)

ACKNOWLEDGMENTS

We thank Professor R. J. Glauber for his con-

tinuous interestinthis work andfor many interest-

COHERENT SPONTANEOUS EMISSION 347

ing and enlightening discussions and Dr, T. Van
Foster for reading the manuscript. One of us

(R.B.) would also like to thank Professor M. Scul-
ly for helpful discussions.

*Work supported in part by the Air Force Office of
Scientific Research, Contract No. AF49(638)-1380 and
by the American Optical Corporation.

tPermanent address: Istituto di Fisica, Universit4
di Milano, Milano, Italy.

¥ Fulbright Scholar.

!R. H. Dicke, Phys. Rev. 93, 99 (1956).

’R. Bonifacio and G. Preparata, Nuovo Cimento Let-
ters (to be published).

%As pointed out by I. R. Senitzky, Phys. Rev. 111, 3
(1958), these correlated states are not the only states
which radiate proportionally to N2, Certain of the per-

tum, edited by L. C. Biedenharn and H. Van Dam (Aca~
demic, New York, 1963), p. 229.

®D. F. Walls and R. Barakat unpublished); L. Nar-
ducci and L. Estis (unpublished).

'B. R. Mollow and R. J. Glauber, Phys, Rev. 160,
1076 (1967); 160, 1097 (1967).

8R. Bonifacio and G. Masserini, Phys. Letters 28A,
359 (1968).

°N. Bloembergen, Nonlinear Optics (Benjamin, New
York, 1965).

1R, Bonifacio, D. M. Kim, and M. O. Scully (unpub-
lished).

Up, T, Arecchi and R. Bonifacio, J. Quantum Electron.
QE-1, 163 (1965).

123, L. McCall and E. L. Hahn, Phys. Rev. Letters 18,
908 (1967).

B3R, J. Glauber, Phys. Rev. 130, 2529 (1963).

1M, Abramovitz and I. Stegun, Handbook of Mathemat-
ical Functions (Dover, New York, 1965).

5F. Tricomi, Equazioni Differenziali (Einaudi, Torino,
Italy, 1948), p. 102.

turbation theory results in Senitzky’s paper are similar
to the results found in this paper. Another reference
which contains ideas related to those of the present paper
is E. T. Jaynes and F. W. Cummings, Proc. IEEE 51,

89 (1963).

‘E. Abate and H. Haken, Z. Naturforsch. 19A, 857
(1964). M. Travis and F. W. Cummings, Phys. Letters
254, 714 (1967).

5J. Schwinger, in Quantum Theory of Angulay Momen~

PHYSICAL REVIEW A VOLUME 2, NUMBER 2

AUGUST 1970

Radiative Decay of Coupled Atomic States

Peter R. Fontana and Donald J. Lynch

Department of Physics, Ovegon State University, Corvallis, Ovegon 97331
(Received 2 March 1970)

The radiative decay of an atom with two excited states coupled by an external perturbation
is investigated. The differential equations of motion are Fourier transformed and the prob-
ability amplitudes are obtained by contour integration. The real parts of the poles in the com-
plex plane are the perturbed energies of the excited states, and the imaginary parts yield the
decay characteristics. The decay probabilities of the excited states contain three different
decay terms; two exponential decays and one modulated exponential decay. The probabilities
of the final states give the frequency distribution of the emitted photons as a function of time.
In an Appendix, the Heitler-Ma formalism is used to eliminate the final states of the system,

and the resulting equations which contain damping terms aye compared with the phenomeno-
logical method.

I INTRODUCTION ling to the final state accounted for by the inclusion

of damping terms. Other authors®™® have exten-
ded this method to cases of two or more excited
states which are coupled by external perturba-
tions, and which decay via several channels to a
common ground state despite the fact that the orig-
inal derivation excluded such situations. ®

A formalism developed by Heitler and Ma”® can

When Weisskopf and Wigner! considered the ra-
diative decay of multilevel coupled atomic sys-
tems, they showed that for a certain class of de-
cays it is possible to simplify the set of differen-
tial equations of motion for the system by elimin-
ating the final states. This procedure yields
equations for the decaying states only, with coup-
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be used to study the radiative decay of coupled
atomic levels. By applying this method to the de-
cay of two coupled levels, we obtain those results
which have been deduced from the Weisskopf-Wig-
ner method; in addition, we also get information
about the frequency distribution of the emitted ra-
diation.

