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In this paper we have calculated the emission of bremsstrahlung radiation of nonrelativistic

electrons in Landau levels in a dense plasma.

We have found that the radiation rate is in-

versely proportional to the electron momentum, which is characteristic of one-dimensional

gases.

I. INTRODUCTION

In a previous pa.per1 we presented the emission
rate of bremsstrahlung radiation in vacuum. In
view of the large plasma effect present in dense
matter, we present here a nonrelativistic calcula-
tion of bremsstrahlung radiation in a dense plasma
with a strong magnetic field. (That a nonrelativ-
istic calculation is adequate in our theory for pul-
sars will be discussed in a separate paper.)

The problem of radiation emitted by an electron
in passing through the field of a charged nucleus
is a classical one in electrodynamics? and plasma
physics.® In astrophysics it is known as the free-
free transition, * while in electrodynamics it ap-
pears under the name bremsstrahlung. The main
problem in this paper is concerned with brems-
strahlung radiation in such a strong field that the
trajectory of the electron is no longer classical.®
As the ion merely provides a Coulomb field, which
in nonrelativistic cases can be regarded as static,
we need not concern ourselves with quantization
of ion orbits in intense magnetic fields. In a mag-
netic field the electron state can be described in

terms of a principal quantum number # (=0, 1, 2,
...)and a momentum variable p, along the direc-
tion of the field H (which is taken to be in the z
direction). The total energy of the electron E(xn, x)
is®

8, x)=E(n, x)/mc?= (1 + 2+ 2nH/H)'/? , (1)
where x=p,/mc, H,=m’c®/eli=4.414xX10"°G .

The effect of the magnetic field merely quantized
the ¥ and y momenta by the following substitution®:

p2+p% ~2n(H/H ) me)? . (2)

As a result of this quantization the density of final
states is modified. A summation over all states
now takes the following form*; é:

Dnw, (/) dp,, 3)

where w, is the degeneracy of the state n. For a
particle of a given energy &, n can only take values
such that

8= (1+2nH/H)'? . (4)
In particular, if § -1<(1+2H/H)'/? -1, the only
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state allowed is the state with n=0, and this parti-
cle behaves as a one-dimensional particle.

This paper is concerned primarily with cases
such that Eq. (4) is satisfied for small values of
n.

II. REGIMES OF INTEREST

We will now discuss the regime of applicability
and will show that the conditions of small values of
n are satisfied at the surface of neutron stars.
The particle density of a zero-temperature Fermi
gas in a magnetic field has been studied in pre-
vious papers.® The relation between the electron
Fermi energy and the maximum number of parti-
cles N,, allowable in the ground state with »=0 is
(xe=T/mc)

N,=(1/V2r®)H/H)? x;7%=1.24%x10° (H/H )*/2.
(5)

The corresponding density p,, is
Pm=m,N,Z/A=2.08x10%(Z/A) (H/H,)®'? . (6)

If we consider a field strength of 102 G (which
is favored in a number of theories), then the elec-
trons behave as a one-dimensional gas when the
density is less than 4X10° g/cm®. The atmosphere
of a neutron star has a density ~1 g/cm®. Hence
the one-dimensional behavior of electrons is
strongly exhibited in the atmosphere of neutron
stars. As any radiation from a neutron star will
emerge from a surface layer of one optical thick-
ness, the bremsstrahlung process — which is the
only continuum emission process - should play a
dominant role in pulsar models where the pulsar
radiation emerges from the surface. The associ-
ation of delicate and minute variations of a pulsar
period to its rotational period leaves no doubt that
the pulsar radiation must emerge from the sur-
face.

