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A series of Zeeman resonances has been measured in the 2 P state of He, using the optical-
microwave atomic-beam magnetic-resonance technique. The results were analyzed in terms
of relativistic and motional contributions to the Zeeman effect, and are presented in the form
of corrected g factors: gs =gs —(76.0+2.4) &&10 6, gz, =gl +(3.8+9.0) &&10 6, and an additional
factor g„=(4.0 +25.0) &&10 6. These are compared with theoretical calculations using quasi-
hydrogenic radial wave functions which give gs'=gs- (79.9+3.5) &&10, gl~ ——

gL, + (1.1+1.5) &10
and g„=—(3.2 +4. 4) x10 . The values of the experimental g factors are gs = 2.002 243 2
+0.000 022 4, and gi, =0.999 867+0. 000009. The validity of the theory and the consistency
of the data are discussed. The experimental results were used to reduce the quoted uncer-
tainty in a previously reported fine-structure measurement. The new result is E(2 P&)
—E(23P&) = 2291.196 + 0. 005 MHz.

I. INTRODUCTION

A previous paper' (referred to as O reported a
measurement of the 2 P, —2 P~ fine-structure in-
terval of helium to a precision of 3 ppm. The
most accurate data were taken in a magnetic field
of 500 G, and the evaluation of the fine structure
required some assumptions about the 2 P g factors.
Relativistic and motional contributions to these
g factors were calculated using quasihydrogenic
radial wave functions. The nature of the radial
integrals involved was such that the g-factor cal-
culations contributed a significant portion of the
experimental uncertainty quoted for the fine struc-
ture. For this reason, and because of an intrinsic
interest in the Zeeman effect of the 2'P state of
helium, we decided to measure the g factors di-
rectly.

In this paper, we report measurements of the
2 P g factors (including factors off diagonal in J )
to a precision of about 10 ppm. These g factors
occur in matrix elements of the Zeeman Hamilto-
nian expressed in a (Z, m~ ) representation They.
were expressed in terms of unknown radial inte-

grals arising from relativistic and motional con-

tributions, and their values were deduced from
measurements of a series of magnetic dipole tran-

sitions between Zeeman sublevels. A brief re-
port of this work has been given. a

The relativistic contributions have been derived
theoretically from the Dirac-Breit equation by
Perl and Hughes. ' A generalization for many-elec-
tron atoms was presented by Perl, and by Abra-

gam and van Vleck, ' Several comparisons with ex-
periment have been made utilizing this theory.
The measurementa of g~ (He; 2~S, ) agrees to within

1 ppm with theory, s where most of the relativistic
contributions could be evaluated in terms of known

quantities, and detailed radial wave functions were
not required. In more complicated atoms, the rel-
evant radial integrals are evaluated usually with

Hartree- Fock wave functions. Detailed compari-
sons have been made, for instance, in the Ps~&
state of fluorine7 (agreement to within 1 ppm), and

in the I' states of oxygen' (agreement to 7 ppm).
The present work differs from those above in

that the Zeeman transitions observed had line-
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widths of about 5 MHz. The use of much higher
magnetic fields was necessary in order to obtain
a reasonably large ratio of transition frequency to
linewidth. At these fields, terms quadratic in
field, and relativistic contributions off diagonal in
J were appreciable and lent further interest to the
experiment. Furthermore, some of the terms in
the Dirac-Breit Hamiltonian, which do not contrib-
ute to the Zeeman effect in the 2 S state of helium,
are nonzero in the case of the 2'P states.

The experiments were performed using the
atomic-beam optical-microwave magnetic-reso-
nance technique. The 2 P states were excited
optically from the 2'8& state in the C (uniform)
ma, gnetic field of an atomic-beam spectrom-
eter (Fig. i)'s. Magnetic dipole resonance tran-
sitions between the 2 P Zeeman sublevels were
observed by their contribution to the redistribution
of 2'S, sublevel populations after 23P decay. The
relevant energy levels and their role in the experi-
ment are depicted in Fig. 2. The beam of metast-
able 23S& atoms was obtained by electron-impact
excitation from the 1'So ground state, The appara-
tus had oppositely directed A- and 8-field gradi-
ents which, together with a collimator, defined
the ms=+ 1, 0, —1 trajectories reaching the detec-
tor, as shown in Fig. 1. Between the A and 8
magnets was the uniform C field, wherein occur-
red transitions between the m~ sublevels. These
transitions arose from the optical excitation to the
23P sublevels and the subsequent, decay back to
2 S„andthey were modified by magnetic dipole
resonances between the 23P sublevels. It was de-
sirable to select transitions between specific 2'S,
(ms) sublevels, so as to enhance our sensitivity
for observing the 2'P resonances. This was ac-
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FIG. 2. Energy-level diagram of the helium atom.
The ~80 ground state, which lies 19.82 eV below the state
23S&, has been omitted. The experimental processes of
electron and optical excitation are depicted by arrows.
The 23P fine structure (not to scale) is shown in detail.
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complished by placing a second collimator (state
selector) near the 8 field, and by moving the de-
tector to one side. Figure 1 illustrates the config-
uration for observation of the 2 8, (ms=0-+1)
transition. It shouM be pointed out that the 23P
sublevels could only decay to 23S„decay to the
1'So ground state being strictly forbidden. The 2 P
radiative lifetime was about 1x 10 7 sec and the
transit time of the atoms through the C region was
about 5x 10 ' sec.

II THEORY OF EXlERIMEm

A. Zeeman Hamiltonian

FIG. 1. Diagrammatic plan of the atomic-beam spec-
trometer illustrating the 2 8&(mz} trajectories. Broken
lines near the detector are trajectories of atoms under-
going changes in ms as indicated by the labeling. Atoms
originating in m~ =+1 would normally hit the state selec-
tor. The microwave cavity was situated in the C field.

