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some power is lost by doubling the frequency to
the green, the stimulated Raman effect can often
be obtained by the green pulses. The combination
of frequency broadening and dispersion becomes
more favorable for the green pulse train.?
Experiments, both with the Nd®*-glass laser
and a ruby laser, are now in progress. More
detailed information could be obtained with the

use of a second cell as a picosecond pulse ampli-
fier. The influence of a variable delay time be-
tween the laser and Stokes pulse and the influence
of phase distortion caused by dispersion could
then be made more quantitative,

The authors would like to acknowledge the re-
ceipt of two preprints?®® of related work after
the present paper had been completed.

*Work supported by the U.S. Army Research Office
Durham, under Contract No. DAHC-04-68-C-0037, and
by the Joint Services Electronics Program, under Con-
tract No. N00014-67-A-0298-0006.

Is. L. shapiro, J. A. Giordmaine, and K. W. Wecht,
Phys. Rev. Letters 19, 1093 (1967).

%G. G. Bret and H. P. Weber, IEEE J. Quantum Elec-
tron. QE-4, 807 (1968).

3D. vonder Linde, M. Maier, and W. Kaiser, Phys.
Rev. 178, 11 (1969).

40. Rahn, M. Maier, and W. Kaiser, Opt. Commun.
1, 109 (1969).

M. J. Colles, Opt. Commun. 1, 169 (1969).

®R. L. Carman, M. E. Mack, F. Shimizu, and N.
Bloembergen, Phys. Rev. Letters 23, 1327 (1969).

N. M. Kroll, J. Appl. Phys. 36, 34 (1965).

8C. S. Wang, Phys. Rev. 182, 482 (1969).

M. Maier, W. Kaiser, and J. A. Giordmaine, Phys.
Rev. 177, 580 (1969).

105, A. Akhmanov, A. S. Chirkin, K. N. Drabovich,

A, I, Kovrigin, R. V. Khokhlov, and A. P. Suchorukov,
IEEE J. Quantum Electron. QE-4, 598 (1968).
lgee, for example, N. Bloembergen, Am. J. Phys.

35, 989 (1967), and references quoted therein.

25ee, for example, Differentialgleichungen dev Physik
1, edited by P. Frank and R. von Mises (Springer, Berlin,
1925), Chap. 18.

13N, Bloembergen,in Proceedings of the Scottish Uni-
sities Summer School, Edinburgh, 1969 (unpublished).

4R, A. Fisher and J. A. Fleck, Appl. Phys. Letters
15, 287 (1969).

1%0One of the authors, N. B., acknowledges an illumina-
ting discussion of this point with Professor N. M. Kroll
in 1964.

%R, G. Brewer, Phys. Rev. 140, A800 (1965).

1'g, E. Hagenlocker, R. W. Minck, and W. G. Rado,
Phys. Rev. 154, 226 (1967).

18G. Bret and H. P. Weber, IEEE J. Quantum Electron.
QE-4, 807 (1968)..

p, Shimizu, Phys. Rev. Letters 19, 1097 (1967).

%R, G. Brewer, J. R. Lifsitz, E. Garmire, R. Y. Chiao,
and C. H. Townes, Phys. Rev. 166, 326 (1968).

23, Reintjes and R. L. Carman (unpublished).

23, A. Akhmanov, Mater. Res. Bull. 4, 455 (1969).

2N, M. Kroll and P. L. Kelley (unpublished).

PHYSICAL REVIEW A

VOLUME 2, NUMBER 1

JULY 1970

Selection Rules and the Protonic Spectrum of Molecules*

I. L. Thomas
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830
(Received 26 January 1970)

Recently, we have reported variational solutions to Schrédinger’s equation for CH,, NH;,
H,0, and HF, using a Hamiltonian which included the kinetic-energy operators of the protons.
The results of these calculations implied the existence of protonic spectra similar to the
electronic spectra. We show here that the selection rules which apply to electrons also apply
to the protons. Furthermore, we find a two-particle-transition operator which allows an
electron and a proton or two protons to be simultaneously excited with intensities proportional
to the square of km,/M, where k is the wave number of the light, m, is the mass of the proton,
and M is the total mass of the molecule. For completeness, the effects of the radiation field

on the coordinates of the c. m. are given also.

