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A theory describing two sequential electromagnetic pulses interacting with a resonant,
inhomogeneously broadened attenuator is presented. The resulting equations are solved on
a computer. Limiting cases are considered which indicate the conditions under which the
second pulse is expected to increase in enexgy. The self-induced transparency effect in a
two-pass attenuator is treated using this theory. It is shown that there are qualitative as well
as quantitative differences between the single-pass and double-pass cases. For example,
curves of output versus input enexgy in the two-pass case may have observable structure that
is sensitive to the presence or absence of atomic coherence. It is found that under a wide
range of circumstances, the output for the second pulse is independent of whether the pulse
18 go1ng ln the saIQe ox' 1n the opposite dlrectlon from the fix'8't. Th18 x'esult 18 seen to be
related to more general considerations involving the interaction of a pulse with spatially in-
homogeneous systems such as a chain of amplifiers and attenuators. Also discussed are the
measurement of T& using two-pass techniques, and the possibility of using these phenomena
in a practical application to optical logic circuitry.

I. INTRODUCTION

Recently, there has been considerable interest
in the self-induced transparency effect (SIT) first
predicted by McCall and Hahn, '3 and the major
aspects of the problem have been treated in de-
tail from a theoretical standpoint. "' However,
there have been difficulties in the experimental
verification of the effect. These difficulties are,
in part, due to the limited number of optical sys-
tems available in which the conditions are suit-
able for SIT. In practice, only two media have
been used to date: first, ruby, "in which the ex-
perimental conditions present great difficulty; and
second, SF6, ' in which the resonances used are
probably highly degenerate. ' In this paper, the
single-pass single-pulse theory of an electromag-
netic field interacting with an inhomogeneously
broadened ensemble of two-level atoms which was
developed in a prior publication' is generalized to
cover two-pass (or two-pulse) problems. The
original motivation for doing this was to deal with
SIT using ultrasonic techniques. An ultrasonic
pulse interacts with paramajgnetlc impurities 1Il a
crystal in a manner analogous to that of optical
pulses interacting with an inhomogeneously broad-
ened spin- —,

' system so that the same equations of
motion apply to both cases. Thus, one can expect
to observe SIT in an ultrasonic system. There are

experimental advantages that result from using
ultrasonics: One has wide ranges of available car-
rier frequencies; the atomic system can be easily
tuned; and large amplitude pulses can be produced.
However, in the ultrasonic case, it is easiest to
use the same transducer both for producing the in-
put and for monitoring the output. Thus, the pulse
passes down the crystal, reflects off the open end,
and passes back through thb same region of the
crystal with which it had previously interacted.
Some computer calculations were made by the au-
thor at a previous time in connection with such an
experiment, ' using the model presented in this pa-
per. This model differs from the actual experi-
mental situation in that the pulse passes complete-
ly out of the attenuator before being reflected back
on the second pass. Nonetheless, the calculations
agreed qualitatively with the experiment and indi-
cate that the major modifications in the SIT effect
due to the second pass can be understood without
worrying about the fact that the pulse overlaps it-
self in some part of the crystal. Those calcula-
tions with an extensive discussion of the agree-
ments and discrepancies between experiment and
theory plus a discussion of the relevance of the
overiap (standing wave) problem are given in Ref.
9

In ordeI' to maintain connection with pI'ev1ous
work, the calculations presented in this paper will
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be described in terms of optical systems. The
theory is presented in Sec. II, and involves equa-
tions that are too complicated to be readily solved
in closed form. Hence, the equations are solved
by numerical integration. The theory is much
more general than just two-pass problems, and
treats the whole range of questions that arise when
a second pulse interacts with the spatially inhomo-
geneous line shape' produced by the interaction of
a previous pulse with an attenuator. This paper
goes on to deal with several of these questions.
The conditions for gain and loss of energy in the
case of an inhomogeneously broadened attenuator
"pumped" by a r pulse is discussed in Sec. III.
Section IV presents the expected modifications of
SIT in a two-pass system and indicates how these
are, in turn, changed by introducing finite decay
times. In Sec.VA, the question of the direction
of propagation of the second pulse is considered,
and this leads to general conclusions about the in-
teraction of pulses with complicated systems of
amplifiers and attenuators. In Sec. V B, the utility
of these phenomena for measuring T, are consid-
ered, and in Sec. VC, a practical application of
this problem to logic circuits is presented. "

