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Photon soliton and fine structure due to nonlinear Compton scattering
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Induced Compton scattering of high-intensity radiation, N(v, t) = c'I(v, t)/2hv'&1, by a plasma is
governed by a nonlinear integro-differential kinetic equation of the Boltzmann type. For a Maxwellian
electron distribution, the transition probability kernel takes the form K(v,v') a: (v —v')

exp[ —(v —v')'/2(Eve)'], where v and v' are the photon frequencies before and after scattering and
hvD = [(2kT,/m, c )(1 —cosa)]" v is the Doppler width associated with the scattering angle a. Only
limiting cases with local approximative forms of the kernel have been treated up to now: for a broad photon
spectrum (5vphva} the kinetic equation was approximated by the Kompaneets differential equation
corresponding to K(v, v')ac8'(v —v'); for a narrow photon spectrum (Sv&hvD), the kernel was
approximated by K(v,v') o~:(v —v'). Qualitative red-shift evolutions of particular initial spectrum profiles
were found. Here, the general integro-differential kinetic equation which governs the nonlinear and nonlocal
interaction between photons and electrons is studied by a numerical treatment and asymptotic analytical
approaches are exhibited. Starting from several initial conditions —narrow or broad spectrum profiles, in the
presence or in the absence of a noise spectrum —general spectral evolutions for one-dimensio. ~! conservative

photon systems are obtained, In the presence of a constant noise spectrum No a universal asymptotic solution
of the soliton type is obtained: Whatever the initial conditions, a narrow photon spectrum N(v, t) evolves

towards a photon soliton moving downwards in the frequency axis with the form ln[N(v, t)/No]
[ln(N /Ns)]exp[ —[(vs —ot —v)'/2(Eve)'], where N is the maximum amplitude and
cr = const(N —No)[ln(N /No)] " is the speed. A broad spectrum, however, is decomposed into a set of such
solitons which are ordered by amplitude (proportional to their speeds) in their downward motion. In the
absence of a constant noise spectrum, an initial narrow Gaussian profile moves downwards (on the v axis)
with decreasing speed, growing in amplitude and narrowing in width.

I. INTRODUCTION

The nonlinear induced and incoherent Compton
scattering of high-intensity radiation by the plasma
either by free thermal electrons or with allowance
for screening of the ions, has been recently con-
sidered in the literature, ' especially in connec-
tion with the study of powerful compact astronomi-
cal radio sources " or with laser-fusion labora-
tory experiments. ' In a previous work, I have
suggested this nonlinear mechanism in order to
interpret the strong variability of intensity ob-
served in interstellar maser spectra in the light of
a similar problem previously treated, namely, the

I

relaxation kinetics for an unstable spectrum of
plasmons interacting via nonlinear Landau damping
with plasma ions.

In a rarefied plasma, the interaction between a
photon gas and an electron gas, giving rise to
single-photon emission and absorption and to non-
linear induced Compton scattering is described by
two integrodifferential kinetic equations of the
Boltzmann type, ' one for the photon occupation
number N(v, fi, f) and the other for the electron
distribution function f(p, t). Assuming spatial ho-

mogeneity, absence of collective plasma effects,
and classical electrons (i.e. , no quantum-statisti-
cal correlations between them), we write these

00

v'2dv' dQ' dpo'p v p', v' v', t 1+N v t p', t —N v t 1+N v', t jp t
p

v2dv dA dp'o' p v- p', v' N v', t 1+N v t p', t -N v t 1+N v', t f p t
f3t p

where 0 is the unit vector in the direction of prop-
agation of photon v, v stands for vQ, p is the elec-
tron momentum, and tr(p, v- v', p') is the Klein-
Nishina cross section in the frame where the elec-
tron is at rest, including the momentum and ener-

gy conservation relations. Since photons obey
Bose-Einstein statistics, the induced Compton
scattering term is characterized by a transition
probability proportional to N(v, f)+ 1 and may dom-
inate over the linear Compton scattering if N(v, f)
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» 1, more precisely if

5v N(v, t)hv
0 p yz

where 00 is the solid angle through which radiation
of spectral width 5v travels.

Although the kinetic equations and transition
probability for the nonlinear Compton interaction
are already well established, ' ' a detailed in-
vestigation of the general nonlinear integrodiffer-
ential equation governing the kinetics of N(v, t) has,
to my knowledge, not yet been accomplished. Only
limiting cases with local approximative forms of
the transition-probability kernel have been treated
until now. The simplified approaches, however,
have described some outstanding effects of the non-
linear interaction and in a certain manner the qual-
itative features of the fine kinetic description.
Among these effects may be mentioned the distor-
tion of the initial electromagnetic spectrum of
high-brightness temperature, which shifts towards
lower frequencies and therefore heats the elec-
trons, ' ' ' ' the appearance of an induced force
due to the pressure of light, the formation of
narrow spectral lines in an initially broad spec-
trum, '" and the evolution of spectrally narrow
lines depending on its spectral profiles. ' The
Bose condensation of the photon gas due to the in-
duced Compton transfer of the photon spectrum
towards lower frequencies has also been consider-
ed recently. '' '

We are only interested here in the photon kin-
etics, and I shall assume throughout that the elec-
trons are Maxwellian at temperature T,. Even
though the starting kinetic equation will be rede-
rived in Sec. II from Eq. (1) we may write it here
for comparison with previous approaches. The
kinetic equation for the photon occupation number
N(v, t) reads
BN(v, t)

Bg'

—2[(V(v, t)] — s cv 2'(v, t) f ' d f2v()tv
x (1+cos o. )K(v, v', e()N(v', t), (3).

&[N(v, t)] being the linear contribution to the Comp-
ton scattering and K(v, v', n) the transition-proba-
bility kernel having the antisymmetrical form'4

2h(v —v')
K v, v', n

2]'2m m, c2(hva)'(I —cosn)' ~'

(v —v')'
2(cv ) (1 —cess))

2h(1 —cosa)'
v 2mm, c'& vD

B (v —v')'x —exp —, , 4)
Bv p 2(ave)'(1 —cosn) ) '

where hvD —(2kT,/m, e2)'~2(vv')'~2 is the Doppler
width, n the scattering angle, n, and m, the elec-
tron density and mass, and or —

~& m(e2/m, c ) the
Thomson scattering cross section.