III. BASIC FORMULATION

A physically important improvement of this
work, over previously considered cases,” is the
introduction of plasma effect. We will separate
the outgoing electromagnetic wave into two modes,
ordinary and extraordinary, ® each of them char-
acterized by a well-defined refractive index. The
plasma formulation of the problem calls for a di-
electric tensor €5 which is by its own nature an
external parameter, whose form depends on the
physical condition of the plasma in a magnetic
field. Many different forms of dielectric tensors
are available in the literature depending on whether
one considers cold, ® hot, ®° classical, or quantum
plasma.!® ! In our general formalism, we have
not placed any assumption on the dielectric ten-

sor: Hence, our result should be of general in-
terest. After the general formalism is derived,
we will present some simple applications in terms
of an expression of €,z applicable to a cold plas-
ma.® The final form of I the total energy radiated
per unit time integrated over all frequencies and
all angles is given by

I=1,f,_ds fo“’ Iw,n,n', Qdw , (7)

with  Ip= Z%a[mc?/(h/mc®)] N; x3/8n . (8)

I(w, Q,n,n") contains all information of the spec-
trum and angular dependence of radiation. In Eq.
(7) the frequency w is measured in units of mc?/%
=7.76x10% sec™!.

It is a general result of the Maxwell equation
that the intensity emitted by a particle is!? 3

- aw > ™%
I=lim o2 [J (k: (A))E (k’ (JJ)

L (R (7 de
rew T 2n)® J'

0
+Ek, 0)] *(k, )] , (9)

where * represents complex-conjugate quantities
and J(k w) and E(k w) are the Fourier transform
of the current ] and electric field E respectively,
i.e.,

Flx,t)=1/@m4[ d% [ dwe™ e “*F(k, w) .(10)

Equation (9) is usually written in two different
forms, i.e.,

I=1im@/7)f de[" dolw,Q) ,
T-w ar 0

(11)
or I=1lim [ [d°k/@n)|nw(k) W) ,
T~
where I(w, Q) and W(k) are the emissivity and
transition probability, respectively. It should be
noted that in a plasma, w is usually a complicated
function of k.

A. Electron Current

In order to compute the current j we first for-
mally change the Feynman diagram for the brems-
strahlung involving wave functions ¥; and ¥, into
a fictitious first-order process, involving a pair
of states ¥;, ;.

The incoming electron wave function ¥ is given

by?

T, () =9 (1) + [ Gle, %)y, AL (' W (x) %’ . (12)

The label o signifies the set of quantum numbers
necessary to describe a particle in a magnetic
field; A,(x) is the external Coulomb potential and
G(x, «") is the Green’s function of the electron in
the magnetic field. Its general definition is?
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,__1 e iw(t=t*) zP(”)l_/)—(y')
O x =gy [ doe R BT -
(13)
In the nonrelativistic (NR) limit, when A ,=5,,4,,
(Ao=Ze/r), a simple computation leads to

o ()= U () + UL (), 90 )= T el Oy
g=Eq,—il
(14)
which are well-known expressions from the pertur-
bation theory. The electron current in Eq. (9) is
now defined quantum mechanically as

J(, = (e/2m)@*T ¥ - TIT*) | (15)
where =P -(e/c)A=-ilV-(e/c)A , (16)
and the vector potential Xis given by

A,=-yH, Aj=A,=0 . (17)

This form of A depends on the special gauge one
chooses to work with. We have employed this
special form of the gauge because it simplifies the
form of the wave function we will use later on.
Now, using Eq. (14) and retaining only the term of
interest, we find

](k’ (-0)=21Th](k)5(E, —Ef'—h—w) ’ (18)

sy € s/ (Flen MR (T |Ag|4)
1®) = Z,:( B —F, ~iT

(Ao tle *iili)
* E,-O—E,—ﬁw—ir ) (19)

We have explicitly added a width factor I' as one
does in bound-state scattering problems where
resonance effect can take place.? Its form will be
discussed shortly. Before computing the various
matrix elements in Eq. (19) we will discuss the
electric field E.

B. Electric Field

In vacuum, the electric field generated by a
particle described by a current H (7 t) is given by
the well-known Lienard-Wiechert formulas. Quan-
tum electrodynamics gives a definite prescription
for the field A ,(x), at the point x, created by a
current 7, at the point y, i.e.,?

