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The power spectrum of the radiation emitted by a driven collision-damped two-level system
is evaluated. The driving field, which is treated classically, is assumed to oscillate harmon-
ically near the atomic resonance frequency, and its intensity is allowed to assume arbitrary
values. The collisions are assumed to be strong, 1i.e., to instantaneously thermalize the state
of the atom. The limiting forms of the power spectrum of the radiated field are discussed for
the cases of low and high excitation of the atomic system.

I. INTRODUCTION ing the correlation function which represents the
product of atomic dipole moments at two different
The effect of collisions on the response of a col- times. We assume that the incident field oscil -
lection of atoms to a monochromatic incident elec- lates at a fixed frequency w which lies near an
tromagnetic field has been extensively studied, in atomic resonance frequency wg,, and allow the.
both classical and quantum-mechanical contexts.!”®  field intensity to be arbitrarily great. Our anal-
For the most part, previous analyses have been ysis is carried out within the context of a simple
devoted to the evaluation of quantities which de- model consisting of a single two-level atom driven
pend only upon the mean values of atomic opera- by a classical electric field and subject to strong
tors, such as the electromagnetic susceptibilities random collisions which abruptly thermalize its
or the absorption line-shape function, i.e., the state. We assume that the collision rate ¢ is
rate of attenuation of the incident field as a func- much greater than all other relaxation rates, in
tion of its frequency. It has been found, in par- particular, that it is much greater than the ra-
ticular, that the widths® of the peaks (centered at diative decay rate, the effect of which has been
the atomic resonance frequencies) in the line- analyzed in a previous paper.!?
shape function are proportional to the collision The results we find for the case of collisional
rate for relatively weak incident fields, but that relaxation differ markedly in the limit of weak
they are proportional to the intensity of the inci- driving fields from those for the case of radiative
dent field when it is great enough to lead to an relaxation. A principal difference is that in the
appreciable degree of saturation. collisional case the radiated field contains, in
In the present paper our interest lies in de- addition to a coherent monochromatic spectral
scribing the spectral properties of the field ra- component oscillating at the driving frequency w,

diated by the driven atoms, and hence in evaluat- incoherent components oscillating within an in-
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terval k of the resonance frequency wy. The in-
coherent components are appreciable even at low
temperatures, and in fact they are equal in inten-
sity to that of the coherent component in the zero-
temperature limit. In the limit of strong driving
fields,!! on the other hand, the solutions for the
radiative and collisional cases resemble each
other quite strongly, each case being characterized
by three spectral components in the radiated field,
one centered at the driving frequency w, and one
at each of the displaced frequencies w =+ Q, where
Q is the frequency of field-induced atomic transi-
tions.

The basic strong-collision model is introduced
in Sec. II, and the equilibrium expectation values
of the atomic dipole moment and excitation prob-
ability are evaluated. The equations of motion
for the atomic density operator are expressed in
a form suitable for use in the analysis of Sec. III,
where the two-time dipole moment correlation
function, which specifies the power spectrum of
the radiated field, is evaluated by means of a
Markov-type approximation. 2

II. STRONG-COLLISION MODEL OF ATOMIC RELAXATION

Let us consider a two-level atom with energy
eigenstates | 0), and | 1), and corresponding eigen-
values 0 and Zw,, respectively. In the presence
of a prescribed classical field

E (t)=(1/V2) [8@¢)+8*(?)]é,, (2.1)

with spectral components near the resonance fre-
quency wg, the Hamiltonian for the atom may be
approximated by the expression

Ht)=hwoa'a -irE@)a’ -ErX*E*(t)a,  (2.2)

where a' and ¢ are the atomic raising and lower-
ing operators

@a'=|1, (0], ®a=]0), (1], (2.3)

and the coupling parameter X is related to the di-
pole matrix element y by means of the expression

A=(T-60/mVE. (2.4)

Let us now assume that the atom suffers random
strong collisions!® which abruptly thermalize its
state. It is thus described immediately after a
collision by the density operator!*

pr=fipata+(1 -7p)aa’, (2.5)
where 77 is the thermal-equilibrium probability
of finding the atom in its excited state

fip=1/(1+e™0/*T) (2.6)

If we assume that the probability that a collision
takes place between the times ¢ and ¢ +dt is kdt,

then we may represent the effect of the collision
process on the atomic density operator p,(t) by
adding to the equation for its time derivative a
term equal to k times its change {p; —p,(t)} during
a collision. We have then®

gat_ p,,(t)=%%' [H(t); pa(t)]"'K{pT_pa(t)} ’ (2. 7)

where H(¢) is the Hamiltonian (2. 2) for the driven
atom in the absence of collisions.

