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The theory of transient stimulated Raman scattering has been extended to include an arbi-

trary shape of the laser pump pulse.

It is shown that the maximum Stokes gain depends on

the total energy content per unit area of the pump pulse, and not on the instanteous intensity

for an exciting pulse of short duration.

The Stokes pulse has a leading edge which rises

sharply to a maximum, where the maximum occurs with some delay with respect to the maxi-
mum of the pump pulse. The trailing edge follows the decay of the pump. In a nondispersive
medium, the gain is not reduced by frequency broadening of the laser output, while in a dis-
persive medium, considerable gain reduction is expected. Numerical results for various
laser-pulse shapes and spectral distributions are presented.

1. INTRODUCTION

Several experimental investigations of the stim-
ulated Raman effect induced by a train of picosec-
ond pulses from a mode-locked laser have recently
been reported.!~® It has been demonstrated® that
the Stokes light is emitted in the forward direction
in picosecond pulses with a duration which is equal
to or shorter than the laser pulses. One purpose
of this paper is to show that some important con-
clusions about the shape of the laser pulses may
be drawn from this observation.

The theory of transient stimulated Brillouin? and
Raman® scattering has been developed for the case
that the input laser power is a step function. If
coupling to anti-Stokes and higher-order Stokes
waves may be ignored, the stimulated Raman ef-
fect is described by a set of four coupled equa-
tions™ 1° for the laser field, the population differ-
ence in the initial and final vibrational states, the
Stokes field, and the normal vibrational mode of
the material system, corresponding to the off-
diagonal elements of the density matrix connecting
the initial and final states. The interest in the
present paper is focused on the transient buildup
of the Stokes and vibrational oscillations. The la-
ser field will therefore be treated as a prescribed,
but time-dependent parameter, and the population
difference will be taken as constant. In other
words, the effects of laser-pump depletion and
saturation of the material system are ignored.

In the usual manner,! the fields are expressed
in terms of the slowly varying complex amplitudes
by

8. = EL (Z, t) eikLz~ iwgt , (la)
85 :ES (Z, t) eiksz—ith , (lb)
Qpn =Qlz 1) effons=ivont (1c)

where the wave vectors and frequencies are cho-
sen to satisfy the conditions corresponding to con-
servation of momentum and energy, respectively,

kL :ks +kl"h 5 (Za)
W =Wg +Wyp . (2b)

The frequencies in Eq. (2b) are related to the
wave vectors in Eq. (2a) by the dispersion rela-
tions of the linear medium. The parametrically
coupled equations for the Stokes and vibrational
complex amplitudes then assume the form!!

2Q* aQ* .
57 tUsng, *TQ*=iESES (51) , (32)
_1 ?ES a—.E‘s =—iKzQ*EL(Z’ t) . (3b)
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In these equations v,, and vg are the group veloci-
ties of the vibrational and Stokes waves, respec-
tively; I is the damping or dephasing time of the
optical phonon wave. The parametric coupling
constants are proportional to the change in molec-
ular polarizability with the vibrational coordinate
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The form of Egqs. (3) does not take into account the
effects of a finite beam diameter in the x-y plane.

Equations (3) and (4), for constant E;, have the
same form as those describing the voltage and cur-
rent on a lossy transmission line, Their solution
has been studied extensively,'? and applied to volt-
age surges on a transmission line because of light-
ning. Similar solutions have been found by, Kroll’
and Wang® to describe the transient buildup of
Stokes oscillations, The same equations govern
the generation of a laser pulse and the concomitant
electronic excitation in an amplifying medium, If
the laser pulse is short in duration compared to
the vibrational lifetime I'*!, this solution describes
the impulse-type or shock excitation of the molec-
ular vibration,

In this paper, solutions for the Stokes pulse will
be described for various pulse shapes of the laser
pump, It will be assumed that the laser pulse
propagates with the same group velocity as the
Stokes pulse, i.e., there is group velocity match-
ing of the laser and Stokes waves, We thus have

E (2,t)=E, (t —2/vg)=E_(t") . (5a)
We also introduce a new “spatial” coordinate
2’ =z2-vy b (5b)

Since the group velocity of an optical phonon is
very small, z’ is essentially equal to the position
in the laboratory frame. Another way of express-
ing this fact is to say that the term in vy, in Eq,
(3a) may be ignored, because v, /c~10"°, I
terms of the variables ¢’ and z’, Eqs. (3) may be
rewritten as

BQ* * _ 2 X (47

S +T@* =ikESEL(t') (6a)
8Es .
= a2 - QTEL (') . (6b)

In Sec. II the analytic solution of this set of equa-
tions will be presented. Numerical results for the
Stokes pulse characteristics are given in Sec, III
for various input laser-pulse shapes. In Sec. IV
special attention is given to the case when the in-
cident laser or Stokes pulse has an intrinsic phase
modulation or frequency structure. Both a fre-
quency chirp and a random frequency variation
will be considered. Finally, comments concerning
the effects of linear dispersion on the solution for
the Stokes pulse will be made in Sec. V.
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II. ANALYTIC SOLUTION OF THE TRANSIENT STOKES
PULSE FOR ARBITRARY TIME DEPENDENCE OF
THE LASER PULSE