Aux)= [ Duley)i)adty (20)
Here D, (xy) is the photon propagator and satisfies
Dyson’s equation

Dusz?wJ"D?prBng s (21)

where II,4.is the polarization tensor related to the
plasma properties of the medium through the well-
known relations

Do

M;p=iw0s,, Myu=T4=—-k;04,
(22)
. )
kik;0;;=1wlly, 0n='4;(€u‘5u) ’

where 0;; is the conductivity tensor. We will find
it more useful to follow a different method which
consists of writing the electric field Easa super -
position of an ordinary and an extraordinary wave.
This method was extensively used by Shafranov*?
and it leads to an expression for E which is the
natural extension of the Lienhard-Wiechert poten-
tial in a2 medium. Such an expression is'?

B, )- [ 42 HOTE0)

ikr = iwt 43
kzcz/wz—N";(k,w)e e dkdo

(23)
where the polarization vector a is given by
a0 =1+ VY ia,0), 1, ia,Q)] , (24)

and @, is the ratio of the ¥ and y components of the
electric field, i.e., @,=-{E,/E, and, analogously,
a,. They are given by'?

0(l)=T7'[(€15€55 + €23€13) COSO + (€15€,5 + €03€ ;) SiNG] |
0, (1) = T3 [€15€55 + €23€15 — N3(€1, Sinb — €54 cos6) sinb] ,

-1
@, ()= T7" [~ €12€13 — €11€23

(25)
- N%(¢,, 5inf — €55 cosh) cosb]
T, =N%[€,, 5in%0 + €453 08?0 + €45 5in26]
2
—€11€53+ €13,
€11 i€ €y
Where 60‘3 == i€12 €22 i€23 (26)

€13 —i€p €g3

is the dielectric tensor to be specified later. N2
is the refractive index for the two modes (ordinary
and extraordinary) and is given by

N%=(1/2A)[B=+(B*-4AC)'?] , (27)
with
A= ¢yy5in20 + €55 c08%0 + €45 5in26
B=—(€,,5In0 — €55 cos0)? — €2,(cos?26 + sin*9)
+ €11€55+ €25(€4; 5IN%0 + €45 cOSZ0 + €13 5In20) ,

2 ) 2 (28)
C =€,€p9€33 — €33€ 15— €11€23 — €p€ 13 — 2€ 1€ 3¢ 5 «

IV. DIELECTRIC TENSOR FOR A COLD PLASMA

With Egs. (23) and (10) substituted in Eq. (1)
one obtains, in principle, the energy loss at any
angle and for any form of dielectric tensor. The
problem is quite involved and the final form too
complicated to analyze. We will therefore study
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separately the propagation Il and 1 to H as usually
done in magnetized plasma, and will specify the
type of plasma to be worked with. We will use
the tensor €,5 as given in the magneto-ionic
theory, i.e.,®

S —-iD 0
€=l iD s o) , (29)
0 0 P
where
Ro1-% v g o
W w-wg-iv W w+ Qy-iv’
2 2
W e % @
L=1 W wrwy-iv W w-Qu—iv’ (30)

P=1-w2/w?-Q%/w? ,2S=R+L, 2D=R ~L.

The various symbols are defined in the following

way:
wi=4m,e?/m, wy=eH/mc ,

Q=wsm/M)Z;, Qu=wym/M)Z; ,

where M; is the mass of the ion, Z; its charge,
and n; Z;=n,. With this notation, Eq. (27) for
N? reduces to

Ni=(1/2A(BzxF) , (31)

with
A =Ssin*0+ Pcos?0, B=RL sin®0+ PS(1+cos?6) ,
C=PRL, F?=(RL - PS)?sin*0 +4P*D? cos?6 .(32)

Equation (31) can also be written in a more trans-
parent form, i.e.,

tan®0 = — P(N2 ~ R)(N% —L)/(SN2 - RL)(N3 - P) , (33)

from which the dispersion relations at 6=0 and
6= 57 are easily obtained as

6=%m, Ni=P (ordinary),
N2=RL/S (extraordinary),
6=0, Ni=L, N:=R . (35)

(34)

