
PHYSICAL REVIEW A VOLUME 2, NUMB ER 3 SEPTEMBER 197O

Polarized Maser Emission from Interstellar QH and H, QT

M. M. Litvak

Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 02173
(Received 12 March 1970)

Polarization properties of interstellar OH and H20 masers are related to the nonlinear prop-
erties of the medium, including that of the weak magnetoplasma. Because the Baman-type
cross-saturation of oppositely polarized modes is negligible for this Gaussian-type broad-band
signal, contrary to laboratory cases, the preference for circular polarization in the brightest
OH sources is attributed to another mechanism: parametric down-conversion of one Zeeman-
split microwave mode to another and to an electron cyclotron wave.

I. INTRODUCTION

Many regions of our galaxy contain clouds of
OH and H20 molecules that emit microwave sig-
nals so bright and unusually polarized that little
doubt exists that they are maser sources. '

Very long baseline interferometers have shown

several of the emitters to have apparent sizes
10-100A. U. (1 astronomical unit equals 1.5 x 10"
cm). In the case of the OH-H~O region near the
radio continuum source W3, some seven emitting
points, some being actually double or triple, are
widely arranged in a rough circle having a diam-
eter of about 1 arc sec [- 3000 A. U. at a distance
of -3 kiloparsecs (kpc) ]. Since these are regions
of star formation, these masers are believed to
be associated with protostars. However, OH-H&O

masers have also been found near infrared stars,
many of which are probably highly evolved stars,
M type, with circumstellar dust envelopes that
are responsible for the infrared output. Com-
pared to the masers near HII regions like W3,
these infrared star masers show little polariza-
tion. Other masers have been found near the ex-
panding shells of supernova remnants. These usu-
ally show even less polarization. General char-
acteristics may be listed as follows: The OH

emitters with the highest brightness, usually near
HII regions, are almost always polarized, and

usually highly circularly. However, particular
Doppler-shifted features in a few such regions
show elliptical, linear, or no polarization. This
is true of all four of the hyperfine-split transi-
tions of the OH ground state II»B, J= &. However,
only one of these transitions is dominant in a par-
ticular region, namely, the ~E=O transitions at
either 1665 or 1667 MHz near HII regions, often
the 4E = 1 transition at 1612 MHz near the infra-
red stars, and often the ~E = —1 transition at
1720 MHz near supernova remnants. No clear
preference for linear polarization by the I ~E t

= 1 transitions is to be found, but these are usu-
ally not strongly circularly polarized except when

the LE = 0 transitions are also present and are
circularly polarized.

The H&O emission at the 22. 2-GHz 6&6- 523
transition is rarely polarized and then only lin-
early polarized. The strongest emissions be-
long to AE =- 1 transitions, but time variations
over weeks, as if the maser is unsaturated, have
complicated the observations. In one region,
W49, an unusual HII region, the time variations
correspond to a length of about 0. 1 arc sec or
about 1400 A. U. at the probable distance of 14
kpc for the source. The brightness temperature
corresponds to & 10"'K for W49 since the emis-
sion points subtend less than 0.003 arc sec.
In Orion A the HzO emission is highly polarized,
linearly, but the emission points have yet to be
resolved at about 0. 003 arc sec, or 1.5 A. U. at
500 parsec (pc). The brightness temperature
then exceeds 10 'K.

Maser emission has also been observed from
excited rotational states of OH. The one, II&&&,

J= 2, E = 1-0 with very small Zeeman-splitting
factors, shows no polarization and the others,
II3&» J= -', , E = 3- 3 and 2 -2, show some circular
polarization. If interpreted as a distorted Zee-
man splitting, the field would be about 10 ' G.
Some features in the ground state might be inter-
preted as distorted Zeeman splittings at approxi-
mately 5 ~10 G. ' Absorption by ground-state OH

has shown no polarization whatsoever. The weak
so-called normal OH emission from dark dust
clouds has also shown little if any polarization.

Maser amplification, under the proper condi-
tions of saturation, can result in a high degree of
polarized emission. Laboratory experiments on
laser oscillators in weak or no magnetic field have
verified to a fair degree the predictions of non-
linear optics that, for laser electric dipole tran-
sitions between states of the same angular mo-
mentum, the output has nearly pure circular po-
larization. Cavity anisotropy will produce some
ellipticity. Similarly, for laser transitions be-
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tween states of angular momenta differing by one
unit, excluding 1-0, the output has linear po-
larization. Similar polarization characteristics
are believed to occur in traveling-wave ampli-
fiers of monochromatic signals. However, the
OH (and H~O) emission does not directly fit into
these cases because first, the OH signal is broad
band (-3 kHz), probably considerably larger than
the radiative or collision linewidths of the OH

states, and second, the Zeeman splitting due to
the interstellar magnetic field also is likely to be
larger than the linewidths. Both of these state-
ments are probably also true for the H20 mole-
cule s.

