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Photon echoes in standing-wave fields: Time separation of spatial harmonics
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A calculation is presented to describe the response of an atomic system subjected to two strong standing-
wave field pulses separated in time. One finds a sequence of output pulses following input pulses which is
reminiscent of classical photon echoes. A physical picture of the processes involved in echo formation is
presented, and connection is made with the classical picture of photon echoes. The application of these
techniques to collision studies is emphasized. It is shown that studies of echoes produced by standing-wave
fields can prove advantageous for exploring the effects of small-angle scattering on both level populations and
atomic coherences.

I. INTRODUCTION

There has been recent interest in using time re-
solved methods in laser spectroscopy. These in-
clude time-resolved saturation spectroscopy, '
free-induction decay, ' photon echo, ' ' quantum
beats, ' coherent Raman beats, ' superradiance, '
and excitation in separated fields. ' " In most of
these experiments one observes the transient
response of atoms to the application or removal
of laser fields. In addition to providing a means
for carrying out high-precision spectroscopy,
these methods are useful, to varying degrees, for
studying relaxation processes.

In this paper we consider the response of an
atomic system to excitation by separated fields,
sometimes referred to as optical Ramsey fringes.
To observe optical Ramsey fringes, one applies a
laser-generated stanching agee to atoms during a
short time 7, at two instants separated by a de-
lay T. Experimentally, this process has been
studied using gas cells" "as well as atomic
beams' ' for both two-photon"" and one-pho-
ton"" "excitation. In the ease of two-photon
transitions, which are free from'the Doppler ef-
fect, the evolution of the atoms after the second
pulse is probed by the fluorescence decay from
the upper level. For one-photon transitions, the
field-induced coherence among the atomic dipoles
is rapidly destroyed for different velocity sub-
classes of atoms owing to the Doppler effect, ex-
cept at a time T after the second pulse. At this
instant a coherent radiation is emitted by the gas,
which is reminiscent of the classical photon echo.
In either case the signals exhibit a detuning-de-
pendent structure of width 1/T, which does not
exist in the usual photon echo. The ultimate reso-
lution of separated-field spectroscopy [with width

(T) '] may be much better than that in saturation
spectroscopy (limited by transit-time broaden-
ing).

In the last papers of the group of Novosibirsk, "'"
a new feature was noted, which is the occurence of
coherent radiations, not only at time T; but also
at 2T, 3T after the second pulse. The aim of this
paper is to qualitatively and quantitatively discuss
the origin of the successive coherent radiation in
separated fields (CRSF). The buildup of echoes
at successive times is directly connected with the
cancellation of the Doppler phase of various spa-
tial harmonics of both the atomic coherences and
level populations. We show that the spatial com-
ponent of order ~ between the two pulses, is the
source of an echo at time ~T after the second
pulse. The characteristics of the phenomenon in
the frequency domain are investigated and the dif-
ference with the usual photon echo is elucidated.
Moreover a calculation of the CRSF intensity is
carried out using a simple model.

In Sec. II the CRSF intensity is calculated, as-
suming that the field seen by the atoms is pro-
vided by the external fields only (i.e. , polariza-
tion fields are neglected). The details of this
calculation are given in Appendix A. Discussions
of the origin of the various echoes and the detun-
ing dependence of the fields is given in Secs. III
and IV, respectively. Finally, the possibilities
of using CRSF for collisional studies is explored
in Sec. V.

II. CRSF INTENSITY

Consider a gas cell (Fig. 1) illuminated by two
successive standing wave laser pulses. The
pulses are applied at times t, and t, having dura-
tions r, and r„respectively. The laser field of
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FIG. 1. Two standing-wave pulses of duration ro and

7~ separated by time T are incident on an atomic system.

intense than the external ones. In these limits Eqs.
(1) are solved in Appendix A.

All spatial harmonies are contained in the atomic
polarization P= tl(p»+ p») which is of the form

P(v„z, t) = P,(v„z, t) cosset

+ P,(v„z, t) sin(ut, (2)

frequency ~, is taken to be of the form

K(z, t) = 2E(z, t)

= iE, cos~t sintiz [8(t,)+ 8(t,)],
where

1 0& (t —t, )&r, , .
8t)=

0 otherwise,
A

and i is a unit vector in the direction of polariza-
tion.

