
PHYSICA L RE VIE W A VOLUME 2, NUMBER 3 SE PT EMB ER 1970

Coherent and Incoherent X-Ray Scattering by Bound Electrons.

II. Three- and Four-Electron Atoms~

Robert T. Brown
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(Received 18 February 1970)

Atomic form factors and incoherent-scattering functions for the lithium and beryllium iso-
electronic sequences through Z=8 have been calculated with correlated ground-state wave
functions. The form factors differ from Hartree-Pock values by 1-2% and differ from Har-
tree-Slater values by as much as 10%. The incoherent-scattering functions are much more
dependent on correlation, with the values for neutral beryllium differing from the Hartree-
Fock values by as much as 30% at very small values of the momentum transfer.

I. INTRODUCTION

This paper reports an extension to t:he lithium
and beryllium isoelectronic sequences of earlier
work, hereafter referred to as I, on atomic
scattering factors. The form factor for an N-elec-
tron atom or atomic ion, given by

F(K}=~(tole' '~l&o), (I)

and the incoherent-scattering function

S(K}=N"'(+ ( foie' ' I & 00) —lF(K} ) (2)

contain the structure-dependent parts of the cross
sections for coherent Rnd incoherent x-ray scat-
tering, respectively. The functions E(K) and S(K)
also appear in the Born-approximation electron-
atom scattering cross sections, and have several
other applications in scattering theory. In Eqs.
(I) and (2) the momentum transfer is given by SK,

r& is the radius vector from the nucleus to the jth
electron, and $,is the ground-state wave function.

II. METHOD

The wave functions used in the present work are
the variational wave functions of Weiss. ' These
give ground-state energies which are considerably
better than those obtained with Hartree- Fock or
Hartree-Slater functions, and are comparable in
accuracy to those used in I for the helium isoelec-
tronic sequence. Like those used in I, they are
configuration-interaction expansions, but differ in
that the single-particle functions are normalized
Slater orbitals rather than products of angular-
momentum eigenfunctions and Laguyrre polynomi-
als. This type of expansion has both advantages
Rnd disadvantages when compared with the expan-
sion in denumerably complete polynomials, or
Sturmian functions, used in I. One of the advan-
tages is that the matrix elements are considerably
easier to calculate, since the radial functions are

single powers of x. However, this simple form
of the function requires that a large number of
nonlinear variational parameters be used (9 for
the lithium sequence and 11 for the beryllium se-
quence}, and it is necessary to repeat the entire
calculation for each Z. With the polynomial wave
function, containing only a single nonlinear param-
eter, it was possib1e to obtain values for all Z with
a single set of matrix elements. On the other hand,
with Slater or b1tals Rnd R large number of nonlin-
ear parameters, the configuration-interaction ex-
pansion converges to a comparable energy value
with fewer terms, reducing the size of the matrix
which must be handled in calculating expectation
values.

Calculation of closed-form expressions for the
required matrix elements is a straightforward ap-
plication of methods outlined briefly in I. However,
in the present work it is considerably more te-
dious, since for the three-electron case there are up
to 18 distinct integrals in each matrix element
and for the four-electron case as many as 38.

III. RESULTS AND DISCUSSION

Form factors E(K) for both the lithium and be-
ryllium isoelectronic sequences are given in Table
I. Incoherent-scattering functions NS(K) are given
in Table II. In Fig. 1 is shown a comparison of
form factors obtained in the present work with
values for Li I Rnd Bey calculated by Womack Rnd

Silverman' with Hartree- Fock wave functions and

by Hanson et al. with Hartree-Slater wave func-
tions. With the Hartree-Slater type of function,
in which exchange is represented by an extra term
in the potential rather than by use of a properly
antisymmetric wave function, the additional error
in energy is quite small. However, it is clear
from Fig. 1 that this appr'oximation can lead to
considerable error in the calculation of expectation
values other than the total energy.
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With the results given here, and the results for
two-electron ions reported previously, it is possi-
ble to examine the effect of ionization, through all
stages, on the form factors and incoherent-scat-
tering functions for atomic lithium and beryllium.
This could be of importance both in laboratory
plasma physics and in astrophysical applications.