Recent analyses' of the OH problem merely
assume that the case of monochromatic signal
and weak magnetic field applies without qualifi-
cation. For ~J =0 or ~E=O transitions, it is
supposed to be true that when both components of
circular polarization are present there is less
amplification than when only one component is
present. This requires that the cross-saturation
of one component by the other exceeds self-sat-
uration. For this to occur, ordinary cross-satu-
ration by induced changes of population must be
supplemented by so- called Raman-type cross-
saturation. ' A critique shows that the average
power dissipation due to the Raman-type cross-
saturation at a typical point is too small if the
microwave signal being amplified has random

phases within a bandwidth that exceeds the ra-
diative or collision linewidths. Nevertheless,
with the proper coupling of signals at different
frequencies by other processes to be described,
in addition to the nonlinear saturation effects, the

OH and H&O emission is likely to exhibit polariza-
tion properties similar to the previously men-

tioned lasers.
Two general regimes arise: the radiation-dom-

inated one in which resonance radiation trapping
and optical or weak collisional excitation deter-
mine the populations and maser properties, and

the collision-dominated regime associated with

high densities. For the collision rate to be fast-
er than the microwave saturation rate, with the

assumption of isotropic emission for the observed
intensities, the density must exceed 10 /cc. For
a faster collision rate than the far-infrared res-
onance radiation spontaneous emission, with

typical radiation trapping, the density must mere-
ly exceed 3x10 /cc.

II. COLLISION-DOMINATED REGIME

The high-density regime affords two possible
explanations for the circularly polarized emis-
sion, which we show are not likely. The first
explanation is that the density is greater than

10' /cc, so the pressure broadening exceeds the
Doppler linewidth. The bandwidth of the ampli-
fied radiation is less than this linewidth. There-
fore, the Raman cross-saturation is nearly as
large as in the monochromatic case. The ob-
served intensities are not large enough to produce
saturation at such densities; but even if theywere,
the population cross-saturation which is usually
present in the laboratory lasers does not exist
for the ground state unless there is a faster rate
of relaxing the Zeeman sublevel populations than
for relaxing the population inversion. Contrary
to the laboratory case, the pumping mechanism
transfers population from one ground-state level
to another, rather than drawing from a nearly un-

perturbed reservoir of population. The conse-
quence is that the cross-saturation of gain for
left-hand circularly polarized waves by popula-
tion being transferred by the right-hand circu-
larly stimulated emission might not even occur
in the perturbation limit of w ak saturation. The
pumping acts to restore the population to the up-

per state by drawing from the lower state, a pro-
cess which is not considered with a separate pop-
ulation reservoir.

The three-level analysis given below illustrates
this point. Then, significant population cross-
saturation occurs only when there is strong re-
laxation of population across the magnetic sub-
levels of the upper state or lower state. If this
cross relaxation arises from strong resonance
radiation trapping with the next-excited rotation-
al states, then this cross-saturation of gain can
nearly equal the self-saturation of the gain. Only

a relatively small Raman cross-saturation or
other effects, such as the parametric down-con-
version to be described below, would be needed to
make the system unstable to the presence of the

oppositely polarized signals. If collisions are the

cause of rapid relaxation of population among the
Zeeman levels, the cross-saturation might still
be small since the collisional rates are still near-
ly equal for hydrogen collisions for relaxing the
effects of self- and cross-saturation. Electron,
but perhaps not ion, collisions for cross-satura-
tion by transferring Zeeman populations are too
slow because of the magnetic dipole or electric
quadrupole nature of the transitions among the
Zeeman levels.

To illustrate the situation of two A-doublet
maser states under the influence of pumping,
broad-band microwave, and resonance radiation
trapping or collisions to the next rotational states,
we consider a simple three-sublevel system.
These three sublevels could be the M&=+1 of an
I' =1 state and M~=0 of either an I =1 or 0 state.
With propagation along the magnetic field these
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are the only states which areinvolvedinthe micro-
wave transitions, the right-hand-polarized wave
being absorbed in the transition from M&= 0,
E = 0, 1 to M~ =+ 1,E = 1 if the latter state is cho-
sen as the upper one. Note that in the ease for
which both are E = 1 states and propagation. is
along the magnetic field, the microwave transi-
tions involve a pair of three-sublevel systems.
%e consider that only a right-hand circularly
polarized signal is present and ask for its effect
on its own and the opposite polarization's gain
coefficient.

If we callA. the net rate of pumping from either
the M~=+1 or - 1 upper states to the lomer state
M~ = 0, B the net rate of pumping from the M& = 0
lower state to either upper sublevel, C the popu-
lation transfer rate betmeen M&=+1 and —1 due
to resonance radiation trapping or collisions, and
8' the microwave rate between the M& =+ 1 and 0
states, then we find that the fractional population
inversion An, o/n between M„=+ 1 and M~ = 0 is

Sn, o B-A
n A+ 28+ W(2A+8+3C)/(A+ 2C)

~ n'/n
1+W(2A. +8+ 3C)/(A. +2C) (A+28)

while the fractional population inversion hn, o/n
between M~ = —1 and M~ = 0 is

hn go B-A
n A+28+W(A —8+3C)/(A. +2C+W)