The terminology, ordinary and extraordinary, is
well established at 6= %11, where it is seen that

the minus sign in Eq. (33) gives rise to N2 = P, in-
dependent of the magnetic field, i.e., this mode
propagates as it would in the absence of H (ordi-
nary). The plus sign gives rise to N2=RL/S,

i.e., it does depend on H (extraordinary). The
same terminology is retained for 6=0. The
parameters o, a,, and a, are easily transformed
to (I=x%):

a(l)= - PD cosf (AN? - PS),

a,(l)= D(N%sin®0 - P)(AN2 - PS)-! | (36)
@,(l)=N?D sinf cos6 (AN? - pS)-! ,
A. Propagation at 6 =0

From the previous equations one can easily see
that at 6=0, one obtains

A-~P, B-2PS, C~PRL, Ni-L ,
NZ~R, a(0)=-a(X)=1 , @37

a,(0)=0,X)=0, a 0)=-a,(X)=1 ,
i.e.,

From here it follows that since {E,/E,= - a,, the
ordinary wave is left-hand circularly polarized.
This means that at 6 =0, only circularly polarized
waves can propagate in a plasma. However, the
emerged radiation may still be unpolarized or
linearly polarized as a result of a combination of
both R- and L -polarization states.

Substituting the polarization vector @ into the
expression for the electric field, Eq. (23), and
using some algebra, we obtain (@=1,2,3):

Eyjd+E¥ja=(41*/w)8 (0], - ij,|? (39)
for the extraordinary wave and
Eoj+Edjo=(4m/)6(A)[j;+ij,|? (40)

for the ordinary wave. The & function comes
from the fact that

1/A=P(A) —imd(A), A=E%c%/w?-N? | (41)

where P stands for the principal value. We shall
give the computation of the energy loss for the ex-
traordinary wave in some detail; the correspond-
ing expression for the ordinary wave is similar.
The general expression to be computed is

Ze® <<n' le™ #* (1, —im,) | 1) (L lrt )
E,—E;—-iT

L /D (ale (- im,) )
E,-E;- 7w -il

). @

where each electron state is characterized by
three quantum numbers #, ps, p, indicating, re-
spectively, the principal quantum number, the
momentum in the z direction, and the location of
the orbit in the x-y plane. The analytic form of
each In) is given by® °

[n) =h(npapy) = (1/L) 1% g ts% o= VIDER (1)

(43)

E=y()24py Y3, y=H/H)RFE
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2
H(x)=y"4 a7t 2m )12 (x) . (44) (T, ~4M0,) |n) = @nH/H ) ?mc |n - 1), (45)
Remembering that'® 17 we easily obtain
i :Zea(ZH/Hg)l/z <(n' 1)1/2 (' +1,p1, Py v n,py,p3) _ 1/2(" pipslrtin=1,p;, Py) . (46)
Jx= Uy 2mc W =Wy —3wNZ =~ wN,x' w - w,,+2Ngw2—wN x

The energy-momentum conservation condition
gives

Py = Tiky +p3, §3=P3‘7ﬂ€3 , X=py/me . (47)

The frequencies w are in units of mc?/7, i.e. y

w means w/(mc?/%) and N, is the refractive index
of the extraordinary wave: Henceforth the sub-
script x will be dropped. In our units wy means
wy(mc®/m)~'=H/H,. In general we now have's

(r=v —=R,):
47 1 1 .
<”P2P3 np1193> Hﬂi—zzqq—ze @ Fa
Xﬁ(%'—%‘ —q1> ‘5<%3—%3 —qs>
XH(n,n')$ n,n’,q5+43) , (48)

H(n,n'): (- )n’ e i(n-n’)ae(n —n')+(— )nei(n- n')o
Xe(n,—n) - (_ )n Gny n'y

O(x)=1, for x>0; O(x)=0 , for x<0

g (m,n',q3+q2)=(n In'1)1/2 g -t/2

le(“"')/ngg(—n', _n; - 1/[’) ,
2vt=q5+q3, ¢ =arccot(gy/q,) . (49)

Inserting Eq. (48) into Eq. (46), taking the mod-
ulus squared, and summing over the ions consid-
ered to be uncorrelated®

N;

E 2 e-l(QR B ‘RB)Zaq-q'Ni ’ (50)
a=1 B=1

we finally obtain (n;=N,;/Q)

E Z%eS8riwyn,

|.7x_z]y 2629
" Q+n")28 (n,n' +1)
4y < E\[(p1 =1+ a5+ (b5 = Ps)]

(n)llzg (n—l,n') _ 2
*Ez[@l—p;fw%(ps—m)ﬂ) > 61

- 3w%N?% - wNx’,

Ei=w-wy

E,=w —wy+3w?N? — wNy'

Inserting Egs. (39) and (51) in Eq. (1) and inte-
grating on %2 with the aid of the & function, we ob-
tain

©

A, _ . T
o If dx,f dx, L ax!

