¢"""mlw +(1/4w )] sinwt , (5.50)
d=e'"*coswt - (1/2wT) sinw?] . (5.51)
For the Hamiltonian H,,
a=cos[w,7(1-e*'7)], (5.52)
b =(1/mwg) sinfw,7(1 —e™/7)], (5.53)
¢ =—muwqsinfw,7(1 =¢*/7)], (5.54)
d=coslw,T(1-e™t'7)]. (5.55)

The corresponding expressions for the Hamiltoni-
ans H, and H, are obtainable by the substitution
T-—7 in Egs. (5.48)—(5.51) and (5.52)—-(5.55), re-
spectively.

For the Hamiltonian H,, Eqgs. (3.31) and (3.32)
yield, respectively,
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(%, =e "' coswt +(1/2wT) sinwt]? + (w}/w?) sin*wtl(n + 3)i/mw, , (5.56)

="t Y[ coswt = (1/2wT) sinwt]? + (w/wy + 1/4wgw ) sinfwil(n+ %)ﬁ—ﬂ . (5.57)

The energy operator E, is defined by

E,=3mx’ +imwix?. (5.58)
From Egs. (5.56) and (5.57), one obtains
(Eyp=e1+(1/2w%7) sin*wt](n + $iw,. (5.59)

The corresponding expressions for the Hamiltoni-
an H, are obtained by the substitution 7-- 7.

For the Hamiltonian Hy, Egs. (3.31) and (3.32)
yield, respectively,

&8, =n+ 3/ mw,, (5.60)

D ,=e T (n+3)hwy/m . _ (5.61)
The energy operator E |, is g{ven by

E,=3mx’ +3mwisl. ~ (5.62)

From Eq. (5.28),

w=e"w,. (5.63)
Substitution of Egs. (5.60) and (5.61) yields
€ o= (n+3)w, . (5.64)

The substitution 7—- 7 in the above equations
yields the corresponding expressions for the
Hamiltonian H,.

Equations (5.57) and (5.61) imply that both the
Hamiltonians H, and Hj yield (x%,~0 for - «.
Equation (5.56) implies that the Hamiltonian H,
yields (x%,~ 0 for ¢ —<. Equation (5.60) for the
corresponding expression for the Hamiltonian Hy
implies that (xf),, is time independent and equal to
its value at £ =0. This is because the value of w
is decaying with time in accordance with Eq.
(5.63). Equations (5.59) and (5.64) imply that for
both H, and Hj, (E,),~0 for t -,

For t=0, let the system have the wave function

9(x,0)=3 anb(x), (5.65)

where ¥,(x) are eigenfunctions of the Hamiltonian
H,. The expressions for ¥(x,¢) for the Hamiltoni-
ans Hy and H, will be of the corresponding form
for Hy with ¢ replaced by the respective 6. Spe-
cifically,

W(x, 1) =) andulx)
n
expl Fi(n + 3w, (1 —e*¢/M)], (5.66)
where the upper signs refer to H; and the lower

signs refer to H,.
The respective Green’s functions are obtainable

m

|
by the substitution of the appropriate expressions
for ¢, b, and d in Eq. (4.26). Similarly, one can
obtain the Gaussian expressions for (x), and ¥(x,1)
by substitution in Egs. (4.37) and (4.38), respec-
tively.

V1. DISCUSSION

This paper has presented a method for obtaining
the expression values for all observables of a
time-dependent harmonic oscillator. Physically,
such oscillators can occur in at least two differ-
ent ways. In each case, the quantum-mechanical
system under consideration must contain smaller
subsystems. For example, a diatomic molecule
is a quantum-mechanical system with smaller sys-
tems within both the electron cloud and the nuclei.

The first class of time-dependent oscillators
occurs when oscillatory behavior of the subsys-
tem produces a periodic variation in either the ef-
fective mass or the effective spring constant of
the larger system. This will be examined in de-
tail in a future paper.

In the second class of problems, the subsystem
possesses a large number of degrees of freedom
with a quasicontinuous spectrum of energy eigen-
values. The subsystem acts to dissipate the ener-
gy of the large scale mode. One way of describing
this case is to use the time-dependent Hamiltonian
denoted by H, in Sec. V. This approach, originally
suggested by Kanai,2 corresponds to the classical
damped harmonic oscillator as described by Eq.
(5.17).

The above technique for treating dissipative sys-
tems has been questioned by Senitzky,” who sug-
gested using a Hamiltonian describing the coupling
between a lossless oscillator and the loss mechan-
ism. With approximations, he obtained an equation
of motion that included both a damping term and a
fluctuating driving term. Senitzky claimed that
this driving term is needed to obtain both the cor-
rect commutation relation and the correct thermal
fluctuation level. We disagree with the first point,
since, as explained in Sec. III, it is the commuta-
tion relation for the generalized position and mo-
mentum that must be, and, in our treatment, is
conserved. We agree with the second point. The
correct classical equation of motion should have a
Langevinlike fluctuating driving term. This term
may be neglected whenever the oscillator’s energy
is much greater than the thermal fluctuation level.
Within this approximation, the energy of the oscil-
lator goes to zero [see Eq. (5.59)]. The treatment
by Kanai,? and our treatment of H 1, corresponds
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to the classical limit with the fluctuating driving
term neglected. A better treatment, and one that
will be published in a future paper, is to add terms

to the Hamiltonian that will produce the classical
equation of motion with the fluctuating driving
term.
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