~n'/n
1 + W (A —8 + 3C)/[ (A + 2C + W ) (A + 28) ]

~ n'/n = (8 —A)/(A + 28)

is the unsaturated fractional population inversion.
n is the total population in all three levels. For
small W, that is, a weak microwave signal, we
see by an expansion of Eq. (1) in powers of W that
the self-saturation contribution to the fractional
populRtlon lnver sion 18

—W[(2A+8+3C)/(A+2C) (A+28) ] («'/~), (3)

while the cross-saturation contribution, obtained
from the expansion of Eq. (2) in powers of W, is
—W[(A-8+3C)/(A+2C) (A+28)] (~n'/n) . (4)

Since B &A for there to be any inversion, we find
that unless 3C &B -A, there is no cross-satura-
tion, but there is, in fact, an enhancement of gain
for the opposite polarization. Therefore, the fast
transfer of population across the sublevels is es-
sential for suppression of the opposite polariza-
tion. This is a characteristic of eases in which

the population reservoir for pumping consists of
the maser states themselves, as is the ease for
the ground state. Excited A-doublet states mould
not be of this type and mould not require fast sub-
level transfer for some, but probably not enough,
cross-saturation. The cross-saturation contri-
bution is less negative than the self-saturation
contribution by an amount [ W/(A + 2C) ] ( 4 no/n ).
Then, additional cross-saturation due to some
other mechanism such as the parametric domn-
conversion must overcome this deficit in order
to suppress the opposite polarization. The faster
the transfer rate C across the sublevels is, the
smaller is the deficit to be overcome. However,
the Raman-type cross- saturation decreases with
C. Note that the criterion for self-saturation to
occur, namely, that

W&(A+28) (A+2C)/(2A+8+3C)

is not very sensitive to this rate C. This calcu-
lation ha, s neglected the influence of off-diagonal
density-matrix elements and their interconnec-
tion with the diagonal elements, the populations,
on the bR818 that the microwave slgnRl 18 broad
band Rnd that the trapped resonance radiation is
everywhere locally isotropic. '

If the Zeeman splitting is less than collision
linewidths, the Heer nonlinear (monochromatic)
analysis applies. Homever, the magnetic split-
tlngs Rre likely to be 1Rrgel" than the eoll181on
linewidths in any reasonable range of densities
n„. The magnetic field 8 (tangential component)
mill be compressed with the gas until the mag-
netic pressure -8 /Bw is not much less than the
gas pressure-vH xT. If the compression is one
dimensional, as in a shock front, then B is pro-
portional to n„ to conserve flux. Similarly, if
the compression is spherical, then B is propor-
tional to nH . In a protostar, the azimuthal field
might be proportional to vH~ . In fact, the Zeeman
splitting may then be much greater than the Dopp-
ler widths, Then the second explanation offered
is that the amplification for each Zeeman com-
ponent can be much different because of velocity
gradients and accidents of clouds in the line of
sight mith mean velocities Rnd magnetic field di-
rections just right for providing gain for one sense
of circular polarization and not the other. ' A sim-
ilar explanation has been proposed for a proto-
star. "' However, this applies to propagatio~
mostly parallel to the magnetic field. For other
directions the polarizations are elliptical, con-
trary to the rarity of observed linear polariza-
tion components for OH. In both these explana-
tions, microwave saturation cannot be large if
the present estimates of brightness temperatures
are correct. Yet, the similarity of intensities,
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despite strong polarization differences from var-
ious points in a given region, would not be expected
unless saturation were dominant.

With these reservations about the collision-
dominated regime, we have made the major effort
here to explain the reasons that conditions in the
radiation-dominated regime best explain the ob-
served polarized emission. General nonlinear
properties are derived for broad-band signals and
large magnetic splittings.

III. STOKES PARAMETERS OF THE MODES

The propagation of intense polarized micro-
waves can be influenced by various nonlinear
mechanisms in the case of a medium consisting
of population-inverted OH molecules and plasma
in a magnetic field. We consider the case for
which the Zeeman splittings of the OH energy
levels are larger than the inverse lifetimes of
these levels. This is probably also true for H&O,

even though the g factor is 10 times smaller.
Because of arguments given above, the dielectric
susceptibility that is contributed by the OH is then
determined mainly by the sublevel populations,
the diagonal density-matrix elements, and not by
various off-diagonal density-matrix elements that
may be generated by the microwave signal. The

.Raman-type cross-saturation, important in Heer's
description of polarization effects in laboratory
lasers, involves such off-diagonal elements, which
we now neglect for this broad-band case.

The dielectric susceptibility X including the '

magneto-plasma contribution has the form

X11 X12

X
='-

X1a X» o

(. . „,i
in a coordinate system with the dc magnetic field
Bo along the x3 axis. " It is convenient to define
a gyrotopy parameter ri = 2g» (cos&)/y» and an

alignment parameter g = (y33 Q$$) (sin'8)/y»,
where 8 is the angle between Bo and the wave vec-
tor k. Then two modes at the same frequency are
obtained from the usual Maxwell equations such
that R ( I + 4m y ) ~ E (k) = 0 and ik i = (~/c) + n k,
where

&k = [2+& ~(t' n')'" I (v-~/c) Xii .
The gain coefficient is n = 2 Im~k, and the ratio

of the electric field components transverse to R is

E„/E, = —[g+ (t'- q')"']/ri = —e'" . (6)

in the coordinate system with e, = e& ~e~ and e„
=e,&&e, . The e& vectors are the uni) vectors in

the dire'ction of Bo, x, y, or R.

