696 R. CALLENDER AND

Nw. B. Lacina, thesis, Department of Physics, Har-
vard University, 1969 (unpublished).

317, Rosenberger (private communication).

%2B. Fritz, F. Liity, and J. Anger, Z. Physik 174,
240 (1963).

33R. Loudon, Advan. Phys. 14, 621 (1965).

3T, Timusk and M. V. Klein, Phys. Rev. 141, 664
(1965).

3T, Timusk (private communication).

%M. V. Klein, B. Wedding, and M. A, Levine, Physica

180, 902 (1969).
3'W. R. Fenner and M. V. Klein, in Light Scatteving

Spectra of Solids, edited by George B. Wright (Springer-

Verlag, New York, 1969).

P. S. PERSHAN 2

3G, Herzberg, Molecular Spectra and Molecular Struc-
ture, 2nd ed., Vol. 1 (Van Nostrand, Princeton, N. J.,
1950)

39R. W. Minck, E. E. Hagenlocker, and W. G. Rado,
Ford Motor Co., Physics Department, 1966 (unpublished).

90G, Herzberg, Spectra of Diatomic Molecules 2nd ed.
(Van Nostrand, New York, 1950), p. 127.

YUn Ref. 2, the reported value of B was 1.25 cm™! for
KBr:CN~ and 1.0 cm™! for KC1:CN~. Using the data
available from Ref. 2, we calculate the values reported
here.

42p, Sauer, Z. Physik 194, 360 (1966).

Bgelected Papers on Noise and Stochastic Processes,
edited by N. Wax (Dover, New York, 1954).

PHYSICAL REVIEW A

VOLUME 2, NUMBER 3

SEPTEMBER 1970

Magnetic Quadrupole Polarizability of Closed-Shell Atoms*

H. S. Radt
Cornell Aevonautical Labovatovy, Incovporated, Buffalo, New York 14221

R. P, Hurst
Department of Physics, State University of New Yovk, Buffalo, New Yovk 14214
(Received 1 December 1969)

The magnetic quadrupole polarizability tensor determines the quadrupole moment induced
in an atomic system by a nonuniform external magnetic field. From the analogy to the cor-
responding electric field case, this quantity is defined and simplified for a spherically sym-
metric system in an axially symmetric external field. Expressions are presented for the
magnetic vector potential corresponding to the first three terms of a Taylor-series expansion
for the magnetic field vector, and the Hamiltonian operator is obtained for a many-electron
atom in an axially symmetric magnetic field with first-order gradients. Calculations are pre-
sented for the magnetic quadrupole polarizability for closed-shell atoms and ions with two to
eighteen electrons. These calculations employ the fully coupled Hartree-Fock variation-
perturbation procedure. The magnetic quadrupole polarizability shows a rapid decrease with

atomic number within each isoelectronic series.

and ions except Li~, Be, and Na~.

I. INTRODUCTION

Of late, much interest has centered on the elec-
tric and magnetic properties of atoms and mole-
cules in external fields. For example, calcula-
tions have recently been made of the electric di-
pole, quadrupole, and octupole polarizabilities, !
the magneto-electric susceptibility, and the elec-
tric dipole hyperpolarizability!'? of atomic sys-
tems. Furthermore, calculations of the magnetic
susceptibility (magnetic dipole polarizability) have
been made from the early days of quantum me-
chanics.® The work reported in this paper rep-
resents a logical extension of efforts to under-
stand the influence of large external fields on the

Positive values are obtained for all atoms

electric and magnetic properties of atoms. Spe-
cifically considered is the response of an atom to
a nonuniform magnetic field.

The advent of very high magnetic fields, e.g.,
10° G, makes possible the intentional generation
of field gradients large enough to cause a signifi-
cant variation in the magnetic field within the di-
mensions of an atom or molecule. Thus, the
effect of a gradient in the external magnetic field
on the energy of a molecule may be measureable,
Furthermore, very large magnetic field gradients
exist between paramagnetic ions within a crystal,
so that the energy of an impurity ion is strongly
affected by the gradient. Mattis* also suggests
that the attraction of noble gases to the surface of
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ferromagnetic material and the Knight shift in
superconductors could be partially explained by
the perturbation of the energy of a closed-shell
system by an inhomogeneous magnetic field.

In the following sections we present the mag-
netic multipole expansion, define the magnetic
quadrupole polarizability tensor, and simplify it
for a spherically symmetric atomic system in an
axially symmetric field. The magnetic vector
potential and Hamiltonian operator are then ob-
tained and the Hartree-Fock variation-perturba-
tion procedure is described for calculating the
second-order energy of an atomic system in a
magnetic field gradient. We then describe the
method of computation of the magnetic quadrupole
polarizability in more detail and present and dis-
cuss the calculated values.