><< 1 (' +1)129 (n,n’'+1)
E; [l —x1)f+a5+(x —x' —Nw)?]

1 (n)I/ZQ (n 1 n ) >2
]

E2 [(x; =72+ 22+ (x —x’ —Nw)?

X6(8; - 8;-w) , (52)

where we have summed over p{ and p4, pi/mc= x,,
ps/mc=xj. The integrals on x{ and , can be
performed immediately since the integrand de-
pends only on x{%+x2, i.e.

[ lax [T ay g0l +y2) [ ds(s) . (53)

Analogously, the integral on x’ can be performed
by using the 6 function on the energy. The final
result is

dl (w, Q)
dwd@ ° (e—w —n'wy)? (t+7\)2

X( 1 A+n") 24 (n,n "+1,1)
E,

+—1—(n N2g(m-1,n" 2, (54)

IO:\/ZSW i/mc? n; %%, N®=R, €=E;/mc* ,

w=w/(mc?/n), wy=H/H,,;

7‘:’2‘;" { [2(e - "CUH)]I/Z

- wN —y[2(€ - w —n'wy)]' 3, (55)

v=+1, (forward or backward scattering)
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g m,n',t)=(nln'l)-1/2"t/2
X 2R (-0, =1/1),
Ej=w-wy-3w0N? - wyN [2(¢ - w —"'wy)]”a ’

Ey=w —wy+ 3w N?% — wyN[2(€ —nwy)]*/? .

A perfectly analogous computation gives the fol-
lowing result for the ordinary wave:

d(@,9) _, w2N j T at .
dwdQ (e —w —n'wy)/? (t+2)

__1_ ni/z2 g ’
< 00779 0 =1,

1 , 2
+E(n+1)1/29 (n+1,n,t)> , (56)
E;=w+wy —3wN? —wyN[2(c - w —n'wy)]/? |

(57)

Ey=w+wy+30N? - wyN[2(€ —nwy)]'2, N?=L

Simple cases of #, and »’ will be discussed later.

B. Propagation at 0 =% 7

In this case the only wave we consider is the
extraordinary one since the ordinary will not
propagate if

Nig=P=1-wi/w?-Q%/w?<0 . (58)

(58) is satisfied in the radio-wave region, where-
in, we are most interested. The density we con-
sider at the surface of a neutron star is of the
order of N,~10?%/cm®. The extraordinary mode
has the following polarization vector:

a(X)=(0,1,0) . (59)

This form has been deduced from Eq. (25), omit-
ting the longitudinal component, since our unit
module’s normalization is valid for pure trans-
verse waves. In this case the quantity of interest
is given by [see Eq. (42)]

E,ji+joEn=(81%/w) |j, (b, w) | 28(A) .  (60)

We will find it more useful to work with wave func-
tions which exhibit the cyclindrical symmetry of the
problem. They are of course nothing but a differ-
ent way of rewriting Eq. (43). Their form and
geometrical interpretation can be found in Chap. II
of Ref. 16. Using the fact that!’