By eliminating either @*or Egfrom Egs. (6), it
follows that both @* and Eg E;'(t’) obey the same
second-order hyperbolic partial differential equa-
tion,

——, + T ==, =k, | E5(t")|?F=0, @)

o°F oF

at’oz 8z’
where F stands for either @* or Eg E; (¢'). With
the substitution F=Ue T’ the equation takes the
form

ERY Nz
W"‘l"ZIEL(t)‘ U=0. (8)
This equation is reduced to an equation with con-
stant coefficients by a transformation to a new vari-
able 7 defined by

r:/f:[EL(t") [2dt"" or 5%=[EL(L")[2, (9)

7 measures the accumulated energy in the laser
pulse up to a time #, and this transformation re-
duces the hyperbolic equation to the standard form
2

a%ég' - Kk U =0, (10)
Equation (10) may be solved for arbitrary initial
conditions using Riemann’s method. A special so-
lution is the Bessel function of imaginary argument
I 202 )2} .

The initial condition of interest is that there is
no vibrational excitation at the beginning of the la-
serpulse, Thus 8Eg /82’ =@* (z/)=0for t—~ o, If
the Stokes input at the beginning of the cell z=2"=0
is prescribed to be Eg(0,¢’), the solution of Eqs.
(6)-(10) may be written in the form

Eg (Z,t' )=Es(0,t')+(K1K22)1/2EL(Z‘,) -: e Tt -t
x (E}f (¢ )Es(0,#)[7 (") - 7(t'")]~1/2

x 1 2k ko 2" [ (¢) - 7(¢ "]} 1/2]>dt”, (11a)
Q* =i f’e-ru'- ) (Ez(t”)Es(O,l")

x Iof 2{ k2’ [ T(¢") = 7(¢'")]} Y2} )dt" , (11b)

where 7 is given by Eq. (9), and I, (x) is the ith -
order Bessel function of imaginary argument.

The special solutions in which E; and Eg may
be taken as real quantities and @ as pure imaginary
are most significant from a physical point of view,
They correspond to the case of maximum gain for
the parametric process. In the remainder of this
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section and in Sec. III, we will discuss this case in
detail. The more general situation will be dis-
cussed in Secs. IV and V,

Throughout the paper we will assume the initial
condition that |E4(0,¢’)| is a constant. As might
be expected on physical grounds, the exact form of
the input Stokes wave is not important in the high-
gain limit, Since Eqs. (6) are bilinear in Eg and
@, we can divide E(0, ¢’) into a sum of several
terms, solve independently, and linearly superim-
pose the solutions. Since Eg(0,?’) only enters in
the integrand of the Stokes increment, rapid varia-
tions in E4(0,¢’) are averaged out by the integra-
tion. Experimentally, the Raman input of an os-
cillator would be spontaneous emission noise, It
should be noted that the following discussion is not
strictly valid for the initiation of a Raman oscilla-
tor or for the very-low-gain regime.

Let us first examine the Raman amplitude Eg(z,/)
in Eq. (11a) at a fixed point z for the case where
the laser-pulse width is shorter than I""!, The
first term is the input value and can be neglected
in the high-gain region. The second term contains
the integral, and represents the increment in the
Stokes amplitude. Now, the integral is zero at the
front edge of the laser, and rapidly increases
while the main part of the laser pulse is passing
through the medium. In the tail of the laser pulse,
the integral varies much more slowly, and gradu-
ally decreases as e’"!', Except for the initial
stages at the beginning of the laser pulse, the am-
plitude of the molecular vibrations  is given by
the integral in Eq. (11b), and behaves in a similar
manner, Therefore, both the vibration @ and the
Stokes pulse Eg amplitudes rise rapidly when the
laser is about at its peak. The peak of the Raman
pulse always comes after the peak of the laser.
The vibrational excitation then decays as e™**’,
Since the Stokes amplitude in Eq. (11a) has anaddi-
tional dependence on E.(¢’), it drops off, closely
following the laser-pulse shape in the tail,

The maximum Stokes gain is determined essen-
tially by the asymptotic behavior of the Bessel
function of imaginary argument, I; (x)~ (27x)"/%*,
In the limit of large transient power gain e®T one
obtains

Gz =1 |Eg)nax/Es (0)| 2~ 4limz [ | Eo(t")| %t ]2
(12)

The upper limit of integration in Eq. (12) can be
replaced by ~with little error, because the peak
of the Raman pulse is on the tail of the laser pulse.
Therefore, the Raman gain depends only on the
total energy flux of the laser, and is almost inde-
pendent of the laser-pulse width or shape, The
transient gain is proportional to the square root of

both the length of the medium and the laser energy.

