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Direct Measurement of the Dependence on Electron Density of the Recombination-Rate
Coefficient of He, + with Electrons in a High-Pressure Helium Plasma*

C. B. Collins, H. S. Hicks, and W. E. Wells
University of texas, Dallas, &eras 75230

(Received 9 February 1970)

A computer-linked spectroscopic system with a high-sensitivity-resolution product has
been used to measure the time-dependent net rate of production of neutral helium molecules
resulting from the recombination of He2' with electrons in a pulsed helium afterglow at a
neutral pressure of 44. 6 Torr. The relative recombination-rate cofficient of He2' as a func-
tion of afterglow time has been obtained by dividing these data by the unscaled product of the
electron and molecular ion density as determined from levels in Saha equilibrium with the
free electrons. Simultaneous measurement of the electron density with a 35-Gc/sec micro-
wave interferometer has given the unscaled rate coefficient as a continuous function of elec-
tron density over the range 10 -10' cm- without the need of a p~igyi assumptions about the
functional form. Scale has been established through integration of the rate equation for the
loss of ions. Empirically, the rate coefficient can be represented as n =2. 8&&10 [e] '

cme/sec, where e is the electron density in cm 3.

INTRODUCTION

Measurements of the rate of recombination of
electrons with helium ions have spanned a period
of twenty years with a generally unsatisfying lack
of convergence. Only the results' of experi-
ments performed under the limiting conditions of
low neutral gas pressure and high electron density
have been brought into reasonable agreement with
theory, as formulated to describe the collisional-
radiative recombination of He'. At higher pres-
sures the variance between measurements has
been extreme. Some experiments have indicated
no pressure dependence over a range of pressures
varying by a factor of 2, while more recent7 stud-
ies show a linear dependence of recombination-
rate coefficient on neutral gas pressure.

While the most probable cause of variance has
been the stringent experimental criteria which
must be met to establish sufficient gas purity, re-
combination control of loss processes, and the
dominance of one type of ion, a group of past mea-
surements remain which are difficult to fault on
technique. One such selection of measurements
from the literature is shown in Fig. 1, with num-
bers in parentheses referencing sources.

All cases presented in Fig. 1, with the excep-
tion of the lower limit of (1), employed one of
several schemes of analysis which required defi-
nite a priori assumptions to be made about the
functional dependence or lack of dependence of the
recombination-rate coefficient on experimental
parameters such as pressure and electron density.
Such assumptions about form have been equivalent
to the replacement of the rate coefficient with the
first few terms of its power-series expansion.

The principal variation in treatment has occurred
in the consideration of different degrees of the
resulting polynomial. Table I lists the highest
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FIG. 1. Graph of selected prior measurements of the
recombination-rate coefficient for He2' ions with elec-
trons as functions of electron density. In parentheses
is indicated the reference number of source material.
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Table I. Summary of the highest degree of polynomial
assumed in prior work to represent the dependence in
helium at the indicated pressure of the recombination-
rate coefficient on electron density and the resulting de-
gree of polynomial found to represent the dependence of
rate coefficient on neutral gas density. Dashes indicate
measurement over a range of pressures insufficient to
indicate the degree of dependence on neutral gas density.

Ref. Pressure
(Torr)

Polynomial degree
Electron density Gas density

1
6
7
8
9

10
11
12

15
15-30
10-100
21-29
15-20
60

100
15

zero
zero
one
zero
zero

zero for upper limit
zero
zero

zero
one

one

degree assumed to approximate the dependence on
electron density for the curves displayed in Fig. 1,
together with the degree found to approximate the
dependence on neutral gas density over the pres-
sure range examined. In each case, however,
unless the resulting polynomial is exact, the coef-
ficients resulting from measurements interpreted
under such assumptions must be viewed as a type
of weighted average over the range of parameters
spanned by the measurement, with different models
possibly leading to different weighting methods.

The purpose of this paper is to present the re-
sults of a measurement of the recombination-rate
coefficient for He,

'
by a technique which is the

logical extension of that used to obtain the lower
limit (1) in Fig. 1 and which has been made practi-
cable by the availability of a computer-linked data-
acquisition facility. ' This technique requires no
a Priori knowledge or assumptions of functional
form to yield the relative recombination coefficient
at specific electron densities. Then from the func-
tional form so measured, scale is established by
directly integrating the appropriate rate equation.