I. INTRODUCTION

Recently we have reported variational solutions
to Schrddinger’s equation for CH,, NH;, H;O, and
HF using a Hamiltonian which included the kinetic

energies of the protons. '3 The trial wave function
was an expansion of the form

¢=2{ EaciaFlGu’ ’ (1)

where for n electrons and m protons, we have



Ino

F=7—:ﬁ—det[f1(1)--~ ()| (2)

3)

1
and G =mdet [gl(l). oo

The f’s represent one-electron functions and the
g’s represent one-proton functions. The energy
spectrum which we got for the protons was simi-
lar to the usual electronic spectrum. Hence, we
would expect that there should exist electric di-
pole, electric quadrupole, magnetic dipole, and
higher-order transitions involving only protons in
the same way as they exist for electrons. It is the
purpose of this paper to show that these transi-
tions are allowed for the protons and that their in-
tensities are comparable to those found for elec-
trons.

II. SELECTION RULES

The Hamiltonian for a molecule in a classical
radiation field is

o5 [ (5543) o] v

where g, is the charge of the jth particle, K, and
¢, are the vector and scalar potentials, and V is
the potential representing the interaction among
the particles in the molecule. In the Coulomb
gauge V.A= 0, and the Hamiltonian becomes

2A2
H=2 —-—V, m, C(A; V)+ +‘1/¢; +V.

The scalar potential may be omitted because the
radiation field can be described by the vector po-
tential. The square of the vector potential may
be neglected because it is small when compared
with A, V, for the radiation fields which we will
consider. Therefore, the Hamiltonian which we
will use is

H=Hy+H',
-2
where Hy=2J; [E—m—;— V?] +V,
’ g - -
and H =2’ﬁi_c AV, .
We will solve Schridinger’s equation using H,

only to get the unperturbed solutions by transform-
ing Hy to c. m. coordinates defined by the relations

ﬁ_ma?a+2-f 8oz _z
-——EJ_Lm I 3=L5=Tq,
a+lim;

where the 7’s represent position vectors in the
laboratory coordinate system. Particle a (usu-
ally the most massive) has been selected as the

j*a ,
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origin of the relative coordinate system. The
transformed H, is

2 . (ﬁz )
Ho=—5m1 V=~ 2 2u; ma(zj-;k?f e V,>+V

where now the sums over j or 2 exclude j =a or
k=a, M=m,+%;m;, and [;=m ;m,/m ;+m,).
The set of unperturbed eigenfunctions will be rep-
resented by

V= ®(R) YRy, ..., R,) . (4)

A perturbation calculation leads to the following
integral :

] h - -
H',,,,,:fw*;Z),(—’—:’jj—A,- v,)\p,,,dv. (5)

In what follows, we will assume that the size of
the molecule is much smaller than the wavelength
of the radiation. We will con51der a plane wave
travehng in the x direction with A in the z direc-
tion., Thus,

A3=_cl_ eoei(kx-vt) +A;se-i(kx-vt)> ,

where % is the wave number. With this 4,, Eq. (5)
becomes

1 ing i (o, =
Hr:m=2/:IIrT Er(mrr[Aoet(kz, vt)
2
+AY e k] 8zr> ¥,dV .

This integral can be rewritten

’ _1 -ivi ’ ivt 2
H,,m_z(e Aga), +e'" Aok ),

ihg 3
where oz,f,,,:f\lf",‘, (E,.-m—r' et®r az) v,dV .

Since our wave function is in c. m. coordinates, we
need to transform the operator in a,, to the same

coordinates. We will make use of the following
relations :

- m => = My

r;= (1-—#)R1+R Z;e)ﬁ

and ;a=ﬁ°21%'i ﬁj .