The theory presented in I is expanded here to in-
clude the relativistic, motional, and quadratic con-
tributions from the beginning, rather than intro-
ducing them as additional perturbations later on.
%e consider only the perturbation Hamiltonian re-
solving the degeneracy of the 23P state which we
write



LEWIS, PICHANICK, AND HUGHES

5p y
g=- 3 pa

xgf(T, +2s, ) T, ——,'Ze'[s, x v, (~, ')] x r,),
~PS, 4

=
p Pa

[(s;+2s, ) && V, (~„')]x r, ,
f&j

&Ps=-@ w V&

(4a)

X Xj'S +Kg +XQ o (1)

+Ps includes the sp1D orbit RDd sp1D spin terms
which lead to the fine structure. " It is diagonal in
J, and hence we shRQ employ as a matrix repre-
sentation the zero-field eigenstates lI SZm~). IC~

represents the linearly field-dependent (Zeeman)
terms Rnd 3' the quadratically field-dependent
terms. When solving the secular equation, the
contribution of K» wi11 be repx esented by constant
diagonal terms E~, the zero-field eigenvalues for
J =0, j., and 2. This procedure RQows for the
admixture of X of the 2 P state to the required
accuracy (see Appendix C A). The values of E~
mill be based on the experimental values of the fine.

structure intervals. '
The hnear Zeeman term can be written

Xz=g~ p, s L ~ H+g, Psf IT+K 5P,„~H, (2)

where p. ~ is the Bohr magneton. L, 8 are, re-
spectively, the total orbital and spin angular mo-

mentum opex'Rtox'8 1n units of 5. The f1x'st t%'o

terms axe, respectively, the usual interaction of
the orbitRI Rnd spin magnetic xnoments with the
external magnetic fieM H, which is assumed to be
in the z direction. The orbital Rnd spin g factors
are assumed to have the values

g, =(l-m/M) = o. oooM2o, (3)

g = 2(1+ (u/2m) —0. 328 (o2/v~). ~ ~ ) = 2. 0023192.

m, M are, respectively, the electronic and nucle-
ar masses, and the above expression for gz, in-
cludes most of the correction for nuclear motion.
There is a sma, lier more complicated motional
correction which we have included in the third
term of Eq. (2). a is the fine structure constant
e~/hc. The expression for g~ arises from the
theoretical evaluation of the a,nomalous electx'on
moment, '4 and the difference between this Dumber
and the most recent experimental value is negli-
gible for our purposes.

The first five of the 5 p,„arethe relativistic
corrections given by

where l„s;are, respectively, the orbital and spin
angular momentum operatoxs for the sth electron,
T, is the kinetic-energy operator, and r, (r~) is the
spatial coordinate operator for the ith (jth) electron
with r = r. —r . Z is the atomic number.

6p, e is the additional motional correction' men-
tioned above:

&ps = — VIZ [(r(xpg)+(rg x p;)] .
M

The quadratic term ln Eq. (1) is

Z, (5&&r, ) (Kxr, ) .

The first step in evaluating the 2 P energy eigen-
values as a, function of magnetic field is to deter-
mine the matrix elements of the Hamiltonian [Eq.
(1)] in the ]ISZm~) scheme. We have done this
using a, sphex'ical-tensor-recoupling scheme fol-
lowing Innes and Ufford, and the details of this
calculation are given in Appendix A. The complete
matrix, which is block diagonal in m is given in
Table I. Configuration interaction was neglected
in the evaluation of this matrix (see Sec. VI). The
factors „g,and g„areessentiaBy the quantities
measured in this experiment. They are defined in

Appendix A, Eq. (14), in terms of the known quan-

tities g„gJ.and the unknown radial integrals which

are parts of the matrix elements of the 5 p. &. The
secular equation derived fx om the Hamiltonian ma-
trix (Table I) is solved as in I, Table II. The re-
sultant energy levels are plotted as a function of
magnetic fieM in Fig. 3. At very high fields where
the Zeeman energy greatly exceeds the fine struc-
ture intervals, the lI.Sm~m&) quantum-number

scheme is more appropriate, and the energy levels
have been thus labeled on the high-field side of the
diagram. The II Smzmz) scheme is also more ap-
propriate fox' dlscusslon of optleRl-trRnsltlon px'ob-
abilities (see Sec. II B). At any finite field the
only good quRntum number ls kgb g = Plr+ s2s . In
Fig. 4, we show the J = 1, 2 energy levels in more
detail, but not to scale, Rnd the double arrows de-
pict some of the magnetic dipole transitions rele-
vant to this experiment. The numbering of the
transitions is a scheme due to Lamb. la The fre-
quencies of these transitions are plotted in Fig. 5,
and for later reference (Appendix C D) we have
included the 23S& Zeeman frequency.

B. Optkal-Tm sodom P'ro&a»»ties

As in I, we label the 2 P eigenfunctions as
g(8m+) where g represents the value of J' to which
an eigenstate belongs at zero field (i. e. , the
script g denotes that 7 is not a "good" quantum
number at finite magnetic field). The ~lI(9m&) are
written as lineax combinations of the products of
eigenfunctions of L, and 8, .*
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FIG. 5. Frequencies of the 2 P magnetic dipole
transitions as a function of magnetic field. The numbers

correspond to the labeling in Fig. 4. The broken line is
the 2 S~ Zeeman frequency.
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where the I (J}are spectral weighting factors ap-
propriate to the excitation source (see Fig. 6).

In I, the values of these relative probabilities
mere illustrated for H = 0. In the present work, it
is more instructive to consider them for 5=~, and

they are thus depicted in Fig. V. In this figure,

}(1I 1 7 tp $&Ir

I I I I I I

333 333

FIG. V. Diagrammatic representation of the 2 S-23P
optical excitation and decay probabilities in the high-
field limit. The levels are ordered according to the
high-field quantum numbers mz„m~, whereas each P
level is individually labeled with its low-field quantum
number J, mz. The value of the relative probability is
written as a fraction at the end of each arrow.

50—

0
I0828.5 I 0829.5 I 0830.5

the levels are ordered in terms of 3P(ma, mz, }, the
"good" quantum numbers at infinite field; the elec-
tric dipole selection rules 4m& =0, ~mr. =0, +j. are
clearly illustrated. The value of a relative prob-
ability is written as a fraction at the end of each
arrow. No spectral weighting has been included,
and multiplicative factors have been used such that
the total probability for emanating from, or decay-
ing to, a particular 23S(m~) sublevel is unity. The
individual 2'P sublevels have been labeled also by
their corresponding zero-field "good" quantum
numbers (8, m j). At intermediate fields levels of
the same m j (located along diagonals in Fig. 7}are
admixed.