METHOD

As discussed by Kerr, ' a lower limit on the re-
combination-rate coefficient for ions in an after-
glow canbe obtained by a bookkeeping technique in
which the absolute intensities of radiation in the
visible region are summed to determine the rate
at which the products of the recombination are
being formed at a particular value of experimental
parameters. Then, provided that not more than
one photon is detected per ion recombined and
provided that the relative concentrations of ions

and electrons is known, the rate coefficient can
be bounded by dividing the recombination rate by
the appropriate concentrations as follows:

o.' &Z~ Iy/K[e].

Here e is the recombination-rate coefficient for
the ion considered at the same particular values
of experimental parameters, I,. is the number of
photons/sec emitted in all directions per cms

from the jth molecular state, [e] is the free-elec-
tron concentration, and K is the ratio of the ion to
electron concentration.

If it could be established that one and only one
photon is detected for each ion recombined, then
the expression could be set equal to the rate co-
efficient. However, when the occurrence of more
than one ion is likely, a serious problem develops
in the treatment of E, which is quite often a com-
plex function of experimental coordinates. Usual-
ly it has been assumed K= 1 with the consequent
restriction upon the range of experimental para-
meters for which Eq. (1) could be applied. How-

ever, an alternative exists as a consequence of the
reactions

X'+ e+ e -X*+e,

X +e+F=X~+7

where the asterisk denotes an excited state. Col-
lins' has shown that for states X*with sufficiently
small ionization energy,

I,= C(q, T, T,)[X'][e],
with

C(q, T, T,)=A,G(2wmKT, /II') '"e
where I, is the intensity of radiation from the
state X*, A, is the transition probability for the
emission of this radiation, [X'] and [X*(q)] are
concentrations of X' and the qth excited state of X*,
respectively, G is a combination of relevant sta-
tistical weights and partition functions, U, is the
ionization potential for X*(q), T, is the electron
temperature, and the remaining symbols have
conventional meanings except for the distribution
temperature T defined elsewhere, ' for which

Tg&T~T, ,

with T~ denoting the heavy-particle temperature.
Using these expressions, Eq. (1) can be rewritten

n= C(q, T, T, )Z&I&/I, . (7)

It is useful to collect the assumptions upon
which the validity of (7) depends as follows: (a.)
One and only one photon is detected for each X'
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ion recombined; (b) there is a Rydberg-like se-
ries of X*states and a principal quantum number

q which is sufficiently large so that X*(q) is in
collisional equilibrium with the free electrons. In
particular, the validity of (7) does not depend on
g Prior knowledge of the functional dependence of
a on [e], special simplifications of the continuity
equation for charges, the dominance of one par-
ticular type of ion, or thermalization of the after-
glow. Consequently, if the experimental parame-
ters are changed in such manner that (a) and (b)
remain satisfied and either C remains essentially
constant or its variation is known, then values of
the recombination-rate coefficient can be directly
obtained from (7) as functions of the experimental
parameters.

Unfortunately, values of A., are not available for
the molecular helium system, so that the rate co-
efficient for the recombination of the molecular
ion Hea' in a helium afterglow can in principle be
determined without further assumptions only to
within a constant scale factor. This scale factor
must be determined by one of the several custom-
ary techniques, each requiring that at least one of
the above additional assumptions be made. The
technique most suited to the type of data already
available for use ln relation (7) ls an analysis of
the loss rate of ions, which requires a simplifica-
tion of the continuity equation for He~'. If recom-
bination control is assumed and all possible
sources of Hea' are neglected, as is the usual ap-
proximation for a high-pressure helium-afterglow
experiment, the rate equation is

d,
[Hem'] = —~[Hea'][e].