”yln, l,s) =i(%wﬂ)1/z
X[n+0)2|n+1,1+41,8) =n*? | n=1,1-1, 9] (61)

and Eqgs. (4.5)-(4.8) of Ref. 16, we easily obtain
(jo=2Ze®/2mc):

jy:jO(jl +j2) (%wﬂ)llzs

. 1
J1 =§ET1 [(V+1)Y21,, 1,n +N1/ZIN-1,n']

Xi* (NL|v=t|nl) Iy

1 (62)

jsz_[(”H 1)1/21n+ 1,N+n1/21n-1,N]
1 Ly

it ('l | ¥ NLY I, 5,
with (I=NLZP)
Ei=w-N-n)wy,

A=L-1'+1,

Ey=-w-(N=nwy,
Ap=I-L+1,

The argument of the function I is #%/2y. Because
of the spherical symmetry of the Coulomb potential
the last matrix element gives L=1’ for j, and /=L
for j;, i.e., [a=Ap(2H,/H)V?]:

(NLZP|1/7|nlsp)

=608 [, 2Ko(@p ) Iy, 1 (D)1, o (p)dp
=6L T(Vz |ns) .

Summing over the index NI=NLZ and retaining only
terms linear in x (long wavelength approximations),
we obtain

Ji+iz=2[(w +xwp)/ (WP - W)y, T(1, 1450, s).
(63)

The cancellation effect which takes place for the
N=0term is the exact analog of what happens in
Compton scattering. The lowest order in w is ob-
tained by considering s =0, I, ,=x"% and we ob-
tain j~ w? w32,

Comparing j; with Eq. (46) for n=0, we conclude
that

20, §i<y - (64)

Jnwi, Jizw
The corresponding decay probabilities have the
same w dependence as the current and therefore it

is concluded that W,> W,

V. WIDTH FACTOR AND COLLISION FREQUENCY

As it is well known from quantum electrody-
namics, the bremsstrahlung (or Compton) cross
sections for a bound system are divergent at cer-
tain frequencies. This pole is usually avoided
by modifying the electron Green’s function by
adding an imaginary part to the denominator as
done in Eq. (5). This imaginary part I is related
to the mass operator of the Dirac equation. In a
plasma, various forms of I are known and an ex-
tensive study has been carried out by Tsitovich,*
who gives various forms for I' depending on the
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specific process one deals with. In the present
paper we are mostly concerned with the region in
which wy>» w, i.e., far from the resonance. We
will not, therefore, worry about any specific form
of I". A second factor which one should, in prin-
ciple, include in the dielectric tensor €,z is the
collision frequency v. This part is introduced
also to avoid the poles at w=+wy, which can oc-
cur. A simple formula for the collisional fre-
quency®

v=(5.5N,;/T%'?)In (220T/N */?)
shows again that v <wg=1.

VI. BREMSSTRAHLUNG EMISSION IN THE
LOW-QUANTUM- NUMBER REGION

In this section we will give the explicit form
of the radiation intensity for a few quantum num-
bers, namely, #=0, n’'=0, n=0, n’'=1, n=1,
n'=0. Using Eqgs. (54)—(56) and the following
notation:

I(n,n'; 0,X)=(1/1y)dl (w, Q)/dwdQ: | (65)

we obtain the emissivity along the direction of the
field, 6=0:

1(0,0;0)=(L)"*[w?/(e - w)"/?] (1/E) C,(0);  (86)
7(0,0;X)=(R)"?[w?/(c - )3 (1/E}) C,(V),
A=(1/20p) [(2€)/2 - w(R, L)% = y[2( —w)]'/2 ],
Ey=w - wy —30°R —yw[2R(€ - w)[/? | (67
E,=w+wy+3wlL —yw(2Le)/?
[(1,0;0)=(L)?[w?/(c -w)"/2] (1/E5) C5(1)
E,=w+wy+3wL —wy[2L (€ —wy)]Y? | (68)
A= (1/20 )] [2(€ —wy)]Y2 —w(L)2 —y[2(e — w)]'/ 55
I(1,0;X)=(R)"?[w?/(e — )2 {(1/E}[Cy+ C3 —2C4]
+(1/B3) Cy+ (1/E Ey) [2C, - 2C, ]t
E,=w -wy — 3w?R - wy[2R(e —w)]'/? |
E,=w = wy +3w’R - wy[2R(c —wy)]'/? (69)
A= (1/20)] [2(€ - wp)]' 2 - w(R)2 -y [2(c - )]V 2
1(0,1;0)=(L)"2[w?/(€ —w - wy)'?]
x{(1/E2) [Cy+Cy - 2C,]+ (1/E}) Cy+ (1/E4E,)
x[2C,-2C,]} ;