In order to carry out our evaluation of the two-
time dipole moment correlation function in Sec.
I, it will be necessary to express the time ev-
olution of the atomic density operator in a form
which does not depend upon its being a Hermitian
operator with unit trace, but which remains con-
sistent when it is allowed, in a formal sense, to
be a general operator in the state space of the
atom. To accomplish this, it is sufficient to note
that the collisional process must be represented
by a transformation on a general atomic operator
p.(t) which preserves its trace, is linear, and
transforms it into p, if it is Hermitian and has
unit trace. It is not difficult to show that the only
transformation which satisfies these requirements
is

pa(t)" [Trpa(t)]pfl' . (2.8)

We must therefore change Eq. (2.7) to the more
general relation

o7 Pald) =3 Q) pu0]+x{Tr0u0)pr - .0}
(2.9)

in order to carry out our evaluation of the two-
time atomic correlation function.

When the relation (2. 2) for the Hamiltonian H(¢)
is substituted into Eq. (2.9), it is found that the
atomic expectation values

()= Tr{p,(t)a"a}, (2.10a)
a(t)=Tr{p,t)a}, (2.10b)
a*(t)=Tr{p,(t)a'}, (2.10c)
m(t)=Tr{p,t)aa’}, (2.10d)
obey the equations
:71{ () =iA8 (D)o (t) —in*8*()a(t)
-k(1 =) 7(t) +kTpm(t) , (2.11a)

:ii_t alt)=-n8 @) [@lt) -m®)] - (k +iwy) a ) ,
(2.11b)

E‘i— a*() =i Ex¢)t) —m@)] = (k —iwg) a*(t) ,
(2.11¢)



78 B. R. MOLLOW 2

(2.114)

In the case in which the incident field is the
harmonic function

g(t)=goe-iwt (2.12)

the excitation probability #(¢) and the dipole mo-
ment amplitude a(¢) have the equilibrium values®

M=z Q%477 K%+ (0 —wo)? |}/ [Q%+k2+ (0 —wo)? ],
(2.13a)

aw(t):e'i“’t%ﬁ‘;_['ﬁij(w_"’iﬁ])_z (1-277,), (2.13b)

+r+ (W —w,
in which the parameter 2 is defined as

Q=228 . (2.14)

The excitation produced by the driving field is
given by the expression

AT =TT, —7Tp =[5 Q%1 - 277,) )/ [ +k%+ (0 - wg)?],
(2.15)

which is essentially the absorption line-shape
function for our model, since the mean rate at
which the atom absorbs energy from the incident
field is equal to the collision rate k times the
mean loss in internal energy Zw,A#,, of the atom
during a collision. It should be noted in this con-
nection that since by assumption the collision rate
is much greater than the natural decay rate k,
=|ul%wd /377 c3, the mean total power o/ wo AT,
of the scattered field (which is equal to total ra-
diated power k7w, minus thermally radiated
power kofiw,7 ;) represents only a very small frac-
tion of the energy loss of the incident beam. The
contribution of the scattering process to the atten-
uation of the incident beam has been omitted from
our analysis, which does not include terms repre-
senting radiative damping in the equations of mo-
tion for the atomic density operator.

In the limit in which the driving field is weak
enough [Q%<«< k%+(w —wg)?] and the temperature
low enough (7Z;<< 1) so that saturation effects are
unimportant (Z,<< 1), the response of the atom to
the driving field is essentially linear, and the
equilibrium expectation values of # and a are giv-
en by the relations

(2.16a)
(2. 16b)

To=Tip+5 Q% [K2+ (@ —wg)?]
and o ()=e 8,/ [k —ilw —wg) ]s
for Q%< k¥4(w-wg)® and Ap<1.
It is worth noting that these expressions are valid
for arbitrary temperatures and field strengths in

the case in which the atoms in question are har-
monic oscillators rather than two-level systems,

if the operators @ and a' in the definitions (2.10a)

and (2. 10b) are taken to be the familiar oscillator
lowering and raising operators, and 7, is taken to
be the thermal expectation value of a'a. For the
case of zero temperature, the expectation values
in Egs. (2.16) satisfy the relation

(2.17)

and the oscillating atomic dipole moment is thus
the sum of a coherent and a fluctuating or inco-
herent component, each with the same mean inten-
sity 1ul?la,l®.