II. MAGNETIC MULTIPOLE EXPANSION

The expansion of the energy of a localized dis-
tribution of moving charges or currents in an ex-
ternal magnetic field H is given in terms of the
current-density distribution j by

W=W,+ W+W! s eon R (1)
where
Wy=~H,"M, (2)
Z) (O)T“, (3)
iyd a
”° - __{__ . 4
Wie-a :Ek 0x ;0 )Ry @

In (2) M is the total magnetic dipole moment:
M=1/2¢ [TxJdx, (5)

while in (3) the magnetic quadrupole moment ten-
sor T, is defined as

1 .
T”E;Ze{k,f(ijxk-rzén)J,d"x, (6)
kyl

where x; is the jth component of the position vec-
tor ¥, and 7 is its magnitude. In addition, the
tensor T';; is traceless, i.e.,

E{ T;;=0.
Similarly, in (4) the magnetic octupole moment
tensor R;;, is defined as

6 .
Rip= ?L_)me“m/x,xjxk]mdax . (7)

II. MAGNETIC QUADRUPOLE POLARIZABILITY FOR
SPHERICALLY SYMMETRIC SYSTEMS

When a nonuniform external magnetic field is
applied to an atomic system, the gradient in the
magnetic field polarizes the system so as to gen-
erate a magnetic quadrupole moment proportional

to the gradient. Thus, one may define the mag-
netic quadrupole polarizability tensor y; jrz SO that
the quadrupole moment is given by

11" Z) Yljkl Egj (0) ’ (8)

or so that the magnetic quadrupole energy term
(3) is
W'='— 'é‘ Z Yijkl _k (0) *__'L(O) (9)
ivdiksl

The magnetic quadrupole polarizability tensor
can be simplified (i.e., reduced to fewer com-
ponents) for the case of spherically symmetric
systems by considering the most general form for
a fourth-order isotropic tensor?:

Yijre=NA 0400+ “(5“:511 + 5i151k)
+ (6340 5= 0;16,3)

and noting that neither X nor v contribute to Ty;
or the energy W', Hence, taking v=2u, one ob-
tains

Yijr = (‘y/z)(éikﬁjl +6;,0,4), (10)
T, = yBH 0), (11)
— %y ) (-g-f-t (0)>a . (12)

Therefore, for the spherically symmetric sys-
tem, the fourth-order tensor v, is determined

in terms of a single parameter y, henceforth called
the magnetic quadvupole polarizability.

The calculation of y can be further simplified,
without loss of generality, by assuming an ex-
ternal field which is axially symmetric about the
z axis. In this case

? ’
Hy=-3H'x; == 3H'x,

Hy==3H'x,==1H'y, Hy=H'v,=H'z, 13)
The nonvanishing components of T ; are

Tyg== 2Ty == 2Ty =yH', (14)
and

W'==iyH"2, (15)

In order to determine y from calculations on an
atomic system we equate W’ from (15) to the term
in H'2 in the quantum-mechanical perturbation ex-
pansion for the energy

E=Ey+H"?Ey+ +0-, (18)
and find that
=—4E,, (17)

In (16) the first-order energy term H ’E, vanishes
as explained in a later section,
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IV. VECTOR POTENTIAL

The external magnetic field is generated by cur-
rent distributions, but the atomic system under
consideration is far removed from these distribu-
tions. Hence, the Cartesian components of H
satisfy Laplace’s equation:

v?H;=0, i=1,2,3 . (18)

We expand the magnetic field in a Taylor series
about the origin, retaining only the first three
terms,

H=H,+H'+H" , (19)
where
Hy =H(0) , (20)
. OH,
w=% 2 o)y, (21)
7 9%
1 8%H,
r_ = i X
H; ‘,.,Z,z 21 Bx,0x, ©)x;% (22)
and where
8H, 9%H,
Hi(o)y axj (O)> axjaxk (0) H

are the field, first gradient, and second partial
derivatives, respectively, all evaluated at the or-
igin. The magnetic vector potential is also taken
as a sum of terms

A=K g+ A +K"+.u0 | (23)
so that
H=vxA, , H'=vxA’, H"'"=vxA" .

(24)
Solutions of (24) for the vector potentials, given
the magnetic field components [(20)-(22)], are not
unique. Therefore, solutions are selected first,
to satisfy the Lorentz condition

-

veA=0 , (25)

and second, to simplify the Hamiltonian for the
atomic system. Thus, we choose

KOZ%ﬁOXF ) (26)
A= LH'XT (27)
Alr=LHXT . (28)

It can easily be verified that (26)-(28) satisfy
(24) and (25).