II. DERIVATION OF EQUATIONS

In this section, the theory of two sequential
pulses interacting with a resonant inhomogeneously
broadened medium is presented. This problem can
involve photon echoes, ' interference phenomena, 3

and other considerations which make the general
analysis very lengthy. However, so long as the
inverse inhomogeneous linewidth (Tg) is much less
than the separation in time between the pulses
(&t), and so long as the pulses are well resolved
(i. e. , if t is the pulse width, then nt » t), the
particular effects related to having a phase mem-
ory time (Ta) that is long compared to the pulse
separation time appear, as in the case of the pho-
ton echo, at a time after the second pulse has
passed. The first two pulses evolve in a manner
independent of the relative magnitudes of T~ and

In this paper, we are considering only the
behavior of these two pulses, and the derivation
of the working equations is greatly simplified by
assuming that T~ «4t. In this limit, the problem
becomes a simple generalization of the single-pass
single-pulse case, and the reader is referred to a
prior paper on that problem for all of the details
of the derivation.

The atoms in the medium are described by 2&2
density matrices p, where

Each atom is assigned a dipole matrix element P,
decay times T2 (phase memory time) and T, (atom-
ic lifetime), and natural frequency &u. The fre-
quencies of the atoms are distributed according to
a Gaussian o(&u) which is resonant with the field
(i.e. , has a center at (o = v, where v is the carrier
frequency of the radiation), and which has a stand-
ard deviation 2/Tz*. T2* is then the dephasing time
of the atomic ensemble. The two pulses, labeled
E„(t,z), X=1, 2, are taken to be plane polarized
waves of uniform cross section, passing either to
the right or to the left along a single axis. The
fields are described by slowly varying amplitudes'
S~ such that if t, (z) is a time before S, arrives at
the point z, then t~ (z) is a time after it leaves,
t~ (z) is a time before S, arrives, and t, (z) a time
after S~ has passed:

E, (t, z) = 8, (t, z) cos (k,z- vt),
$, (t, z)=O, t&t, (z) t&t, (z),

h, (t, z)=O, t&t, (z) t&t, (z),

(2)

where k„=k if the field is going to the right and
k~=-k if it is going to the left. The convention
used here will have the first pulse always going to
the right (i. e. , k, = k). We have ignored the phase
shift that occurs between the passes, since it has
no consequences for this problem.

The response of the medium is contained in a
susceptibility y which is the cosine Fourier trans-
form over & of the instantaneous line shape, '0 i.e. ,

y( Tt, )z=
2

d(o o((u)
1

s„(T,t, .) [D(T) —X(T, t, z)1
st Tg 28

xdt'8„(t, z)8,(t', z)e ""'"
xg(T+ t —t', t', z)+ X (T —t+ t' t' z0

where A. = 1, k, = k, and c is the velocity of light
in the inert background. The initial condition for
g 18

y(T, t„z)=D(T),
where D(T) is the normalized Fourier transform of
a(v). If z is the dielectric constant, and N is the

x[(p»(&u, t, z) —p„(&o, t, z)j cos((&u —v)T). (4)

Then the equations which describe the system on
the first pass are derived in Ref. 7 and are shown
to be'