C. rf Transitions

FIG. 6. Spectral intensity distribution of a typical
excitation lamp. The small peak at lower wavelength
arises from the 23PO —23S& transition, and the larger
peak from the unresolved 2 P&, 2 P2-23S& components.
The inset gives the lamp dimensions.

In the Sec. I, me pointed out that rf Zeeman tran-
sitions betmeen a pair of 2'P sublevels e, P mere
observed as a change in the rate of transfer from
2 S,(ma) to 2'S, (m~) after optical excitation and

decay. In I, the following expression for the rela-
tive signal strength was derived:



EXPERIME NTS ON THE 2 I' STATE OF HELIUM. II. ~ ~ ~

(, , )
p(o,', p) [o (m, ; p) —o(m, ; n)][y (n; m,') —y(p;m,')],

p--s =
E o(ms,'&, mz) y (Pm, ; m', )

g, my

(8)

where the line-shape function is given by the
Lorentzian

( )
2(p, pHg) I VI

(~,8 -&o) +4(IJ,sHq) I Vl +y
(9)

Here we have assumed an applied rf magnetic field
of frequency ~".

H, =2h, H, cos~t, (1O)

h, being a unit vector specifying the direction of
H„Vis the matrix element (o, Igz f+g~ T) h, l P),
~,~ is the resonant frequency I (E, —E )8i/h, and

&is the decay rate (about 1x 10~/sec) of the 2'P
state. The middle term in the denominator of Eq.
(9) represents the power broadening, and the opti-
mum linewidth hv (frequency units) occurs when
p(u, p)/&v is maximum:

6v (optimum) = &3y/m- 5. 5 MHz,

2H, (optimum) =&2y/(ps I Vl ) - 1-2 6
for the rf transitions involved. The Zeeman transi-
tions observed in this experiment had ~m~ =+1,
and h, was in the y direction. The l VI were eval-
uated at a particular magnetic field H using the
coupling coefficients defined in Eq. (6).

Transitions were observed by detecting atoms
initially in 2'S, (m~ = 0) and transferring to 3'S,
&& (~q'= + 1), and we shall refer to these as 0-a 1

select/detect. The signal [Eq.(8)]was either posi-
tive or negative, depending on the relative magni-
tudes of the optical excitation and decay probabili-
ties involved in a particular rf transition. The
signal mechanism is illustrated in Fig. 8, where
the vertical arrows represent allowed optical tran-
sitions in the high-field limit (Fig. 7) and the
curved double arrows represent rf transitions num-
bered as in Fig. 4. Transitions 9, 12, 10, 2, and
3 connect sublevels in which one of the o(mz, o.) or
y(o. ; m~) factors is zero while the other is finite,
and hence the rf mixing of the sublevels should re-
sult in large signals. Transition 13, however,
connects sublevels in the same ms column, and
these have comparable decay rates to 2'S, (m~ = -1)
but their excitation rates are small and depend on
the amount of intermediate-field admixture. The
relative signal from transition 13 therefore is ex-
pected to be small. Similar considerations apply
to transition 11 with the roles of excitation and de-
cay reversed. The remaining 4m~=+1 transitions
were too small to be detected experimentally.

The calculated signal strengths are plotted in
Fig. 9 for 2II, = 2G as a function of static magnetic
field H. Note that transitions 2 and 12 can have
negative signals. The signal strengths have been
expressed as a percentage of the number of (0-+1)
2 S, transfers with no rf present.

It is important to note that the strongest signals
were obtained with high-field quantum number
transitions O'P(&m~ =+1, &m~=0). The rf transi-
tions O'P(hmz =+1, run& =0) were observable only

when the field was not high enough for the O'P

(mz, mz) to be "good" quantum numbers. As a con-
sequence our experiments measured g~' much more
accurately than g~' (Table 1).

III. APPARATUS

A new vacuum system was constructed to fit be-
tween the 4. 75-in. pole gap of the C magnet de-
scribed in Sec. III B. The vacuum envelope had a
rectangular cross section and was fabricated from
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FIG. 8. Illustration of the signal-producing mechanism
for 2 S(zzzg=0 +1) trajectories. The curved arrows,
numbered according to Fig. 4, represent magnetic dipole
transitions between 23P levels.



92 LE%(IS, PICHANICK, AND HVGHES

Signal versus Magnetic Field

M -Negative Signal
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welded aluminum plate. The 2'8, source and de-
tector systems were essentially identical to those
used in I and will not be described here. The es-
sential dimensions of the apparatus with respect to

the atomic trajectories have been given in Fig. 1.

A. Deflecting Magnets

Electromagnets were used having pole faces
shaped to simulate a two-wire field in the usual
way. ' The yoke and coils were outside the vac-
uum system. The pole pieces, which were cylin-
drical and entered the side faces of the vacuum en-
velope through 0-ring seals, were machined from
Hyperco 50. The yokes were made from rectangu-
lar bars of Armco. Each magnet had two coils of
830 turns of 3x0.0025-in. aluminum foil inter-
spaced with 3.25' 0. 0005-in. Mylar tape. A cur-
rent of 2. 5 A through the coils in series provided
gradients of 6 kG/cm with a field of about 7 kG at
the center of the 0. 24-in. gap. Each coil had a
resistance of about 3Q and no cooling was re-
quired.

no
0

40
V)

20

80

H, 4G

Signal versus Magnetic Field

~ -Negative Signal

N & —Transition N

0~ t I select/detect

B. Homogeneous C Field

A Varian electromagnet with 15-in. tapered
ring-shim pole tips and a 4. V5-in. air gap pro-
duced the homogeneous C field. In conjunction
with a Hall-probe-regulated current supply it
yielded fields of up to 10kG. The 23P rf transi-
tions occurred over an area of about 1cm~ where
the exciting optical radiation crossed the atomic
beam inside the microwave cavity (Fig. 10). Over
this area, the C field was uniform to within 2ppm.

The field was monitored continuously, and was
measured by means of a single-coil NMR absorp-
tion spectrometer. The probe, located immedi-
ately above the microwave cavity (Fig. 10) con-
tained a sample of mineral oil in a 1-mm-diam

~Glass Probe Guide

NMR Probe Waveguide Feet'

60—

0
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- 40—
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FIG. 9. Calculated 2 P transition signal intensities as
a function of magnetic field. The transitions are num-

bered according to Fig. 4, and the + superscripts identify
observation with 23$ (ms =0 +1) trajectories, respec-
tively.