In the rotating-wave approximation, the equa-
tions of motion for density-matrix elements
p(z, v„ t) (only motion in the direction of the field-
propagation vector need be considered) are

where P, and P, are slowly varying functions of
time, compared with cos~t. However, it follows
from this form of the polarization and Maxwell's
eiluations that only the component of P(v„z, t)
proportional to sink@ gives rise to a significant
electric field (i.e. , the absence of polarization
frequencies 3', 5', . . .implies that polarization
components varying as sin3&z, sin5&z, . . . are neg-
ligible). It then follows' from Maxwell's equations
that the echo field amplitude exiting the sample is
given by

8 (t) = l 2vt2l[P, (v„ t)'+ P,(v„t)']'t'dv, ,J

where

8 8Pll + v Pll
tX(p e 1 t (s)p eti)(s)

gt Z gg 21 12

v/0
P,(v„t) = — P,(v„z', t) sinkz'dz'

s " k p s
(4)

x sinkz[8(t, )+ 8(t,)] -y„p„,
8 9P22 ~ V

P22 ty(p e i(s)i p e iM'i)
g g 12 21

and l is the length of the sample. The echo ampli-
tude is calculated in Appendix A (using the simpli-
fying, but not critical, assumption that y» =y22 ——y)
as.

x sinkz [8(t,)+ 8(t, )] —y„p„, 8(t) 4sk( fdv,=N, (v,)

9, 8P12 + v P12 2g(p p )e 1 c(s)
g gg 22 11

where

x(Ae "12 cost2T+Be " ),

x sinkz [8(t,)+ 8(t,)] —y„p„-j(d,p„,

where (z, is the 1-2 transition fre(luency, y= PE,/
2IE, p, is the dipole moment associated with the
transition 1-2, and y, &

is the natural decay rate of

p ~go

It is assumed that the applied pulses are well
separated (t, —t, » r2), and that the detuning b,

=~ —~, and the decay rates y, &
satisfy

~

t), ~72«1,
y,.&v„«1, respectively, as is common experimen-
tally. Moreover, to ensure that the Doppler de-
phasing between pulses is complete, one assumes
that ku T» 1, where u is the width of the thermal-
velocity distribution. Finally, the effect of the
polarization fields on the atoms is neglected, which

is valid provided that the echo fields are much less

even

( )"J„., siv( ' ')-
4g . tiv, r, 'Ix J ~-—sin

Z i,
x exp[—y»(t —t, )]
x cos [kv,(nT —(t —t, ))] .

The physical content of this equation will be dis-
cussed in Secs. III and IV. %e may note here
some general features of the solution. The echo

&,(v.) = p„(v„t,) —p„(v„tJ
is the population difference density inside the cell
before the first pulse, and
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amplitude is a maximum for t —f, =nT (n is an
integer). For other times, the velocity integra-

tion leads to a negligible echo ampl. itude. The
maximum amplitude of the ~th echo is given by

8 (i, +nT)=( —)"4wkl JdvN, (vV, , „, sin( — '')"".kv,

e "»~ coshT, ~ odd,
xg„sin —

' ' e»"kv, 7oi (8)

For odd g the maximum amplitude oscillates as
a function of detuning 6, with the fringes having a
width -1/T. For even n, the signals do not exhibit
this detuning dependence. From Eqs. (5) and (7),
one can see that the duratiori of a given echo in
time is (k'v, ), where b v, is the range of signi-
ficant v, entering the integration in Eq. (5); the
range hv, is a function of X, ku, v„T,. The gen-
eral qualitative features of the results are illus-
trated schematically in Fig. 2.