~k 8$~ +1 8$,
)ki ez c ~t

t
dt' S,(t', z)e "-""2q(t-t' t' z) (5)
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total number of atoms, "then

n= ~'v¹o(v)/ceA

As was noted earlier, we wish to place two con-
straints on the interval At = t3 —t~ between the two

pulses. The first is that the pulses be well re-
solved; that is, if t2 (z) is the pulse width, taken

to be the full width at half-height of the envelope

8, (t, z), then"

t2t » max[t, (z), t,(z)], for all z. (0)
d8f I= ——,& sin8, ,dz

(13a)

ferences as to the behavior of delay times and

pulse widths. First, one defines the area under
the pulse envelope as

dt' h, (t', z), (12)
~ 00

and if' T~ »t„and 7, » t~, X=1,2, then it is read-
ily seen that

Also, in order to simplify the derivation,

At »Tz (10}
4& sin8 [(1 e 2t I-T&)+ e 62/r& cos8 ]

d8
kdz

( )

In the absence of radiation, off-diagonal ele-
ments of the density matrix p, ~ and p~ decay to
zero in a time T2. If Eqs. (9) and (10) hold, then
one sees that p„(~, t„z}=0. At the same time,
the line shape is o(~) &&[p»(&u, t3, z) —p„(~, t3 z)].
It is readily seen then, that the active medium at
t= t3 has the same general properties as it had at
t = t, . In that case, the off-diagonal elements were
also zero, and one had a line shape

o(&)[p„(&,t g, z) —p„(~, t„z)]= o(~).

Thus, the only consequence of the first pulse is to
produce a new line shape which is the initial condi-
tion for the active medium on the second pass,
Hence, the equations of motion for the second pulse
are the same as for the first pulse, i. e. , one sets
X = 2 in Eqs. (5) and (6), and one has an initial con-
dition for X given by

y(T, t»z)=D(T) (1 —e ~' &)+y(T, t„z)e 'tr& . (11)

In summary, the problem of two pulses in an

active medium is equivalent to two consecutive
solutions of the single-pulse problem, where one
uses Eq. (11)as the initial condition for the me-
dium on the second pass. These equations [(5)-
(7) and (ll)] properly describe all the radiation if
the inequality in Eq. (10}holds. They also de-
scribe the behavior of 8, and S~ even if the in-
equality does not hold, but one must remember
that there may be radiation appearing at a later
time which is not included in this formulation.

III. ENERGY AND AREA DEVELOPMENT OF A
SECOND PULSE

The equations given in Sec. II are not readily
solved except by numerical methods. However,
there are analytic formulas that can be useful in
understanding how yulses evolve. In particular,
one can generalize the area theorem of McCall and
Hahn, and in the limit that the medium is optically
thin, one can use rectangular pulses to determine
the conditions under which the second pulse gains
or loses energy. From these, one can draw in-

p2
3.„(z)=— dt' h'„(t', z) . (14)

Analytic solutions of this problem, as well as a
more detailed description of the theory, can be
found elsewhere. ' In Ref. 7, this problem is
solved with an emphasis on the polarization in-
duced by the pulse, and the medium response was
given in terms of y(T, t, z). In the present case,
it is more useful to look directly at the line shaye. '
One writes the population difference left behind by
8, as f(t„8„6)= p»(ur, t2, z)- p„(~, tz, z) and we
have set 5=(d - v. Then one can readily see,
e.g. , by using the equations of Ref. 7 and taking
the inverse of Eq. (4), that

f(t„8„5)= [5't,'+8', cos(5't', +8', )'"]/(5't2, +8',).
(15)

The function f goes asymptotically to one for large
5, and dips down to the value cos8 at the center.
The width of this dip is inversely proportional to
the pulse width. When 8 is near m, the center of
the line is negative" (i. e. , is inverted) and the
range in frequency that is inverted determines
whether the second pulse will gain in energy. This
value of f is also proportional to the energy ab-
sorbed by the medium at the frequency 5, so that