Particularly important is Kompaneets's' "hydro-
dynamic" approximation in the limit of a broad
isotropic spectrum of width 5v» &vD(1 —cosa)'
The derivative of the Gaussian function in (4) is ap-
proximated by 5'(v- v') and the integral kinetic
equation (3) becomes the Compton Fokker-Planck
differential equation

—v N(v, t)[N(v, t) + 1]
f3' sl c v Bv

2 T, AN (v, t)
)gz Bv

(5)

We have elsewhere" generalized this equation to in-
clude, together with the Compton scattering on the
electrons, the Raman scattering on the plasmons. '

The nonlinear evolution, however, is still governed
by the induced Compton term N(v, t)B[v N(v, t)]/Bv.
This term tends to distort the spectrum by steepen-
ing its red side and shifting its maximum towards
lower frequencies with a speed proportional to
N(v, t) The pr.esence of the linear diffusion term
in Eq. (5) prevents the solution from being multi-
valued. Reinisch ' has studied in detail the trian-
gular evolution which follows and which is des-
cribed by a Burger's-type equation. For the strong
nonlinear case without diffusion, Peyraud '" has
made a previous attempt to prevent multivalued
evolution by adding heuristically a dispersive term
of the Korteweg de Vries (-KdV) type c(-'B3N(v, t)/
Bvs to the nonlinear Kompaneets equation. He thus
explains qualitatively a high-intensity laser experi-
ment'3 which shows a breaking of the initial profile
into secondary ones or "solitons" following the
KdV terminology. In the light of the general evo-
lution of the spectrum satisfying the exact kinetic
equation (3) with the complete kernel (4) we shall
see that this idea was meaningful.

For a narrow photon spectrum of width 5v
«AvD(1 —cosa)' the differential approximation is
no longer valid and the integral kinetic equation
must be considered. Zel'dovich et al. ' have stud-
ied the propagation of several narrow spectrum
profiles within the "local approximation" for the
kernel namely, K(v, v') (2: (v —v'). Assuming that

~

v —v' -5v(1 —eosc. )'~ «&vn, we ean approxi-
mate the exponential function in (4) by unity. As
we shall see, this approximation can only describe
the onset oi evolution and that only in the absence
of any noise spectrum (cf. Sec. V). For pure non-
linear evolution, g[N(v, t)] =0, these authors have
shown that a narrow Gaussian profile moves down-
wards on the frequency axis without changing its
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shape, that a Lorentz profile spreads, becomes
asymmetric, and gradually disappears, and that a
rectangular line profile becomes narrower and
shif ts towards the low- frequency edge. No univer-
sal behavior independent of initial shape was given.

In this paper I also study pure nonlinear Compton
kinetics g(v, f)» 1, g[N(v, f)] =0], but I start from
the genera. l kinetic equation (3}with the complete
transition-probability kernel (4), which governs the
nonlinear and nonlocal interaction between photons
and electrons and which must be considered as the
master equation for induced or nonlinear Compton
scattering. Starting from several initial conditions
—narrow or broad spectrum profiles, in the pres-
ence or in the absence of a noise spectrum —I ob-
tain general spectral evolutions for one-dimen-
sional conservative photon systems. A high- ampli-
tude oscillating kinetics in the presence of a linear
source term was obtained previously. '2 So, in
the presence of a white- (even extremely low-)
noise spectrum N„the numerical integration of
the kinetic equation (3)+ (4) in the one-dimensional
case [cf. Eq. (27)] leads to the following general
behavior in the (t, v) plane":

(i) A narrow spectrum (5v & hPD) transforms with
time into one Photon soliton of universal form which
moves downwards on the frequency axis at constant
speed v =dv/dt and constant amplitude. For a high
rate, N +NO»1, of the maximum amplitude N to
the noise amplitude Np, the photon soliton takes at
each moment the form fitted by the transition-
probability kernel (4), namely,

N(v f) N v, —ot —v
ln = lllN . exp

p p ~ v2 +VD
(6)

where &PD ——&vD((1 —coso. )' )„is the Doppler
width associated with the mean scattering direc-
tion n and v, is the frequency origin at which the
soliton moves with amplitude N and speed
cr~(N No)[ln(N /N—,)] '~'. When the initial
spectrum centered at v = vo is very narrow (5v
«&Pn} it transforms first with time into a red

Doppler satellite on the low-frequency side at fre-
quency v, = v, —4vD which then behaves as a soliton
of for m (6) .

(ii) A large spectrum (5v & &PD) breaks with time
into a set of such solitons. In their motion down-
wards on the v axis, they are ordered by their
amplitudes, or, equivalently, by their speeds,
theref ore increasing the dis tanc es between them.
This shows that photon solitons are the basic ele-
ments composing any high electromagnetic spec-
trum in interaction with plasma electrons via non-
linear Compton scattering. Thus the nonlinear evo-
lution reveals, in fact, the fine structure of the
spec trum.

Note that the complete kernel's form (4} is essen-
tial for the buildup of the universal asymptotic
form (6}, because it ensures nonlinear and nonlocal
coupling between the initial spectrum and the noise
spectrum. Therefore soliton (6) cannot be obtained
in the absence of a noise spectrum and within the
local v —v' approximation for K(v, v'). '4''~

Moreover, even in the absence of a constant
noise spectrum, Eq. (3) with the complete kernel
(4) leads to evolutions of initial spectra which dif-
fer from those obtained within the local approxi-
ma. tion. For example, in the case of an initial
narrow Gaussian profile (5v «&Pn), I find, unlike
Zel'dovich et al. ,

' that it cannot remain invariant
during its downward motion on the frequency axis.
The numerical evolution shows that its speed de-
creases, its amplitude grows, and its width de-
creases. It seems like a solitary spectrum moving
on a decreasing-amplitude "noise", which is noth-

ing but its own low-frequency wing. The logarith-
mic dependence on the noise No which soliton (6)
exhibits becomes here a logarithmic dependence on

the wing amplitude. An analytical asymptotic ap-
proach may thus be used to explain the whole spec-
tral evolution, in particular the appearance of a
second bump in the high-frequency side behind
the main solitary spectrum.

After the present paper was first submitted for
publication, I was informed by Zakharov, et al. of
a recent paper, now older, with the same optics
as mine, devoted to the formally identical Lang-
muir turbulence problem. It should, however, be
noted that on the one hand neither the analytic as-
ymptotic form (6) for the soliton nor the correct
expression for the soliton velocity 0' are given
there. On the other hand, they propose two other
dynamical models which may qualitatively describe
the kinetics of the integral equation in the one-di-
mensonal case. One is the "peak kinetics" approx-
imation obtained by replacing the kernel (4)—which
has the form of the derivative of a Gaussian func-
tion —by 5(v —v' + hPD) —5(v —v' —&Pz&). Takin'g

the initial spectrum as a linear sequence of peaks,
N(v) =L"; ON; 5(vo +nhPn), they are led to the dis-
crete feeder- eater Volterra equation

which Manakov has shown to be a perfectly inte-
grable equation the solutions of which are solitons
traveling along a chain of peaks. The second ap-
proximation proposed for a broad initial spectrum
(5v» b, vD) consists of replacing the kernel by the
expansion 5'(v —v') + ~(&Pn) 5"'(v —v'), which leads
in fact to a KdV-like equation but with a nonlinear
dispersive term, namely,
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BN(v, r) 8 (b vD)' 8'
=N(v, r) —+ — —N(v, t),a~ ' av 2 av'