With these relations, we find that

9y inx, 9 . [( )

=L g% =expik| (1-—F) X, +X - -2 X

m, Bzr p{ s?,M
4y 2 gy 8
m, 8Z, M 3Z,

and

o irx, 0 _ . mr

oy e**a 5. _exp{zk[X -2 X, ]}
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g, 4, 9
x|fa = _3, A =1
[M 8Z Zrma aZri\
Therefore, «,, becomes
s#r M >}

Q=20 TX exp [zk(

xih‘[(}i’ exp [tk (1-m,/M)X,]

3
9z,

+{expltk(1 -m,/M)X,]- exp| - ikim,/M) X, ]}

1‘5- - exp [-ik(m,/M) X, ])

q 9 -> > -
X3 52] ¥, dRdR;...dR; , (6)

where we have made use of the relationg,=-7},¢,.
Since 2X,<<1 and m,/M <1, we can use the follow-
ing approximations for the exponentials:

explik(1=m,/M) X, ]~ 1+ik(l=m,/M)X,, (7)
explik(m,/M) X,]~ 1 -ik(m,/M)X (8)
expl - ik s m /M) X ]~ l—ikZ}s(ms/M X,. (9

Note that m,/M will be essentially zero for elec-
trons, but for the protons its value will not be neg-
ligible in general. If we take the first term of each
of the power series and use Eq. (4), we get

3*(R) e &(R)dR

.
Ay~
. 9 - -
x E,ﬁf;[m(zl—: _7"’1—23 azJ U, d R, .- -dR,

The integral over the coordinates of the c¢. m. is
the same for all transitions, so we may as well
define a,, to be a,, divided by that integral. Then

R q q
Opm=— ZVnmEf/;Vr‘x [(;’LL,. “;f;) K

where hvy,=E,=E,, and p,=m,m,/(mq+m,).
we add and subtract ¢,/m, to the expression in
parenthesis, we get

. U qql
nmz‘len‘/‘"’)';[Er (1—Wl: q;%2>qrzr:|

XY dRy +++ dR, . (10)

Zr] wmd—R,I e dﬁt ’

When

For electrons u,/m,=0, so, the operator reduces
to the usual },9,Z,; however, for protons, the
same ratio is not negligible. For example, in am-
monia m,~25000 and p,~1700, so u,/m,=0.07
and g, u,/q,m,~0.49. Therefore, the factor in the
parentheses is about 0.4. However, the average
value of Z, for the protons is about 2.0 bohr which
when multiplied by 0.4 gives 0.8. The value of this
product is close to the average value of Z, for the

- electrons, which is about 0.5. It appears that the
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intensities which are proportional to the square of
o ,n» Will be roughly the same for both types of
transitions.

When the product y*V,, is even, the integral in-
volving the Z, (or any odd operator) will vanish.
When this happens, we can consider the second
terms in the expansions (7) and (8) and the first
term of expansion (9) to get

Cm= fﬁ[kﬁ&(yi—: g maM) ,az]

XV, dR, -+ dR, . (11)

The term involving 8/8Z in Eq. (6) vanishes be-
cause the integral [ V,X, ¥, dR, - - dR, vanishes,
since we said that ¥* ¥, is even. We can neglect
all the terms in the square brackets except for
q,/m, for electrons. Since the charge of most nu-
clei is about one-half their atomic number, ¢,/m,
~%m,, where m, is the mass of the proton.
Therefore, for protons we find that the last two
terms are approximately equal to— 3 M. In the
molecules that we considered M =15 m,; there-
fore, for protons the term in square brackets is
approximately (1.0~ 0.8)/m,=0.97/m,. We see
that for protons the effect of the additional terms
is small, but not negligible. Note that for any
molecule where ¢,=¢, and m,=m,, the term in
square brackets reduces to ¢,/m,. The integral
given by Eq. (11) will give the quadrupole moment
operator and the magnetic dipole operator in the
usual way. That is,

Oy == 1Vppn R wfz(zrurKrXrZ'r) ¢’mdﬁl e dﬁt

for electric quadrupole radiation, and
Q= — u,,,,,kflu;, O, K, Ly) ¥pdR, - - - dR,

for magnetic dipole radiation, where K, is the fac-
tor in parenthesis in Eq. (11) and L, is the angu-
lar momentum operator.