Integrating this equation, followed by multiplica-
tion by [e] and substitution according to (4), yields

f,/c(q, r, r, )= [e] f'"n[x'][e]d7 . (9)

Substituting (4) and then (V) in the integrand and
solving the expression for C gives

c(q, r, r, ) =Q[e]Q, f, I,d~] ' (10)

In addition to providing scale for the recombina-
tion-rate coefficient, in Eq. (7), this expression
is useful in itself to give an indication of the pos-
sible change in temperature occurring during the
afterglow period.

APPARATUS AND TECHNIQUES

The quartz afterglow cell is shown in Fig. 2.
Dual tantalum disks were used as electrodes to
produce a uniform high-density plasma. The cell
was connected to a high-vacuum system bakeable
to 450 'C and capable of ultimate pressures better
than 10 Torr.

TANTALUM
ELECTRODES

QUARTZ a-;-:::-".":,,:.
':-,;::,--,=~&j

GRADATION

PYREX FLANGE

I I I I

CENTIMETERS

IO

FIG. 2. Scaled drawing of the quartz afterglow cell.

The gas-handling system, operational cycle,
instrumentation, and computer-linked data-acqui-
sition system have been discussed in earlier de-
scriptions"" of the University of Texas at Dallas
pulsed-afterglow system and were employed with
few changes in this experiment. Added to the
measurement system was a tandem 0.75-m
Czerny- Turner monochromator with gratings
blazed for use in the quartz ultraviolet region and
resolution set to values between 1 and 10 A as
appropriate to the feature being observed. In ad-
dition, the necessity of filling the experimental
cell to higher pressures than previously used re-
quired that the air-cooled cataphoresis tube for
gas purification be replaced with a water-cooled
tube.

At the experimental pressure of 44. 6 Torr the
cell required 5-kV pulses of not greater than
10-p, see duration for dependable operation. Under
these conditions the discharge was observed to
uniformly fill the region between electrodes. No
arcs or constrictions occurred and the discharge
appeared quite similar to the beam-excited dis-
charges discussed by Persson. "

RESULTS

An examination of the decay of the molecular-
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FIQ, 3, Graph of the absolute intensities of emission of s8180ted features of the Hey spectrUIQ as functions of delag

time follovring the initiation of the power pulse. At late times lilnits are shorn repx'esenting the data + standard devia-
tion. Above each curve ie the nominal wavelength of the band represented in the graph by the P(4) line of the 4s~ r"
-2P IIr (4720-~) band, the Q(7) line of the 3P tlir-2s tZ'„(4650-}() band, and the It(1) line of the 5P F11 r-2s~Z'„(3350- ) band.

band intensity following the termination of the ion-
izing pulse showed all visible components to have
a common time dependence in agreement with pre-
vious observations"6*'7 of the prominent features
of the moleculax' spectrum. Figure 3 is t~ical of
this observed behavior, illustrating the time de-
pendence of the absolute intensity of the P(4) line
of the 4720-A band (4s 'Z„'-2p'II, }, the Q(7} line of
the 4650-A band (Sp'Il, -2s 'Z'„), and the R(1}line
of the 2350-A band (5pali~-2s 'E„'). Horizontal
Rnd vertical dimeDsions of the dRta indicate, x'e-

spectively, the uncertainty in time caused by the
finite duration of the sampling interval and the
statistical nature of the data. %here possible,
the intensity has been plotted together with limits
representing the dRtR 6 stRndRx'd deviation,

Extension of these observations was made to
other features not previouslp' reported in pulsed-
afterglow measurements, such as the 3350- and
4729-A bands shown in Fig. 3, lines from high
rotational states such as the Q(15) of the 4650-A
band and the B(9) of the 5180-A band (Sp'll,
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pulse for the spectral features of He2 having the nominal wavelengths indicated. At late times limits are shown repre-
senting the data + standard deviation. The lower curve corresponds to the total intensity of the 16p II -2+3&'„(2953-A)
band. The upper curve represents the total intensity of the bands and continuum lying within the interval 2920-2930 A

and corresponds to (Z„&24 nP II~-2s Z'„).