II. NONLINEAR INTEGRODIFFERENTIAL
KINETIC EQUATION

We shall consider the evolution with time of an
initial ensemble of photons interacting with an
electron gas via the Compton collisions. We are
only interested in the photon kinetics, and shall.
therefore assume that the electron gas is Max-
wellian at temperature T, . Thus the photon occu-
pation number N(v, Q, t) in the direction of propa-
gation 0, defined by

N(v, Q, t) = c2I(v, Q, t)/2hv3, (9)

with the reduced time 7 containing the scattering
cross section. Equation (8) was derived previously
by Reinisch3' and also presents soliton solutions in

the presence of a noise spectrum. However, the
soliton width is of the order of the expansion para-
meter &va, and no quantitative justification is
available to keep the Gaussian expansion of the
kernel (4) up to the second order in d, v~ In. deed,
either the soliton velocity obtained from Eqs. (7)
or (6) which is ~N /lnN or the soliton shape
and width differ from that I have obtained for the
integral master Eq. (3) + (4) in the one-dimensional
case, which is given by (6). Only qualitative kinet-
ic evolutions in the form of solitons or multisoli-
tons are common; these improve Peyraud's primi-
tive idea of correcting the Kompaneet's differential
equation (5) by the addition of a KdV dispersive
term.

The integral master equation (3) + (4), however,
seems to be a system which is not completely in-

tegrable; We have found only two exact integr als of
motion. 3 In this sense the name soliton must be
understood in the broad sense of an almost stable
high-amplitude structure which moves with a vel-
ocity proportional to its amplitude, or following
Makhankov, we may generalize the definition of
a soliton as a solitary wave having some "safety
factor" which ensures a weak change in interaction
or collision with others. In a recent paper3 we
have studied collisions between these photon soli-
tons in order to test their structural stability.
Paired collisions between photon solitons take place
at a finite range in the same way as particles hav-

ing a potential. The existence of two invariants of
motion forces the two outgoing solitons to be equiv-
alent to the incoming ones after exchanging their
identities. Multiple soliton collisions violate the
conservation of the number of solitons, e.g. , tern-
ary collisions show the rise of a fourth soliton
struc tur e.

is governed by the nonlinear kinetic equation (1).
I(v, Q, t) is the spectral intensity of the radiation
in a given solid angle dO =dy sin8 d8 and is related
to the spectral energy density by

Moreover, we shall consider the nonrelativistic
case defined by inequalities

hv«k1', «m, c,
and we concern ourselves with the evolution of a
high photon occupation number

N(v, Q, t)»1,

which allows us to neglect the linear terms in the
right-hand side of Eq. (1) and so to retain only the
nonlinear induced Compton interaction. To obtain
the starting kinetic equation (4) from the general
equation (1) we introduce in Eq. (1) the momentum
and energy conservation equations for the Compton
collision to the lowest order with respect to the
small parameters hv/m, c and hv/hT„namely,

(v - v')/(vv')'~' = (p/m, c) ~ (Q —Q'),

p'/2m, +hv =P'/2m, +hv',

(12)

Qne obtains' ' the following nonlinear kinetic equa-
tion

BN(v,f),2, - der= —n, cN(v, t) v'2dv' dQ—
at ' ' d' n

XK(v, v', n)N(v, t),

(15)

where do/dQ is the differential cross section for
scattering given by

d(x 3
o r(1+ cos'n), (16)

and where the transition-probability kernel
SC(v, v', n) has the form (4), showing the antisym-
metry with respect to replacement of v by v'.
Equation (15) therefore ensures the conservation
in time of the total number of photons

f dQ Jdv v'N(v, f ) and has the explicit form (3) with
the kernel (4).

Master equation (3) + (4) governs the kinetics
in the (t, v, n) space, and one must perform a nu-
merical computation to obtain complete informa-
tion for the evolution in the general anisotropic

where the incident Q(8, y) and scattered Q(8', y')
photon directions are related by

cosn = cos8 cos8'+ sin8 sin8'cos(y —p'). (14)
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kvD = Ev))(1 —cos&())

will be approximated by

Ave = (8()/M2)kvg) (o(() = 8() «1)
for a small aperture radiation beam and by

AVg) = M26V1) (Q() = ))')

(17)

(18)

(19)

for isotropic or counterstreaming radiation.
Moreover, inasmuch as ~v —v'~ && (VV')'~' && v„vc

being the central frequency of the initial spectrum,
we may approximate the Doppler width hvD itself
by the constant value

b VD = (2kT, /m c')'~'(VV')')"

= (2k T./m, c')'~'v, . (20)

Therefore the nonlinear integrodifferential kinetic
equation which governs the inelastic induced Comp-
ton evolution with time in the homogeneous situa-
tion takes the form

case, even if some approximative evolutions for a
broad anisotropic spectrum have been already con-
sidered, "'"yielding a narrowing or spreading of
the radiation beam. Let us limit ourselves here to
a study of the more simple evolution in the (t, v)
plane along, which is the problem for the isotropic
interaction between photons and electrons and may
be a reasonable approximation for two anisotropic
cases described in terms of a one-dimensional in-
teraction geometry. Indeed, the absence" in the
kernal K(v, v', o() of a singularity as v- v' permits
replacement of the scattering angle a—in the ex-
ponent of the kernel's expression (4)—by its more
contributive value o., to the integral of Eq. (3).
Two limit cases are interesting: n0«1 and n0
= n.. The first case corresponds to radiation colli-
mated into a solid angle 0, = J2c'deaf 6() sin8d8 of
small aperture 28„sothat n0 80«1 The second
case corresponds to a total reflection of the inci-
dent photons and is only justified when the photon
occupation number N (v, t) in the incident direction
is as high as N (v, t) in the reflected direction.
Then deflection through an angle a. = g has maxi-
mum probability in Eq. (3), and therefore the non-
linear Compton interaction is accompanied by the
backscattering, or induced Compton reflection of
the radiation beam. This is the case when the ra-
diation is isotropic, and may be also the case for
two identical counterstreaming photon beams. "'"
Then the photons will be trapped by the nonlinear
Compton collisions and the medium becomes "non-
linearly" thick. In summary, the width of the
Gaussian function in the kernel's expression (4),
which associates the Doppler width Av~ to the
more contributive scattering angle n„defined by

sN(v, t) N(v, t)
+2)) VD ()

(V —V')'
P 2(~ )2 )

(21)

where the dimensionless transition-probability
coefficient is given by

n,o~cg aW —
2 e )

e
(22)

so that the angular contribution ae has been re-
0

duced to the evaluation of the factor

1+cos Q
d8 sln8

(1 )1)a
1

(23)

In the whole isotropic case, we have 8, =0, 8, =m)

coso. =cos8', and b, v~=)/2 Av~, yielding

isot r ~4ae =5 ~

%hen the aperture angle of the radiation is small
(8,«1) we can obtain an order-of-magnitude esti-
mate for the central region by putting 8=0 and
therefore coso. =cos8', yielding for a small-aper-
ture beam (8, =0, 8, = 8,«1), from (18)