FIG. 10. Cross section of the microwave cavity and
NMR probe assembly. The holes for admitting the ex-
citation light are shown in detail at the bottom, and the
beam entrance and exit holes were similar. The C field
was perpendicular to the diagram.
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spherical glass bulb. The over-all diameter of
the probe tip, including rf and modulation coils,
was about 9 mm. This was inserted into a glass
tube, closed at one end, and projected down into
the vacuum system. The sealed end rested on top
of the microwave cavity as shown in Fig. 10. The
center of the proton sample was about 18mm above
the center line of the atomic beam. The C field
had been mapped carefully so that the average
field over the 2 P interaction region could be esti-
mated to within 3ppm. During an experiment, the
NMR absorption signal was displayed continuously
using phase-sensitive detection, and drifts were
controlled to within 1ppm.

was effected by 10 min of rf discharge in about 5
Torr of helium. The tube was pumped out again
before the final fill of helium was admitted.

The lamp was placed inside a tank circuit cou-
pled to the feed line from a 40-W 100-MHz oscilla-
tor. The assembly, together with an Ektron de-
tector for monitoring the lamp intensity, was
placed in a box which was open to the atmosphere
and projected into the vacuum system from below,
so that the lamp itself was only about an inch from
the beam. The light was admitted by a Pyrex
window and thence passed through a series of slots
in the bottom of the microwave cavity. The lamp
assembly was cooled by a jet of compressed air.

C. Light Source D. Microwave System

The commercial helium lamp used in I was re-
placed by a home-made discharge system. The
discharge tube was made of 0. 3?5-in. -diam Pyrex,
and was filled with high-purity helium to a pres-
sure of about 3 Torr. The spectral profile of the
2'8,-2'P line (X = 10 830A) is illustrated in Fig. 6

together with the lamp dimensions. The slight
enlargement of diameter at each end of the tube

was found to enhance the operation of the dis-
charge. Lamp life and efficiency were highly de-
pendent on careful preparation and use. Prior to
filling, the tubes were pumped down to 10"6 Torr
and baked at 300 'C for 12 h, and a final clean up

A block diagram of the system is given in Fig.
11. The primary frequency source was a Hewlett-
Packard 50-MHz frequency synthesizer which had
an inherent stability of 3 in 10'/day, and was cali-
brated to an accuracy better than 1 in 10 . An X-
band (8-12 GHz) reflex klystron was phase locked
to a harmonic of the synthesizer by means of a
Dymec oscillator synchronizer. The latter re-
quired a reference frequency in the region of 200
MHz, and this was obtained by means of a step-
recovery diode from the fifth harmonic of 40 MHz
from the synthesizer. The synthesizer also sup-
plied the 30-MHz x. f. required by the synchronizer.

50 MHz PH

COMPARATOR
REFLEX

KLYSTRON

IO GHz

P I N D I OOE POWER
MODULATOR LEVELER

200 MHz

TuNED
AMPL IF I E R

HARMONIC

GENERATOR
i~

40 MHz

20W. TWT
AMP L I F I E R

20 dB

20 dB

I

I

I

I

I

CRYSTAL
DETECTOR

FREQUENCY
SYNTHES I ZF R

r f SIGNAL PATH
dc CONTROL PATH

POWF R

METER

20 dB
I[

MI CROWAVE
CAV I TY

FIG. 11. Block diagram of the microwave system. Solid lines between blocks represent microwave paths,
and the broken lines are dc paths for modulation, power leveling, and frequency control.
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The output of the phase-locked klystron was fed,
after modulation, to a 20-% Varian TNT amplifier
which supplied the cavity wherein the 2'P magnetic
resonances were induced. The PIN diode modula-
tor fulfilled two functions: It provided the square-
wave modulation required for the two-channel de-
tection system (see I), and also it controlled the
average level of power supplied to the cavity. A
feedback system was employed to maintain a con-
stant power input to the cavity. The forward power
was sampled by a crystal detector whose output
went to a leveler amplifier controlling the modu-
lator bias. %hen the cavity was tuned it was nec-
essary to measure the reverse power, and this was
accomplished by a directional coupler and a therm-
istor power meter.

The microwave cavity is shown in Fig. 10. It
was a piece of X-band wave guide, bent into a U

with the larger lateral dimension parallel to the
plane of the diagram. This configuration provided
an oscillatory magnetic field II, perpendicular to
the z direction when the cavity resonated in the
TE,o„mode. The apertures were cut as a series
of holes, shown in detail at the bottom of the dia-
gram. Unbroken slits would have caused too se-
vere a disruption of the microwave currents. The
cavity had an unloaded Q of about 1500.

Two electrical lengths were selectable by in-
verting the short/spacer and iris/spacer assem-
blies. A different iris diameter was necessary at
each frequency to achieve good coupling (meaning
return loss& 20 dB). At the shorter length, modes

n =6 and 8 resonated at 9.8 and 11.7 GHz, respec-
tively, while at the longer length, modes n = 4, 6

resonated at 8. 8 and 10.9 GHz, respectively.

IV. EXPERIMENTAL PROCEDURE

The 2'P transition signals were observable as a
change in the number of 2'S, (m~ =0-al} transi-
tions due to application of the resonant microwave
field as described in I. These signals could be
measured with integrating times of several minutes

by means of a two-channel counting system syn-
chronized with square-wave modulation of the mi-
crowaves. The self-normalizing feature of this
detection scheme meant that the observed signal,
to first order, was independent of beam intensity.
In the "microwaves-off" channel there was a con-
siderable background from O'S, atoms which had

not undergone optical transitions. This was be-
cause of imperfect selection of the 2 S,(en~ =0-al)
trajectories, and the percentage signals therefore
were somewhat less than calculated. In addition,
the presence of the background meant that the ob-
served signal had some direct dependence on the

lamp intensity. Also the signal had a direct depen-
dence on the intensity of the microwave field, and

it was important for these two parameters to be
stable throughout an experimental run.