In cylindrical polar coordinates (p, ¢, z) for an
axially symmetric field, the magnetic field and
vector potentials take the form
I_'I.o = éZH ) (29)
H'=2,(-3pH)+2,(H’) , (30)

’

H7=8,(~5pzH"") +6,(3(z% - 202)H""), (31)
Ky=2,(3pH) | (32)
A’=2,(3pzH") (33)
A"=2, [ -1p9H"] | (34)

where &,, €,, and &, are unit vectors in the p, ¢,
and z directions, respectively, and

H=H,0) , (35)
,_%H,

H'=+ (0) , (36)
2

H~=%§§L(o) . (37)

V. HAMILTONIAN FOR THE MANY-ELECTRON ATOM

The nonrelativistic Hamiltonian operator for an
N-electron atom in an external magnetic field is
given by®
N 1 e »\2 e - =
JC= — —-Av.+= A, — (s, *H;

121 [2m< }iv,+c A,> e (s; H,)] +V,

(38)
where

LA |
V==Ze? 2, — +e? ) pairs (i, §)
i,

i=1 714

L @9

Vi

and Ki is given by (23) and (26)—(28). In what fol-
lows we retain only the gradientterm H’, however,
extension to combined magnetic and electric fields
and their first-order gradients is presented in
Ref. 5. Since A satisfies the Lorentz condition

(}C—ZN) __ﬁi_ 2, € (i, 7T
B om Vi e (:H'- Ly

-

A, e

5 (s,.oH,.>> V. (40)

p—
2mce

Substituting from (30) and (33) and employing the
following relations,

z=7rcosb , p=rsinf ,
H'* L=H'(zL,-3pL,) , H'-8=H'(ss,-ps,) ,
L,==cotbL, , s,=3(e"*’s,+e'%s.) , s,=s,%is,,

(41)

l:‘ 3V5 +%aH'(%7T)1/2"’i( Ylo(Lz,+ lezi)

+——1—Y s —~1—Y s —ﬁH'2(4 Y24
V2 THSTi TR Tn1Sy ) Tg e
><<§Y40— 1‘[—2 Yy — {EYO()] +V (42)
where the Y,,, are spherical harmonics and are
understood to have arguments 6;, ¢;. In (42) we
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have introduced atomic units according to Har-
tree® wherein the magnetic field is measured in
units of e/ad or 3.2412x10-'° Oe/cm. a, is the
radius of the first Bohr orbit of the hydrogen
atom and a is the fine-structure constant e/7c.

VI. HARTREE-FOCK FORMALISM - ELIMINATION OF
SPIN VARIABLES

The Hartree-Fock formalism” ™! yields the fol-
lowing integrodifferential equations for the spin
orbitals ¢;:

(hy+0)¢ (1) +22;2450(1)=0 , (43)
where

hy=hy+H'V+H"W , (44)

ho=—-3V2—=Z/v , (45)
and the operators v, V, and W are here defined as
V=3 ( %”)1/2 y< Vil 250+ 75 Wy~ 7, 1s+)> :

(46)

2
W=g‘5“(47f)1/27’4< %Ym"% Yy - %Yoo> , o (47)
v= 2 ©0,2]Qulé,@) . (48)

For brevity we have defined the operator

Q1 =(1- P1z)/”’12 , (49)

where Py, has the effect of interchanging the ar-
guments of the two functions which follow, that is,

(¢i(1)¢j(2)[P12/7’12[¢j(2)¢i(1)>
=(¢i(1)¢j(2”1/”’12[¢i(2)¢j(1)> . (50)

The spin variables may be eliminated, leaving
only orbital functions, by letting

¢i=¢i(7’: 9,¢)a+xi(’}’, 0,‘P)E . (51)

It is noted that the operator V in (46) has the effect
of mixing the two coordinate functions §; and x; in
the following manner:

1/2 1 -
V¢,=%<4—3ﬂ> 1’[( Yto(Lz+1)lP:—72— Y1,-1Xi> a

1 —
+< YIO(Lz_l)Xi+—‘/_'2—Y11¢i> B:| . (52)

Substituting (51) into (43) and premultiplying
first by @' and then by BT yields two simultaneous
integrodifferential equations for ¥; and x;,

[ro+H'V o+ H?W+vg +uy] §;+H'UgX;+250i;9;=0 ,
(53)
H'Upd;+ [ho+H'Vg+ H' 2 Wavg+ug) X;+20504;X,;=0 ,

(54)

where we have made use of the definitions

1/2
Va=%(“1§n‘> rYy(L,+1) , (55)
1/2 . 1
Ua=%<4_§) (‘72‘> Yy, .1, (56)
va= 2 (¥;]Qulv;) (57)
it
uo= 2o 1Qulxs) s (58)
FEX]
1/2
Vf% (%Ir') rYL,-1) , (59)
1/2
A B
ve= 2 (X;|Qulx;) (61)
it
ug= 20 @;1Qulv;) . (62)
Py