(24)

beam 3 84 (25)

and for two identical counterstrea. ming beams (8,
=)) —8„8,=)]) we have, from (19),

cs beams 3~~ 8aae 0'

Equation (21) governs the nonlinear Compton ki-
.netics for the one-dimensional (in frequency
space) model. It can be transformed into the uni-
versal form

(26)

BN(x, r)
8+

N(x, ~)

by defining

dx' —exp[-(x- x')'])sax', v)
Bx

(27)

N(x, 7) = (v/v, )'N(v, t ),
T =f Wvc/)((2 EvD,

x= v/s/2 av~,

(28)

(29)

(30)

where the reduced time 7 is proportional to the
transition-probability strength, the reduced fre-
quency x is proportional to c/v, „,v„measures the
starting frequency, and the lower limit of the in-
tegral has been replaced by -~. This last simpli-
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N(x, 7') dx= N, — (31)

fication is only available for describing the kinet-
ics when x»1, which avoids the problem of photon
condensation near x=0.'"'"" Equation (27) has
two exact invariants of motion, namely,

plicit form of the solution, if a self-similar solu-
tion of x+ vT exists, we can already give a general
expression of the velocity v. Substituting 8/97
= vs/sx into Eq. (27) and integrating twice with re
spect to x (from —~ to x and from -~ to + ~), we
obtain

lnN(x, 7)dx, (32)
I '"„[N(x,r) —N, ]dx

I, J '"„ln[N(x, 7)/N, ] dx (35)

but it does not seem to be an exactly integrable
equation. " Invariant I, stands for the conservation
of the total number of photons N. However, there
is no conservation of the photon energy S
~ fdxxN(x, 7). The main action of the antisym-
metric kernel of Eq. (27) is the transfer of pho-
tons towards lower frequencies (i.e. , lower x). The
loss of photon energy must be compensated by an
increase in electron temperature in order to ther-.
malize the high-brightness temperature of the pho-
ton spectrum. As noted before, we do not consider
here this self-consistent problem, but only the non-
stationary photon problem, assuming a constant
temperature for the electron thermostat.

The nonlinear form of Eq. (27) shows at a glance
the differing qualitative kinetics, depending upon
whether the photon spectrum N(x, v) takes or not a
finite value overa11 on the x axis; i.e., they depend
on the noise spectrum. The nonlocal transfer to-
wards 1ower frequencies would stop in the absence
of a noise photon population, i.e. , if somewhere on
the x axis N(x, ~) should vanish. The evolution
can not longer transfer photons to this part of the
spectrum and the photons accumulate at the lower
edge.

We shall study by a numerical treatment of Eq.
(27) the time evolution of several initial spectra.
I present here the evolution of.a Gaussian spec-
trum

N(x, 0) =N, + N, exp[-[(x —x,)/5, ] ), (36)

A. Evolution of a narrow spectrum of width 50 (( 1

Figure 1 shows the evolution with time of a nar-
row Gaussian spectrum of width 5, =~50, maximum
amplitude N, =10', and norm N= Mw5o(N, —No)
= 3.5449 x10'. The ordinate is in logarithmic
scale. We can see during the first stage of the
downward evolution the transformation of the ini-
tial spectrum into a red satellite on the spectrum
noise N„=1.The two different abscissa scales in

10

having a narrow (5, & 1) or broad (5, & 1) spectral
width, although a large class of other regular
spectra —in the presence of a constant noise spec-
trum N,—leads to the same asymptotic behavior.
For simplicity we shall put in the numerical com-
putations

(37)

III. EVOLUTION OF AN INTENSE SPECTRUM IN
THE PRESENCE OF A CONSTANT NOISE:

THE PHOTON SOLITON

To avoid the problem of photon accumulation
and in order to look for an universal asymptotic
solution independent of the initial spectrum shape,
we shall consider first the evolution of a high
populated photon spectrum superimposed on a
constant noise spectrum N, . The corresponding
conservation Eqs. (31) and (32) in this case must
be written

8

6
z

4
x
X 2

CA0
0

g. y= 0
b- $ = 6.28/N
c.y = 24.19/N
d. f' = 39.27/N
e. y = 51.05/N
f. t' =126.13/N
0. 7 =205.14/N

[N(x, v) —No]dx = N, - (33) l

2
I t

~050 -05

N(x, v)

No
(34)

%'e shall see that it is in this case that the nonlin-
ear and nonlocal interaction leads to a downward
uniform motion of the spectrum on the frequency
axis like a photon soliton. Regardless of the ex-

X0- X

FIG. 1. Nonlinear Compton evolution with time 7 of anar-
row Gaussian spectrum (of width 50 &z, amplitude N~ 10,
and norxn N = 3.5449 x 106) towards aphoton soliton in the
presence of a constant noise N0= 1. Semilogarithmic
scale. Around x =&0 the abscissa is scaled differently in
order to visualize the satellization stage.
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Fig. 1 allow a better visualization of the satelliza-
tion stage. The satellite grows at a distance ln ' = ln exp[-(x- x, + vr)'],N(x, 7) N

0 0
(45)

x, - x, = I/M2, (38)

—ln~ ' =y, (x),
&N(x, 7')

0
(40)

where the action of the antisymmetric kernel of
Eq. (27) is maximum. Indeed, we can write Eq.
(27)

e 9r(x, ~) I ", s—ln~
' = dx' —exp[- (x —x')']

8& k N, Wn' „&x
x [N(x', r) —N,]. (39)

Introducing for the initial narrow spectrum of
form (36) the limit approximation

N(x, 0) = No+ ~w6oN, 6(x- xo)

in the right-hand side of Eq. (39), we have, at the
initial stage,

x (~) =x, —v7. (46)

In fact, (45) is an exact asymptotic form of Eq.
(27) or (39) for N /No- ~. The velocity v
= ~dx /d~~ can be obtained easily if we substitute
the spectrum entering the integrant in the right-
hand side of Eq. (39) by its form as given in (45),
namely,

N(x, v ) = N, exp[in (N /N, )

xexp[-(x-x, + vr)']].
Indeed, since ln(N /N, )» I, we can expand (47)
as

N(x, v) = Noexp[ln (N /N, ) [I —(x —x, + g7)']),

where N is the maximum amplitude corresponding
to abscissa

where

8
y, (x) =6,N, —, exp[-(x- x,)'] (41)

and, setting the correct dependence on the noise
Np for x xo+ v7: 0 and for x-+~, according to
(47), get

has a maximum at

x.,„=x, —I/~g (42)

which will be responsible for the enhancement of

the low-frequency side and the formation of the
red satellite, and yo(x) has a minimum on the blue
side at x . =x,+ I/~2, where the damping effect
is strongest. From (41), the growth rate at x
= x,.„

is given by

y, (x,,J = (2/e)'~'6, N, , (43)

and the characteristic time v.„,for generation of
the satellite of width I/~2 on the noise spectrum
Np by relaxation of the initia, l amplitude spectrum
N, of width 6, by a factor I/e is given by

y„,= [y,(x )] '(ln —' —)n

~N 6() ) 2
60N1 '

ev2 ] e
(44)

The satellization stage has been described exten-
sively in Refs. 24 and 28 in the presence of a
source term for Eq. (27).