The Zeeman sylittings are determined by the
values of the Lande factors g~: g1=1.24 andg2
=0. V4 for the hyperfine states E=l and 2, re-
spectively, for either upper or lower A-doublet
OH ground states. The sublevels are denoted by
(E,M~, +), where M„ is the component of F along
Bo and + is the parity of the upper A-doubletstate,
and by (F,M~, -) for the lower A-doublet state.
The Zeeman splittings for the microwave fields of
opposite circular polarization, e, = (e„+ie,)/g2,
areg1H andg&v& for the E=l-1 and E=2-2
transitions, respectively, where &„ is the cyclo-
tron frequency eBo/(mc). For OH, the Zeeman
splitting is less than the Doppler width when

Bo&10 G. For H&O, the Zeeman splitting is a
factor of 10 less for the same field. The pa-
rameter f is due both to the difference of sub-
level populations because of molecular alignment
with respect to Bo and to the Zeeman splitting of
the resonance frequencies for the different senses
of polarization. The contribution to g from the
magnetoplasma is usually negligible. Because of
resonance radiation trapping between the ground
OH state and the next rotational states, the ground
sublevels are rapidly equilibrated, provided that
this far-infrared radiation is nearly isotropic,
which is very likely for the clouds of large opti-
cal depth that we are considering. Then, for
small Bo, f is not large compared to g, where

g may be dominated by the contribution from the
magnetoplasma once the OH contribution is heav-
ily saturated by the microwave signal. In general,
we have an elliptically polarized pair of modes
which are not orthogonal because of the amplifi-
cation properties of the medium, i. e. , there is
an anti-Hermitean component to X .

Normalized Stokes parameters have been de-
fined from Eq. (6) for'the two separate modes:

so=1

s, =+tanhg = +Im(t/q), for small g/ri

sz cosg se-—ch( =Re(t/q), for small r/ri

s, =+sing sech) =+1, for small g/7i

where g =q' ig +is the complex angle defined in
Eq. (6). At a given frequency ~, s, is the differ-
ence between the intensity for linear polarization
along P = 0 and that along Q = —,

' v. s2 is the dif-
ference between the intensity for linear polariza-
tion along P= —,'v and that along P= —,'v, where

P is the azimuthal angle with respect to the x axis
in the x-y plane. R is the polar axis. The mag-
netic field lies in the x-0 plane. s3 is the differ-
ence between the right-handed circularly polar-
ized' intensity and the left-handed one, assuming
cos8~ & 0. For negative cos8„right and left hand-



POLARI ZED MASER EMISSION FROM INTERSTELLAR 941

edness should be interchanged. Only the sense of
rotation about the magnetic field is important to
the parametric process.

Without serious error, the quantity f/q may be
represented by

i(-,'g ~„)sin 8/(2 cos8)
'g (d —Q7~+ g Eco

when only molecular Zeeman splitting contributes
to g and q. Here, co~ is the resonant frequency
for the transition I' -I" with no magnetic field and
6 co is the Doppler half-width at e of maximum.
More precisely, & ~ in the denominator of (8)
should be multiplied by (2i) 'd log I(z)/dz, where

z = (&u —~~+i I')/n ~,
I(z) = f z'„dz'z' '(z'„- z") 'exp[-(z- z')'] .

I' is the radiative or collisional damping rate and

Zs=gF Ms/2 6 R.
If 4 and 4 are the standard ellipse position and

eccentricity angles for elliptical polarization, then

tan24&=sz/s~, tan24 =s~/(s~+sz), (9)

where 4 is measured counterclockwise from the
x axis toward the y axis. Equations (V) and (8)
show that at line center the polarization ellipses
lie at + —,m with respect to the x axis when Ir/rl I

&1. When If/q I &1, the modes are more lin-
early polarized. Such may be the case for the
H&O emission, for which molecular alignment

(t) might be large and gyrotropy (q) due to the
magnetic field very small, even for the magne-
toplasma. Then the Stokes parameters are

s& —-+ 1, sz —[Re(f/q) ] ', s~ =+ [Im(t'/q) ] [Re(f/g) ]

for I g/rl I » 1 (1O)

The difference of maser gain coefficients for the
two modes is approximately [4 v&u(k)/c] Im(g)(»),
as can be seen from Eq. (5).