One can determine the most suitable values of
parameters vo, v„x in order to maximize the in-
tensity of a given echo. As a first attempt at this

I

choice of parameters, consider the simple situa-
tion where all the velocity classes are equally ex-
cited by the pulses, i.e. , kuv. «1. In this limit the
arguments of the Bessel functions reduce to 2xvo
and 2xr„respectively. Taking a Maxwellian dis-
tribution for N„

X,(v, ) =(N, /uV v ) exp(-v,'/u'),

one obtains the echo:

$(t) =4vklN, exp f--,' k'u'[nT -(f —f, ) j'
x [A'e "»r cos(LT)+B'e "r],

where

„Inpul' inlensil y

) (-)"Z„„(2Xri)J'„(2Xro)

~

x exp[-y»(f —t,)].
n even

Oui'pul' ini'ensil'y

(b)

ZT 3T 4T 5T 6Y

Qul pui (nllRnsll }

O Tl'/PT Tl/T 3TI'/PT

FIG. 2. Schematic representation of the results: (a)
input pulses, (b) I output i as s function of time, (c) out-
put as a function of detuning for fixed t located at one of
the echoes occuring at t =t~+gT with n odd.

The duration of each of these echoes (at half-max-
imum) is 3.4/ku, and to maximize $(t), r, and T,
must be chosen so that the Bessel functions of the
observed echo have their first maximum for 2X7,
and 2Xv, (Ref. 14):

X7,= 0.9 and v', = 1.72vo for n= 1,
Xvo= 1.55 and ~, = 1.35'', for n= 2.

In the limit kuv «1 under consideration, this op-
timization procedure requires field strengths X
» ku.

The ratio R„of the optimized intensity of the
first echo to that of the others is shown as fol-
lows:

1 2 3 4 5

R„ 1 1.82 2.7 3.57 5

If kur &1, Eq. (5) must be evaluated by a numeri-
cal integration. Figures 3 and 4 show 8 for the
two first echoes, as a function of kuv, for several
values of X. In this calculation the ratio between
7, and 7g is fixed at the optimum value which has
been determined previously for the limiting case
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e, (t.1+7)
X/Lu =2

/'! g (t)

curve 1:X/ku =2

FIG. 3. Maximum value of the first echo amplitude as
a function of kgb.

~ for various ratios ~~kg. The value of
v eras taken equal to 0.587'&.0

ku7 « l. It turns out that the intensity maxima
shown y lgs.b Fi s. 3 and 4 are approximately located
at the same values of Xrp and Xv.„as in the kuv, .
«1 case. The echo amplitude maximum is de-
creased by a factor of 2 (first echo) or a factor of
2.8 (second echo) when the Rabi frequency is
changed from 2ku to 0.2@m.

Figures 5 and 6 represent the time evolution of
the echoes around the instant t, + AT. For each
value of X 70, and v, are chos en to give the max-
imum intensity. The duration of the echoes (at
balf-maximum) is increased from about 3.5/ku
to 8/ku (first echo) and 3.5/ku to 12/ku (second
echo) when X varies from 2kN to 0.2ku. The physi-
cal implications of the above results are dis-
cussed in Secs. III and IV.

III. PHYSICS OF ECHO FORMATION

P 3 4 5 6 7 8
ku (t.-t,1-nT)

FIG. 5. First echo amplitude (n =1) as a function of
time for various field strengths kl. The values of kg7&
used to maximize the amplitude are indicate

an initial given phase kz of the applied field at
0

of the induced polarization is mks (m odd). From
time t, to t with the field off, the atoms keep the
samarne phase mba'. Owing to their motion, the
atoms at (g, t) are the ones which were a (zpt
= a —v,(t —t,), t,). Consequently, the spatial phase

/'! g (t)

To investigate the physical origin of the echoes,
we first consider tbe limiting case kuv «1 (all
velocity subclasses excited by the pulses). For

1, t (!.!+ 2 T )

curve 1:X/%, u =2
A.u Zi1 --1

2: 'X/Au=0. 5
A.u Z1=4.4

/ 2

C

0
t

A

L
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kuZ1

! I ~ I ~ ! f I

FIG. 4. Maximum value of the second echo amplitude
as a function of kl7& for various ratios y/ka. The value
of vo was taken equal to 0.74~~.