For a square-wave laser input, this is equivalent
to a gainproportional tothe square root of the time
and intensity, as discussed by Kroll” and Wang.®

The Raman pulse width and the relative position
of the Stokes and laser-pulse peaks are more sen-
sitive to the detailed shape of the laser pulse. The
peak of the Raman pulse is obtained from 9Eg /¢’
=0, From Eq. (11a) one obtains

tl
0= que( e f EX(t'Es (0, t“)[g"’; Io]dt“

+2z| B, (t')[? E50,¢")

¢ o [ a
+ EL(t')j:wE}f (t'") Eg(0,¢"") P [5; IOJdt"> ,

where I, has the same argument as in Eqs. (11).
The laser-pulse duration is assumed to be short
compared to I'"!, Using the asymptotic form for
I,, and by approximating 7(t') - 7(#’/)~ 7() ~ 7(~ ),
we obtain for large z

2> 1k, [2 | By (1)|2at”

1 dE, ®
EL Et_I; +K1K3,EL Iz[z/xlxaf IEL(t")lzdt]sz 0.

©

If we assume the laser pulse is of the form
EL (tl) =EL,max e-l e/ ’

we obtain for the maximum point of the Raman
pulse

tmax = T (3 InGgg)' (13)

Here Ggg is the steady-state power gain coefficient
evaluated at the peak value of E;, and is given by

Gss =2k k| By (t')|2ax 2/T. (14)

This is readily verified by setting 8Q™/8¢’ =0 in
Eq. (6a) and substitution of @* into Eq. (6b). The
approximate expression for the Raman pulse width
is obtained from the curvature at the peak as

ar" 27T
nipar  n(3 InGgg) @177 ¢

(B /%5 /ot 2)' %, ., ™

This expression is a good approximation only for
large Ggg, and does not give the accurate numeri-
cal factor. However, it shows that the Raman
pulse width stays approximately constant with z
when n =1, while for n<1, the Raman pulse broad-
enswithz, and for » > 1, it sharpens, This behav-
ior is confirmed by the numerical calculations dis-
cussed in Sec. III,

For a laser input in the form of a rectangular
pulse of duration #,, the Stokes pulse amplitude
would drop abruptly as the laser amplitude drops
to zero. In this case, considerable sharpening of
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the Stokes field would occur.’® Inthe limit of large

gain, the Stokes field would be given by
Eg(z,t") = Es(0,")exp(4ryz | By [P£)V2 , (15)

for 0< ¢ <¢,. The maximum Stokes amplitude oc-
curs for ¢ =f,, and the pulse width at half maxi-
mum is given by (21n2)¢,/G7). Unfortunately, such
asharpdrop in the Stokes pulse duration with tran-
sient gain cannot be obtained experimentally, and
the observed Stokes pulse is not much sharper

than the laser pulse due to the trailing edge effect.

The transient behavior, however, will usually
lead to some sharpening of the Stokes signal in the
time domain, with a concomitant frequency broad-
ening. This behavior should be contrasted with
the steady-state regime, where the spectral width
of the Stokes output narrows with increasing z, and
the product of logarithmic gain and bandwidth is
essentially constant. In Fig. 1, we have sketched
the qualitative behavior of the Stokes and vibra-
tional amplitudes excited by the rectangular laser-
pump pulse at the entrance, middle, and exit of a
Raman cell.

Qualitatively, the above discussion of the Stokes
pulse width ¢g and delay will be modified in the
presence of laser depletion. For the dispersion-
less case, it is clear that complete laser depletion
implies that the Stokes pulse shape will be identi-
cal with the input laser-pulse shape. Also, the
delay ¢, between laser and Stokes maxima will
now vanish. At the onset, depletion will occur
only where the Stokes amplitude peaks, and the ef-
fect on /g and ¢, will be small.

III. NUMERICAL RESULTS FOR TRANSIENT STOKES
PULSES

In this section, the quantitative results of a nu-
merical integration of Eq. (11a) for various shapes
of the incident laser pulse are presented. It should
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FIG. 1. Schematic diagram indicating the spatial
dependence of the laser, Stokes, and phonon amplitudes
in various parts of the Raman cell. The temporal be-
havior at a fixed position in the cell is similar.
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FIG. 2. The transient Raman gain coefficient G as
a function of the steady-state gain Ggg, which would be
obtained for a constant laser intensity equal to the maxi-
mum pulse intensity. The pulses of different shapes are
normalized to the same total laser energy and the same
pulse width at half-maximum amplitude tp=0.1I"1.

be kept in mind that this pulse shape also enters
through 7(¢’) defined in Eq. (9). We have per-
formed the numerical integration for the following
laser shapes: a rectangular, Lorentzian, and
eIt/ Tin pylse with#=0.5, 1, 1.5, 3, 3, 4, and 6.
The method of integration used was the Gaussian
quadrature technique over a sufficiently wide range
to include all points where the integrand had sig-
nificant values. The program was checked by nu-
merically integrating the rectangular laser-pulse
case, and checking the results in detail with the
existing analytic solution.® Checks onthe accuracy
of the integration were made by changing both the
range and the number of points in the quadrature.
The accuracy was found to be better than 1% in all
cases except for the Lorentzian and the n=1% ex-
ponential pulse shapes. In the latter cases the er-
ror was less than 5%.