In the Appendix the Heitler-Ma method is used
to derive the equations of motion with damping
terms which have previously been assumed in the
phenomenological theory.

II. GENERAL THEORY:
DECAY OF TWO COUPLED STATES

We consider an atom which has two excited
states a and b and a ground state ¢. Initially the
system of atom plus radiation field is in the state
o) with the atom in state | ) and no photons
present. In the intermediate state |j) the atom is
in state |b), and no photons are present. Each
final state | f) consists of the atom in state | ¢)
and a photon with wave vector K and polarization
G emitted.

The Hamiltonian for this system is H = Hy+ H
+V, where H, is the unperturbed Hamiltonian for
the atom and radiation field, H represents the in-
teraction of the atom with the radiation field, and
V is a time-independent perturbation.

In relativistic units (Z =m=c=1)

2m ve ik - % ititla Ao -
H= <m—> [a(ko)e +at(k,) e® r] é,k)*p,
kg [

where a(k,) and a'(k,) are the annihilation and
creation operators, respectively, for a photon
with wave vector K, polarization g, and polariza-
tion direction &,(K). In the interaction represen-
tation with Hyieraction=H+ V, the state of the sys-
tem at time ¢ is

[U@)) =b,(t)e *Zot [0) +b,(t)e it |5}
+ X by (t)e Bt f) . (1)

In Eq. (1) the state vectors are

{0>=la>]0rad! Ij>=|b>lo>rad,

’f> = ,C> |E0>rad )

with energies E,=E,, E;=E,, E;=E.+k;,
where 3, is the sum over final states which in-
cludes sums over frequency, direction, and polar-
ization of the radiation field.

The differential equations for the probability
amplitudes are

ib,(t)=H,;e' ' Fo=Etp (t)

+ 2 Hype'Fo = B2% (1) +46(t) , (2a)

AND D. J. LYNCH 2
ib, (t) =H,,e' 55 = o)t p (1) (2b)
+Zf ijei(Ej - Ef)tbf(t) ,
il')f () =Hf,,e“Ef - Eo)tba (t)
+Hﬁei(sf - Ej)tbj(t) , (2¢)

where Hnm=<n‘H1nteraction lm> .

The last term in Eq. (2a) states the initial condi-
tion that at # =0 the system is in state lo) .
To solve Eq. (2), the b’s can be transformed

as® b (0)- 1/21,2,)[_: dE G, (E)e! B - Bt (3)
i6(t) = (- 1/2md) [ dE &' Fo = Bt (@)
Substituting these expressions into Eq. (2) gives
(E-E)G, =H,;G; + 2 H G, + 1, (5)
(E—E,-)Gj =H;,G, + 2, H;; G, (6)
(B -E)G; =H,,G, + Hy,G, . ()

The set of Eqs. (5)-(7) can most easily be solved
for the G’s by introducing the following definitions:

~ % Yum= 2op HypHy/(E-E;) (8
Hn,m= H,,- % Yom - (9)

The resulting expressions for the G’s are

'
Hjo

G;= - -
P (E-E,+31v0)(E-E; +3iv;) -H),HL (10
E-E;+31iy;
G 2 i -
(E E +21790)@ E +217“) IijoH:j ,(11)
HHj, +Hi(E=E;+3 i)
“E-E)E-E, +zzym,)(E Ej+2w,,)-H,,, H]"
(12)

These expressions are now used in Eq. (3) to ob-
tain integral equations for the probability ampli-
tudes b,(¢), b;(¢), and b,(#):