The resonances were plotted point by point,
varying the magnetic field at a fixed microwave
frequency, i. e. , in Eq. (9) &u ~ was varied with

co constant. For each point the "microwaves-off"
channel was allowed to run to 10' counts, and this
took about 10 min. The points were ordered in
time as pairs symmetric about the line-shape cen-
ter, and to first order this canceled the effects of
slow drifts in lamp and microwave field intensities,

The proton g factor (in terms of the Bohr mag-
neton} used in converting the NMR field measure-
ments, was taken to be

g&
——3. 041 974 9x 10 (+0. 1ppm), (12)

V. DATA REDUCTION

The quantity p, sH was evaluated from the NMR

frequency for each experimental data point. This
was used to calculate the matrix elements of Xz
from Table I, and the energy eigenvalue was de-
termined for each of the two sublevels relevant to
the transition. The difference between the two

eigenvalues gave the 2'P transition frequency v('p,
p. sH) resonant at this value of psH. The v( P, p, sH)
were evaluated as pure numbers, with the parame-
ters g~, g~, and g„initially taken to be the known

constants g~, g~, and 0, respectively; i. e. , for the
purpose of obtaining a fit to the line shape the con-
tributions of the third term on the right-hand side
of Eq. (2) were ignored. We shall refer to these
contributions as the "residuals"; and it was from

for our sample of mineral oil. This number was
obtained by a comparison with a spherical water
sample in a high-resolution NMR spectrometer.
The value of the g factor in the water sample was
assumed to be known accurately, "and our results
for mineral oil agreed well with published values. "
A correction of 3+1ppm was required to allow for
the fact that the field was not measured at the ex-
act location of the atomic beam. The quantity p, aH

[Eq. (2)j, which was used in reducing the data,
was expressed directly in terms of the product of
the g factor in Eq. (12) and the measured NMR

frequency at each field point.
A total of 113 resonance curves were plotted,

consisting of transitions 2, 3, 9, 10, and 12 (Fig. 4)
at microwave frequencies of 8. 8, 10.9, and 11.7
6Hz (Fig. 5). Two experimental plots are illus-
trated in Figs. 12(a} and 12(b) representing, re-
spectively, the smallest and largest signals ob-
tained. The error bars are based solely on

counting statistics. The applied microwave fre-
quency was v~. and the solid curve is a fitted
Lorentzian line shape. The fitting procedure is
described in Sec. V.
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RUn 2RB

p„-.88 24.940 MH z

p = 8824.580 +

0.245 MH z

H = 23036

th6 measured 168iduals fol th6 vRrlou8 2 P trRnsl-
tions that we obtained experiIQental values fo1

l8'8 ~ gI, ~
Rnd gg-

The set of points signal 8 versus v(SP, V,eH) were
then fitted to the Lorentzian line shape

0'

p, MHz
fO
C}

RUn 9R l l

-"l l 745.684 MHz
K

v = l l745. 606 ~
0

0,029MHz

using the least-squares program described in I.
This line shape contained three unknown parame-
ters to be determined from the fit: the height fac-
tor A, the width factor 8, and the line center vo.

After vo had been deterIQined, lt was compared
with the microwave frequency v~ and the difference
Av = (vr —vo) presumably represented the experimen-
tal value of the residuals for this particular 2'I'
transition and frequency. This procedure a,ssumed
that the residual part of v('P, paH) wa, s the same
in all regions of the line shape. It was valid be-
cRuse the re81duRls coIQprised 1688 thRn 1 pRlt 1n

10 of v('P, psH) ,The .resonance linewidths,
ranging between 5 and 10 MHz, were less than 1 in
10' of v('P, g~H)„and hence the change in residuals
over Rn experimental line shape was less than 1

ppm of v('P, peH).
Each set of resonances, with R given transition

Rt R particular IQicrowave fx'equency, constituted

a separate measurement of the residuals. The

theoretical residuals could be expressed in terms
ot (gg —get )) (gg —gg, )~ and gq using the Hamilto-

nian matrix of TaMe I. Experimental values of

these parameters were obtained by a least-squares
fit to the measured residuals fxom all transitions
and frequencies.

The quadratic term 3C@ in the Hamiltonian con-
tributed appreciably only to transition 12 (about 2

ppm), based on reasonable estimates of the inte-
grals R)g and Rgg (Appendix B), Our experiment
therefore was virtuRUy insensitive to this contri-
butiony Rnd no Rttempt was IBRde to estlQlate RI4
and R» from the experimental data.

0
l9270

l!738.3

l 9280

l l 744.8

l9290 V, 5Hz
NMR

ll75l. 3 v, MHz
P

PIG, 12 Typical expel'inmntal plots of 8igna1 versu8
magnetic Beld for (a) transitions 2 and g)) transitions 9

v& is the applied microwave frequency; v3 is the com-
puted 3I' transition frequency for a value of fieM given

by the NMH, frequency. vo is the value of v3 at the cen-
ter of the fitted line shape.

In TRble II) %'6 SQIDITlarlze th6 measured 1'esld-

uals ~v; fox' the five tl"anslt1ons Rt thx'66 different
microwave frequences. The subscript i refers to

a particular field and frequency. Measurements
were not made on transitions 2 and 10 at 11.7 0Hz.
Two sets of experimental uncertainties are in-
cluded. The number aftex a. ~ sign 0 18 the com-
bination of statistical (counting) errors from the
individual runs. The number in brackets o* is the
standard deviation of the mean fox this set of runs.
The fact that the F, a* were comparable in mag-
nitude 1ndlcRtes thRt random erx'ox'8 Rx'ose primar-
ily from counting statistics, and it is therefoxe
doubtful that sexious inaccuracies arose from in-
stabilities 1n lamp Rnd microwRve" field intenslltles.
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TABLE II. Measured residuals compared with theory.

Trans. No. 8.8 GHz 10.9 GHz 11.7 GHz

Ap; in kHz at a given microwave frequency Average

(Ap/p) ppm

Hydr ogenic
theory

Q,p/p) ppm

9
3

12
10

2

286+ 32 (27)
246+ 30(31)
452 + 93(121)
222 + 92(88)
132 + 85(136)

391+19(13)
399+ 15(14)
372+ 34(51)
272 + 28(34)
472 + 25(46)

453 + 15(13)
398+23(9)
418 +42(18)

36.6+1.7
34.1 + 1.7
35.6+2.7
24.1 + 3.2
40.8 ~ 3.0

41.8
33.1
33.3
31.9
39.4

The over-all accuracy was limited to between 1 and

2ppm of v('P) because of a systematic uncertainty
in our knowledge of the average value of the mag-
netic field at the location of the atomic beam.
Other possible systematic errors are discussed in
Appendix C.