FIG. 6. Second echo amplitude (n = 2) as a function of
time for various field strengths X/'ku.
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of atoms with velocity e, at z is

y„(v„z, t) =mkz, = mkz -mkv, (t- t,).
In a standing wave field, populations as well as
off-diagonal density matrix elements acquire
phases. Thus the phase of an arbitrary density
matrix element harmonic at t= t~ is nks
—nkv, (t, —f,), where n can be even (population) or
odd (polarization). The second pulse causes each
zth harmonic, present at time t, to drive the mth
harmonic of the polarization. The phase of the
neth harmonic after the pulse is obtained by adding
(m -n)kz to the phase of the nth harmonic before
the pulse. This leads to

ii (p
~
(~ ,z, t)

h~z(ti to}

-8%apt~-tol

FTl 1

n=+8
2=0

y„(v„z,f, ) = mkz —nkv, (t, —t,) .
This total phase differs from the value of P„be-
fore the pulse by a phase jump (m -n)kv, (t, —t,).
Note that the phase of the mth harmonic after the
pulse actually reflects the time development of the
~th harmonic, and not that of the mth harmonic,
between t, and t, . In the same way that the phase
at time t after the first pulse was obtained, one
can calculate the spatial phase at time t& t„as

y„(v„z,f) = mkz —kv,(m(t —t, ) + n T),
where T= t, —t,. All the velocity classes of the.
polarization combine their contributions to pro-
duce coherent radiation of the gas after the second
pulse. The spatial average gives rise to negligible
contributions from the various harmonics (pro-
vided the dimension of the sample is much larger
than the radiation wave length) except for the com-
ponents having spatial phase +kg. Thus, the sig-
nal originates from components such that m= +1,
with a phase

y„(v„z, t) = ~kz —kv,(nr ~(t —t,)).
In the integration over g„ the atomic polariza-

tion is small, owing to the Doppler phase
kv,(nT+(f —t~)), except at times t= f, + in~ T when
this Doppler phase is zero. Thus an echo occurs
at time ~n

~

T after the second pulse and reflects
the buildup of either poiarization (n odd) or popu-
lation (n even) harmonics in the t, - t, region.
Figure 7 represents this result for the case n
=+8, m= -1, z= 0. The result is analogous to that
in classical photon echoes —independent of velocity,
all dipoles are in phase at a specific time where
an echo is observed. Since the gath harmonic is
either a population or a polarization component
depending on whether ~ is even or odd, coherent
radiation in separated fields is an extension of
photon echo in traveling-wave fields, where only
the lowest polarization components may be ex-
cited. The usual interpretation of photon echo in
gases considers the effect of the second pulse as

FIG. 7. Evolution of the spatial phase of the (-1) har-
monic as a function of time, showing only the contribu-
tion from the 8th harmonic following the second pulse.
This contribution leads to an echo at t =ted+ST. Contri-
butions from other harmonics (not shown) lead to echoes

tf+ ~n ~
T.

a reversal of the Doppler phase: -kv(t, —to)

-kv(t, —t,). This result is a limiting case of the
more general result in CRSF where the second
pulse induces a change of (1 -n)kv(t, —t,) in the
Doppler phase (for classical) photon echo n= -1).
Thus the presence of the various echoes may be
explained by the simple "phase-jump" picture.

The time duration of CRSF may also be explained
using a simple picture. The atomic dipoles lose
their relative phase coherence in a time equal to
the inverse of the frequency bandwidth excited by
the laser fields. If kur, S 1, all velocity sub-
classes are equally excited by the field, 'giving an
excitation bandwidth of ku and consequently, an
echo duration of -(ku) '. For larger values of kuv,
such that kuT, ~ 1, the excitation bandwidth ap-
proaches r, ', lead.ing to an echo duration -(r, + r,).
This effect is clearly seen in Figs. 5 and 6 as the
echo duration increases with kuv,

Excitation bandwidth is also an important factor
in explaining the decrease in echo amplitude with
decreasing field strength shown in Figs. 3 and 4.
For large field strengths leading to optimization,
pulse widths such that kur, «1, all velocity sub-
classes are equally excited and the parameters X,
7 p 7 g can be chosen to maximize each echo inten-
sity independently of velocity [see Eq. (8) in which
the Bessel-function arguments are velocity inde-
pendent for kur, «1]. As the field strength de-
creases, the optimal pulse widths are such that
kuv,.& 1. The condition kuv, .& 1 corresponds to
atoms moving through at least one wavelength of
the standing wave field pattern during the pulses.
Each atom starting at (z„f,) then experiences an
average field (see Appendix B)
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(x(z„t'- t,)), „.,
= (2X/kv 7 ) sin(kzo+ 2kv r) sin(~kv, r) .