Equation (13b) describes the results of "inverting"
the attenuator. If cos [8, (z)] & 0 and T, » t2t,
then 82 (z}will converge on (2n+ 1)z as it would in
an amplifier. However, as has been shown in pre-
vious problems, ~ areatheorems are, by themselves,
not sufficient to predict how pulses will evolve. In
this problem, for example, if cos [8, (z)] & 0 and

T, » 4t, it is not necessarily true that the second
pulse will gain in energy. To study how the energy
behaves, it is instructive to use thin-medium per-
turbation theory. ' One takes a medium that is
optically so thin that pulses propagating through it
do not change significantly in their passage. One
uses rectangular pulses of area 8, and width t „
and describesthe energy with a parameter v2 (z)
where
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(16)

1-f(t 2, 82, 5) is proportional to the energy gained
or lost by the second pulse at that frequency. It
is convenient to use a function

2tp
F(4i 8ii 4i 83' &a ) = ~ ~ 2

P /P)'lt'8 2

x J' " d+ a(+)f(t „g„5)[I f(t, g, 5)]

I.o—

0.5—

A .2 nsec

8 =sr
I

82

T2 = l.0nsec

which is proportional to the change in energy of the
second pulse, and then define a gain parameter

r(t g . t g . /le) & 1P 1i 2i 2i 2) (Il7)1i 1t 2i 2i 2 F (t t Z, g)0 iy 2y

where F,(t „t 2, Tz*)= F(t » 0; t z, 0; T~*) refers to the
condition in which 8, and 82 are so small (i. e. ,
much less than 1) that the nonlinearities of the
problem are unimportant. This procedure normal-
izes I' so as to remove from it the decrease in
absorption or gain which occurs when the spectral
width of the pulse is greater than the width of a(~).
The change in energy for the second pulse" is
given by

In Fig. 1, one sees a family of curves for I' when

81 &s 82 ~y ~2 1 nsec.
y

a"d tiy t2 are variable.
The corresponding value of Fo(t„ t2, Tz") is the
broken curve in the figure. One can then see that
the second pulse will increase in energy if t, & T2*

or if t2&t, . Otherwise, the pulse will actually
lose energy even though cosg, = —1 and Eq. (13b)
implies that the system is an amplifier. In the
limit that both t, and t, are much greater than T2~,

then the curves of I' versus pulse width become
functions of the ratio t, /ta. Under these circum-
stances, the threshold for gain (I' = 0) is t2 = 0. 63t,.

A family of curves for 82= m was also produced
using Eq. (16). In that case, the value of I" was
found to lie between + 0.4. From previous work,
it has been found that the expected value of I"

should lie between + 0. 5 when one uses more real-
istic pulse shapes. ' Thus, one expects an error
of 20% in applying Eq. (18) to real systems even
without considering the complications that are left
out of the theory entirely (e.g. , mode shape and

self-focusing). In view of this error, one can use
an estimate of I' for 0 & 8 & m, which differs from
Eq. (16) by much less than 20%, by taking the
value from Fig. 1 and multiplying by (4/82~) sin2(-,'gz).
The reason this estimate works is that the full
width at half-height of the curve 1-f(ta, gz, 5) is
not very sensitive to the value of 82, and the in-
tegral in Eq. (15) for fixed 8„ t„and t2 will be
roughly proportional to 1-f(t2, 8„0). The per-
cent error in this estimate is large only when
I' =0; however, the threshold for gain for the case

-0.5—

-1,O
10 1O' Io

f (nsec)
10

FIG. 1. In this figure, there is a family of curves
for the gain parameter I' of a weak pulse interacting with
an attenuator "pumped" by a previous ~ pulse. The
parameter is calculated using rectangular pulses inter-
acting with an optically thin medium. The curves are
given for fixed values of the width of the first pulse (t&)

as a function of the width of the second (t2). The broken
curve is the function Fp (see text for definition) which
was used to normalize I" to eliminate the effects on the
gain due solely to the relative spectral widths of the
medium and the pulse. The actual gain goes as —I'&Fo.
Methods for using these curves to estimate gain constants
when 02 is large (i.e. , comparable to r) are given in
the text.

gz= n differs from the small-signal threshold (i. e. ,
t, = 0. 63t, ) by less than 10%%uo. In the case of SIT in

two passes, it is typically true that when the input

pulse is v, then t~(z)&t, (z). Thus, one will ex-
pect to find that the pulse gains in energy on the
second pass. This, in turn, will have a strong
effect on the "knee" of the curve of output versus
input energy.