-1
b,,(t)—zT
. B dE(E 2”’”)ef(Ea-E)t i
(E-E, +zl'}’w)(E E;+3iy;) - ’
_ (13)
bj(t)=m
- ! i(Ej - E)t
X xd.EIi@‘e 1 T’
. (E-E,+3iv)(E—E; +7iv;;) - HjoH,;
(19

by () = 2711

© dE [Hf.IHJD +Hfo(E Ej + 21711)][21(Ef - B 1]
(E Ef) [(E E + ZZyOo)(E Ej + Zl'y.li) HjoHéj] ’

(15)
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In Eq. (15) the initial condition b, (0) =0 has been
used.

For atomic systems where (E, - E;) < (E, - E,),
it can be shown the Rey,,(E) and Rey,;(E) can be
replaced, respectively, by Rey,,(E,) andRey;,(E;)
in Egs. (13)-(15). Furthermore, the imaginary
parts of ¥,,(E) and 7;,(E) can be abosrbed into E,
and E;, respectively, giving rise to energy
shifts. ' Thus, in Egs. (13)-(15)

E, ~5iv4(E)~E, - 3iy,
where 1y, =Rey,,(E,) and y; =Rey,[(E;) .

As will be seen, y, and y; are the radiative decay
constants of the unperturbed atomic states |a) and
1b), respectively.

If la) and |b) are good angular momentum
states, then it can be shown that the cross term
v ;0(E) is zero, and thus H;, =H,, =V,,."* To simpli-
fy the expressions for the probability amplitudes,
the following definitions are introduced:

A:Eo -%i')'o’ B=Ej—%i7}’ C=- IHJ'0| 2 ’
Ey=3 {(4+B)+[(4+B)*- 4B+ 0)] %3},

E,=3{(A+B)-[(A+B)?- 4(4B+ )]} .

(Hp(Ey—E; +3iy;) + HypHyl[e* % = B0' - 1] [Hy, (Bp- By +3iy;) + Hy Hyjl[ef Fr — 52t

Therefore,

_ =1 [TAE(E-E;+3iy;)e' B~ B (45
bo (1) = 2mi f.., (E-E)(E-E) ’

-1 b dEH_oef(Ej - B)t
b0 =3 L (E-E)E-E) ’ an

-1
bf(t)—m

X  dE [HfjHjo +IIfa(E"E,{ +%i '}’j)][ei(Ef -BY_ 1] .
- (E-E)E-E)E-E)

©

(18)

The real parts of the poles E; and E, are the per-
turbed energies of the excited states, and the imag-
inary parts of E; and E, determine the decay char-
acteristics of the system.

The Eqs. (16)—(18) can be evaluated by contour
integration. Since Im(E,) <0 and Im(E,) <0 the
path of integration is taken to be a clockwise in-
finite semicircular contour including the lower
half of the complex plane. Using the theory of
residues, we find

b ()= [(BEy=E, +3iy,)eiFo = BV ¢
— (By—E, +5iy,)e'® = (B, - E)™ (19)

b,-(t) =[eitEs = Bt _ piE; - Ep)t) (EI_EZ)-l , (20)

b;(t):: (EI—EQ)(EI—E!')

- 1]
(B,-E)(E,- E) . (21)

Finally, the probabilities of the states lo), |j) and |f) are obtained by multiplying Eqs. (19) - (21) by their

respective complex conjugates:

|6,(0)|?= 2(P*+ @) ([(A+P)2+(X+Q)2] e ot Xj = @t L [(A-P)24 (X~ Q)Fem Kot Xy A

—20-®o * Xpt [[AZ, x2_ p2_ @] +[(X +Q)(a=P) = (a+ P)(X - )]%*2 cos(Pt — ¢)) , (@2

|b,(t)|2=2VE (P?+ @) e~ * ¥ [cosh(Q1) - cos(Pt)] , (23)