7.=2la.|®,

III. POWER SPECTRUM OF THE RADIATED FIELD

The power spectrum of the field radiated by a
two-level atom may be shown to be equal (in the
dipole approximation) to some simple factors
times the function

Fw)=[-dre™ g(r), (3.1)
where g(7) is the atomic correlation function
g(r)=@'t )alt’ +7)), (3.2)

which in equilibrium is independent of #’. In Ref.
10 it is shown that the function g(r) may be ob-
tained by first solving the coupled equations for
the atomic expectation values defined by Eqs.
(2.10) in terms of their values at some initial time
', and expressing the solution for a(t’ +7) in the
form

At +7)=Ug (75 ¢ (") + UG (75 ¢ )
F U ¥ (T3 t)* () + W (T I (),
(3.3)

where 7> 0. The function g(7) may then be ex-
pressed (in equilibrium) as

g(T)=U o (T) 7T+ Wy (T)e™ ™ ax ('), (3.4)

where use has been made of the fact that for a
harmonically oscillating driving field, U 4, (7; ¢’)
is independent of ¢’, while U ,,(7; #’) has the
form

Wom (T3 ) =L, (T)e™ . (3.5)

The functions U ,,(7) andul, (1) may be found
directly for the model we are considering by
solving the linear Egs. (2.11) for the case §(t)
=8ye” !, and identifying the coefficients of
a(t') and e”™* ('), respectively, in the solu-
tion for a(¢’ +7). It is convenient to introduce
complex parameters z, s,and s_by means of the
definitions

Z=Kk+iAw, (3. 6a)

S,=—Kkxi &, (3. 6b)
where Aw is the frequency difference

Aw=w -wg, (8.7
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and €' is the Rabi'® frequency of population inver-
sion

QIE[92+(Aw)2]1/Z . (3. 8)
We find that the Laplace transform functions

‘ﬁ'ad(s)s fo d,re-sr ‘uaa (T), (3-93-)

o (6)= fy dTe ™ aulyn(r) (3.9b)

may be expressed in terms of these parameters
as

(s +k) (s +2) +3 Q2
(s+k) (s =s,) (s -s.)

U, (s —iw)= , (3.10a)
(s +2) [s +k(1 = 27,)]
s(s+k) (s-s)(s-s) ~

(3. 10b)

W,y (s —iw)=ir

By making use of these relations and Eq. (2.13b)
in Eq. (3.4), we find that the Laplace transform
of the atomic correlation function

g(s)= f:d're's' g(7)

is given by

(3.11) |

(s +k) (s +2) +1 Q2 >

g(s —iw)=1, ((s +k) (s =s,) (s =s.)

v own (s +2)[s +k(1 = 27i4) ]
+3 Z*A"“‘(s(s +K) (S _s+) (s —TS_)>,
(3.12)

in which #, and A#,, are given by Eqs. (2.13a) and
(2.15), respectively. The time-dependent cor-
relation function g(7) may be evaluated directly by
inverting the Laplace transform (3. 12) to find its
value for 7> 0, and then using the Hermiticity re-

lation g (- 7) =g*(7) to evaluate it at negative times.

We find
g(T)= Ia”!ze-iwr +Coe-iw'r -K‘r+c+e-iwr +S,T

(3.13a)

+c_e-zw'r+s_‘r , for 7>0
g(‘r)= [awlze-iw-r +Ca(e-iw'r+x1+c,re-lw-r-s_-r

core- T for 7<0  (3.13b)

where || is the modulus of the right-hand side
of Eq. (2.13b), and the coefficients C,, C,, and
C . are defined as

Co=Li7. QY3+ AT mpz*idw/Q 2, (3.14)
and
C—l QAo |[_ [Q+A0
1o "«
7 Zikig) 2*
+AT 1 —; 1. (3.15)
Q s,

The first term on the right-hand side of Eqs.