A second interesting case is the one in which

8, = ,'m. In this case, I" &-0 since f(t„x/2, 5)&0.
If t, & T2~, then the second pulse will always lose
energy. However, in this case, Eq. (13b) implies
that 8, is fixed (cosg, = 0). In previous papers in-
volving attenuators, '6 it has been noted that con-
ditions of fixed 8 and decrt„asing v' mean an in-
crease in t and substantial delay times [the delay
time t~(z) is defined as the change in the position
of the maximum amplitude, or peak, of the pulse
relative to the velocity of light in the inert back-
ground]. ' This follows from the formula tr = g~.

It is clear that one expects pulse delays to occur
if 8 increases and v is fixed or decreases. In the

case of two-pass SIT, it is typical that when 8„'
lies between —,'22 and 7t, the pulse mill encounter
such a situation somewhere in the rod. That is,
there is a segment in the rod for which cos8, & 0
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(82 increases) but 8, is not large enough to produce
gain (1 2 decreases). Thus, one expects to find
delay times occurring on the second pass when

8,„&m. In the single-pass case, one has delays
only if 8,„&m.

Having seen that one expects significant differ-
ences in the SIT effect between the single- and two-
pass cases when pulses are less than or near m,

one notes that no changes are expected when the
pulses are near 2m. In that case, previous work"
has shomn that little or no energy is lost by the
pulse, even when it has not yet evolved into an
hyperbolic secant, and one must infer that the line
shape has not been sufficiently disturbed to have
any effect on the pulse on the second pass. More-
over, if cos8, (z) & 0 for all 2 and the pulse has al-
ready evolved into the 2m hyperbolic secant form
by the time it gets to the end of the rod on the first
pass, then on the second pass it mill propagate
without further change. Hence, there will be a
considerable range of input areas around 8,„=2m

for which no difference is expected between the
one- and two-pass problem.

It is usually the case when dealing with SIT that
one must take into account the effect of a finite
phase-memory time T~ in order to deal with ex-
perimental circumstances. Unfortunately, in this
case, closed-form formulas are not readily ob-
tained, even with the thin-medium approximation.
One can get some information by solving the thin-
IIledll1111 pl'OM8111 Rt 1'esonRllce (Cd = V) wlllcll will
measure the degree to which the medium is in-
verted. At that frequency, the value of f is

f(f 8 0) p( t/2r2)/[-82 (f/2Zr )2]1 /2

x((t/272) sin[8'- (f/2T )']'/2

+ [8'- (f/2r2)2]' "cos[8'- (f/2r2)2]' ").
,
(IO)

When 8 & f/272, the terms under the radical are
reversed and the trigonometric functions become
hyperbolic. It was seen earlier that with T~ »t,
the medium was inverted to its maximum extent
by a m pulse. However, mhen Ta is finite, the
area that gives maximum inversion is 8, = gv
+ (t/2T2}'], which is greater than v. At that value
of the area, one has f= —e ' r2, which means
that the medium cannot be completely inverted at
the center frequency (or at any other frequency).
Thus, the presence of a finite T~ decreases the
ability of the medium to amplify a second pulse.
In the limit that Ta- ~, one sees that the medium
cannot be inverted no matter horn Large the first
pulse is, and hence, the second pulse ean never
be amplified.