IV. PARAMETRIC DOWN-CONVERSION

We discuss the propagation of polarized micro-
waves that interact with one another by various
nonlinear mechanisms. The medium consists of
population-inverted GH molecules and plasma in
the presence of a magnetic field. The Zeeman
splitting of the sublevels of the OH hyperfine states
is assumed to be comparable to the Doppler line-
width. Microwaves may then be amplified in sep-
arate Zeeman modes. Each corresponds to an
electric dipole transition between a particular pair
of sublevels of opposite parity across the A-dou-
blet. Also present is a low degree of ionization,
which nevertheless contributes a large plasma
term to the dielectric susceptibility. Two micro-
waves of different elliptical polarization in Zee-

man modes differ in frequency by a Zeeman split-
ting or less. There is an electric field propor-
tional to the amplitudes of bothwaves, which drives
a current at the difference frequency. This cur-
rent source causes the growth of an electron cy-
clotron wave whose wave vector is the difference
between the two microwave vectors. Because of
frequency dispersion such that the vectors cannot
be collinear and, because of its short length, this
difference vector is nearly perpendicular to the
microwave vectors. An electron cyclotron wave
consists of both electron gyromotion, which is
transverse to the wave vector, and space-charge
effects, which are parallel to the wave vector. '
The latter becomes more important the closer the
frequency of the wave approaches the resonance
at ~„cos8, where „ is the gyrofrequency and 8

is the angle of propagation with respect to the
magnetic field. The group velocity is perpen-
dicular to the electric field, which will be mostly
parallel to the wave vector for space-charge ef-
fects. Thus, the energy of this wave propagates
nearly perpendicular to its wave vector or paral-
lel to the energy flux of the microwaves. This is
necessary for appreciabl volume of interaction
of the three waves. "

As is usual in calculating parametric coupling
of waves, the Fourier transforms of the fields
are most convenient. The Maxwell wave equation
has the form

R (k) ~ E (k) = —4vP"'(k)

where

E(k) = fd'x E(x)e (12)

R(k) =s (k)+k,'k x (k xl) (13)

P"'(k) = fd'Pd'q5"'(P+q —k) (2v) '

x5X(k, p, q): E(p)E(q) . (14)

The quantity E (x) is the electric field, as a func-
tion of the four-vector (x, ict), while P"'(k) is the
Fourier transform of the polarization vector due
to nonlinear effects, in this case, the coupling of
two electric field components by the nonlinear sus-
ceptibility tensor 5y (k, P, q). The quantities k, P,
and q are four-vectors such that, for example,
k = (k, iko) where koc is a frequency variable of
integration, not necessarily equal to a specific
frequency v(fc) identified with a mode of the lin-
ear medium with wave vector k and dielectric
tensor e (k). The inner product is

k x=k x-&oct

The usual linear dielectric susceptibility is

y (k) = (e (k) —1 )/4v

where I is the unit tensor.
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In the analysis which follows, ion motions can
be neglected, and the electron velocity in a mode
is then given by

V(q) =i(o(q) y (q) E(q)/n, e, with q, =(u(q)/c, (15)

where ~, is the electron density and e is the mag-
nitude of electron charge. From the Maxwell in-
duction equation, the magn. etic field in a mode is
given. by

B (q) =cqxE (q)/~(q), with qo= ~(q)/c (16)

Specifically for a microwave mode, because of its
high frequency, we have

E (k)* y (k) = —E(k)*&uo[4~ur (k)~] ', (1'f)

where &uo is the plasma frequency (4mn, e /m)'~
and the asterisk denotes the complex-conjugate
operation.

As will become clear below, the damping of the
cyclotron wave occurs over a distance somewhat
smaller than that for significant parametric in-
teraction. Then, it is convenient to reserve the
four-vector q for this wave and to eliminate the
explicit appearance of the "driven" quantity E (q)
in Eq. (14) by solving for E(q) from Eq. (11),
after k is replaced by q, q is replaced by -P,
and P by k . Because the fields E (x) are real
valued, the relationship E (-P) = E (P)* holds.
Then, Eq. (11) becomes

R(I ) E(a) =. 4(2y ' 1'd'Pd'g 6"'(P+g a)-
x 1' d'0 'd'p '5 "' (0 '- p '- q) 5y (u, P, q)

:E (P) R (e) '
&X (g, & ', P'): E (& ') E-(P ')*

(18)

Only miexouave electric fields are now exhibited,
but the distinctive properties of the cyclotron wave
are contained in the inverse tensor R (q) and the
explicit form of 5y (q, k, —P ) to be given below.

%'e will estimate the parametric gain coeffi-
cient when the microwave signals have Gaussian
statistics over a bandwidth 5v which may be - 10
to 10 sec for the OH Rnd H20 signals, respec-
tively. Vfe average pairs of electric field factors
over random initial phases for traveling waves:

(E(P)~E(P ')f )/Bm = ~Ts n'" 5&kg(&u(p) —~)».
x(»)'6"'(p —p') 6(p, —~(p)/c), (»)

where gz&. is the normalized spectral distribution
function, usually Gaussian in shape because of
maser amplification, with central frequency w

and width 5(o=m g(0)
The tensor properties of g~z. describe the polarizR-
tion of the mode, having components principally
transverse to p. The line-center brightness tem-
perature T~, taken independent of angle, is usu-

ally much greater than hId/x where v is the Boltz-
mann constant, so the Rayleigh- Jeans approxima-
tion to the blackbody formula has been used. In
contrast, the bandwidth 25m might correspond to
the 1eclprocRl of the time dulRt1on of 1ndlvlduRl
coherent pulses in a steady train, for which the
above averaging is inapplicable. Examination of
data seems to exclude this case, however.