In u, and u the operator @;; has a different effect
than the operator @;,. While @,, causes subtraction
of a term with the arguments of the orbitals in-
terchanged (i.e., electron exchange terms), the
operator @;; causes subtraction of a term with the
orbital numbers exchanged. Specifically, u#, and
ug are defined, such that

u“d}":j;, << X; ;11—2-\ Xj> ¢i—< X 7}' X¢> ‘l’j) ’(63)
qui=j§i <<¢j t 1P;> x;-<ll)j‘ 1711'2‘\ ¢;>Xi> 0(64)

The Hartree-Fock energy is given by
E=2(bs|he+H'V+H? W|0 )
+%Zi<¢i|v|¢i> . (65)

Substitution for ¢ ; in terms of ¥; and y; and intro-
duction of the orthonormal property of the spin
functions yield, after some simplification,

E==2,(;+3 @ lva TUy H’t) +%<Xilvﬁ+uB|Xi>) ’

(66)
where use has been made of (53), (54), and the
orthogonality relations

@ild)=@lv,)+&xlxs) =545 - (87)
VII. HARTREE-FOCK PERTURBATION THEORY

We now obtain perturbation equations for the
first- and second-order energies, starting from
the Hartree- Fock equations (53) and (54). First,
we expand ¥;, X;, and )\;; in perturbation series
in H', assuming the zero-order matrix of Lag-
range multipliers to be diagonal, that is,
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A =-6,€ . (68) [ro+ @4 +ud) —€3]94+ (V, +0l +ul) 99
Thus, we have +U, X2+Zj?\}jzl)?=0 (88)
- 0 ?.1 2,2 e 69
b E e Y o) [ho+<vg+us>-<21x2+<v8+vs+uz>xe
X=X G ARG @) +Ugh+22;1 ij (89)
i J
A==€ 05, +H' AL + H")\2 71
#01 TH Ry it (71) [h0+(va+u°)—€i]zp2-+(V +vg rug)hy +(WroZud)yd
Substituting these series into the expressions for o
Uq, Ug Vg, and vy yields +Uaxi+ 2y (g 95+ 05,9 =0 (90)
Ug =S+ H'ul +H%u% ++ o | (72) [h0+(vB+uB)—€,]x;+(V,,+vé+u§)x§
0
uB=uB+H'u§+H'2uB+- . (73) +(W+od+uf) X3+ Updi+ 2,0, x5 +23xD=0 . (91)
0L gl g, 2 ... The Hartree-Fock energy from (66) is also ex-
Vo= Vo tH 0 +H vy + ? (74) panded in a perturbation series:
and E=Eg+H'E,+H"”Ey++.. , (92)
vg= 03+ H v + H% %+ -+ (75)
sS4 B 8 ’ where, after simplification, ° one finds that
where )
o T tloul - Ey=2 (@30 XD + &38| Ual9) + 48 V. [99)
20 = ] ] 76
& @51Q12193) + | Vel x9)) (93)
ves L (W5]Quelv5) + il Quel)) (77)  and
J¥F1

va= 2 (W5l Qulvd) + Wil Qulv) + @il @ulvsy

(78)
ui= 2 oadleul) (79)
e T el wleshd) 60

ug= L (0G1Qu 1)+ 0G1Qu 1) +0dleulxd))

(81)

PR [Qulx)) (82)
vp= 2 (6] QulXi)+ &}l @) (83)
vi= Z <lele|x;>+<x |Qua x5+ ([ Q1a XD
(84)

ug= 57,- @@y e , (85)
up= X (@21 Qs+ @WHl Qs [99)) (86)

uh= 20 (W5lQulv5)+ @il Qulvi + 65lQulu)

(87)

Next, substitution of the perturbation series
(69)—(74) into the Hartree-Fock orbital Eqs. (53)
and (54) yields the following perturbation equa-
tions:

-

=208 WIXS)+ @l wud) + (3| Vil by
+ @Vl + &3 Ualod) + @3 UG [X2)). (94)

Furthermore, the first two terms of (93) vanish
because ¥ and ¥? cannot simultaneously be non-
zero, and, since V, and V, have odd parity, the
remaining terms also vanish, leaving

E]_:O .

This result is expected because, to first order in
H',

E=E,+H'E, ,

and a change in the direction of the field, that is,
a change in sign of H’ cannot change the energy.

The Hartree-Fock perturbation Eqs. (87) and
(89) are not in a particularly convenient form for
calculation of the first-order wave functions be-
cause they do not account for the fact that zero-
order spin orbitals occur in orbital pairs. That
is,

¢?=¢?E or X(i)ﬁ s

and the coordinate functions ng and x? are equal for

an orbital pair. Thus, we write the zero- and
first-order spin orbitals in pairs:

(p(i]a =Zp(i) ay (p%ot = Zl)iua"')daﬁ )

Ph=UIB, @is=VisA+xisB ,
where the second subscript @ denotes that the corre-
sponding zero-order function has an @ spin func-
tion and the subscript 8 denotes that the zero-or-

der function has a 8 spin function.
Use of (95) leads directly to the following four