The penultimate column presents the results as
an average of (&v/v), since this parameter should

be constant for each transition. The quoted un-
certainties are the combined statistical and system-
atic field errors, and are intended to represent one
standard deviation. The final column is the theo-
retical residuals computed using a hydrogenic ap-
proximation for the radial wave functions (Appen-
dix B). The accuracy of these hydrogenic values
is discussed below.

Our data were fitted to theory independent of any
assumptions about radial wave functions (other
than the small allowance made for the contribution
of Ko ). Values for the residuals Avr were com-
puted using the Hamiltonian matrix Table I, in
terms of the three unknown quantities (gz' -g~ ),
(gz -gz, ), and g„.The "measured" values of these
parameters were determined by minimizing the
least- squares sum

the theoretical limits of error are discussed in

Appendix B. It should be noted that the theoretical
value of g„is accidentally small since it arises
largely from the subtraction of two nearly equal
quantities some five times larger (see Appendix B).

Although there is good agreement between the
measured and calculated g factors, the accuracy
of the hydrogenic theory is questionable (Appendix

B) and an independent assessment of our results
should be made. An important consideration is
the goodness of fit to the sets of experimental data
(Table II. ) The y was 26 for 10 deg of freedom, an

unsatisfactory result since this indicates a proba-
bility of less than I%%uo. One might add, however,
that 10 deg of freedom represents a small statis-
tical sample, and that enlargement of the experi-
mental error bars by a factor of 1.7 would have

given a y' probability of 50'%%u~. The poor fit, which

is reflected in the experimental uncertainties of

Table III, is illustrated also in Fig. 13 where we

have compared the fitted fractional residuals with

the measurements (Table II) averaged over each
transition. The scatter is clearly outside the ex-

Q,.(av, —&vr)',

where the summation is over the thirteen separate
results listed in Table II. The results, compared
with the predictions using hydrogenic wave func-

tions, are given in Table III. We note thai the

most accurate result is for (g~ -g~). This is be-
cause the frequencies of the transitions with the
strongest signals were most sensitive to g~ for
the reasons discussed in Sec. II. The bases for

TABLE III. Comparison of experimental and theoretical

g factors.

40—

~ 20—
h

CI

l0—

[ Experiment
~ F Itted Theory
+ Hydrogenlc Theory

I ~ [

~ +

8's gs
ZI,

8'x

Experiment
(ppm)

—76.0+2.4
+ 3.8 +9.0
4.0 +25.0

Hydrogenic theory
(ppm)

—79.9 +3.5
+ 1.1 +1.5
—3.2 +4.4

i2 io
Transition No.

FIG. 13. Experimental fractional residuals for five
23P transitions, compared with predictions using fitted
g factors, and with g factors calculated from quasihydro-
genic radial wave functions.
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perimental uncertainties, and if this arose from
larger-than-statistical scatter in the individual
measurements it would have resulted in wide dif-
ferences between the 0 and 0*. Such was not the
case. In addition, we emphasize that the scatter is
independent of any assumption concerning the ra-
dial integrals since these were all included as un-
knowns in the fitting parameters. A systematic
error in field measurement would not have affected
the fit, but merely would have moved the whole
pattern of Fig. 13 up or down.

The validity of the fitting parameters does de-
pend on the assumption of a pure (sp) configuration
used in evaluating the matrix of Table I. The (sP)
assumption should be rigorously true unless one
considers admixtures of doubly excited configura-
tions. Breakdown of LS coupling is discussed in
Appendix C. The contribution of the 2'P state is
very small, but the sum of effects of all other
states could be appreciable. Further theoretical
work is required.

In any case, to within the limits of experimental
errors and the uncertainties indicated by the qual-
ity of the fit to all the data, we can conclude the
following:

go=2. 0022432+ 0.0000024,

gi =0. 999867+0.000009,

g„=—(4. 0+ 25. 0) x 10-'

E(2 P, —2 Pa) = 2291. 196+0. 005 MHz.
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VII. 2 Pl 2 P2 FINE STRUCTURE

In I, our result for the 2'P, -2'P, fine structure
separation was quoted with a standard deviation of
0. 008MHz for the "high"-field measurement. This
included an uncertainty of 0.007MHz arising from
our estimates of the relativistic and motional cor-
rections to the Zeeman effect. The present work
has provided an accurate verification of these cor-
rections, reducing the relevant uncertainty to
0. 0025MHz. Our over-al. l result for this fine
structure may be quoted now as

APPENDIX A: MATRIX ELEMENTS OF THE ZEEMAN HAMILTONIAN

(Al)

(A2)

E(luatjons (4) and (5) need to be expressed in a form suitable for determining the matrix elements in an
~ LSgm ) representation. E(luation (4a) is reduced, following Innes and Ufford, using spherical tensor
notation. The results are

(y'p, s Q (I,+2s, ) T(,

5p, , =-,'o. 'p, , X —(s(+[-.]" (S» C('} ' »f f

k
=2 'p, , Q l (,+2,) Q(-)'(2k+1)'" —k,'„—(k+1) „'., g',"0',"}"'

[k(k+1)]' r', r", /~&» ~&„1&» [k(k+1)]' ' 2k+3 ' ' r,' 2k —1 ' r,' (~&» -&»«»
2k&6 r '' r " ' / 6W2 2k —1 r"'' 2k+3 r ''

1 k(k —1)(2k —2) '& r',
((« „(«„r&„1(2+1)(k ~ 2)(2k+2) '& r', &»«, .„»)&»jl( «,

2&3 2k —1 2' 2k+3
2

A3(3)-1/2 2 g P ( )&) / + i 1 + 2
[(2k + l )1/2g(k)(C ()&) I }(k)}(1)

20+1 'i
+ +(2k 5)1/ag&&)»a&g&~k~& l }&~+&&}&1&] 2 — (2k ' I)&/2(C&)'&(C()2& 1 }&&)k&&}&1&

f 2k+3

2y+5 ~~~ +0+2 + 0+1( + ) ( + ) (C(,3&(C& &11 .. .1„,(k, 3) r, '
r/ r, er,

+

(A4)
x ([k(k+ I) (2k+ I)] (C C ~ } [(k+ 2) (k+ 3) (2k+ 5)] (C )2 k~ C )2+ } &} ~

C,' ' is the spherical tensor' of rank k for the ith electron. The s„1, represent, respectively, spin and



orbital angular momentum operators (rank 1) for the ith electron. A term such as g ~', C,'~ ')' ' repre-
sents the coupling' of the tensors C,' ', C&'~ ~ to form a tensor of rank K. x& is the radial coordinate of
the ith electron, and 8y; is an abbreviation for 8/8x;. o. (=e /I'c) is the fine structure constant. Factors
such as x,"/r&" imply that x; cx&. The radial operators are expressed in atomic units.