which is velocity dependent if kurt 1. Thus a set
of parameters which is optimal for one velocity
subclass is not optimal for another [see Eq. (8)
in which the Bessel function arguments depend on

v, if kur & 1]. One is effectively using fewer
atoms to provide the echo signal (atoms having
kv, r, &1 are most efficient) as kuv. increases,
leading to a decrease in echo amplitude.

IV. DETUNING DEPENDENCE

Following the first pulse, the induced atomi. c
polarization oscillates freely at frequency Q)p

while the level populations exhibit no oscillatory
behavior [see Eqs. (1) for p» and p, , , respective-
ly j. When the second pulse acts on the system
(assuming that both pulses arise from the same
cw laser) the atomic dipoles have acquired a tem-
poral phase difference 4T with the field. For
CBSF echoes driven by polarization harmonics
(odd n), the echo amplitudes are maximal if this
phase difference is an integral multiple of 2p and
they oscillate as a function of 6 with period T giv-
ing rise to "fringes" of width 1/T. For CRSF
echoes driven by population harmonics (even ~),
the phase difference plays no role and no fringes
appear.

The structure is typical of Ramsey fringes in
which one creates a polar ization phase diff er ence
by sampling a field at two separate times. This
effect is also present in traveling-wave photon
echoes, but in a less useful way. For traveling-
wave fields, the detuning always enters as b -k v
so that, in order to achieve the Doppler-phase
cancellation necessary for echo formation, the
detuning dependence as well as the Doppler phase,
vanishes at t= 2T. The traveling-wave echo ex-
hibits' a detuning dependence of cosd (t —2T)
which, for t = 2T s (time duration of the echo),
gives a fringe pattern of width -1/(echo duration)
» T '. Thus CBSF is much better suited for high-
precision spectroscopy than traveling-wave pho-

,ton echoes.
The fringe pattern in CBSF extends for a range

of detuning
~

b,
~

vs 1, after which it disappears.
This result is in contrast to typical Ramsey fringe
patterns w~re only the central fringe may be seen
(the other fringes are lost owing to phase destruc-
tion arising from different values of T for different
velocity groups).

V. COLLISIONS

CBSF offers some interesting possibilities for
collisional studies. Echo formation is intimately

related to the spatial phases acquired by atoms as
a result of their motion following application of
the field. An echo corresponds to the rephasing of
the signal at some particular instant t ty+ QT when
the atoms of velocity zr, are at distance nv, T from
their position at the time of the second p'ulse (see
Fig. 7). Collisions during the time of flight,
which prevent the atoms of a given v, from being
at the right position at the right time, result in a
decrease of the echo intensity. This phenomenon
of "collisional Doppler dephasing" was already ob-
served in photon-echo experiments. 4 In that case
the signal reflects only the evolution of the first
spatial harmonic of the atomic coherence. In
CRSF, the spatial harmonics of the population dif-
ference, as well as coherences, contribute to the
echo formation. Thus the CRSF method extends
the possibility of observing a "collisional Doppler
dephasing effect" to the population difference.
Moreover, the spatial structure may be probed
systematically since every spatial harmonic
produces a CBSF echo. However, the relative con-
tribution of an harmonic decreases with increas-
ing pg since the detected atoms have a phase as-
sociated with the gath harmonic during the time be-
tween the two pulses only and this delay is smaller
and smaller in comparison with the total time of
flight (g+ 1)T as g increases. Therefore most of
the interest of the method seems to be concen-
trated in the first few echoes.

It is true that the observed microscopic colli-
sional process —namely, the velocity-changing
process —is the same one that can be investigated
in steady-state saturation spectroscopy (SSSS)."
However in SSSS the contribution of the coherence
and of the level population are mixed in the same
signal. This may present difficulties of interpre-
tation when coherence and level populations are
both sensitive to the velocity changing effect. In
contrast in CRSF the occurence of distinct echoes
enables one to separate the coherence and the lev-
el population signals.