First, it is shown that the transient gain coeffi-
cient G, is rather insensitive to the shape of the
laser pulse, In Fig. 2, G, is plotted as a function
of the steady-state gain coefficient Ggg, which is
proportional to the length of the Raman medium z
and the laser peak intensity | E;(¢’)]2,,. The la-
ser pulses are so normalized that they have the
same total energy and the same full width {p at
half-maximum amplitude. In Fig. 2, a value #p
=0.1I"! was chosen. In this highly transient re-
gime the gain is much lower than the steady-state
gain, because the molecular vibrations do not have
time to build up to their steady-state value. The
curves for G, overlap for the exponential laser
shapes with#n2> 2, For n< 1 and the Lorentzian
shape, there is a slight difference which is due
mostly to the definition of Gg5. For these curves
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FIG. 3. The transient Raman gain coefficient for
Gaussian laser input pulses with the same total energy,
but different pulse widths. The steady-state gain coef-
ficient Ggg corresponds to a constant-intensity laser
output equal to the maximum laser-pulse intensity.

| E;(t')] max , and therefore Ggg, is significantly
lower at constant pulse energy. If we renormalize
Gss by changing z such that z | Ey () |2, is con-
stant, all curves approximately coincide with the
n=2 curve for all values of G,. If we plot G,
against laser-pulse energy, for 5<Gp <120, the
transient gain coefficient for all laser-pulse
shapes are the same to within 5% except in the cas-
es of the Lorentzian and # = 3 exponential pulse
shapes. For E, «e™'t'/T1 Y2 G, is about 10% less
than for the other laser shapes, while for a Lor-
entzian laser-pulse shape, the slope is slightly
lower than for the other shapes in the same gain
region, These slight differences for different la-
ser-pulse shapes reflect the fact that the Stokes
peak gain coefficient G, is determined by the laser
energy up to the time ¢, where the Stokes pulse
has its maximum. Since the laser pulse has its
maximum at ¢’ =0, #, is the delay between the
Stokes and laser-pulse maxima. The upper limit
of integration in Eq. (11a) should therefore be %,
rather than « for purposes of evaluating the peak
transient gain coefficient G,. If there is substan-
tial energy in the laser pulse for times ¢’ > #, the
replacement of the upper boundary from #, by « is
not a good approximation, and G, will be less in
the case of long laser tails.

Figure 3 shows G, for Gaussian laser-pulse
shapes containing the same total energy but with
different widths., For ¢, <T' ", G, is smaller than
Gss. The curves have essentially the same form
and are displaced because Ggg is taken to corre-
spond to | E;(t')|2,, which is different for pulses
with different widths but the same total energy.
The curves show the transition to the z!/2 behavior

for high gain, For ¢, = 10/T and G <1, the tran-
sient gain is nearly equal to the steady-state gain;
but for larger G, its z dependence is found to be
intermediate between linear and square root.

In Fig. 4 the Stokes pulse shapes are shown for
the various laser-pulse shapes, where the laser
pulses are normalized so that they have the same
total energy and the same full width at half-maxi-
mum height #,=0.1T'"!, The Stokes pulses are
shown after a moderate gain Gy ~ 18 and a high
gain Gy = 120, respectively. All Stokes pulse
heights are normalized to magnitude one at the
peak for purposes of comparison of their shapes,
As shown in Sec. II, both the Stokes pulse width
and delay of the peak relative to the laser-pulse
peak decreases with increasing » or increasing la-
ser falloff rate.

The change of the width {5 and the delay ¢, be-
tween the Stokes -and laser-pulse maxima with
gain G, for the various laser shapes are shown in
Figs. 5-7. Figure 5 shows {5 and {, for exponen-~
tial laser-pulse shapes with »2 1, including the
rectangular pulse where n=«, The laser-pulse
duration is taken as #, =0, 1I'"!, For these cases
tg is expected to become narrower with increasing
Gr. The Stokes pulse width reflects the shape of
the tail of the laser pulse, as mentioned above,
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FIG. 4. Stokes pulse shapes as a function of different
laser-pulse shapes but the same total laser energy,
shown at the top. The Stokes pulse shapes for moderate
gain are shown in the middle, and for high gain at the
bottom,
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The variation of Zg and £, with G, does not
change much for different laser-pulse widths, for
the laser-pulse shapes presented in Fig. 5, if ¢,
<I'-!, This is shown in Fig. 6 for the case of a
Gaussian-laser shape. For laser pulses with a
long tail, the Stokes pulse is more sensitive to the
laser-pulse width, Figure 7 shows fg/t, and ¢/t,
for the Lorentzian and z=% exponential laser in-
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FIG. 6. The variation of Stokes pulse width #g and
delay tp with transient gain coefficient, for Gaussian
laser input pulses of various widths t{ given in terms of
the optical-phonon dephasing time I'"",

L] ool N sl el
00 = = 7 2

THEORY OF STOKES PULSE SHAPES IN TRANSIENT:- - 65

T T

wL T T

T T
Tty =0l
10[- P

vl Lol

107 NTRRTT | vl
I

5 . R ,
0 10 1.0 Gr 10 10

FIG. 7. The variation of Stokes pulse width £, and
delay tp with transient gain coefficient for two slowly
decaying laser-pulse shapes. The laser-pulse widths
at half-maximum amplitude #, is given two different
values in terms of the optical-phonon dephasing time
!, but the total laser energy involved is constant.

puts, with laser-pulse widths #, =0, 1I'"! and I" ™%,
Both ¢ and {;, increase rapidly with G, and at the
same time, the behavior is fairly different for the
two different laser-pulse widths #,. The Stokes
pulse width decreases slightly before it starts to
increase. In Sec. II we found that the Stokes
pulse width 5 reflects the slope of the laser pulse
at the point in time where the Stokes pulse is at its
peak. Although these laser pulses have a long tail,
the slope is fairly steep at £ ~#, . Therefore, fg
decreases when the Stokes pulse maximum occurs
such that the delay ¢, ~ ¢,, where the laser has this
large slope.