(95)
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simultaneous integrodifferential equations for the first-order functions of each orbital pair:

1 N/2
(o= Dt (W3] [ 98) e+ 2 (03| 25220
12 j#i 12

>‘/’ca+V ll’i+<Xm

Wl

1B>Ipl

¢‘i> 9+

/2 1-p, 1|{1=Pyp o> < of 1| .1 < 1 > 0, 1
j§l‘ << 712 ZI)M> +< d)jm 712 d)j * wj Y12 ij> ij ZI)j >}p Aijzpj ’ (96)
Nz ol 2= Pzl 0} .1 0 1] 11 o\ o ol 1 1\ 0
(@ —EI)X{B+<¢i X;B+Z ¥ “,;z‘g‘lzl’f Xist V¥ + { ¥ie a ¥ ¢¢+<¢’i o Via) Ui
N/2 -p 1-P > < 1| 1] 0 )
2| 1 1 12| 40 ol 1) 1
+j§t(< Y12 \X;‘B> +<x’B 712 l[)] * Zl)j 712 ¢]a> +<ij°‘ 712 Zl)j> ZP;+ Z 7\ jd)j ’ (97)
N/2 -P o
(o~ €9xia+ <1Pi ¢1>Xia+2<< > ‘P> <¢j l/)i> )
#i 12
N2 N2
+ Uglh - <‘I)m ¢¢> - 2 (el )95 + 20 M=o (98)
N/2
(= e (0 2520 8 e 25 (0 2500 | ) wta= () | i)+ vt
i N/2
<X:a >‘/’0 ZS <Xju ¢’i> ¢j+ Z A le} (99)
N/2
In (96)-(99) the sums over j now correspond to +2 :L_: Wwlp?y (100)

sums over doubly occupied orbitals, not spin
orbitals.

It may be noted that Eqs. (96) and (97) do not
contain 9}z or x}, nor do (98) and (99) contain
$}y or Xxls. Hence, there are two sets of two
simultaneous integrodifferential equations which
may be solved independently for each set. This
is precisely the simplification that we sought in
treating spin-orbital pairs. Furthermore, it can
be shown® that the radial parts of ¥}, and xl;
are equal in magnitude but opposite in sign and
that the same is true of ¥}, and Xx},. Hence, Egs.
(96) and (97) may be combined to give a single
equation for the radial part of ¥},, while (98)
and (99) may be combined to yield the radial
part of Xl,.

In order to determine an expression for the
Hartree-Fock second-order energy in terms of
sums of orbitals (not spin orbitals), we employ
(95) in (94) and obtain

%2
Be =20 (@hVa |9y + 03] valxie)

N/2
+ ; (@] Us [93s) + @2 U | X2er))

where again the sums are now over doubly occu-
pied orbitals.

VIII. VARIATIONAL METHOD OF SOLUTION OF FIRST-
ORDER EQUATIONS

Equations (96)-(99) are fully coupled integro-
differential equations for the first-order func-
tions, perturbed in the magnetic field gradient,
They are described as coupled because, for ex-
ample, the equation for ¥}, [(96)] involves the so-
lutions zpﬁa for all other orbitals, Since closed
form analytic solutions for these equations do not
exist, resort is made to numerical methods.
Variational methods, using wave functions in
analytic form with variational parameters, have
yielded convergent results in similar calculations
of electric dipole and quadrupole polarizabili-
ties. % '~ Furthermore, numerous accurate
analytic Hartree-Fock functions are available for
the zero-order wave functions. Accordingly, we
employ a variational method by constructing four
functionals and requiring that each of them be
stationary, For example, the first of these func-
tionals is
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Ty a) = (Wl o = €] w%a>+@a (1) (z)\ L
12

+ 2(Wie | Val 90 +2@a(1>xts(2>’ 7—112—[ ¢?<2>w?<l>+2<¢§a(1)w?(2)];L
12

1 0(9)| L= Prz
" 2?# <<z/)m (1)%(2)‘ 12

+<zp§a(1)x}3(z)j-é

so that imposing the condition

6J,(@54)=0 (102)

yields Eq. (96).
The functional forms assumed for ¥j,, x}s etc.,
are

M
Via= %7 cuf, 7,6, 9), (103)

where the f, are assumed basis functions and the
¢, are variational coefficients. The condition of
stationarity (102) then requires

%c’uo, n=1,2,3-"M. (104)
n
Equations (104) are then a set of simultaneous
linear algebraic equations for the c,. However,
since the A!,’s are additional unknowns, more
equations are required to determine unique solu-
tions for the ¢,. These additional equations are
supplied by the orthogonality conditions:

Wi+ Wial 9P =0, (105)
W3 x3a)+ il ¥ =0, (106)
R Wi+ ial 9 =0, (107)
W3 | X3ad + Wia| ¥ =0 (108)