The effect of ionization on the form factors is
shown in Figs. 2 and 3. The values for the hydro-
genic ions I i rrr and Be m were calculated from
the exact nonrelativistic expression

E(z) = [1+(Ka, /2Z)'] ', (3)
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It can be seen from Figs. 2 and 3 that, except for
very small values of the momentum transfer, the
E-shell electrons have the dominant effect on the
form factor. The difference in form factors for
lithium beyond Ea&=1 and for beryllium beyond
Kao= 2 is approximately l%%uo, as long as both K
electrons are present, and is too small to be
shown clearly on figures of this scale. Once the
E-shell pair has been broken up, there is a dif-
ference of approximately (but only very approxi-
mately) a, factor of 2, as might be expected.

The effect of ionization on the incoherent-scat-
tering functions is shown in Figs. 4 and 5. In this
case the values for the hydrogenic ions are given

s(z) =1 —[E(z)]'.

Once again shell effects are evident, as shown by
the humps on the curves for the three- and four-
electron species. However, in this case the curves
are distinct out to quite large values of the momen-
tum transfer.

Also shown in Figs. 4 and 5 are incoherent-
scattering functions for the neutral atoms obtained

by Cromer and Mai'n with Hartree-Fock wave
functions. The behavior is similar to that shown

in Fig. 1 for E(K), but greatly exaggerated, dem-

onstrating the much greater sensitivity of S(z) to
electron correlation. For Li x the difference be-
tween values of E(K) calculated with the variational
wave function and those calculated with a Hartree-
Fock wave function is less than 0. 2% for all values
of K considered, while for Be& this difference is
somewhat greater than 1% for small values of K.
As shown in Figs. 4 and 5, the analogous differ-
ence in S(K) for Lie is approximately 2% for all
values of K, but for Be i is as much as 30% for
very small values of K. It is well known that Har-
tree-Fock wave functions give fairly reliable ex-
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FIG. 2. Effect of ionization on the atomic form factor
for lithium.

FIG. 4. Effect of ionization on the incoherent-scat-
tering function for lithium. Dashed curve represents the
Hartree-Fock value for the neutral atom.
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FIG. 3. Effect of ionization on the atomic form factor
for beryllium.

FIG. 5. Effect of ionization on the incoherent-scat-
tering function for beryllium. Dashed curve represents
the Hartree-Fock value for the neutral atom.

pectation values of one-electron operators, such
as appear in E(K) However, t.his is not true for
two-electron operators, ' which are much more
sensitive to the accuracy of the wave function.

ACKNOWLEDGMENT

Thanks are due Or. A. W. Weiss of the National
Bureau of Standards for pointing out several typo-
graphical errors in the published wave function
parameters, and also for furnishing a copy of the
Womack-Silverman report.

*Supported in part by the U. S. Atomic Energy Com-
mission under Contract No. AT(29-1)-1183.

R. T. Brown, Phys. Rev. A 1, 1342 (1970).
2Y. -K. Kim and M. Inokuti, Phys. Rev. 165, 39

(1968).
A. W. Weiss, Phys. Rev. 122, 1826 (1961).
R. T. Brown and P. R. Fontana, J. Chem. Phys.

45, 4248 (1966); 47, 3077 (1967).
C. M. Womack and J. N. Silverman, Natl. Bur. Std.

(US) Quantum Theory Research Project Technical Re-
port No. 2, 1963 (unpublished).