IV. SIT IN A TWO-PASS ATTENUATOR

In this section, the general theory of Sec. II is

solved by numerical (computer) techniques with a
configuration that describes two-pass SIT. The
pulse passes out of the rod, reflects off a 100%
mirror, and then returns through the same region
of the rod with which it had just interacted. Thus,
in the computer solution, the input pulse for the
second pass is the same as the output from the
first pass [i.e. , 82(I., f —2I~/c)= b,(I, f), where
e is the velocityof light inavacuum] and the second
pulse propagates in the opposite direction from the
first (i. e. , /'22 ———k). The input pulse is of the form
S{t,0) = C, te ' /o2 with C, varied to give a range of
input 8 s and C~ adjusted to give an initial pulse
width of 10 nsec. The criteria for an "ideal" two-
pass attenuator, i.e. , one in which a 2m hyperbolic
secant is expected to pl opagate without distortion
or loss in energy, are Ta»t, T, »ht, T~»t
(also, no detuning and no scattering loss)7; we set
T~=10~ nsec. , T3= 106 nsee. , and the length I,
between the rod and mirror is 50 m so that 4t
& 333 nsee. %e set Ta*= 1 nsec and me let the
single-pass small-signal {8« I) attenuation of the
rod, i.e. , 1,„t/1 „, be 0.0241 {the two-pass small-
signal attenuation is -0.0012). The rod is ta11en
to be 9 cm in length with an index of refraction of
1.5. Calculations involving an 18-cm rod in sin-
gle-pass with the same values of n, Ta, T~, Ta~,

etc. , as the 9-cm rod are presented as a means
of demonstrating the differences in the nonlinear
behavior between the one- and two-pass case. The
18-cm rod will, in one pass, have, the same effect
on a small pulse as the 9-cm rod does in two pass-
es, and is referred to as the equivalent single-
pass attenuator.

In F1g. 2, 0118 sees 1 „t /1 1 Rs R function of
8,„for the 9-cm rod for one pass (short-dashed
curve), and two passes (solid line), and for the
equivalent single-pass attenuator (long-dashed
curve). One sees that input pulses with —2'tt & 8„

receive much less attenuation in the two-pass
system than in the equivalent single-pass ease,
resulting in a curve that rises more gradually, has
a lower transition point, and has some structure
near 8,„=m. A comparison of the solid curve and
the dotted curve shows that for 0.8@&8„&1.2n,

t

there is an actual increase in energy on the sec-
ond pass. This is in accord with the discussion
in Sec. III, since it is typically true that t2(z}
& t, (z) when 8„is near w, and that was seen as a
criterion for gain.

The corresponding delay times are shown in
Fig. 3. Because pulses for 8„&m gain in energy
on the return pass, there is no large maximum
delay as in the equivalent single-pass attenuator.
For 1.»» 8„» m, the delay occurs mostly during
the first pass. For pulses with 8„&m, one sees
large delays that do not occur in the equivalent



200 FREDE RIC A. HOP F

lo
IOO =

lo IOO

-I
( hsec )

lo 10
11

IO

-2
Io

lo
«/4 «/2

81'

I

2«
I

4«

FIG. 2. This figure gives the attenuation versus in-
put energy curves for three cases. The solid curve is
for a two-pass attenuator (7'~& is the output of the second
pass, ~&, is the input to the first pass). The short-
dashed is the attenuation on the first pass. The long-
dashed is the attenuation for a rod of twice the length of
the two-pass attenuator, operated as a single-pass sys-
tem. In these curves, one has T2 «pulse width «T&,
and Ti, » pulse separation

single-pass system. ~ The reason for these delays
is that one has a case, as was shown in 8ec. III,
where 8 increases and 7 decreases which is a con-
dition that typically produces pulse delays. The
detailed structure of the solid curve is not shown

in Fig. 3, but is shown instead in Fig. 6. The

delay curve for two-pass 8IT has two maxima, one
corresponding to the maximum for 8 „&m which
occurs on the first pass, and the other to the maxi-
mum delay for 8,„&m which occurs on the second
pass. In the case of larger 8„(i.e. , 2. 5«& 8;,
y ].5«), jt is seen that, as expected, there is lit-
tle or no difference in either Fig. 2 or Fig. 3
between the two-pass and the equivalent single-
pass attenuator.