We will now consider the second term of expan-
sion (9) using the first terms of expansions (7) and
(8). The integral is

anm:/‘p)‘:l[Z(— ik 2 :n_W§Xs>
r SET
3 _—qr '—qa LR
X’ﬁ(m, - >az] V,dR, - -+ dR, .

We can safely neglect all the terms in the sum
over s where s refers to an electron. Therefore,
from now on the sum over s is restricted to pro-
tons only, and

. m
Qpm =— ZVﬂmk<-1E2>



2
Xﬁfa<z;r 2 QrZrX;Wmdﬁl---dﬁt , (12)
s#r
where @Q,=q, 1-+r_dalr (13)

Mg G,
We have said that m,/M =0.07. Therefore, the in-

tensities of these transitions are roughly z as
intense as the electric-quadrupole or magnetic-
dipole transitions. The Z,X, operator is a two-
particle operator which involves two protons or a
proton and an electron.

We will now, substitute for ¥, and ¥,, functions
of the form defined by Eq. (1) into Eq. (10). Let

Dz=sz+DZe, where Dgp=Z>A QAZA
and D, =Z},Q,Z,‘ ,
and where @4 and @; are defined by Eq. (13) and
Z 4 and Z; are the Z coordinates of the Ath proton
and the Ith electron in the c. m. system. We want

to find the allowed transitions for electric dipole
radiation between V¥ and ¥’, where

V=2123.CiaF:G, and ¥'=2,2.C/.F,G, .

Therefore, we need to know the conditions under
which

P,= [ ¥D ¥'dV+0,
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=22122422;22,C%, Cj, [ FXG%D,F,G,dv,
=22122.22;20C%,Ciy( [ F¥D, F;dv,
x [ G%G,dV,+ [ FXF,dV, [ GXD,,G,dv,) ,

but F; is orthogonal to F; and G, is orthogonal to
G,; therefore,

Pz:Z)iZ)jEuc*i(acj,afFTDzeFjdVe
+232205231C%,C 1y [ GXD,,GodV, .

Since D,, and D,, are odd operators, F*%F; and
G*%G, must also be odd if the integrals are not to
vanish. This requirement gives the usual selec-
tion rules for dipole moment transitions. Note
that we can have transitions which involve only
electrons, only protons, or both protons and elec-
trons. A similar development can be made for the
electric quadrupole moment and the magnetic di-
pole moment simply by substituting the corre-
sponding operators. Equation(12), however, leads
to a different result as we shall now show. Let

2 ? Q,Z,X,=211204 Q121 X4 +EAZMQAZAXB ,
S#7r B

where I refers to the electrons and A and B refer
to protons. The integral in equation (12) becomes

231232235205 CXaCly [ FXGX (21 04 Q1Z1 X4) F ;G4dV,dV, +E.,Z>,,E,~C’LC,-’,,fG";(EAZZAQAZAXB)deVp .
B

The first integral in expression (14) becomes
(1 Qr [ FXZ1 F;av,) (L, [ G4X,G,dV,).

Each of these integrals are nonvanishing anly when
the selection rules for electric dipole radiation
are satisfied by at least one electron and at least
one proton. Their polarizations are in different
directions. The same result is obtained for the
second integral in expression (14), but in this
case two protons simultaneously are excited
subject to the selection rules of electric dipole
transitions.

We can make some general remarks on the de-
pendence of

(o By Gl 9 Gy Gum,
Q=4 (1 Le qm) and K,—dx Lz Ao

on m, and M, which apply to protons.; if m,=m,
and ¢,=¢9; @,=0 and K,=q,/m,. Asm, increases,
Q, tends to ¢,; and K, tends to ¢,/m,. If M in-

creases while m, remains the same, @, remains
the same and K, becomes again ¢,/m, .