Finally, the Stokes light generated by an asym-
metric laser input pulse is presented in Fig. 8.
A Gaussian rise with a #=1 exponential tail is as-
sumed. Again the value £, =0. 1T "! is taken, and
one quarter of the pulse width is due to the Gaus-
sian while the remaining three quarters is due to
the » =1 exponential tail. The total laser energy
is again normalized to be the same as in previous
cases. Both f{g and /, are somewhat different
from the values obtained for either of the symmet-
ric cases with =1 or =2, respectively. In



66 CARMAN, SHIMIZU, WANG, AND BLOEMBERGEN 2
10 T T T T T T T
z Gr=1.0 =120
@ 08 GAUSSIAN RISE ]
.8}—
& EXPONENTIAL FALL
=
<
5 08— —
w
X
5 ]
b 04—
w
>
£ 02— -
<
)
€, L1 |
1.0 0 10 20 30 40 50 60 7.0 80 90 100 1.0
ttp FIG. 8. The variation of Stokes
36 T T T T T T T T T T pulsewidthtsanddelaytDwith
T3 transient gain coefficient for an
3.2 asymmetric laser input pulse are
compared with those for the sym-
28 metric pulses of the same duration
t,. The asymmetric laser pulse
24 consists of one-quarter Gaussian
‘A to/tp  rise and three-quarters exponential
s pao decay.
1.6
1.2
0.8
04
o) I 11111[11L I T T TTTTT] 1 lll|l||| L1 1 1iilo
102 10" 1.0 or 10! 102

agreement withthe discussion in Sec, II, the Stokes
pulse width is mainly determined by the laser-
pulse shape in the tail. Since Fig. 8 applies to the
case where the laser-pulse tail is an =1 expo-
nential with a half-width £,/2=0.075I' !, the vari-
ation of the Stokes pulse width {5 with G, agrees
to within a few percent with the one which would
have been produced by using a symmetric n=1 ex-
ponential laser pulse with £, =0. 15T -, However,
the delay £, resulting from the asymmetric pulse
is different from that resulting from a symmetric
n =1 exponential pulse with £, = 0. 15"}, reflecting
some influence from the front part of the laser
pulse on the delay. Therefore, asymmetries in
the incident laser pulse as well as its decay rate
are directly reflected in the generated Stokes
pulse characteristics.

IV. TRANSIENT AND STEADY-STATE RAMAN
SCATTERING IN THE PRESENCE OF PHASE
MODULATION OR FREQUENCY BROADENING

Inthe preceding, Secs. I-III, thelaser and Stokes
fields have been considered as real quantities. If
the laser has a phase or frequency structure, all
the amplitudes must be treated as complex:

E (t')=|E (t')|etort" | (16a)
Eg(z,t')=|Eg(z,t")]|et0st#t" (16Db)
Qz,t")=|Q(z,1")|eiomtzst" (16c)

The problem may be immediately reduced to the
preceding one by giving the Stokes field precisely
the same phase variation as the laser field:

@s(z,t") =g, (") + 9 , (17a)
and by taking
Pz, t)==z1-q, (170)

where ¢, is a constant in time. This solution is
only possible for all z in a dispersionless medium.
The amplitude of the molecular vibrations | @*(z,')|
and the amplitude | Eg(z,#’)| will then grow in the
same manner as described previously. The maxi-
mum growth rate of @* is obviously obtained when
the driving term «,E¥ E; has a phase factor con-
stant in time, namely, e?“0, In the high-gain limit,
the phase of the Stokes field will assume the be-
havior in Eq. (17a), even though the input Stokes
field may not have followed the phase of the input
laser pump field.
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FIG. 9. The transient Stokes gain coefficient for a
frequency-chirped laser pulse (dotted line) is compared
with the gain coefficient for a laser pulse without phase
structure (solid line). Both laser pulses have the same
total energy and the same duration t,,=0.1I"1°
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Numerical calculations were performed for cas-
es in which the simple phase relations given by
Eqs. (17), with ¢, independent of z and #’, were not
satisfied. It should be emphasized that Eqs. (11)
retain their validity for the arbitrary complex am-
plitudes, Eqs. (16), and contain the time-varying
phases only in the combination ¢, (¢') - ¢5(0, ¢).