—2s'Z„'), and bands from vibrationally excited
states such as the 4670-A band (Sp ~II,
-2s Z'„„,). In all cases sampled in the visible
region, curves were obtained which were indis-

tinguishable from those of Fig. 3.
Observations in the quartz uv region served to

locate the Rydberg series (np'II~-2s SZ'„). Figure
4 presents the results of the measurement of the
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band at 2953 A (16p~II,-2s ~Z'„) and the integrated
intensity of bands and continuum within the interval
2920-2930 A ($„&~4nP ~1I,-2s'Z„') in terms of the
detected photon counting rate as a function of
time. Though not apparent in the figure because
of the number of orders of magnitude spanned by
the data, the functional dependences of both in-
tensities are dissimilar to that of the visible bands
of Flg, 3 but common to that found for all high
members of the same Rydberg series.

A more useful presentation of the degree of cor-
relation of data of the type shown in Fig. 4 has
been found' to be a graph of the normalized frac-
tional deviations f defined as

where I, and Ia represent the instantaneous inten-
sities of the two spectral features to be compared
and C is a normalizing constant generally chosen
so that f= 0 for the value of time at which devia-
tions are most likely to occur. Then for small
changes about zero f is approximately equal to half
the fractional change in the separation of the

curves. Figure 5 presents the normalized frac-
tional deviations between the intensities plotted in
Fig. 4.

ANALYSIS

Parallelism of the curves of Fig. 4 is shown by
Fig. 5 to extend to all times examined. This
strongly suggests the interpretation that the popu-
lations of the upper states radiating these bands
are in the type of collisional equilibrium described
by Eqs. (4) and (5) with q~ 16.

Referring to Eq. (7), it is then possible to derive
from the measured data the relative recombination-
rate coefficient as a function of time, and con-
sequently electron density, provided one and only
one photon pel recombination ls l"epresented ln
the sum of intensities appearing in the numerator
of (7). This is a relatively easy condition to es-
tablish in principle because radiative deexcitation
dominates sufficiently over collisional deexcita-
tion for the lower excited levels of Hea. For ex-
ample, the rate coefficient calculated~0 for the
superelastic deexcitation by electron collisions for

I.O—

TIME (msec)

FIG. 5. Graph showing the degree of similarity of functional dependence on time of the intensities of the spectral
features plotted in Fig. 4. Ordinates correspond to the normalized fractional difference of the two intensities computed
according to Eq. (11).
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FIG, 7. Graph of rate coefficients for the recombination of He~' ions with electrons as a continuous function of elec-
tron density at a neutral helium pressure of 44. 6 Torr. The scaled values resulting from this work are shown as
rectangles bounded by the accumulated statistical errors of measurement and including the average values within each.
For comparison the results interpolated for the same neutral gas pressure from the measurements of the Saclay group
(Ref. 7) are plotted without statistical error (solid curve), together with the predictions of theory (dashed curve).
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the n=s levels of He~ is of the order of 6&&109
cm /sec, which limits the nonradiative rate of
relaxation to a value less than 6 &&10 sec at all
times in the afterglow. This in comparison with
typical radiative rates means that probably less
than 1% of the recombining events would be lost
by summing only intensities representing transi-
tions to levels with n & 2, where n represents the
principal quantum number in the united atom rep-
resentation of the molecule.

In practice, the computation of the sum of in-
tensities of transitions to levels having n & 2 from
levels having n ~ 3 is facilitated by the fact that all
either lie in the wavelength region examined or
have upper states which radiate an additional tran-
sition which lies in this region. Since all transi-
tions of significant intensity in this wavelength
region were found to have constant relative inten-
sities for the duration of the afterglow under the
conditions of this experiment, for the purposes of
calculating a relative recombination-rate coeffi-
cient the numerator of Eq. (V) can be replaced by
the intensity I„of any intense molecular band ob-
served, to give

n= C'(q, T, T.)I„/I, . (12)

The corresponding change must then be made in
expression (10) to give the proper scale function

C'(q, T, T,)=I,([e] J, I„dv ) '. (13)

Plotting the data for this scale factor as a function
of the average electron density measured with the
microwave interferometer ' at each of the corre-
sponding times gave the results shown in Fig. 6.
In this figure the cumulative statistical error ex-
pected in the scale factor and the uncertainty in
electron density give each data block its respective
vertical and horizontal dimensions.