In order to illustrate the physics involved in
collisional Doppler dephasing, we adopt a simple
model with the following features: (i) binary
-foreign-gas collisions in the impact approxima-
tion, (ii) equal natural decay and inelastic colli-
sional rates for levels 1 and 2 (Ref. 16), (iii) in-
elastic collisions that can be accounted for by one
rate constant I', for all density matrix elements,
and (iv) short-pulse times kur «1 such that all
velocity subclasses are equally excited. " With
these assumptions we need consider only elastic
collisions and do so using three collision models. "

(a) In the first model, collisions are assumed to
produce only instantaneous phase changes on atom-
ic coherences. This model is valid generally for
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xJ,(2Xr,)J„(2xq,)

X 8-r& O+~ e-r»&i+fI cOSE'T . (12)

For echoes driven by populations, the Doppler
phase factor exp frinkv, dt developed between f,
and t, by the nth harmonic (n even), must be av-
eraged over velocity-changing collisions. Fol-
lowing Ref. 4, one can obtain

2 (r, +eT)=( )"4ek( f dv, —N (v, )d„„(22rg

x 2 g J (2xr,}e rkuoN' e ere-r»Nr

exp[-nl', .(nkvd u)' T'], nkauT «1,
exp(- I', T), nk4uT»1,

(»)

electronic and vibrational transitions. " For
echoes driven by coherences, the effect of colli-
sions is to replace y» by a collision broadened
j."» and b, by a collisionally shifted d ' giving. a
maximum echo amplitude

(f, +nT)

where I',. is the statei elastic collision rate, &u is
the rms change in velocity per collision and o is a
constant of order unity which depends on the spe-
cific collision kernel describing the collisions. "
Thus, one can probe elastic velocity-changing col-
lisions with this method by studying the maximum
echo amplitude of even harmonics as a function of
pulse separation T. Note the possibility of a dif-
ferent functional dependence on T for even and odd
harmonics.

(b) In the second collision model, valid generally
for rotational and some vibrational transitions,
collisions are assumed to be velocity changing in
their effect on coherences. " In this model, the
elastic scattering amplitudes are identical for lev-
els 1 and 2; a state independent collision inter-
action can lead only to velocity changes (no in-
stantaneous phase changes) associated with level
coherences. Collisions affect populations and co-
herences in the same manner in this model, ' re-
sulting in a maximum echo amplitude depending on
an average of

exp in kv, dt-i kv, dt

over collisions, and given by4"

4 ( , 4sTe)=(-)4 keI(dv, N(v, )de(22r, )d(22r)e "*"'re " '" coeOTe "* +
' ' e "r)( )24

exp[-c. I'(nkhu)'T'(1+n)], nkvd uT «1,
X

exp[-1 (1+n) T], nk4uT && 1, (14)

where n is even or odd.
(c) A modified collision model, valid for colli-

sion interactions that are nearly state independent
allows for both a velocity change and small phase
shift to occur in level coherences as a result of
a collision. This model, which may be valid for
some vibrational transitions, can be described by
replacing Z» and 6 appearing in E(I. (14) by colli-
sionally modified values X'» and 6'. lt should be
noted that even small collisional shifts may be im-
portant in high precision spectroscopy.

An examination of Eqs, (13) and (14) reveals the
special functional dependence on T in the factor
which comes from velocity changes in small an-
gle scattering. Thus CRSF could be very useful
to extract this latter effect from the background of
other collisional contributions (inelastic colli-
sions, phase-interrrupting collisions, strong col-
lisions). Photon echo in traveling waves has al-
ready proved useful for that purpose' but, as it

I

has been said previously, coherences only may be
probed using classical photon echoes, while CRSF
allows a study of collisional effects on level popu-
lations as well. The same possibility of studying
small velocity changes is also present in time re-
solved saturation spectroscopy'" but the signal is
then an intricate mixture of contributions from
both coherences and level populations. An alter-
native method for studying the effects of velocity-
changing collisions on level populations using
stimulated photon echoes has recently been re-
ported 2o
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APPENDIX A: SOLUTION OF THE EQUATIONS
OF MOTION

The first step is to solve the nonstationary
equations of motion in the presence of a perma-
nent standing-wave field. We seek a solution to
describe the evolution of the system within a short
time v after the field has been switched on assum-
ing the following conditions

C„,i+ C„~=(2v/g)C„.