In Fig. 9 the result of the numerical calculation
for a frequency chirp on the Stokes gain coefficient
is shown. For definiteness let us assume that the
input Stokes signal has a constant phase, but the
laser phase changes, ¢, =- éKt'a. This is com-
pletely equivalent to assuming a laser phase which
is a constant, but an initial Stokes phase which
changes as ¢g = $Kt'2, The laser has a Gaussian
envelope with a pulse width at half-maximum ¢,
=0.1'"!. The constant K is chosen so that the fre-
quency chirp K#, =(16%-1)/2/¢, broadens the
frequency spectrum by a factor 16 over that for a
pulse of the same duration without a chirp. The
Stokes gain coefficient for the chirped laser pulse
(dotted) coincides with the curve for the laser

Gss =63

Gr=37 GE:1.78 |

FIG. 10. The normalized shape

of the Stokes pulse for different gain
coefficients. The Stokes increment
generated by a laser pulse which is
frequency chirped (dotted lines) is
compared with that generated by a
laser pulse which has no phase
structure (solid lines). The laser
pulses have the same total energy

and duration £,=0.1T"!, while the

Stokes input signal is assumed to
have a constant phase.
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pulse without phase structure (solid) in the high
gain limit,

The shape of the Stokes pulse is also unaltered
in the high gain limit. The Stokes pulse shapes
for the chirped laser pulse (dotted) are compared
with the Stokes shapes for the laser pulse without
phase structure (solid) in Fig. 10. At low gain
there is considerable amplitude modulation, as
the Stokes input at fixed phase combines with la-
ser pulsewithatime-varying phase causing a mod-
ulation of the vibrational excitation through beats
in the driving term k,E} Es in Eq. (6a). The mod-
ulation of @ causes the driving term «,E; @* in Eq.
(6b), to be modulated in turn, and the process is
reiterated. The peak of the Stokes pulse in Fig.
10 is normalized to 1. 0, and only the relative
Stokes intensity increment is shown.

Figure 11 shows that numerical integration in-
deed confirms that the phase of the Stokes field
follows the phase of the laser field in the high gain
limit, even though the initial phases vary widely.
The slope of ¢ at times 0.5< /¢, <1 indicates a
frequency shift when the Stokes pulse is near its
maximum, The sign of 8 ¢s/8¢ indicates a shift
toward higher frequencies in the maximum of the
Stokes pulse. The variation of 8 ¢5/8¢ with time
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FIG. 11. The phase ¢g of the complex Stokes ampli-
tude at the output of the Raman medium, for different
transient gain coefficient values, is compared with the
assumed quadratic variation of the phase in the laser
input pulse ¢;. The nonzero time derivative of ¢¢ for
times near the Stokes pulse maximum implies a fre-
quency shift of the Raman light generated by a frequency-
chirped laser pulse.

indicates some frequency broadening, which fol-
lows the frequency chirp of the laser pulse, in the
latter part of the pulse.

It is clear that time variations in the phase, oth-
er thanonegiving risetoalinear frequency sweep,
would give qualitatively similar results. For ex-
ample, mode-locked laser pulses may have a ran-
dom phase variation.!* I the laser input and the
Stokes input were given exactly the same phase
variation, however complicated in time, the re-
sults would be exactly the same as in the absence
of phase variation for any pulse duration, except
for a possible frequency shift or frequency broad-
ening of the Stokes light.

This observation allows us to consider the
steady-state gain in a long laser pulse with ran-
dom phase modulation.'® Although the frequency
spectrum due to this modulation has a broad spec-
tral width Aw > T, one should not use a transient
gain formula with £, * Aw™. The reason is, of
course, the following: Although the laser pump
may be considered as a random succession of indi-
vidual pulses with duration Aw™!, the Stokes signal
follows the same random variation, so that the mo-
lecular vibration continues to be excited up to a
steady-state level.

Equations (11) show that for a long laser input,
the gain is determined by the maximum of the in-
tegrand, which is for the high gain limit the maxi-
mum of

exp{-T(t' -¢")+2[nK (| B [ ¢'-')2]"2} | (18)

where we have used the asymptotic expression for
I, and ( |E; (#')|?) is the time average of the la-
ser intensity., The maximum of the exponent occurs
at

(' —t") =Ko | E[2) 2/T2,

and the result is essentially the steady-state power
gain e®SS with Gg given by Eq. (14).

If the input Stokes signal E(0,#’) has a constant
phase, and does not follow the phase variations in
the laser pump, the integral in Eq. (11a) is re-
duced by Ggs Aw/T", compared to the case where the
phases of the laser and Stokes are in synchrony.
This may be seen from the fact that the exponential
in Eq. (18) has a 1/e width of Ggs/T" around its
maximum, and the laser phases reverse sign about
Gss (Aw/T) times. The Stokes gain coefficient is
thus Ggg — In(Ggs Aw/T'). For large steady-state
gain Gg this reduction is insignificant. The am-
plified Stokes field “automatically” assumes the
correct phase variation for maximum gain,

In Fig. 12, the result of a numerical calculation
is shown for the dispersionless case in whichthese
considerations are confirmed. A Gaussian enve-
lope with a random spectral distribution is taken,
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RELATIVE LASER INTENSITY
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The half-width of the power spectrum is Aw =20T".
This corresponds to a stationary random process
switched on at #’ =0, Since the numerical calcula-
tion is possible only for a finite number of Fourier
components, the laser pulse shown in Fig. 12 is
assumed to repeat itself with a period of about
800T"!. The Stokes gain coefficient is calculated