We note at this point that had we not retained the
off-diagonal Lagrange multipliers )\,-1, from the
beginning (i.e., by assuming the A-matrix diag-
onal), then the functional (101) would still have
been obtained. That is, the terms

2, 2wl o (109)

would have been added to the functional according
to the method of undetermined Lagrange multi-
pliers to account properly for the conditions of

constraint.
The zero-order functions have been calculated

by a number of researchers and are generally in
the form of sums of coefficients times Slater or-

NI+ 2, a9,

2
ek @)+ 2 G 030)| 252 | s, )
# 712
xi3<2)¢?(1)>
1 0 1 1 1= Pys | 0(9),0 1 0 ‘__1_ 1 0
¢ja(2)¢,(1)> +<¢m(1)¢m<2)[ P~ ¢J<2)w1(1)>+<wm(1)¢,-(2) o~ xja<2)¢i(1>
(101)
bitals. We have
M, ) =N,r"e™" (110)
where the N, are normalizing factors. Thus, §?
takes the form
¥8=122, b3 )] Yy 1, (6,0), (111)

where the set of basis functions 7(r), are takenas
the same for all orbitals of given / quantum num-
ber (e.g., all S or all P orbitals). Further, be-
cause of the degeneracy on the magnetic quantum
number, the coefficients b} are the same for all
orbitals belonging to the same P shell (e.g., 2P, ,
2P_ and 2P, orbitals).

As a matter of convenience in calculations we
take the first-order functions in the same form as
the zero-order function, for example,

zp;a :2]. Yljmj (9, fP)Zijk’V";ke-Efik V- (112)

The values of ¢!, are chosen equal to the value¢,
in the zero-order functions, Furthermore, it may
be shown® that the first-order function should con-
tain spherical harmonics according to the follow-
ing:

X~ Ved), i~ Ugyl

where $},~ V,9? implies that ¥}, is to be taken as
a sum of terms, each with a radial function mul-
tiplied by one of the spherical harmonics contained
in V,9?. Table I summarizes the forms of the
zero- and first-order functions,

In addition, the smallest value of the exponent
nf,k in (112) is selected as indicated by calculations
for the hydrogen atom.® That is, the lowest power
of 7 is selected as one higher than the power of v
multiplying exp {- £},7} in the zero-order func-
tion. This choice of lowest power of 7 is consis-
tent with that of both Lyons? and Langhoff! for the
calculation of the first-order functions required

(113)
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TABLE I. Functional forms of the zero- and first-order functions.
Orbital Zero-order
type function Vi Xls X bik
S FAG O g1 Yy, &N Yy hy (N Yy ki, 1Yy
P, MYy &1 () Yoy veed hoy(r) Yy hgo(¥) Yy
+hyy (1) Yy
pP_ f Y,y ceea &2,-1(N Yy ho () Yoo by, =3 () Yy -,
+hyg(7) Yyq ’
P, £ Yy 8001 Yy 810 Yy Ty, () Y. Ry (DY, _
’ +&0(N Yy +£50(1) Yy o “ o o

2These functions are zero because Vazp? =0 or Vszi? =0,

to obtain the electric dipole polarizability. The
similarity between the electric dipole and magnet-
ic quadrupole cases occurs because the perturba-
tions that require calculation of the first-order
functions (V,, Vs ,U,, and Ug in the presentcase)
all contain the first power of 7.

IX. COMPUTATIONS AND RESULTS

Tables II and III summarize calculations for the
two- and four-electron systems, respectively,
wherein the number of variation coefficients per
value of ¢ in (112) is varied from one to three,

It may be seen from Table II that, except for the
H™ ion, the calculations of y are identical to

five significant figures for two and three coeffi-
cients per ¢ value. Similarly, Table III indicates
convergence to three significant figures with only
two coefficients per ¢ value,

Table II shows calculations of ¥ for several He
and Li* zero-order wave functions. When these
results are compared for only one coefficient per
¢ value, they differ in the third significant figure.
However, similar calculations using two coeffi-
cients (i.e., twice as many variation parameters)
differ only in the fifth significant figure. Similar
results also occur for the Be atom as shown on
Table III. Hence, comparisons of ¥ for different
zero-order wave functions are meaningful only if
enough variation parameters have been used to
guarantee convergence, In comparing values of y
for other atoms and ions, therefore, we shall con-
sider differences in the second and third significant
figures as indicative of differences in the zero-or-
der functions.

Calculations of the magnetic quadrupole polar-
izability are summarized in Table IV for atoms
and ions in the 2-, 4-, 10-, 12-, and 18-electron
systems. Several zero-order wave functions are
also available for F~, Ne, Na*, Mg, and Ar, so
that comparisons are made of the effect of these

TABLE II. Effect of increasing the number of varia-
tion parameters on the magnetic quadrupole polarizability
for two-electron systems.