In Fig. 4, one sees one particular example of

pulse evolution with the envelope $„(f,z) shown at
the input and at the output of the first and second
passes. The output area is m, which, in the case
of a rod of only a few absorption lengths, develops
on the first pass in a manner characteristic of
pulses with 8„&m. It develops in an highly asym-
metric fashion on the first pass with a long re-
radiated trailing edge and very little motion of the
peak. On the second pass, instead of the peak
advancing and increasing the asymmetry of the
pulse as would be expected from an amplifier,
one sees that the trailing edge of the pulse is
built up and the peak is delayed. The resulting
"resymmetrization" on the second pass of pulses
with 8,,& m is characteristic of two-pass 8IT.
Since output pulses with 8,„larger than v are ex-
pected to be symmetrical anyway, one finds that
one expects to see output pulses which are roughly
symmetrical for all values of 8„. The under-
shoot at the trailing edge is a normalv effect in an
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70

40—
IQ
Vi
C

O 30—

lo
I I ! I I I I I[

r.„(nSSC )

lo 10
I I I I I Illj I I I I I I II)

)I

l)
II

t (
l ~
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FIG. 3. In this figure, the delay time tD(z) is given
for a two-pass attenuator (solid curve), for the first
pass of the two-pass attenuator (short-dashed curve),
and for the equivalent single-pass attenuator (long-
dashed curve). The detailed structure of the solid curve
is given in Fig. 6(a).

FIG. 4. In these curves, the pulse envelope

pb z(p, g) /I is shown. The broken curve is the input pulse

pg & (p, 0)/5, p =. t. The dot-dashed curve is the output
pulse from the first pass &b&(j(f,, L)/5; p=f; —I/c, and the
solid curve is the output pulse from the second pass
F82(p, 0); Ij=t-21-/c —2I- /c . Here, I. is the dis-
tance from the mirror, c is the velocity of light in the
inert background, and c~, is the velocity of light in a
vacuum.



SELF-INDUCED TRANSPARENCY IN TWO-PASS ATTENUATORS' ' ' 2Q1

amplifier, and occurs to varying degrees in the
two-pass attenuator with this instance showing the
undershoot at its maximum. Even though it is
small in energy, the undershoot can have impor-
tant consequences since a pulse with an undershoot
can exhibit SIT in a single-pa, ss attenuator 3 even
though it has an area less than m,

It is usually necessary in experimental situations
to take into account the effect of a finite phase
memory time. One may have cases where the
pulse width is expected to increase by more than
an order of magnitude so that even if t,„«T~, it
may not be true that t«, «T~. The effects of a
finite Tz (i.e. , T, -t) on this problem have been
investigated by numerical solution. The medium
and the input field are the same as described
before except that T2= 5Q and 2Qnsec, respective-
ly, and n is adjusted to keep r,„,/~„= 0. 0341 for
one pass when v, „is small. The curves of ~,„,/v„
versus 7 „are shown in Fig. 5, with a rate-equa-
tion calculation (Tz « t )

24 given for comparison.
These curves are in accord with the thin-medium
calculations done in Sec. III. As T2 becomes
shorter, the structure associated with the gain in
energy on the second pass occurs for higher values
of the input area. The particular value of the area
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FIG. 6. This figure gives the delay times t& versus
input area (or energy) for a two-pass attenuator with
different values of T2. One has: (a) T2=~, (b) T2 ——50
nsec, and (c) T&