H. P. Hanson, F. Herman, J. D. Lea, and S. Skill-
man, Acta Cryst. 17, 1040 (1964).

M. Berrondo and O. Guscinski, Phys. Rev. 184, 10
(1969).



620 ROB ERT T. BROWN

D. T. Cromer and J. B. Mann, J. Chem. Phys. 47,
1892 (1967).

J. W. Cooper and J. B. Martin, Phys. Rev. 131,
1183 (1963).

PHYSICAL REVIEW A VOLUME 2, NUMB ER SE PT EMB ER 1970

Studies of the Statistical Exchange Approximation in First-Transition-Row
Atoms and Ions: Mn+ Iong

Timothy M. Wilson, * J.H. Wood, and J.C. Slater
University of California, &os A/amos Scientific I aboratory, Los Alamos, Neu Mexico 87544

(Received 15 January 1970)

A study of several statistical approximations to the Hartree-Fock (HF) one-electron effective
exchange potential has been carried out through a series of restricted and spin-polarized
Hartree-Fock-Slater (HFS) calculations on 3d-transition-row atoms and ions. The results of
this study for the Mn+ ion are reported in this paper and are compared with the corresponding
HF results. Of the various approximations in which only the homogeneous part of the local
exchange potential is kept, the simple Xn method is shown to give quite good results. This
method amounts to multiplying the exchange potential —6[(3/4m) p&(r)]', where ( = + 2, by a
constant n which is usually determined by the requirement that the Xe orbitals correspond to
a minimum in the HF energy. It is shown that the energy-dependent exchange schemes pro-
posed earlier break down totally in the spin-polarized case. We examine the importance of in-
cluding the inhomogeneous correction terms via the method recently proposed by Herman et al.
and we discuss the possible importance of these terms in spin-polarized energy-band calcula-
tions. We conclude that the X& method is both accurate and simple enough for practical use
in carrying out energy-band calculations for magnetic solids.

I. INTRODUCTION

Over the last few years, substantial improve-
ments have been made in the methods used in cal-
culating the electronic structure of atoms, mole-
cules, and solids. This is in part due to the de-
velopment of larger and faster digital computers,
which has made possible the large configuration
interaction and projected Hartree-Fock (HF) cal-
culations on many of the atoms and ions in the
first two rows of the periodic table. To some ex-
tent, these advances have been carried over into
the calculation of the electronic structure of small
diatomic molecules. For the transition-row and

larger atoms, such calculations have not yet been
made, but there do exist accurate restricted' and

spin-polarized Ha. rtree- Fock' (RHF and SPHF) cal-
culations. One of the important results of these
calculations is that they have enabled investigators
to accurately assess the ability of the one-electron
picture to describe the electronic structure of
atoms and molecules.

However, despite these advances, a "true" HF
calculation for a solid remains to be done. This
is largely due to the problems that arise by intro-
ducing the nonlocal HF exchange potential into the
one-electron differential equation and in evaluating

the multicenter integrals. For these reasons, the
majority of the studies of the electronic structure
of solids have been made using one form or anoth-
er of the free-electron exchange approximation
suggested by one of us (JCS) earlier. '

One of the many interesting results which has
come out of these studies ' ' is that several inves-
tigators have found that if they used the form of
this exchange approximation as originally proposed
by Slater, their results were in somewhat poorer
agreement with the de Haas-Van Alphen experi-
ments, the optical densities of states, and the mag-
netic properties of these solids than if they used
the form suggested by Kohn and Sham and by
Gaspar, which differs from that of Slater by a
factor of -,'. Furthermore, they conclude that a
factor somewhere between 1.0 and 3 would lead to
even better agreement with the experimental find-
ings. This is especially true of the recent spin-
polarized energy-band investigations of the elec-
tronic structure of the first-row transition metals'
and of transition-metal compounds in their magnet-
ically aligned states. ' This theory relaxes the con-
straint (imposed in the conventional energy-band
theory) that the spatial orbitals associated with
each one-electron state be doubly occupied by one 0

and one 4 spin electron. ' Thisleadsto two setsof