By using the various 5 functions in Eqs. (18) and
(19), we obtain

ft(k).,E(a), =16'V', 7I"'6~ 1d'P 6X (k, P, u -P).,„
xR(a- p)-, '„,g», 6q(k-p, f, —p), , , Z(k).. .

(20)

where Po= ~(p)/c, and Ip I
= ~(p)/c for microwaves

since the index of refraction is close to unity. The
summation convention on repeated subscripts is
being used.

It can be shown that the response due to the cy-
clotron wave, as contained in the term R (k —P) ',
has a resonance in frequency that is narrow com-
pared to 5v. If the unit polarization vector e (q)
for the cyclotron wave is introduced, the cyclotron
wRve component of R ls equlvRlent to

e(q)~ R(q) ' e(q)-[(e(q)/2i(cos'a, )n', ]

x 2m' ((o(q) —(o„cos8,), (21)

~h~~e q=~- p and ~(q) = Id(&) —~(p). The integra-
tion in Eq. (10) is over p for fixed%. The angle

n, is that between q and the group velocity
S&u(q)/Bq. n, is the index of refraction for the
cyclotron wave, n, = iq I c/&u(q). We will use

n, coso. ,= Iqlc[cos'8, +(m/M) (1+ iql 'r, ') ]"
x(~„sin8, cos8, ) '{2(l+ Iqi~r,') ' —m(Mlqi x, )

'

x[cos'8, +(m/M) (1+ Iqi '~, ') ] '], (22)

when lq le~«+8 cos0„where 6), is the angle be-
tween q and Bo, and e& is the ion-gas sound veloc-
ity. m/M is the ratio of electron to the average
ion mass, perhaps that of Na' in dense HI regions,
and r, =c/a&0 is the electron plasma length (mc'/
4mn, e')'~ . Equation (22a) is obtained from the
dispersion relation given by Stringer that

-3= 3 2 1
(d(q) —(os cos 8~+ 1+ ~ 2

j 3

x 1—

'II' e will use
lqic~„sin8, ~0'(Iqi Xn, )'(1+ Iq I'&n, )

3

(22')

when Iq I » either &u„cos8,/e„or Xn'„where the
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The term involving V(p) x B(q) actually can be ne-
glected when q denotes the cyclotron wave. Then,
from Eq. (24), we may write

5X(k, P, q).,„=[i(u(q) e/m(u(k)'ar(p)]

x [p.X(q4, —5.sps X(q)s, 1

Then, with the help of Eqs. (15) and (16), the en-
ergy component becomes

E(k)* 5x(k, P, q): E(P) E(q)

= [ice(q) e/mes(k)'cu(p) ] [E(k)* p E(P)

x(q) E(q)-E(k) E(P)p x(q) E(q)] . (28)

The last term is the dominant one. Similarly,

6X(q, k, —P)„,= [(ie/m)/(u(k)(u(p)][X(q)„q, 5„
- x(q)„qg- x(q),gq, l .

The last two terms will be the dominant ones.
The tensor R(k) s, having to do with microwave

signals, has a value for a particular mode, de-
noted by subscript n:

ft(k)..=- il kl ff k,',
when evalua. ted at ko= v(k)/c, where K is the mi-
crowave gain coefficient (cm ') for the parametric
process and for maser amplification, should both
processes be occurring in the same region, and
where ~ (k) is the frequency associated with this
mode and wave vector k. The QH molecules con-
tribute to the mocrowave complex dielectric sus-

(28)

electron Debye length Xn, equals (kT,/4', e~)'~'.

Equation (22 ) is obtained from the dispersion re-
lation given by Stringer that

&v(q) '= &u„cos28, [1—&u„sin 8,&uo (1+
l q l Xn, ) '] .

(28')

Collisional, Landau, and cyclotron damping may
be important and will be dealt with below.

If Bc' were narrower than the damping rate for
the cyclotron wave or if these were coherent mi-
crowave pulses, then we would use

e(q) * R(q) ' e(q) -(u(q)'/(ic'If,
l ql coso. ,),

(21')
where K, = y, n, cosn, /cis the attenuation coeffi-
cient (cm ') for the cyclotron wave and the damping
rate (sec ') y, is nearly equal to the electron col-
lision frequency, when collisional damping dom-
inates.