4.0 4.5 5.0 55

from Eq. (11a) as a function of time at a point 2,
for which G =46. The broken line in Fig, 12
shows the Stokes gain coefficient for a laser with
no phase modulation or frequency broadening,
switched on at £/ =0, The Stokes gain coefficient
for the random laser pulse follows essentially the
same curve except for a constant factor of about
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In(Gss Aw/T), and except near z =0. Figures 12(b)
and 12(c) show that the Stokes amplitude structure
follows the variations in the laser amplitude struc-
ture for times ¢ > I'"!. The system behaves es-
sentially as an amplifier for parametrically gener-
ated Stokes radiation. The inertia of the molecu-
lar vibrations, in combination with the laser pulse,
generates Stokes signal of the correct phase for
further amplification. This dominates the behav-
ior except in the vicinity of z =0, where the input
Stokes signal has some significance. This also
explains why, in a picosecond pulse train with a
separation between pulses of about 10 8sec ~ 10°T" 2,
the Raman gain may be calculated for each indi-
vidual pulse separately, even though there may be
some phase relation between the consecutive la-
ser pulses due to mode locking, The molecular vi-
bration has time to decay back to the noise level
between pulses, and all phase information for the
Raman process is lost.

V. INFLUENCE OF LINEAR DISPERSION

The calculations presented in this paper all re-
fer to a dispersionless medium, in which the la-
ser and Stokes pulses travel without distortion at
the same group velocity. For this idealized situa-
tion, the rather startling conclusion of the preced-
ing section is valid, namely that the Stokes gain is
independent of the frequency spectrum of the laser
signal, even if this spectrum is much broader
than I'. The relative phase between the laser and
the Stokes waves quickly adjusts to one which satis-
fies the conditions for maximum Stokes growth
[Egs. (17)]. Since linear dispersion tends to de-
stroy this phase relation and to reduce the overlap
between the pulse envelopes, the gain will gener-
ally decrease under experimental conditions in
which dispersion cannot be neglected.

To a first approximation, the effect of disper-
sion can be taken into account by introducing the
group velocity mismatch between the laser and
Stokes waves. In Egs. (6), E; and E¥ acquire a
z' dependence in this case:

re-m v -(E L)) ao
’ UL Us
where v; and vg are the group velocities at the
laser and Stokes frequencies, respectively, An
equation for the intensities can still be found in the
form

3 K L2}
5o |Bs 2= _K_j— <—a7,- ]le+2r|Ql"’>. (20)
When the spectral width Awp of the laser is
large compared to #;!, the relative phase ¢; — ¢
is randomized by the group velocity mismatch, or
by the higher-order effects of dispersion, long be-
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fore the envelopes of the laser and the Stokes pul-
ses are significantly displaced. From the discus-
sion in Sec. IV, we can immediately conclude that
the gain must decrease in this case, because the
driving term «,Eg Ef of the molecular vibrations
cannot always maintain its optimum phase.

When the relative phase ¢; — @5 is completely
randomized the gain may be estimated from Eq.
(20) in two limiting cases. For very short laser-
pulse durations ¢, < I'"' the growth in the Stokes
energy Wy is given approximately by

d d
=7 Ws :d—z,/iEs (z’,t’)’zdt’m:—f |Q, () [?

(21)
and Q, (") =k, [ Es(z',t')Ef (', t")t .

If the Stokes wave is assumed to have the same
spectral width Awg~ Awp ~ Aw, EgE, will change
sign about Awi,/7 times during the laser pulse.
The expectation value for |Q, (z’)|2 will be reduced
by a factor of 7/Awt, compared to the dispersion-
less case, thus reducing the Stokes gain by the
same factor. For very long laser pulses f,>> r
or quasicontinuous random laser pulses, one ob-
tains from Eq. (20)

d ' ! 7
E,—Wf,’:—; rf{Q(z,t)[zdt , (22)

withf}Q(z',t’)]zdz' :f}Q(z',w)lzdw

’ 2
:Kff%— do  (23)

1 ’
and P(Z', w) = W ES(Z/, t')EI (Z', l")eiwt dt’.

If the relative phase of Eg and E; is random, the
power spectral density may be expressed in the
form

[P, )P~ (/A | BE )Py ws . (24)
Combination of Eqs. (22)—(24) then yields the fol-
lowing:

d KiKg

EWSNAw

(Ep't") ) wg = Z% Gss Ws.  (25)

The gain is reduced from the steady-state gain
Gg for a monochromatic pump by a factor I/Aw.
This result has been discussed previously, 18-18
and is essentially based on an argument of steady-
state amplification of I'/A w Stokes Fourier com-
ponents, pumped independently by an equal number
of laser pump components.

The gain obtainable in a dispersive medium de-
pends on a balance between the dephasing of ¢,
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— @s induced by the dispersion and the phase resto-
ration induced by the gain mechanism, which fa-
vors the phase ¢, - ¢ for which the molecular vi-
bration @ has maximum growth. For laser and
Stokes signals with random phases ¢, and ¢g, but
with a power spectrum limited to Aw, the molecu-
lar vibration @ will be driven coherently for atime
interval Aw™!. This results in a molecular vibra-
tional amplitude of magnitude

|Q|= k)| B I Es |/Aw ,

and produces a component | E5| with the correct
phase, after transversing a distance z’, whose
magnitude is given by

|E{| =k, | BN Q|2" .