)

Ey=0+0y-3o’l-wy L0 -0 ]2

Ey=w+w g+ 20’ — wy(2Le)V? |

A= (1/20 ) {(26) 2 - w(L) V2 - y[2(e - 0 — w ) [
(70)

1(0,1;X) = (R)2 [%/(€ - w = w ) V2] (1/ED C4(0)

Ei=w-wy—3wR-wy [2R(€~w-wy)]/? |

A= (1/20 ) {(2€)2 - w(R)V2 -y [2(€ - w - w ) V8%

(71)
Cilx)=e*1+x)E(x) -1, (72)
Cyx)=(1/x)-e*E(y), (73)
Cslx)=1+x - 2x+x})e*ER) ,
E()= [ e/s)ds . (74)

VIL. DISCUSSION

The present calculation differs from the pre-
vious one! in several significant ways. First,
the Green’s function used here is an exact one,
while in the previous case the free-particle
Green’s function has been used. Second, the
plasma effect has been incorporated into our cal-
culation. The final result, for example, Eq. (66),
can be interpreted easily. The factor C,(\) arises
from the Coulomb field of the nucleus, the factor
w? arises from the density state of the photon,
and finally, the factor E;? comes from the
Green’s function, and the factor 1/(§ - w)Y2 comes
from the density of the final state of the electron.
As discussed in Ref. 5, in an intense magnetic
field an electron exhibits one-dimensional be-
havior; instead of the usual expression p2dp/dE
the density of the final state for a one-dimensional
particle is just dp/dE ~1/p. The effect of the re-
fractive medium on the photon is to alter the rela-
tion between w and %k, and this is taken into ac-
count throughout the calculation.

Applications of this process to emission from
pulsars will be presented in a separate paper.
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The soluble model of an oscillator coupled to a scalar field is used as an example of irrever-
sible behavior. By studying the reduced density operator for the oscillator, a generalized
Fokker-Planck-Kramers-Chandrasekhar equation for the Wigner distribution function is de-
rived. The diagonal matrix elements of the reduced density operator satisfy a generalized non-
Markovian master equation. By application of a time-averaged method, the ordinary Pauli mas-
ter equation is derived. The time evolution of the occupation probabilities of the oscillator lev-
els has been numerically computed, and compared with the solutions of the Pauli equation.

I. INTRODUCTION

Great progress in the understanding of irrever-
sible phenomena in quantum statistics was made by
van Hove and his co-workers, ! and by Prigogine
and his school.? An important landmark in this
context was the derivation by these workers of the
generalized master equation (GME). This equation
governs the time evolution of the probability distri-
bution of the system over states of the unperturbed
Hamiltonian H,. For infinite systems, it predicts
the evolution towards statistical equilibrium, !+?

The GME, an equation to infinite order in the
perturbation, is a direct consequence of the Schr-
dinger equation,® and the only statistical hypothesis
used in its derivation is the assumption of random
phases at the initial time.

It is known that in the weak-coupling limit, the
GME goes over into the much simpler Pauli mas-
ter equation (PME), which has been solved for a
number of different physical situations. The GME,
on the other hand, has been explicitly written down

and solved only in very few cases.*' As a conse-
quence, very little is known to date about the time
evolution of the probability distribution for arbi-
trary coupling strength. It would seem then that a
number of simple examples are still needed in
order to clarify and illustrate the general features
of the approach'to equilibrium in cases where the
coupling constant cannot be considered small,

We present here a study of irreversible behavior
for the simple model of an harmonic oscillator lin-
early coupled to a scalar field, '’ Similar models
have been considered by other authors, 8-1

The dynamical equations for the system can be
exactly solved, and this fact has been exploited
throughout, We take the density operator at the
initial time as the product of a canonical ensemble
density operator for the field and an arbitrary den-
sity operator for the oscillator. Consequently the
approach to equilibrium described by the model is
meant in a restricted sense, because at the initial
time all but one of the degrees of freedom are al-
ready in equilibrium. As has been pointed out