While the satellite grows the initial spectrum de-
creases in order to conserve the norm N=I„i.e. ,
the total number of photons. Afterwards, the satel-
lite, which now contains the major part of the pho-
ton spectrum, moves downward on the frequency
(x) axis at constant velocity v. It behaves as a
photon soliton the numerical shape of which is
fitted with very great accuracy by the self-similar
form

6, = [ln(N /Ng] '~' (49)

is smaller by the same factor 5, than the unity
width of the Gaussian transition-probability ker-
nel —allows us to introduce the limit expression
of (48),

N(x, ~) —N, -[,~', 6(x- x, + v~),~~(N. —N, )
ln N No

(50)

into the integrand of Eq. (39), and integrating over
x', we obtain

8 fÃ(x, 7') N —No 8

N, [ln (N„/No)]'~' Bx

xexp[-(x —x, +v~)']. (51)

By taking into account the soliton form (45), this
may be written as an equation of linear uniform
motion in the x axis

y (N(r, y) 8 yy(xy)),—ln ' =v—lnBr ], No Bx No

where the soliton velocity is given by

v = (N —N,)/[ln(N /No)P'.

(52)

(53)

This formula could also be obtained from the gen-
eral expression (35), since from (48) and (45) we
have

I, = v w (N —N, )/[ln(N„/No)]' ',

N(x, v) —N, = (N —N, ) exp[- ln (N„/No)

x(x- x, + er)']. (48)

The narrowness of the soliton profile —its width
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(55)I, = M~ ln(N„/N, ),
and (53) follows from (35). Expression (53) for the
soliton velocity agrees very well with the numeri-
cal value b, x /o. 7, namely,

and obtain a second approximation for the spec-
trum

N(x, 7') NO-=NO [exp(A/v) —1]

Zx /Z~ =1.2113x10'

v = (N„—No)/[In(N„/No)]'~'

= 1.2030 x10',

x exp [ —(A/v)(x —xo+ vr)'],

where the maximum amplitude turns to be

=N oe xp(A/v) .

(64)

(65)

x.„=x.—I/M2

x „=x+1/v2

(57)

(58)

Now, however, the enhancement is maximum on
the proper red wing of the spectrum and an anti-
symmetrical damping is exerted on the blue wing.
'The resulting action is the uniform motion of the
spectrum as a soliton.

In a different way, we can directly obtain the
soliton form (45) and its velocity expression (53)
from general arguments about the narrowness of
the soliton profile with respect to the kernel's
width. Indeed, we first take for the narrow spec-
trum entering the right-hand side of Eq. (39) the
limit approximation

a discrepancy of less than 1%. The agreement in-
creases with increasing values of N /N„here
N /No= 7.5857 x106.

Equation (51) has the same form as Eq. (41),
where y, (x) is here

a
( )=

/
', i, —exp[ —(x -x )'],

x being given by (46). It has therefore the two
extrema

Therefore

A/v= ln(N /N, ); (66)

substituting this expression into (62), we ags, in
obtain the same form (45). The velocity v in (62)
will be determined by the general formula (35):
from (64) and (62) and taking into account (66), we
obtain the same values (54) and (55) for the in-
variants I, and I, and therefore from (35) follows,
too, the same expression (53) for v. As can be
seen in Fig. 1, the soliton has collected the major
part of the initial spectrum norm. It has left how-
ever a small-'amplitude spectrum around x =xQ.
In its downward motion, the first soliton increases
the distance between itself and the initial spectrum
and becomes uncorrelated with it. In a much long-
er characteristic time —proportional to its ampli-
tude —this small spectrum (of amplitude N, /No
= 320) will also evolve downward on the x axis.
In other words, the nonlinear and nonlocal action
of the kernel in Eq. (27) first transfers by satel-
lization almost all the initial spectrum to the first
soliton and will afterward repeat this action with
the residual spectrum.

N(x, r) N, = v m A6(-x —..xo+vr), (59) B. Evolution of a broad spectrum of width 50 )) 1

whose norm

[N(x, 7') No]dx = Mw A— (60)

is conserved, A being a constant. Therefore

—In~
' ~=A —exp[ —(x -x,+ vT)']~N(x, ~)l

N

A 8=——exp[ —(x -x,+ vr)'],
87

and, integrating with respect to time, we have

ln[N(x, 7')/No] = (A/v) exp[(x -xo+ v&)'], (62)

N(x;r)/N, =exp((A/v)exp[ —(x —x,+vs)']}. (63)

Assuming a priori A/v» 1, we may develop (63)

I

As I said in the Introduction, induced Compton
scattering of a broad electromagnetic spectrum
has been described up to now by the Kompaneets
differential equation (5), which corresponds to the
5'(x -x') approximation of the complete kernel
B„exp[-(x-x')'] of Eq. (27). The absence of a
dispersive term —this term would be present if
the kernel is developed up to 5"'(x -x') as in Eq.
(8)—forestalls formation of the fine soliton struc-
ture. I therefore describe broad spectral evolu-
tion by means of the complete master equation
(27). Figure 2 shows the numerical evolution of a,

broad Gaussian spectrum (36) with initial ampli-
tude N, =10', width 6Q=7.5, and norm N
= vw 6,(N, N, ) = 1.3293 x10-9. During the initial
stage (0&v& 1.39/N) we can see the whole tri-
angular distortion of the spectrum, the shift of its
maximum towards lower frequencies, and the
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FIG. 2. Nonlinear Comp-
ton evolution with time 7 of
a broad Gaussian spectrum
(of width 60= 7.5, amplitude

N( = 10 and norm W =1.3293
x 10 ) glv1ng rise to 8 Set
of photog solitons. Sekai-
logarithmic scale. Con-
stant noise No-—1.

steepening of its red side. Up to this point this
could be qualitatively described by Eq. (5), since
the differential distortion of the spectrum is pro-
portional to the spectral amplitude N(x, 7 ), which
plays the role of a speed for the maximum am-
plitude. Then, however, the general evolution
governed by Eq. (27) begins to be dispersive
and cannot be described by Eq. (5). Indeed, the

spectrum sinks behind the maximum, generating
another peak due to the nonlocal action of the ker-
nel. In the following stages, the spectrum is
broken completely into secondary ones which mope

downwards on the x axis, approaching more and

more closely the photon soliton form (45) or (47)
when they leave the initial spectrum and propagate
on the constant noise spectrum. The number of
photon solitons generated is proportional to the
norm N, as is common to other nonlinear equa-
tions leading to multisoliton solutions. In their
motion downward on the frequency axis they are
ordered by their amplitudes or, equivalently, by
their speeds, therefore increasing the distances
between them.

constructed over N, and depends on N, . Starting
with a high-amplitude spectrum (N» I) centered at
x xo and decreasing to zero as x —+ ~ according
to some law, we must look for self-similar solu-
tions which suit the x-dependent law of the initial
spectrum shape. Before looking for such analy-
tical approximations we shall present the results
of the numerical computation of Eq. (27).