In a simile, r way, we have recoupled Eq. (4b) in the form

&u =-&M ~ 2 2„—'{c;"'{c!"7{'"{-12~,9~,{c!."c.J"{t"), (a

where m, M, are, respectively, the electronic and nuclear masses. Finally, the recoupled version of

Xo, Eq. (5) can be expressed as

(A

where R„is the Rydberg constant.
The matrix elements of (5p„),are required in the scheme iI,SJmz). 'We now specialize to the case of

a I' state of the two-electron atom, where the total wave function, with respect to interchange of the two

electrons, is antisymmetric in spatial coordinates and symmetric in spin coordinates. Further, we as-
sume that each radial component of the antisymmetrized spatial part of the wave function can be written as
a product of components for each electron Rq, (x;) and Rz~(x&). The matrix elements are given below where
we have included, for comparison, the elements of the first two terms of Eq. (2). The vector-coupling co-
efficients are given in the standard n- J' symbol notation'

('P, m, ig, q,K. H+g, q,S Hi'P,.,~,) = Z6p~ x {-)'-"~[{2J+1)(2J'+I)]'~'

8'L, +8'8

('P, ~, i6„,Hi'P, .m, ) = -f6&'i, ax(-)'-".[(2J+I) (2J'+1}]'"

('P m i5 p, H i'P .m )= v'6 o, 'p»&( —)' "&[(2J+1)(2J'+I)]'~'

R3+R$ + 1 1 1 w JR4
1 J" 1 4 1 J'

8l J' f/' J J'1

('P~mqi(5p, +6 p, ) Hi'P~. m~)= v'6o. psH&&(-), "z[(2J+I) (2J'+I)]'~~

~g 1 1 2 1 1 O

-mg o ~z I a~6+~7- a~a + 1 1 1 ~7-2~6- a~5

Ifi'P~.m~)= v6 n'l{sH X (-)~'~"' z [(2J+1) (2J'+I)]'~'

1 cT cr 1 ef J, g j ~ fx {-Q Rg+ Is RI7 —3 R8 + $g Ro + ~Q R{0—
30 Rgg —

$g Rpa + $5 Rfg)
-yg~ Omg 1 1 1

('P, m, 16 P. , Iri'P, m, )= V6 l{,,a x( )' ™—~"-' -[(2J+1) (2J'+1)]'"

cf 1 {{J cJ 1 cJx (3R&8 r Rsv+ 3Ris)
0 mg

(A12)
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where the radial integrals R&-B&8 are discussed in Appendix B. %'e make the following groupings:

gI gIr + + ( R2 3 R5+ 15 RV 3R8+ f5 R0+ 30 R10 30 R11 K R12+ 15R13) + (3 R16 3 RlV+ 3 R18)
p 3

M

gs=gs+a (-R1-R2+ R3+ ,—Rq ———'R5 '-R-8+ ,'R3)—, g„=12 (R5 ——,
' R8 —2R7+ ', R8)—

When we have matrix elements of Xs, Eq. (2) becomes

('P, m, lx, l'P, .m, )=(-)' "'[(31+1)(RZ'+l)j"'( )

O' O'I
/

Finally, we have for the matrix elements of X@

&'PImII3cqI3PI mI&=(-) ' ' I[(27+1) (2J'+1)]'/2
Pl J' IPl J'

J 2J' J 2J' 1 (II,If)5)+ ( ) () 1 1 1 R15 2SZg Pl J' co

These matrix elements have been evaluated for the relevant Z, Z', mz, and are listed in Table I.

APPENDIX 8' RADIAL INTEGRALS

The radial part of the Rntisyrnmetrized 23P wave
function is written

R(r„r2)= 2 '"JR,(r-,)R, (r,) -R, (r,)R, (r2)f,

tegrals 8&, Ra, A3, and R4 using the modified hy-
drogenic wave functions

gg= 1.99

(24)-1/2 25/2 rs-22r/2

where R, (r), Rs (r), respectively, refer to the
components due to the s and p electrons. It is nec-
essary to write R(r„r2)in a product form, since
the angular matrix elements evaluated in the pre-
ceding Appendix A involved single-electron oper-
ators. We believe that Eq. (Bl) is sufficiently
generalized, since configuration mixing cannot
change the sp character of the I' state in helium,
and any other admixtures would be entirely negli-
gible for our purpose.

A typical radial integral appearing in the matrix
elements of Appendix A is of the form

R. =-,' f 1
' R*(r„r,)t

XR(r1, r2)r', rsdr1drs. (B2)

The f, (r1, r2) may contain differential operators
and may have the stipulation x, ~ r&. Substituting
Eq. (81) into (B2), and making self-explanatory
abbreviations we hRve

R, =-'. /&sP If.IsP&+&Ps If. IPs& -&sP If. I Ps&

—&ps If. I sp&f. (B3)

The integrals involved in the matrix elements of
Appendix A are listed in Table IV.

%e have made numerical estimates of the in-

TABLE IV. Integrals involved in the matrix elements
of Appendix A.