The general solution of this system is

C,(f) =AJ'„(f)+ &~,(f),

(AS)

(A9)

where the J„'s are Bessel functions. In terms of
the initial variables we obtain

I

with v=n -iX/kv, and g= 2X/kv„which transforms
E(I. (As) into

Starting with E(ls. (1), and using the new vari-
ables

ice t
P1,2 P12 I 1 P21,

x„=(-i)" A(X, X, kv„t)Z„, 2X 't

n-gX/ Ayz

2X l

'z
P12+ ~21 t N ~22 ~11 y

we obtain the set of equations:

8
N+ z —N= 2iXDsinkzze~

8
D+ v —D = 2 iXN sinksz eg y

S+ v —S=0.
8z

(A2a)

(A2b)

Since there is no damping in the initial equations,
we retain only the purely imaginary eigenvalues
in (A6). An even more-restrictive condition on the
eigenvalues is placed by requiring xn-0 as n- ~
for convergence of series (A4). Since J„(x) di-
verges when n- - and p is not an integer, we
keep &( such that iX/kv, is an integer. Thus the
general solution for y„(t) given as a linear combi-
nation of the x„(t) is

The spatial derivative is eliminated by substi-
tution using Fourier-series developments for the
variables N, D, S:

y„(t)=(-i)"Q a,(X, kv, )
t)l gg~(&O

N„+ inkv, Ã„=X(D„,—D„„),
D„+ inkv, D„=X(N„,—Ã„„),
0

S„+ inkv, S„=O,

where the Fourier components are defined by

(A3a)

(A3b)

(A3c)

Xg - e'~'"," 'p'.2v
n+P

Vz
(A10)

In order to express y„(t) in terms of initial condi-
tions, E(I. (A10) is inverted at t= t„using the
closure relation of Bessel functions"

A=+ A„e"'" A=D, S,N,
ns-~

(A4) g Z.(r)Z., (r) = 6„„,, (A11)

at g= I;„Dp= 0, and Np 0. It then follows from
E(ls. (A3), that N„ is nonzero for even n only and

D„ is nonzero for odd n only. Consequently, Eqs.
(A3a) and (A3b) may be written in the form

yn+ ~nkvyn= X(y~| —y~i) ~ (A5

where yn=Nn for even n and y„= D„ for odd n. The
y„may be regarded as the components of a vector
K which can be expanded on a basis of eigenvee-
tors of E(I. (A5). The components x„of an eigen-
vector X associated with the eigenvalue X satisfy

I

x„=&xn

and we obtain the system of linear equations

to obtain

2X
a,(x, »,) = g &,» y„(t,)i".

p & z m+p k+ m p (A12)

gim«/2-&/»g 2y s~ ~
m

g g&(0

J,(r)Z„„(r)e" (A13)

we finally obtain

Substituting E(I. (A12) into (A10) and using the
summation formula for Bessel functions"

(X+ inkv)x„= X(x„,-x„„). (A6)

x„=(-i)"C„(L), (A 7)

E(luation (A6) may be solved by a method analogous
to that used by Feldman and Feld. ~ One sets

y (t) g y (t )e ((n+m&(n /-n&&tnn(p&

4x . »,(t-tp)xZ„. k
sin

Dz
(A14)
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This soIution is equivalent to that obtained in Ap-
pendix B by directly integrating Eqs. (A2). One
notes that the jgth harmonic is driven by all neth
harmonics present at t0.