Figure 3 shows the time evolution of a narrow
Gaussian spectrum of width 6,= I/4M2, maximum
amplitude Ny 10

p
and norm N 3 13332x10' in

' the absence of any noise spectrum, i.e. , No 0 in
expression (36). As emphasized in Sec. I, con-
trarily to the result obtained within the x -x' loc-
al approximation for the kernel, "the narrow

I j I
/

f I I I
/

I I [ I

2 x10

C. Summary

Numerical computation of Eq. (27) shows that,
in the presence of a constant noise spectrum N„
the initial high populated photon spectrum —narrow
or broad —evolves, after a transient regime, by
a uniform nonlinear and nonlocal coupling with the

uniform noise N„towards a soliton or a set of
solitons (this name being understood in the sense
of Makhankov"; cf. the end of Sec. I). This asym-
ptotic solution of Eq. (27) is fitted very well by
expression (45), which is a self-similar form de-
pending on x+ v& and on the constant noise N, .

10

10

1.4 1.0 0.5.

Xp- X

IV. EVOLUTION OF AN INTENSE SPECTRUM IN THE
ABSENCE OF A CONSTANT NOISE SPECTRUM

Of course, in the absence of a constant noise
spectrum N„the solution of Eq. (27) cannot take
the self-similar soliton form (45), which has been

FIG. 3. Nonlinear Compton evolution with time v of a
narrow Gaussian spectrum (of width 60-—~~, aInplitude
jV~=10, and norm N=3.1332 x10 ) in the absence of a
constant noise spectrum. Natural scale. The thin line
enveloping the maxima shows the linear dependence of
the amplitude on the shift xo-x~(v').
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FIG. 4. Same time evolu-
tion as in Fig. 3, but in
semilogarithmic scale and
for different time param-
eters 7. The logarithmic

. scale shows better the de-
tailed spectral form, in
particular the appearance
of a second bump on the
low taQ end. For time
7 =174.6/N the theoretical
curve obtained from Eq.
(93) and marked with heavy
dots shows a good fitting
of the numerical curve
(small dots) except for a
discrepancy on the small
tail end.

Gaussian spectrum does not maintain its form
during its downward motion on the frequency axis.
Indeed, its amplitude grows and its profile be-
comes narrower and asymmetric while its speed
decreases. It seems like a solitary spectrum
moving on a decreasing-amplitude "noise" which
is nothing else thanits own low-frequency wing.
This is visualized better in Fig. 4, which shows
the time evolution for the same initial spectrum
in logarithmic scale. The logarithmic dependence
of soliton (45) on the noise N, turns to be here a
logarithmic response on the x-dependent wing am-
plitude, as if the moving spectrum bump fits the
decreasing wing adiabatically. We see in Fig. 3
that during its downward motion, the amplitude of
the solitary spectrum increases linearly with
xo-x as soon as

I
x -x,

I &6„while its width nar-

v(r) =
I dx.(r)«"I =~(r) (67)

for the downward motion of N(x, r) so that

V(T)dt ) '0 .

The narrowness of the initial spectrum allows us
to introduce the approximate form

rows by approximately the same linear rate in or-
der to conserve the norm. One might infer this
from expression (49) assuming NO ~N, exp( —[(x
-x,)/5, ]'j. However, in order to look for an
analytical self-similar form of (x, r) which tries
to fit the spectral evolution with time plotted on
Figs. 3 and 4, let us generalize the method used-
in Sec. III by introducing a time-dependent velocity

N(x, r) =N[x„(r)]exp —
i
x -x,

1a

whose norm

(69)r(r )dr)l/5, (r) -~ra (r)Ã(r (r))lllx —r, + r(r )dr), '
o

I,= Nx, 7 dx

= M~ 6,(r)N [x.(~)] = Mv 5,N, = v"m A

is conserved, into the integrand of E(1. (27), and, integrating with respect to time, we have

lnN(x, r) =A exp( —[x x,+g(r' )]']-d lTn N(x, 0)

exp x x +g g
I 2 d7rI 1D X 0

0 g
(71)

'Therefore

N(x, 7') 1
ln ' =A —exp] —[x —x,+g(r)]'] +A —, exp( —[x x,+g(7')]'jdr-',N(x, 0) (72)
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and setting g(0)=g„g(0)= 0 from (68) and dr'=dg/g, we can write
~0

N(x, r) 1 1 2ln ' =A —. exp[ —(x -x,+g)'] ——. exp[ —(x -x,)'] + A —.—exp[- (x -x,+g )']dg,
N(x, 0) p 3

0

(73)

where integration is over the dumb variable g. Now we may set for N(x, 0) the initial Gaussian spectrum
of amplitude N, and width bo. Thus the spectrum takes the form

(x-x)' A . , A
N(x, 7) =N, exp —,' + —. exp[ —(x -x,+g)'] ——. exp[ —(x -x,)']+

0 g

0 ~
g

exp[ —(» -x eg)']dg), (74)

where the function g =g(r} will be determined by
imposing the norm conservation equation (70), as
we shall see.

During the first transient stage, the spectrum
shifts towards lower x and is at the same time
dissymmetrimed or distorted (cf. Figs. 3 and 4). It
is easy to show that for a Gaussian profile the two
effects act with the same characteristic time. In-
deed, on the one hand, replacing N„from (44) by
the Gaussian wing amplitude at x =. x, —I/v 2,

the solitary spectrum have a peak around

x (r)=x, g(r)—, (81)

in analogy with the soliton case, where g= gv'

[cf. (46)]. Thus we can evaluate Eq. (70) by the
"steepest-descent method" applied to maximum
(81). With the exponent function in (74) defined
by

N(x =x, 0) = N, exp( —2/6,'), (75)
p(x, r) = ln [N(x, r) /N, ],

Eq. (70) yields

(82)

we obtain the characteristic distortion time, from
(44), I, = Mw A= vw 60N

—ln
2

&N bN,

(V6)

= v p 5,(r)N, exp(in[6, /6, (r)]]

N, exp[p(x )+ —,'y "(x„)(x-x,+g)']dx,
On the other hand, during the first stage, when

g(r) begins to take small but finite values in (74)
we may assume

g=gp'(( 1,
A/g —A/g » 1,

(7V)

where the prime stands for derivation with re-
spect tox and

g~ A Ay(x„)=- ——, + —. ——. exp(-g ')
~o g go

and, neglecting the last term in the right-hand
side of (74), we develop this expression as fol-
lows:

~ ~

+A —,
' exp[-(g -g)']dg

p g 3

N(x, r)=N, I-, ' —2A[(x -x,)r+g,r']( (x -x,)'
0

x -x,+g,r i
=Ni exp— (79)

= Inl[6, /6, (r)],

6,(r) being the width of the solitary spectrum,

(84)

with the initial velocity defined by
6,(r) = [-—,'(p" (x„)] (85)

go Abp Ni bp (8o)

which yields a characteristic time of the same
order as (76) does for distorting.