As discussed earlier, the source of nonlinear
polarization with four-vector k is driven by the
V XB force generated by the waves with P and q:

5x(k, P, q):E(P)E(q)

=X(k) [V(p) xB(q)+V(q) xB(p)]c '. (24)

(o(q)'A(k, p, k-p)g((u(p) —(u)
(u(p)'n', cos'n, (29)

where

A(k, P, k P)= Ree(k-)„*[p,X~, —5„+,, X...]

xg(~(p) —~)„,e(q),e(q},.*[X„,,q, 5,,,
—X„.p. q, .—X, , q, .] e(k) p.g((u(p) —~) '

= X., l'lp lqls(k, p)cos-'8kp,

where

s(k, p) = [s,(p)s, (k) —s, (k)s, (p)] cos2$,
+ [sz(p)s, (k) —sa(k)s, (p)] sin2$,

The quantities s„s2, and s, are the normalized
Stokes parameters for linear and circular polar-
ization in the modes. g(v(p) —v) is the normalized
Gaussian that represents the intensity profile in
frequency. The angle Q, is that between the plane
formed by k and q and the plane formed by k and

Bo. The angle 8» is between k and p. The y's
appearing in the expression for A refer to the cy-
clotron wave with wave vector q. We have taken
only the largest element of the tensor, y~ „, one
component parallel to q and the other, right cir-
cularly polarized around q, as discussed by
Stringer, where

x„„=(- (u', /v 2 (u„'vi sn2)f8(
l ql xn„,), (80)

where f ( I q I Xn, ) = 1 when

r, '& lgl«u„cos8, /c or 1 ',

f (l q lx,.) =2+ (l q x„)'
when Iq I

» either ~„cos8,/cr or Xn', . The element
X„„is smaller by a factor of —,'(~„/~o)~ sin 28, in
the first case and —,'(v„/vo) sin28, (1+ Iq I Xn, )

' in
the second case. ~„/&uo is greater than unity only
when Bon, ' & 3 x 10 ' G- cm in special regions of
high field and mass density but low fractional ion-

ceptibility. Modes polarized almost entirelytrans-
verse to k can be found, even in the presence of
microwave saturation. However, the polarization
is generally elliptical and a complicated function
of frequency within the Doppler width of the OH

transition. We have previously allowed for this by
introducing the tensor g(&u(p) —v)s8. in Eqs. (19)
and (20). However, to numerically estimate the
parametric gain we will have to be more specific.
We consider E(k) to belong to a, particular mode
having a, unit polarization vector e(k). Then, from
Eqs. (20), (21), (25), (27), and (28) the para, metric
gain coefficient is given by

2

Z= ' '" —"— d'f 5(~(k)-(u(p)-~„c os8, )
v(k) lk I

mc
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!q!m '~35(()g(p)(p} —(())s(k, p) cosH»
(n, coso. ,)'

(31)

where

d P= sin8»d8»d(t), (d(p) d(d(p)/c3.

We have used

lpl/ lkl =1, (o(p)3/(p(k)'=1, (d(q)'/(d'„cos'8. =1

to obtain Eq. (31) from (29). For the magnitude! q!
we have

The integral over P, is complicated by the de-
pendence of s and g on (t), through

(p(p) =(p(k) —p)„cos 8, .
Also, for the small )q ( that is being considered,
we have

cos8, = - sin8, cos P,

The polarization factor becomes approximately

s (k, p) = —sgn(cos P,) [(s, (k) + s, (p) )
x cos2$, +(s3(k)+ s3(p)) sin2(t), ]

ization. We see from Eq. (29) that A(k, P, k-P) is
a factor !q!/!p! smaller when X( )) is used. We
will neglect the y„}!element henceforth and assume
(dp/(dp « 1 wllen !q! & &)3'. ~

Finally, we obtain for the parametric gain

)1 T 8 111C (()Z= s „, ' d3p 6((d(k) —1p(p)- (p„cos8,)

frequency factors are merely (ihp1) '. This is con-
sistent with small Zeeman splittings and a small
frequency separation of the peaks in the maser gain
for the two modes.

In order to avoid excessive Landau damping of
the cyclotron wave, we have !q!Xn, «d„/(dp. '
Cyclotron resonance damping and departures from
"cold-plasma" dispersion relations will be entirely
negligible only when

cos8q & (1+ q 1)r/(()g)

where 1)r is the electron thermal velocity (2kT,/
m}'~ ." For the present application to broad-

band microwave signals, as long as the microwave
bandwidth Ro exceeds the damping rate y„ the cy-
clotron damping is not very important. However,
when

I q cos8,
I vr/p)„&1,

dispersive effects (omitted by Stringer) due to the
electron Doppler width will cause (d(q) to deviate
from (d„cos8, and will reduce Iy~, ! ) and n, each
by a factor

-11'~'(de(sin'8, )/(2I(Tcos8,
I
vr) .

Since this factor is usually of order unity, we will
not cause further, possibly unnecessary, compli-
cations by including it.