This result enables us to calculate the polariza-
tion of the gas sample after a sequence of two
square pulses. At g„ the only nonzero spatial
component is &0 g0 The external field is on until

t, + T0. At this time the atomic spatial components
are

y(t+r )=N(t)e ~"'""«'Z "sin4X . ug)T't
0 0 0 0 n p~ 2 ]Z

Following the pulse, the atoms evolve freely, and
obey the equations:

where

& sinks'dg', (A17)

P( v„z, t) = p, (p22+ p~)
= p(S cos~t —i,D sin~t) . (A18)

Substituting (A18) into (A17) and using the Fourier
expansions of D and S, one finds

The field is switched on from t, to t, +7„and
y„(t, + v', ) can be determined from E[l. (A14) using
initial conditions (A16). Following this pulse the
system evolves freely until time t according to
Egs. (A15).

At time t, one must calculate

ft/ k

P (v„ t) = 2- P(v„z', t)
0

N„+inkv N„+y&„=0,

D„+ inkv, D„+y2+„=t(~ —~o)S„t

S„+inkv S„+y22S„= t((g —~o)D„,

(A15}

P(v„ t) =P, (v„ t) cosset

+P,(v„ t)sin&et,

where

P,(v„ t) =it], (S, —S,)

(A19}

where, for sake of simplicity, we have assumed
that ygy y22 y. At time t„ the solutions are and

P, (v„t) = p, (D, —D,) .
N„(t, ) =N„(t,+ r, ) exp[-y(t, —t,) —tnkv, (t, —t,)],
D„(t,) = D„(t,+ 7',) cos((g —(g,)(t, —t,)

(A16)
x exp [-tnkv, (t, —t, —&,) -y, .(t, —t,)],

S„(t2)=i D (to+ ro) sin(([) —(t)o)(t, —t,)

x exp[-tnkv, (t, -t, -v, ) -y„(t, —t,)].

The quantities S„,D~ calculated by the procedure
above are

D» N, cos[b,(t-—- t, )](A, cost( Te "»r+B,e "r),

(A20)

S»=tN, sin[6(t —t, )](g,cost2Te»2r+B, e "r),
where"

!odd n
4)„., X . kvz7'2 X . kvd&0!

even n t

x exp -ikv nT+(t —t, ) --(v', —v', ) +—-y»(t —t, )z (A21)

Using the symmetry properties of the Bessel functions one finds the echo amplitude

d(t)=2 tt)dv [P(ev„tt)*+P(v, , t)']'t'=4ett f dvtt (v )[A s( T)vv, Settee" ], (A22)

where

«a~ I' )„4X . kv, r, l! 4X . kv, r,&!

!
even n i

icos kv, n T — — t —t, +— exp-y» t —t, .0 Tli Tl

4 ~st

(A 23)
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y+ v —= 2ixy sinks8y
8z

where

(Bl}

APPENDIX B

In Appendix A we solved the equations in a
manner that exhibits the successive echoes which
are associated with the Fourier components of
the solution. The equations may also be solved di-
rectly to exhibit the motion of a group of atoms
starting at (v„s„t,) . Adding Eels. (A2a) and (A2b)
term to term, we obtain

y(s, + v(t —t,), t)

=y(z. , )) exp(k)k I sinkkk+ E()—))') d,) ).'
tp

As an atom experiences the field X(s„t' —t,)
= X sink(s, + v,(t' —t,)}at time t', the integral in

(B5}can be understood as an average over the
field amplitude along the atomic path during the
pulse.

Thus we get

Changing variables (s, t) to (x=s —v,t, t) one
gets

—= 2i Xy sink(x+ v t) .8y
8t z

The integration leads to

y(x, t) = y(x, t,)
t

xexp 2iX sink x+v, t' dt'
tp

where

(B2) pt
(t —to)(X(sI), t' —to))t t = X J~ sink(s, + v,(t' —t,)}dt'

tp

and

N(&k)+ V(t —to)) tO)

= f)I(s„t,) cos[2(t —t,)(X(s„t' —t,))]

-D(s„t,) sin[2(t —t,)(X(s„t' - t,))],

D(s, + v(t t,},t.)—
x=8 -v,t=z -v, t .

With a boundary value condition at (s„t,), one ob-
tains

= D(s„ t,) cos [2(t —t,) (X(so) t —to}&]

+ AI(s„ t,) sin[2(t —t,) (X(s„t' - t,))] .
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