The most pronounced feature of the scale func-
tion is its lack of apparent dependence on electron
density. This suggests a relatively constant elec-
tron temperature throughout the afterglow period.
Exception must be made, however, for the first
100-p, sec period for which the data are badly scat-
tered and for which [e]& 10'2 sec '.

Using the indicated value of

C (q, T, T,) =3. 1 x10 (14)

for the scale factor and combining data according
to expression (12) gave the values, presented in
Fig. 7, of the recombination-rate coefficient of
He~' with electrons under the conditions of this

a = 2. 8 x10 "[e] '" cm /sec,

where [e] is the value of electron density in cm ',
appears to offer the simplest satisfactory approxi-
mation to the recombination-rate coefficient of
Hea' at 44. 6 Torr over the range of electron den-
sities spanned by this measurement, 10' -10'
cm /sec. Although dependent upon simplification
of the continuity equation for scale, as are the
Saclay results together with most of others shown
in Fig. 1, the dependence of rate coefficient on
electron density requires only assumptions (a) and
(b), In particular,

n[C'(q, T, T,)] ~[e]"" (18)

requires only that the relatively unrestrictive con-
ditions (a) and (b) be satisfied for validity. The
conclusion is indicated that simple polynomial
expansions of the recombination-rate coefficient in
terms of experimental parameters may be placed
in difficulty when large changes in experimental
parameters are encountered.

experiment as a function of electron density. As
in the preceding figure, cumulative statistical
errors have been shown for each individual mea-
surement.

For comparison the results interpolated from
the measurements of the Saclay group' for the
same neutral gas pressure of 44. 6 Torr are shown
in Fig. 7 without experimental error, together
with the predictions of theory. ""Agreement be-
tween experiments can be seen to be quite good
over the range of electron densities common to
both measurements, 10~ -10"cm '. Since the
specific functional form assumed by the Saclay
group is not necessarily valid outside the range of
parameters over which the coefficients were fit-
ted to the data, the discrepancy between experi-
ments which would result from extrapolation to
other values of electron density cannot be con-
sidered serious. Conversely, however, there is
a serious lack of agreement with the theory of col-
lisional-radiative recombination as applied to
He~'. As can be seen, the disagreement between
theory and both experiments is severe over the
common range of measurement and becomes worse
at the higher values of electron density. No ex-
planation can be offered at this time, but a reex-
a,mination of the theory and particularly the clas-
sical cross sections employed appears warranted.

Qn a strictly empirical basis the functional form
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Liouville Energy Eigenvalue Problem
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The mathematical dilemma of the direct determination of the reduced density matrix for
an N-particle system in a stationary state is examined. An energy eigenvalue equation per-
taining to the statistical Hamiltonian of a subsystem which determines the reduced density
matrix is formulated. It is shown that the construction of this equation represents a classi-
cal, semi-quantum-mechanical attitude. The dilemma, in fact, arises from this attitude.

I. INTRODUCTION

The problem at issue in this paper may be
termed the "Liouville energy eigenvalue problem. "
It is concerned with the direct determination of the
reduced density matrix of a subsystem contained
in a total system which is in a stationary state.

It is an elementary procedure to conceive and

derive such an eigenvalue equation. However, the
hazards involved in correctly setting up the equa-
tion are worth reflection. The attitude adapted in

deriving and applying this equation differs notably
from that used in the Schrodinger energy eigenval-
ue problem. The equation incorporates two en-
tirely irreconcilable physical disciplines: It
makes contact with quantum-theoretic ingredients
on one hand, and on the other, it welds itself into
classical, macroscopic concepts. Due to this

semiquantum classical origin and the well-known
inconsistency between quantum mechanics and
classical mechanics, one can see that the above-
mentioned difficulties are intrinsic.

We believe that the perplexity and the enormous
number of mathematical artifacts generated in the
search of an analytical solution to this problem are
created because the problem is often stated with-
out adequate exposition of its philosophical back-
ground. We do not share the view that the problem
could be approached by analytical devices alone.

II. OPERATOR MEAN VALUE

It is easily shown that the mean value of a quan-
tum-mechanical operator of a system of N identi-
cal particles,