The integration in Eq. (31) over (t), then involves

f dy, sin2y~(p)(p)- (o) v m 5(d,

such that

1»n8.
f

'-
I
»n8 "os@,I'-

I ql c./~e,

because s, is approximately+1 for the mode asso-
ciated with the higher Zeeman frequency and —1
for the lower-frequency one, when the complex-
valued ratio,

«~ =(X33- X11}(»n38)«2X13lc»8l },
is small, where 8 equals 8~ or 8~, as is appropri-
ate. The quantity sgn(cos(t), ) denotes the algebraic

sign of cosP, . One can show for small t;/g that

s, = —Im(f/11) and s3 ——He(t'/ll). If g/n is deter-
mined mainly by Zeeman splitting that is compa-
rable to the molecula, r Doppler width &p) (half-width
at the e ' point), then

e()r, p)=sgs(essR, )s re„Re e's (fre(rr) —re s(srel '

X )r ((()(p) —(d& + W (())
2 Icos8, I 2 )cos8~ I

We will simplify s(k, p):
s (k, p) = sgn(cos y, )g~(p„sin' 8, sin 2 y, (ap)

I
cos8,

I
) '

by assuming that 8~ =8~ and that the reasonant

when !q! cr/(dH & 1. However, when !qlXn, or
(q!cr/p)„&1, the integrand contains a factor
(sin8, ) in addition, and only the constraint
)cos8, l & )sin8I, I applies. The frequency splitting
of the peaks in the maser gains of the oppositely
polarized modes is 2e~co, where

e —sgll(c os QR) gls(() p cos8 3/2+((),

if y» is determined by molecular Zeeman splitting;
but, if it is determined by the magnetoplasma, we

have

e ™=sgn(cosP, )
I
g'/q(2+ g) I,

with"

(X33 X11}sin 8)r/X11

Then, we obtain ~=~++a'~co. For small e the
dependence of g on (t), will be neglected. The above

integral in the first case gives 1 —!q! cr/((d„'
x sin 8,), andinthe second case gives- In(cos83)

For very large !k!Xn, or !k!cr/(d„, the integra. —

tion in Eq. (31) over 8», then involves





946 M. M. LIT VAK

netoplasma. " With less saturation for H20 emis-
sion, molecular alignment could easily override
in importance the weak Zeeman-splitting effects
and perhaps even the magnetoplasma gyrotopy. At
line center, in order to have linearly polarized
modes, we must have a sufficiently low electron
density, " i. e. ,

I g l~nA~c' I g l ~~
2

— 10 Cm
165v(d pe cosO~ cos 8„

with 5v=10' Hz, A=2&&10 sec ', and coH =10'
sec . Since the population inversion density, ~n
=0.1-1 cm ', according to estimates of the am-
plification and the amplifier length, and since per-
haps I g I -0.01, the bound on the electron density
seems easily satisfied if n, &1 cm . For this case,
using E|I. (10) and the definition of s(k, jf) following

Eg. (19), and using

X12 ~+0 +H/(4~+

due to the magnetoplasma, we obtain

s(k, p) =- sgn(impy») [s,(k) +s, (p) ] cos2$,

v, ~+cos8, sin8, cos Q, cos2$,
elm(gy„) 12m(o (k) '&(o

where the upper sign applies when k and p belong
to opposite modes and the lower sign when they
belong to the same modes. We have also used

~(k) —~ (p) = &uz cos8, , cos8, = —sin8, cosQ„
and 8„=gp

to obtain the above results. The factor multiplying

the trigonometric functions is -10 n, (B,/10 G)

(&n/n) ', where &n/n is the fractional difference
of gain for the opposite linearly polarized modes.
There is parametric gain for down-converting
either mode into the same or the other mode. This
will mainly cause a shifting to lower frequency of

the more intense linearly polarized component by

some fraction of the Doppler width, perhaps caus-
ing some of the observed asymmetry of the H20

line shapes. This applies to any one of the hyper-
fine-split +0 transitions in particular. Since the

hyperfine splitting and the Doppler width are often

comparable, there may be confusion about whether
the signal actually belongs to a lower-frequency
hyperfine transition or is a down-shifted component.

V. SUMMARY

Under suitable conditions of low temperature
and high magnetic field, the parametric down-con-
version of one microwave mode to the other mode
and to an electron cyclotron wave seems capable
of qualitatively accounting for circular polariza-
tion, or more generally, elliptical polarization in
the OH emission. Because the signal may be prop-
agating outward from an apparent source whose
dimensions are much smaller than those of the
maser amplifier, the parametric gain coefficient
drops sharply with distance. In order for this
down-conversion to compete with the tendency to-
ward equal intensities of right- and left-handed
circular polarization due to maser saturation ef-
fects for broad-band signals, the maser ampli-
fication would have to be well saturated over most
of the distance from the apparent source. This
implies that the lengths for unsaturated growth are
less than the apparent size. That this is violated
for H~O emission may be indicated by the result
that under similar conditions, but of high field
(& 10 G) and electron density (& 10 cm '), the
calculated parametric down-conversion would be
strong enough to produce similar tendencies toward
elliptical polarization for H~O, but this is incon-
sistent withobservations of very little polarization.
Since the Zeeman splitting is probably very small
compared to the Doppler widths for H~O, perhaps
molecular alignment due to directional pumping
produces the observed small amounts of linear
polarization. Parametric down-conversion weakly
shifts the emission to lower frequencies by an

amount comparable to the Doppler width of the
molecules, but the preference of maser amplifi-
cation for one sense of linear polarization would

be derived mainly from the molecular alignment.
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