The intensities of the transitions allowed by the
two particle operator in Eq. (12) decrease as M
increases. For example, these transitions in
NH; would be 300 times more intense than they
would be for UHj,.

So far we have avoided looking at the effects of
the radiation field on the coordinates of the c.m.
We will now do so. Let &5 (R)=expGK-R). The
effect of an operator on & is A d3=0¢3z ,

where ¢x= [ agg o dK’;

then [ &%.A &zdv= [ ®%. [agg &z dK'dV
=fai&i{' f o @ﬁ.dVdﬁ'
=fdf{i§: 5(ﬁ'— ﬁn)dﬁ:dﬁﬁu.

The two operators which involve the coordinates
of the center of mass are ¢*** and (%/iM) e***06/82Z.
For the first of these operators we have
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agq = f: eiKx* koKX g X §(K — K36 (Kz-K2) ever change there is will be in the X component of
- ¥ the momentum. The second operator gives

=6(K_+k-K3g)0(K_~KJ)6(K_—-Kj) 7o )

X Y z e -iktz 9 iKk_z _w! _

X “KK"iMf-«ee 57 ¢ "27dZ0(K_+k-Kx)0(K - K

~§(K-K'), ' ’ ’

=(HK z/M)8 (K ;~K;) 6 (Ky+k—Ky) 6 (Ky—Ky)

i ki ler than Ky. Thi 1t > =

since k2 is much smaller than Ky is resu ~v, (K- g

merely states there will be essentially no change

in the momentum of the center of mass, and what- since 7K ; is the momentum in the Z direction.
*Research sponsored by the U. S. Atomic Energy L. Thomas, Chem. Phys. Letters 3, 705 (1969).
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Resonant Scattering of Radiation from Collision-Damped Two-Level Systems
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The power spectrum of the radiation emitted by a driven collision-damped two-level system
is evaluated. The driving field, which is treated classically, is assumed to oscillate harmon-
ically near the atomic resonance frequency, and its intensity is allowed to assume arbitrary
values. The collisions are assumed to be strong, 1i.e., to instantaneously thermalize the state
of the atom. The limiting forms of the power spectrum of the radiated field are discussed for
the cases of low and high excitation of the atomic system.

I. INTRODUCTION ing the correlation function which represents the
product of atomic dipole moments at two different
The effect of collisions on the response of a col- times. We assume that the incident field oscil -
lection of atoms to a monochromatic incident elec- lates at a fixed frequency w which lies near an
tromagnetic field has been extensively studied, in atomic resonance frequency wg,, and allow the.
both classical and quantum-mechanical contexts.!”®  field intensity to be arbitrarily great. Our anal-
For the most part, previous analyses have been ysis is carried out within the context of a simple
devoted to the evaluation of quantities which de- model consisting of a single two-level atom driven
pend only upon the mean values of atomic opera- by a classical electric field and subject to strong
tors, such as the electromagnetic susceptibilities random collisions which abruptly thermalize its
or the absorption line-shape function, i.e., the state. We assume that the collision rate ¢ is
rate of attenuation of the incident field as a func- much greater than all other relaxation rates, in
tion of its frequency. It has been found, in par- particular, that it is much greater than the ra-
ticular, that the widths® of the peaks (centered at diative decay rate, the effect of which has been
the atomic resonance frequencies) in the line- analyzed in a previous paper.!?
shape function are proportional to the collision The results we find for the case of collisional
rate for relatively weak incident fields, but that relaxation differ markedly in the limit of weak
they are proportional to the intensity of the inci- driving fields from those for the case of radiative
dent field when it is great enough to lead to an relaxation. A principal difference is that in the
appreciable degree of saturation. collisional case the radiated field contains, in
In the present paper our interest lies in de- addition to a coherent monochromatic spectral
scribing the spectral properties of the field ra- component oscillating at the driving frequency w,

diated by the driven atoms, and hence in evaluat- incoherent components oscillating within an in-