[b5(1)] 2= |ay () [2{1+e" 0 * X5 - @t

— 2" V2o * Xj = @t oog[L(e = P)t | }+ |ayle)|P{1+e %o T Xi* @t

- Qe V2o * X5 Ot oog[L(e + P)t]} +2a(e){e" %o " X2t cos(Pt +6) + cosh

—e~ V2o T Xj —Q@t o5l (e ~ P)t +0] —e~ V2 Ko *X;* @t oog[l(e 4 P)t - 6]}, (24)
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In the above equations the following definitions have 2 wmz .
been used: [(A +X?)%1 16V} + 8VE (A%~ Xz):l
A:Eo "Eja Vjo :<] ’V!O> ’ Xo =%7’oa
1 Xsin| §tanY—5——— 2aX
Xj =2V X—‘—Xj—Xo, 2 AC_X +4I/jo ’
P:[(A2+X2)2+ 1672 svﬁ,(Az-Xz)] s
-2AX 2(AQ-XP)
1 -1 - -1 —
><°°S[2 tan (mﬁz‘ﬂ ’ ¥=tan (m) € =28~ (E, +E))
]
ay 5(€) ([Hfo(A +P)= 2V, Hy;][+ (PP~ @) — € P+ Q(X, +X)] + (X £+ Q)[+ 2PQ - Qe — P(X, +X,)]
+i{[Hy, (8 £P) - 2V, Hy ) [#2PQ+ Qe + P(X, +X,)] + (X + Q[£(P2- @7 - € P+ Q(X, +xj)]})
x{(PP+ @I(e P2+ (X, +X, 7 Q)2]} 7,
ale)et® = ay(€)aj (€) .
[

The probabilities of the initial state [Eq. (22)] probability of the intermediate state agrees with
and the intermediate state [Eq. (23)] contain three the result of Wangsness.® The probability of the
different decay terms. Two of them are pure ex- final states [Eq. (24)] increases monotonically as
ponential decays while the third is a modulated ex- a function of time. A plot of |b,(¢)|? as a function
ponential decay. The decay rates are X, +X; + @ of frequency of the emitted photons generally shows
for the pure exponential decays, respectively, and two distant peaks. As t — «, Eq. (24) can be writ-
the modulated decay rate is X, + X;. The decay ten as

1
Hp, P[(K+ 82+ X3] + | Hy; PVE + 2V, [(K+ A) Re(H,, HY)- X, Im(H,, HY)]
by ()| 2= L Jio fil Tio jo follfj rof1, (25
[ (=)] 2= KX(K + )2 X2X2+v4+X2K Xe(K+ A)%= ZVZ[K(K+A) XX] ’ )
I

where K=k, — (Eg-E,), k, is the wave number of two coupled excited states, we have calculated the
the emitted photon, and the other symbols are as decay of the n=2, j =% states in atomic hydrogen
defined above. coupled by an electric field. In this case the 25,

The frequency distribution for an uncoupled ini- state is the initial state | 0), and the 2P, ,, state the
tial state can be obtained from Eq. (25) by setting intermediate state [j). In Fig. 1 we have plotted
Vi, =0. This yields the time dependence of the two excited states. An

2 28 va electric field of 100 V/cm produces a V;, of 2.2y;.
[0y (=) [*= | Hy [ /(8 + X3) - (26) Fig. 2 gives the frequency distribution of emitted

On the other hand, if one assumes that the decay photons. This curve shows the two peaks charac-
constant of the initial state vanishes (y,=0), then teristic of this type of decay.
[bs(=)|2= |Hy; PVE /{[K(K +8) - VE ]2+ X2K2} . APPENDIX

(27) It is possible to use the Heitler-Ma method to de-
rive the differential equations of motion for the
To illustrate some of the features of the decay of states o) and |j) which contain damping terms
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A=10.6 Ul
Vije= 2.2%;
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FIG. 1. Probabilities of the ex-
cited states |o) and |j) as a func-
tion of time for the case ¥j="7;=0.
Time is in units of the natural de-
cay time 7;1 of the unperturbed state
[§). A=E)— E; is the unperturbed
energy separation of the excited
states.
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to account for the coupling to the final states. For
reference Egs. (5)—(7) are listed:

(E-E,)G, =H,;G;+ 23 HyGs+1, (5)
(E-E;)G;=H;,G, + 25 Hy;Gy, (6)
(E-E[)G; =H;,G, +Hy; G;. (m

Equation (7) can be solved for G;:

Gy =H;,G, + H;;G,; /(E~Ey) . (A1)
Using Egs. (A1) and (8), Eqgs. (5)and (6) can be re-
written to yield the following expressions:

(E - Ea)Go = [Hoj - %Z Yoj (E)]Gj - %iyoo (E)Go + 1,
(A2)
(- Ej)Gj = [Hja -5t Y jo (E)] G, - %inj(E)Gj .
(A3)

Both sides of Eq. (A2) are now multiplied by
—1/2mie*‘Fo = Bt and integrated over E to give

(- I/Zﬂi)f: dE (E - E,)[G, ¢!'Fo = B']
=(=1/2mi)e'%o = Bt [“GE[H,; - 3iy,,(B)]
X Gye! i = Bt _ 5[~ (1/27) [*dE y,,(E)
X Go ei(Eo - E)t] +[_ (l/Zﬂi)f_ZdEe“Eﬂ - E)t].

(A9)

Since v, (E) and y,;(E). vary slowly with E, they
are treated as constants and taken outside the inte-
grals in Eq. (A4). Now using Eqs. (3) and (4), it
follows that

by (1) == 60y, = eyt % = 50, 1)
—3¥,b,(t) +0(2) . (A5)
In the same manner Eq. (A3) can be multiplied
by - (1/2m)e!Ei = Bt and integrated over E to
give
& by (0) = iy, ~ by o)e B = E00 b, (1)
—-3v;b;(8), (A6)

where y;;(E) and y,(E) are taken to be the con-
stants y; and y;,. As was pointed out above,

Y30 (E) =v,;(E)=0if |a) and 1b) are good angular
momentum states. Equations (A5) and (A6) then
reduce to the following:

Zid? b, () = =i H, et Fo = Ep ()

— 37,0, (t)+8(2) , (A7)
gf bi(t)==iH; e’ Fi = Etp () = Fy,;b,(t). (A8)

These are the differential equations of motion
which are assumed in the phenomenological theory
for the system of two coupled decaying states.

The solution of Eqs. (A7) and (A8) yields the de-
cay characteristics of the initial state lo) and the
intermediate state |j) coupled to a set of final
states | ). The initial conditions as represented
by the 6 function are b,(0) =1 and b,(0) =b,(0) =0.
The real parts of y, and y; are the damping con-
stants of the isolated states o) and | j), respec-
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FIG. 2. Frequency distribution of final states for the
case of Yy=7Y;=0. The frequency is in units of the
natural linewidth ¥; of the unperturbed state |j);
E=3[(Ey—~E,) +(E;—E,)]is the average energy of the
excited atomic states above the ground state; A=E;—E;
is the energy separation of the excited states when

Vj=0; and (A2+4V%)1/? is the approximate perturbed
energy separation of the excited states.
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tively. For more than two excited states, the elim-
ination of the final states proceeds in exactly the
same way, and the resulting expressions are simi-
lar to Eqs. (A7) and (A8).

The line shape of the emitted radiation can be
obtained from the solutions!? of Egs. (A7) and (A8)
by using the following procedure.

The inverse of Eq. (3) is

G, (B) == i [ b, (t)e!F = Bt gt (A9)
Inserting Eq. (A9) into Eq. (A1) gives

1 o .
G (B) =g [Hfo [26,(D)et B0 = Bt gy

+ Hyy [=b,(t)e! B = P dt] (A10)
The intensity of radiation is proportional to
| by (<)%, and it can be shown that®
bf(oo):[(E_Ef)Gf(E)]E=Ef . (All)

The resulting expression for | b;(~)|2 agrees with
Eq. (25) above.
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