(8. 13) represents the coherent harmonically oscil -
lating component of the atomic dipole moment. It
is convenient to separate out the remaining inco-
herent component by means of the definition

gm)=late “ g u.(T) . (3.16)
The Laplace transform of g;,, (1) is then
Fina(8)=8(s) = @[ ¥/ (s +iw) , (3.17)

and the spectral correlation function defined by
Eq. (3.1) is given by the relation

gw)=21l0,]?6(v -w) +F,.0)
=27 a,|%6(v ~w) + 2Re g, (—iv)] ,(3.18)

where §,,.(s) is defined by Eqs. (3.17) and (3.12).

Either by making use of these relations or by di-

rectly evaluating the Fourier transform of Eqs.

(3.13) we find that (v) may be expressed in the

form

- _ 2 _ MD bl (V - (U)No

g =2m|a.]®6(v-w)+ T i

M,-(v-w+)N, +M_—(u -0 - )N_

(v-w+Q)+i? (v—w-Q)+x%
(3.19)

in which the parameters My, Ny, M,,and N, are
defined by the relations

My=k 7T Q%/Q 2+ 2k AT 7T p(Bw)?/Q'2,
No=2k ATl fip Aw/QU 2,
AW\ V_ [+ Aw
M*%"( ] ) {"“’( o )
AT, 27ty (0 F Aw)
(3. 20c)
~LK AT, <i92+2ﬁT(Q'ﬂ:Aw)(Q'A(x):tKa)>.

(3. 20a)
(3. 20b)

(3. 20d)

The spectral atomic correlation function Z(v),
which is proportional to the power spectrum of the
field radiated by the atom, is thus given by Egs.
(3.19) and (8. 20), in terms of the collision rate &,
the mean thermal excitation probability #,, and
the parameters defined by Eqs. (2.13) - (2.15)
and (3. 6) - (3. 8).

The expression (3. 19) for the spectral density
#(v) resembles the result which has been found!®
for the case in which the atomic relaxation mech-
anism is radiative rather than collisional. An
important difference between the two cases is that
for radiative damping Ny=0, M,=M _, and N,= -N_,
and hence g(v) is a symmetric function centered
at the driving frequency w, i.e., Flw+v)=g (v —-v).
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No such symmetry relation is satisfied in the case
of collisional relaxation.

In the absence of a driving field ( = 0) we have
 =Aw=w ~w,, and the only nonvanishing term
among the parameters defined by Eqs. (2. 13b)and
(3.20) is M,=2k#,. The spectral density is then
simply the Lorentzian function

Fw)=2kiig/ [(v —we)?+k?], (@=0) (3.21)

which is the familiar thermal spontaneous emis-
sion field.

In the low-excitation limit described by Eqgs.
(2.16), we find with the aid of Eqs. (3.19), (3. 20),
and (2.16), that the function g(v) is well approxi-
mated by the expression

0
o =3 * —
£Ww) (w~-wg)?+k 2mo(v ~w)

+ —-—————2——5%92 +7T ——2—-—2—2K (3.22)
(w —wg)*+k T) (v =wo)+k ’

for Q< |z| and 7p«<1,

which, like Eqs. (2.16), may be shown in the case
of harmonic oscillators to be valid for arbitrary
field strengths and temperatures. In addition to
the thermal spontaneous emission field propor-
tional to #,, the spectral density given by Eq.

(8. 22) consists of two components of equal inte-
grated intensity, one a coherent component at the
driving frequency w, and the other a Lorentzian
function of width x, centered at the atomic reso-

nance frequency wy. These two terms originate
from the inhomogeneous and the homogeneous
parts, respectively, of the solution for the atomic
dipole moment as it is driven between collisions
by the incident field.

The limit of high saturation (7, =%) is achieved
either at very high temperatures (Zp=%) or for
very intense driving fields (2> |z| ). In either
case the spectral density #(v) may be approximated
by a superposition of three Lorentzian functions
of width k, one centered at the driving frequency
w, and one at each of the displaced frequencies
w+Q and w - Q. In the high temperature limit,
we find

e ¥/?

- B % K(QI +Aw)2/9’2
)= v -w)i+i®

v-w+Q)+k?

LR - d0)Y/R?
v-w-)+x?

for 7_lT=% ) (3- 23)

while in the limit of very intense driving fields,
Q' - Q, and we find

1 1 1
F(v)= —2 + X T T
g w=-w)P+k? T (v —w+ Q)% +k? (v-w-9)2+k?

(3.24)

a result which depends upon temperature only
through the temperature dependence of the col-
lision rate k.

for 92> (w -wy)?+k?,
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