Now let us determine g=g(r') in (74) from the
norm conservation equation (VO}. After the trans-
ient stage and because of the great value for A/g,

which will be evaluated later from a more tractable
form of y(x, r) than (74). Nevertheless, taking
into account the approximate expansion (83), we
directly obtain from (74) a correct order-of-mag-
nitude estimate for 6,(r):

(86)
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Introducing this expression into the right-hand
side of Eq. (84), we obtain a self-consistent equa-
tion f(g, g, P) =0, the solution of which deter-
mines g=g(v) and therefore, from (74), the explic-
it spectral dependence N(x, 7). Equation (84),
however, is complicated and will be solved in the
Appendix by successive approximations (g» 1)
yielding the following third-order algebraic equa-
tion:

less than 6'/».
Moreover, in the full asymptotic regime (36+v

» 1, g» 1), 6,/(g/A)'~' has a linear dependence on

g(r) =x, —x (~) which corresponds by virtue of
norm conservation equation (83) to a linear growth
of the amplitude N[x (T)] with respect to x, —x„(7)
The thin line enveloping the maxima in Fig. 3
shows this linear dependence. In the same asymp-
totic regime we have from (8V)

~ = (1/3&&) [g'+-.'3v n g'+ 3(-,'v —1)g+ SC], (87) g = (362+~)'~', (90)

for which the solution g= g(T) is standard. With a
convenient choice of the constant K, the solution
g(7) so obtained fits with good accuracy, when

g(~)» 1, the abscissa x„(v)=x, -g(v) of the main
spectral maximum evaluated by numerical com-
putation. Even if we are not in the full asymptotic
regime (36,'Av»1, g» 1) but only satisfy g~ 1,
for the last spectral bumps in Figs. 3 and 4, the
parameter Z remains almost constant in Eq. (87),
with AK/K& 3.6% (see Table I).

Time derivation of Eq. (87) yields

v=g=A6', /g'= (6+)' '(3~) ' ',
the logarithmic form of which,

1nv= const —o. lnv, a = ~»

(91)

agrees with the numerical computation, since we
obtain n =0.648. From (91) and (81) we obtain the
following dependence with respect to x, —x (7.):

~(~) =A6', [x,—~.(~)]-',

and, differentiating with respect to v. , or from (88),

g/A = 6,'/(g'+ v v g+-,'m —1),

A.j'/P'=- (1/6,')(2g+v v ),
(88)

(89)

which are useful formulas. Indeed, (88) allow us
to compare the width 6,(~) given by the approxi-
mate expression (86) with the result of the numer-
ical computation. For the above values (Table I)
we have, as shown in Table II, a discrepancy of

which could be expected from expression (53), as
has been said, by assuming N ~ (x, —x ), N,
~ N, exp[-(x, —x )'].

Introducing Eqs. (88) and (89) into (74), we ob-
tain the explicit spectral form N(x, r), which will
be compared to the numerical evolutions of Figs.
3 and 4. First of all, (89) allow us to modify the
integrand in (74) in order to obtain a simpler ex-
pression for p(x, T), namely,

y(x, 7.) = ln [N(x, r)/N, ]
(x-x,)' A 1), A 1'

2 2
+ —+—, exp[—(x-x, +g)'] — —. +—, exp[—(x- x,)'J+ —,(x- x, ——,'Mv)P g2

x exp —x —xo+g' dg'
~

0
(93)

where A/g is given by (88) and A/g, is the initial
value. Even if (88) is obtained within the asymp-
totic limit g» 1, a good order-of-magnitude esti-
mate for A/g, is obtained from (88) by setting

g(~=0) =0, i.e. ,

A/g, = (-,'w —1)/6', = 18.26 . (94)

However, we shall obtain a better determination of

TABLE I. Comparison of values for parameters 7N,
&{~), and It, found for the last spectral bumps in Figs. 3
and 4.

TABLE G. Comparison of parameter values found by
numerical computation and with Eq. (88) for the last
spectral bumps in Figs. 3 and 4.

Numerical computation
g(7.)=x, -x (~)

Zq. (86)
K

Numerical computation
g(&) = xo x~ (&) (50/(50 (T)

Zq. (88)
g /(+/~)i/2

Fig. 3
Fig. 4

148.5
174.6

1.18.4
1.290

0.439
0.455

Fig. 3
Fig. 4

1.184
1.290

2.028
2.138

2.017
2.126
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the parameter A/g, in (93) by adjusting the maxi-
mum amplitude N [x =x, g—(r)] obtained from nu-
merical computation to that obtained from (93).
Expression (93), more preci ely I nN(x, r)
= y(x, v) —lnN„ is represented in Fig. 4 for time
~ =174.6/N and, as we can see, shows an excellent
agreement with the numerical curve except for a.

small discrepancy on the small tail end. %'e have
taken A/g =22. Neither this value nor (94) coin-
cides with (80); i.e. , the velocity of the solitary
spectrum at the beginning of the asyrriptotic re-
gime, governed by Eqs. (87)-. (89), differs from
that of the initial transient stage. This transient
stage corresponds to the inflection of the thin line
enveloping the maxima in Fig. 3 where the velocity
first increases before attaining regime (88) or
(91).

From (93) we can obtain analytical expressions
for the characteristic points of the curve. In par-
ticular, we give here the result of y'(x, r) in the
neighborhood of x= x, —g(7) in order to justify the
approximate expression (81). Thus

equation

SN(x, ~) 2N(x, ~)
7

the forrnal solution of which is given by"

(98)

2
Ã(x, v) = iv(xo) axp , f dv''

W 0
dx' x'N(x', ~)

(99)

N(x, w) = N, exp(- [(x—x, + v7') /6, ]']0 (7'),

where

(100)

v = N60/~v=A6', , (101)

2x(}vT v74(i) =exp — ', +-
~o

where N= ~mA is the norm. For an initial narrow
Gaussian spectrum of width 5,«1, centered at x
= xo, we' can write

1 A Ap'(x, 7) =2(x- x,) ——,——. + —. exp( g')
&o g go

T ~ oo

x exp d7 (102)

vm—4' ~ +&~ +
&2 exp(-Z ),

0 0'

and, setting y'(x, r) =, 0, we obtain

(95) is an independent function of x. Conservation of
the norm, however,

[g(A/g+ 1/6', ) —(v~v/2) (I/6', ) exp( —g ') ]
[-A/g —1/6', + (A/g, ) exp(-g')]

yields

N(x', ~')dx'= M~6,X,e(~) (103)

= —g (g))1). (96) 4'(r) = const. (104)

Even for the value g=1.290 in Tables I and 0 we
obtain an excellent agreement: x, —x = 1.292.