No. of Magnetic

Atom linear quadrupole
or variation polarizability

ion Refs. 2 coefficients® (a.u.)

H- 18 5 0.42372x1072
10 0.430 27 1072
15 0.430 28 x1072
He 19 4 0.406 76 X104
8 0.41076x10™¢
12 0.41076 x10™4
He 20 12 0.41084x10*
He 21 3 0.40510x1074
6 0.41081x1074
9 0.41081x10™4
12 0.41081x107*
He 19 5 0.410 07 X104
10 0.41085x10~4
15 0.41085%x107*
Li* 19 4 0.518 87 x10~°
8 0.52112x107°
12 0.52112x10"°
Li* 21 3 0.51904%x1075
6 0.52119%x107°
9 0.52119x%105
Be® 19 4 0.13429x107°
8 0.13447x107°
12 0.13447x107°
B 19 4 0.490 25x10~¢
8 0.490 70 x10~8
12 0.490 70 x 1076
c# 19 4 0.21939x1078
8 0.21955x107¢
12 0.21955%107¢
N 19 4 0.11236 %1078
8 0.11244 %1076
12 0.11244x107¢

2Source of zero-order wave function.
PFound in the first-order function.



704 H.S.

TABLE III. Effect of increasing the number of varia-
tion parameters on the magnetic quadrupole polarizability
for four-electron systems.

No. of Magnetic
Atom a linear quadrupole
or Refs. variation polarizability
ion parameters® (a.u.)
Li~ 19 12 —~0.12181x10°
24 ~0.11959%10°
36 —-0.11878x10°
Be 19 10 —0.47374x10"1
20 —0.39840x1071
30 ~0.39833x107!
Be 20 24 —0.39844 %101
Be 19 12 —-0.39952x1071
24 -0.39897x107!
36 —0.39897x1071
Be 21 10 —-0.41449x10"!
20 —0.39759x10"!
30 —0.39758x10"!
B 19 10 0.11999x10"!
20 0.15725x10"!
30 0.157 26 x10™!
c* 19 10 0.24914x10™2
20 0.27706x1072
30 0.277 06 X102
N3 19 10 0.97399x107°
20 0.10336 1072
30 0.10336x1072
o 19 10 0.48591x1073
20 0.504 00 x1073
30 0.50401x103
Fo* 19 10 0.27831x1073
20 0.28501 %103
30 0.28501 %103

2Source of zero-order wave function.
PFound in the first-order wave function.

zero-order functions on the magnetic quadrupole
polarizability, Differences shown for the F~, Ne,
and Na* ions are not expected to be significant
compared to errors inherent in using the Hartree-
Fock method. This conclusion is based on com-
parisons between coupled Hartree-Fock calcula-
tions of the electric dipole polarizability™* and cor-
responding experimental values.

An exception occurs in the case of the neon wave
function from Ref. 26 for which v is considerably
lower than the corresponding values for the other
five neon wave functions. This difference is at-
tributed to a poorer zero-order wave function as
indicated by the higher zero-order energy and by
an anomalous electric dipole polarizability as not-
ed by Lyons.%°

Again for magnesium and argon the differences
between calculations for alternate wave functions

are not considered significant compared to expect-
ed discrepancies with experimental values, An ex-
ception, however, occurs in the case of the wave

function from Ref. 29 which contains too few basis
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functions and has a somewhat higher zero-order
energy.

Table IV contains calculated values of ¥ for the
H™,Li", F",Na”, and Cl~ negative ions. These re-
sults appear consistent with the remaining calcula-
tions in the corresponding series, although anom-
alous values for the electric dipole polarizability
have been obtained from calculations using the un-
coupled Hartree-Fock method.”® Furthermore,
the four values of y calculated for the F~ ions are
quite consistent. Despite these consistencies, one
would expect the calculated values of y for negative
ions to be in poor agreement with experiment be-
cause of the inherent inability of Hartree-Fock
theory to describe negative ions. This occurs be-
cause the Hartree-Fock method neglects electron
correlation, a defect which is very serious for the
outermost electrons wherein the major contribu-
tions to y arise.

Table IV also indicates that the magnetic quad-
rupole polarizability decreases rapidly with in-
creasing atomic number. As Z becomes large for
2-, 4-, and 12-electron ions, y approaches aZ™
dependence, however, the values of ¥ for the 10-
electron systems decrease more rapidly than Z*
for large Z.