8) = (sp I T( I sp)
R2 —

&,'ps I T( I ps)
/t3= (sP I 1/r1 I sP)
R3= (ps I 1/r, I ps)
/t5= (sP I 1/r1I sP)(r3 &r1)
B3= (ps I 1/r1 I ps)( 1~r1)
R, =(psIr, /r3'I sp)

= (sp I r, /r', I ps)(r, ~r3)
A8= (sp I ~(//'~g l sp)(~) ~~2)
Be = (ps l ~ 3) /~ p

~t sp)
= (spI r', /r', I ps)(r1 ~r3)

R(0 = (Ps 1 ~ 2 8~2j~f, I sP) {x2 ~ ~g)

~(( = (sp I ~2&~2/~( I ps)(r) ~ ~2)
&~2= &ps I & ~»2/'&2 I sp& ~~2 ~ &~~

B(3= (sp I x~g8x2//~~) l ps)(x( ~x2)~„=&sp ~ ~', ~ sp&
~)5 = (ps I ~~) I ps&
/t 13

= (ps I r, 2 3 I sp)
~„&sp~ ~,e~, I p. )
8), -- (ps I r) j'~p I sp)

= &sp I ~, /~, I ps)

3.. 98
0. 149
l. 99
0. 272
3. 3&&'10 3

0. 246

5. 7&&10 3

0. 020

-2. 0&&10 '
- 1.2x10-'

—1.6xl0 3

- 0. 5x10-'- 4. 9~10-'
D. 76
25. 2

~ 0 0174
—0, 102
0. 0423

The values of the "effective" atomic numbers g&
and g p Rl e chosen on the bRsis of R varlatlonal cRl-
culation of the 2I' energy. The units of y are the
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Bohr radius ao=a' /me . Estimates of the radial
integrals using Eq. (B4) are also listed in Table
IV. The wave functions Eq. (B4) give a value for
the energy of the 2 P state to within 2%%uo, and
hence we expect this extent of accuracy for Rj,
Ra, R3, and R4, which are essentially energy in-
tegrals. The remaining integrals would be much
less accurate. As an example, we have compared
the p-electron integral of x with the results of a
very accurate variational calculation, and find
that the use of Eq. (B4) is apparently in error by
about 50%%uo.

We have nevertheless calculated the remaining
integrals using Eq. (B4) with Z, = 2 and Zz= l. R5
and Rs are similar to the energy integrals Rt -R4,
although the contribution of electron correlation
would differ to some extent owing to the restric-
tions on x&, rz. The integral R9 would diverge us-
ing Eq. (B4) because of the absence of electron
correlation, and the value assigned in Table IV is
an extrapolation from similar integrals. If one as-
sumes that these estimates give some idea of or-
ders of magnitude fox' RV-R,S, it is xeasonable to
conclude that about 90%%uq of the corrections to the
Zeeman effect arise from the more accurate R,-R8.

In Table V, we summarize the contributions of
the various radial integrals to the factors (gz -gs ),
(gr, -g~), and gx. The uncertainties quoted for the
theoretical values of these numbers and those in
Table III are based on the assumption of 3%%uq errors
in R, R4, 20%%uo i-n R~, R~, and 100%%uo for the remain-
ing integrals.

APPENMX C: SYSTEMATIC EXPERIMENTAL EFFECTS

We summarize here an assessment of the sys-
tematic quantities which could have affected the

accuracy of our experiment.

A. Singlet Admixture

Magnetic interactions, such as spin-orbit cou-
pling between states of the same J, lead to apartial
breakdown of the L -S approximation. In the case
of 2 I', the largest contribution arises from 2'P
admixture, leading to a shift of about 5 MHz in
the energy of the 2P, state, which thereby consti-
tutes part of the measured fine structure. The
2'P lies some exIO MHz above the 2P, and the
lowest-order contribution to the Zeeman effect are
third-order perturbations of the form

bE (Zeeman)

('P, I spin or bi tl
' Pg'(' P, i Zeeman( '

Pg
[Z(2'P) -E(2'P)]'

-10 MHz.

This was more than an order of magnitude smaller
than our experimental uncertainties. Lower-or-
der perturbation terms do not arise, since the
Zeeman Hamiltonian is diagonal in L,S.
contributions of terms such as Eq. (Cl) are more
than an order of magnitude smaller than our other
uncertainties.

Slope Correction

This is an apparent shift in the center of an ex-
perimental line shape arising from asymmetries
caused by the variation of the optical excitation and
decay probabilities as the field is swept through the
resonance. A detailed discussion of the correction
has been given in I. At the high magnetic fields
used in the present work, the resonances spanned
only about I in 10 of the total field, and the slope

Value x 106

TABLE V. Contributions to theoretical g factors.

Theoretical gs
source Term

Theoretical g,
'

source Value x ].06

—Q A(2

—Q 822

Q'-,'83

-105.5
—8.0

—Q282
—Q 38821

—7.9
—0.4

0.8

Q 384 4.8

—Q 21

—Q 28621

Q 3872 1
—6.6

0.1 Q 84
-Q2 —A 6
—2Q Ay

2

Q qB8

Theoretical g„
(5P, 2

6@3 4

i5p3 4

63bt, 3 4

14.6
—19.7

0.3
1.6

Theoretical gz =g~ —(79.9x10 6) =2.0022393 (35)
gr, =gz, + (1.1x10 ) =0.9998640 (15)
g„=—0.000 003 2 (44)
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corrections amounted to less than 1 in 10'.

C. Doppler Shift

The fields in the microwave cavity consisted of
two oppositely directed running waves. The atomic
beam was moving in the direction of one of these
and there were Doppler shifts in frequency of order
v/X~, where v is the atomic velocity and Xg is the

guide wavelength. The shifts for each wave were
equal and opposite. For a given velocity, the con-
tribution to the experimental line shape was there-
fore two slightly separated Lorentzians of equal
height. For atoms with the most probable velocity
the separation was about 1/q of the experimental
linewidth. It can be shown quite easily that the
composition of two such Lorentzians results in a
Lorentzian whose peak height is the sum of the
peaks of the components, and whose center fre-
quency is the mean center of the components. The
width is identical to the widths of the components
to first order in the fraction (separation/linewidth).

This effect made no appreciable contribution to
our experimental results.

D. Nearby S~ Resonance

The metastable 2 S& Zeeman transition frequency
lies closest to that of 2'P transition 9 (Fig. 1).
The tail of this resonance could conceivably cause
asymmetries in the 2'P line shapes. The 2 S res-
onance had a power-broadened linewidth of about
5 MHz and an intensity approximately 100 times
that of a typical 2 P resonance. The nearest 2 P
transition was separated by 900 MHz and the 23S

tail contributed about 0. 006 of the 2'P peak signal.
The variation of the 2S tail over the 2P line shape
was less than 1 in 10 of the signal, and hence this
effect was disregarded.

The reader is referred to I for detailed discus-
sions of light shifts, the Bloch-Siegert effect, and

variation of microwave-field intensity over the
interaction region. None of these effects had ap-
preciable significance in the present work.
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