We can finally evaluate p"(x, r) from (93) at x
=x, g(r) in o—rder to test expression (86), taking
(85) into account. We have

[v"(x, 7)],=. = — 2, )p 'l~

+2 —. (1-2g')2A A
A"0

1+, g- —, exp(-g'),
50 50

(97)

which leads to (86) for g» 1. In Table III this
more precise width (97) is compared with the val-
ues of Table II, with a resulting relative discrep-
ancy of less than 4 x10 4.

Therefore, within the local approximation used by
Zel'dovich et al. ,

"the initial narrow Gaussian
spectrum cannot be distorted, contrary to the gen-
eral result of Sec. IV. It only admits a uniform
shift towards lower frequencies with velocity (101),
which is nothing more than the velocity (80) of the
initial transient stage.

VI. CONCLUSION

We have seen that induced Compton scattering
of a. high populated photon spectrum governed by
the integral equation (27) leads to different quali-
ta.tive evolutions depending upon the presence or

TABLE lII. Comparison of parameter values found by
numerical computation and with Eq. (97) for the last
spectral bumps of Figs. 3 and 4.

V. COMPARISON WITH LOCAL APPROXIMA'JION

Numerical computation
g{T)—g(} x {T) 6p/leap (7')

Eq. (97)
[„~ff(~ )]$/2

The x- x' local approximation for the kernel in
Eq. (27), already discussed in Sec. I, leads to the

Fig. 3
Fig. 4

1.184
1.290

2.028
2.138

2.025
2.139



1094 CAR LOS MONTES 20

absence of a constant noise spectrum No. In the
first case (No&0) a large class of initial spectra
give rise to universal solitonlike structures which
move downward on the frequency axis with uniform
motion (Sec. III). In the absence of a. constant
noise (N, = 0), the downward motion of the solitary
spectrum depends at each time on the form of the
initial spectrum profile (Sec IV). Thus the down-
ward motion of a narrow Gaussian spectrum is
accompanied by an increasing of its maximum
amplitude, a narrowing of its width and a diminu-
tion of its velocity. However, in physical situations
it is difficult to assume the total absence of a
noise spectrum. So, for the narrow Gaussian pro-
file of width 5, =1/4~g and initial amplitude N,
=10', studied in Sec. IV, the amplitude of the low-
frequency wing becomes extremely low for Dop-
pler-Compton distances xo —x& 1, i.e. ,

N(x, —x=1.0) =1.26x10-',

N(x, —x = 1.29) = 7.47 x 10-"
N(xo —x=2.0) =2.57&&10-' .

Thus even an extremely small white noise would
change the nonlinear evolution to the solitonlike
case.

The asymptotic analysis carried out in Sec. IV
for an initial Gaussian profile may be generalized
to the more general form

N(x, 0) = N, exp(-(x- x,)'/6', [I+~(x- x,)']], (105)

which behaves as a Gaussian function for e
« (x —x,)' and tends to a constant spectrum for e

» (x —x,)'. The corresponding Eq. (84) yields here

As I have said, the integ'ral equation (27) does
not seem to be an exactly integrable equation in

spite of the strong structural stability of their
solitonlike solutions, which has been tested by
studying collisions between them. "

Inclusion of the linear terms of Eq. (1) will lead
to a dissipation of the soliton structures. One-
dimensional models including a small linear dissi-
pative term lead to "quasiso1itons""'" or hybrid
spectral profiles constituted each by a high-ampli-
tude, exponentially damped solitary pulse together
with a small-amplitude shelf leading behind it.

However, inclusion of the linear terms renders
the induced Compton scattering problem multidi-
mensional in a real physical case. This general
complicated case will be the object of future re-
search.
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APPENDIX

We shall solve Eq. (84) by successive approxi-
mations: (i) Assuming g» 1, we evaluate the inte-
gral expression in (84) as follows:

' ~ ~

= exp[-(g-g)']dg
o

g' A A., +—. ——. exp(-g')
6o(1+ &g ) g go

~ 3
o

~ ~

exp(-g ')dg = ——. , erfg . . (A1)
2 g

~ ~

—g, exp[-(g -g)']dg=0.
o

(106)
In the limit g-~, we obtain

J"' = .' MnA g/g '. — (A2)

Within the limit approximation g» 1, the treat-
ment developed in the Appendix leads to equation

gg'/5', (1+kg') -A(l+-,'Mmg/g') =0,
integration of which yields

(107)

1 v~
~3 2Q,~, , (arctan~eg- ~eg)+A 7. — —. =C, ;2 g

(108)

in the limit ~eg» 1, we have

[Note that even for not-too-great values of g the
approximation is correct. Indeed, erf(g = 1.290)
= 0.931 89]

(ii) The right-hand side of Eq. (84) exhibits a
logarithmic dependence:

(A3)In[6,/5, (~)]= ln [5,(A/g)' '].
We shall see [cf. (91)]that 6,(A/g)' '=g for g»1
and (A3) may be neglected in Eq. (84).

Therefore we are led in a first step to solve the
approximate equation

—g+ —+ c 6', (Aw —C,) = c 5Q
1 z, , Mz1

Integrating once more, we obtain

Z=8'o+'U&
~

(109)

(110)

—,+ —. exp(-g ) = —. 1+g' A, A vv g
g2

otherwise written

(A4)

where v =e5+ is the expected soliton velocity. , +—. exp( —g')dg=A 1+,d~,
3&o ao
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integration of which in the limit g(v)»1, assuming
g(7. =0) =0, yields

mination of g/g', entering the integral expression
Jo

g' ~m A.

Let us write (A5) as

(A5) Ag/g ' = —(1/6', )(2g+ ~m),

and therefore giving a second-order approximation
for J.

(A6)

which is a linear differential equation with respect
to ~ having the solution

7=exp C, + P g exp — dg, A7
2dgl ~ 2' I

wi

J"'=-—, (2g+ ~sr ) exp[-(g-g)']dp
&o o

= ——.[1 —em(-g )]2.
Q2

+—.(g + l ~~) exp(-t')4
&o

'
o

where E(g) is the right-hand side of (A6).
Performing the integration in (A7), we obtain

= —(1/5', )[1-exp(-g')]+ (2/60) (g+ —,'~~)-,' M~.

(A10)
7. = (1/35+)(g'+ —,'~zg'+ —,'wg+-,'n'~'+ C,), (A8}

which may be considered as a first-order solution
g= g(T)

(iii} From (A8) we can obtain an explicit deter-

In the limit g»1 we are led to

A/g = (1/60) (g'+ v w g+ —,
'

w —1),
which integration gives the solution (87).
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