Negative values of y are obtained for the Li~
and Na~ ions and the Be atom, wherein the pre-
dominant contributions to ¥ arise from the outer
orbitals. Again these calculations are subject to
error in the Hartree- Fock approximation because
of lack of correlation between the outer two elec-
trons,

One atomic unit of magnetic quadrupole polariza-
bility is 4.48x10% i, cm?0Oe™, Hence, magne-
sium in a magnetic field gradient

9 H.
943 407
Py 10" Oe/cm

has an induced magnetic quadrupole moment 7,5 of
1.971x107% i, cm,

Within a crystal, at a site between two paramag-
netic atoms, the magnetic field gradient approaches
la.u (3.24x10% Oe cm™). The energy associ-
ated with the induced magnetic quadrupole moment
(15) may therefore become significant compared
to other magnetic energy terms. Hence, itappears
likely that the magnetilc quadrupole polarizabilities
presented here are of interest in the investigation
of impurities in paramagnetic and ferromagnetic
crystals.
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TABLE IV. Magnetic quadrupole polarizabilities.
Zero-order wave function
Number of Magnetic quadrupole

Atom zero-order Energy polarizability
or basis functions (a.u.) (a.u.)

ion Refs. s P (Ey ™

H™ 18 5 e ~0.487 929 33 x10° 0.430 27 x10?
He 19 4 e - 0,286 167 85x 10" 0.41076x10™*
He 20 12 eee —0.286 16800 x10! 0.41084x1074
He 21 3 ees —0.286 16800 x10! 0.41081x107*
He 19 5 e —0,286 167 99 %10t 0.410 85 x10~4
Li* 19 4 e -0.72364136x10! 0.52112x107°
Li* 21 3 e —0.723641 40 x 10! 0.52119x107°
Bgf’ 19 4 eeo —0.13611256 X102 0.13447x107°
B 19 4 eee —0.219861 90 x 102 0.490 70 x107¢
c* 19 4 oo —0.32361154x10° 0.21955x107¢
N® 19 4 e —0.447 361 33 %102 0112441076
Li™ 19 6 cc- —0.74282298x 10! —0.118 78 x10°
Be 19 5 o —0.145730 14 x 102 -0.39833x10!
Be 20 19 ees —0.145730 20 x10? -0.39844x107!
Be 22 6 eee —0.145730 20 x 102 —0.39897x10"!
Be 21 5 e —0.145730 20 X 102 —0.39758%x10"!
B 19 5 ees —0.242 37556 x10% 0.157 26 x 10!
C;’ 19 5 e —0.364084 84 102 0.277 06 X102
N>* 19 5 e ~0.510 823 09 x 102 0.10336x1072
o* 19 5 eee —0.682577 00 x 102 0.50401x1073
F>* 19 5 eee —0.879340 35 x 10 0.28501x1073
F 23 5 5 —0.994 593 60 x 102 0.36418x1073
F 24 7 6 —~0.99459210 %102 0.36714x107°
¥ 21 5 4 —0.994 593 69 x 10 0.35475%1073
F 25 5 4 —0.994 593 58 X102 0.35481x107°
Ne 19 5 4 —0.128546 98 X 103 0.55188x10™4
Ne 22 6 4 ~0.128547 00 X103 0.550 70 X10™*
Ne 24 7 6 —0.128 54700 X103 0.547 39%x10™4
Ne 26 7 5 —0.12854318%10° 0.48670x10™*
Ne 21 5 4 —~0.12854710 X103 0.53893x10™*
Na* 19 5 4 —0.161 67676 x10° 0.14923x10™4
Na: 24 7 6 —~0.161676 90 x 103 0.14933x1074
Na e 21 5 4 —0.161 67700 x10° 0.146 60x10™*
Mg 19 5 4 —0.19883051x103 0.480 28 x107°
Alf' 19 5 4 ~0.240 000 01 X 103 0.150 84x 1075
Sis: 19 5 4 — 0,285 180 58 X 103 0.29386 %1076
P 19 5 4 —0.33436932x10° 0.170 05x10~¢
Na™ 27 7T 4 —0.161 854 64 x 10 ~0.66184x107!
Mg 19 7 3 —0.19961432x10° 0.43503 x10~!
Mg 19 8 5 ~0,19961458x 103 0.44143x107!
Al 19 73 ~0.241 67408 x 10 0.570 0710~
S{% 19 7 3 —0.287 99516 x10° 0.20319%10™2
P“ 19 7 3 ~0.33856263x10° 0.99245%103
S . 19 7 3 -0.393 368 80 X103 0.569 23x1073
Cl 19 7 3 -0.45240913x10° 0.36077%x1073
cr- 27 7 6 —0.459576 67 x10° 0.141 60 X102
Ar 19 7 5 —0.526 81706 x10° 0.415 26 X103
Ar 28 6 4 —0,526784 07 x 103 0.401 22%10°
Ar 29 3 2 ~0.525765 26 %103 0.14990 %1073
K " 19 7 5 ~0.59901711x10° 0.19970 %103
Cay 19 7 5 —0,676153 60 X103 0.11569%10~°
Se. 19 75 -0.758 213 93x 10 0.74739x107*
Tls_) 19 7 5 —0.84518977x103 0.51815x10™¢
Va 19 7 5 —0.937 075 40 x10° 0,377 54 %1074
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