A characteristic phase restoration length Z ., may
now be defined by the condition that | Eg |~ |Eg|, or

Zres zA“"/KIKZ IEL ,2 . (26)

At the same time, dispersion tends to destroy the
phase relationship between ¢, and ¢s. For a ran-
dom laser input of spectral width Aw, the phase
relationship will be destroyed in a distance Z;,,
for which

(2),2) oo

or Zy,=1/(1/vy -1/vg)Aw. (27)

If Z.os < Zs, the phases will be well correlated
and the gain calculated in Secs. I-IV will apply.

These arguments remain approximately valid
for other mechanisms of phase distortion, as long
as the energy relationship expressed by Eq. (20)
retains its validity. If the laser- and Stokes pulse
envelopes are significantly displaced with respect
to each other, the foregoing arguments must be
supplemented by additional considerations which
restrict the validity to certain intervals of time
and space.

Consider first the case in which a laser pulse
of duration £, < I'"! travels faster than the Stokes
pulse, v, > vg. Inthis case the transient solutions
may only be used up to a distance Z =317,
x(7'-v§)"!. Beyond this distance the Stokes
signal does not overlap any more with the laser
pulse, For a relatively sharp laser pulse, the
maximum power gain obtainable in the high gain
limit is approximately given by

expf{ 2' E; ’ tp [kyke/ (WL - v5h)] e,

The gain coefficient is proportional to the pulse
duration, but independent of the cell length, pro-
vided the cell is longer than ¢, (v7! - v3!)™! .

In the case of normal dispersion the laser pulse

travels more slowly than the Stokes pulse. When
v <v g, the laser pulse lags behind into regions
of space where the molecular vibrations @ are
still highly excited. More Stokes radiation can
thus be generated. This process is reiterative,
and the longer the cell, the more laser intensity
is converted into Stokes, The Stokes intensity
develops into a pulse shape which is stationary in
the coordinate system moving with the velocity
vy. This Stokes pulse intensity grows exponen-
tially with distance, and is proportional to

exp{Z'EL]z [ Kle(Uil‘stl)]Vz} .

This expression has approximate validity for pulse
durations which satisfy the inequalities

rt>tp>2m[(0; - 051)/"1"2‘ EL‘ 2

There is thus an interesting asymmetry depending
on the sign of the difference in group velocities.

In conclusion, the combination of phase struc-
ture or frequency broadening plus linear disper-
sion reduces the gain available in the stimulated
Raman emission, both in the transient and steady-
state regimes. A similar conclusion was arrived
at previously by several authors on the basis of
more qualitative arguments, 1>% It appears worth-
while to extend the present semiquantitative argu-
ments by more precise numerical calculations.
The complexity of these calculations which depend
sensitively on the assumed form of the dispersion
law and the phase structure of the laser pulse,
place them beyond the scope of this paper.

When laser phase structure or frequency
broadening becomes severe, the slowly varying
amplitude approximation, on which the calcula-
tions in this paper are based, breaks down. The
condition

[[(wy-ws) Q] %(‘; [ <1

is obviously not satisfied when the phase structure
or frequency broadening of the laser results in a
linewidth Aw, such that the product of the gain co-
efficient G and Aw, is larger than the molecular
vibrational frequency. When GAw,>w; —w g one
has to return to the second-order differential
wave equations. For such a degree of phase
structure or frequency broadening, the first ap-
proximation to the linear dispersion may also
break down, The pulses do not propagate simply
with the group velocity, but are also distorted.
There are strong indications that the combination
of the frequency broadening of a mode-locked
Nd**-glass laser and the dispersion of many fluids
in the near infrared causes a sufficient reduction
inthegain so that the threshold for the stimulated
Raman effect cannot be reached. Even though
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some power is lost by doubling the frequency to
the green, the stimulated Raman effect can often
be obtained by the green pulses. The combination
of frequency broadening and dispersion becomes
more favorable for the green pulse train.?
Experiments, both with the Nd®*-glass laser
and a ruby laser, are now in progress. More
detailed information could be obtained with the

use of a second cell as a picosecond pulse ampli-
fier. The influence of a variable delay time be-
tween the laser and Stokes pulse and the influence
of phase distortion caused by dispersion could
then be made more quantitative,
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Recently, we have reported variational solutions to Schrédinger’s equation for CH,, NH;,
H,0, and HF, using a Hamiltonian which included the kinetic-energy operators of the protons.
The results of these calculations implied the existence of protonic spectra similar to the
electronic spectra. We show here that the selection rules which apply to electrons also apply
to the protons. Furthermore, we find a two-particle-transition operator which allows an
electron and a proton or two protons to be simultaneously excited with intensities proportional
to the square of km,/M, where k is the wave number of the light, m, is the mass of the proton,
and M is the total mass of the molecule. For completeness, the effects of the radiation field

on the coordinates of the c. m. are given also.

I. INTRODUCTION

Recently we have reported variational solutions
to Schrddinger’s equation for CH,, NH;, H;O, and
HF using a Hamiltonian which included the kinetic

energies of the protons. '3 The trial wave function
was an expansion of the form

¢=2{ EaciaFlGu’ ’ (1)

where for n electrons and m protons, we have