——20 nsec with an initial pulse width of
10 nsec.
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FIG. 5. In this figure, the absorption 7 pgt/Tgn for the
two-pass attenuator is given as a function of 0&, for dif-
ferent values of T2, with (a) T2=, (b) T2 ——50 nsec, (c)
T2=20 nsec, and (d) T2«t where the pulse width (t) is
initially 10 nsec. In each of these cases, one has T&»
pulse separation. Curves (a), (b), and (c) come from
numerical integration of the working equations. Curve
(d) is an analytic calculation using rate equations.

at which this structure appears corresponds very
closely with the transition point2~ for the single-
pass (9-cm-rod) case. Thus the differences in
the value of r,„,/r„near that value of e„arise
almost entirely from the fact that there is 1.ess
gain on the second pass as T~ becomes smaller.
The structure observed is clearly associated with
the coherent inversion of the line, since in the
case Ta« t, the structure disappears. The delay
times for the different values of Tz indicated above
are shown in Fig. 6. One sees that the effect of
T~ is to eliminate the structure in the delay curves.
For this particular example, there are not enough
absorption lengths in the single-pass attenuator to
produce output pulse widths that are very much
larger than the input widths. Hence, there is no
drastic reduction in delay times in contrast to the
single-pass case discussed in Ref. 4.

The effect of a finite atomic lifetime (T,) is
straightforward, and may be of importance from
an experimental standpoint. When T, is compara-
ble to the time interval between passes (ht), one
sees from Eq. (11) that the line relaxes back to-
wards its original distribution between the passes,
and if Lt » T„ then the two-pass and the equiva-
lent single-pass cases are the same. Thus,
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changing T, will result in a family of curves that
take the solid curves over into the broken ones in
Figs. 2 and 3. Rather than present these curves,
we will consider a somewhat similar problem in
Sec. V in which we consider using these effects to
measure T,. Because of Eq. (9}, the case T&-t
will occur only if ~t » T» so that if one is dealing
with that situation, one is dealing with a single-
pass problem (see Ref. 4).

V. RELATED PROBLEMS

In this section, we will consider a series of
problems that involve pulses interacting with line
shapes produced by a previous pulse. In VA, the
question of the direction of propagation of the sec-
ond pulse is considered. It turns out that this
leads, in turn, to considering a much more gen-
eral problem of pulses passing through nonuniform

rods. In V B, we return to the question of the ef-
fects of T, and, more specifically, to how one

might measure it using the phenomena discussed
in Secs. II and III. And in Sec. VC, we contem-

plate the possibility of applying this problem to

optical logic circuits. "
A. Direction of Second Pulse

The most immediate question that one can ask
about this problem is what effect the direction of

propagation has on the output pulse form. In par-
ticular, Eq. (11}indicates that the input condition
for the medium may be a complicated function of
distance which is not symmetrical about the center
of the rod. It is clear that a pulse may behave very
differently while inside the rod depending on its
direction of propagation. However, under a wide

range of circumstances, the output pulses are
identical ' and independent of direction. In partic-
ular, this result holds for all pulses in any media
which are describable by the equations in Sec. II
except for the case when cT, is comparable to the

rod length. ~6'~7 Further investigation has indicated

strongly that this situation is not dependent on how

the initial condition in Eq. (11) is produced, i.e. ,
this is not a specific result of the two-pulse prob-

lem, but apparently holds for all cases in which

a pulse encounters a nonuniform initial line shape
and/or a gain constant which is a function of z. A

more restricted case of this problem occurs when

the rod is made up of an amplifier and an attenua-
tor which differ only in the sign of n, and in that
case, the output pulse is always the same as the

input. Because of the lack of analytic techniques
for solving the equations in Sec. II, the general
case is not readily proved. However, one can
show that it is true in the case of rate equations
(Tz« f) for which closed form transient solutions
exist, and in the case T2» t, the result is con-

sistent with Eqs. (13a) and (13b) if the equations
are generalized so that e becomes a function of
distance. The restricted case is quite easily
proved under general circumstances. ~' One notes
that if one has a solution to the working equations
of the form h, (t-z/c, z), y, (T, t- z/c, z), then a
field of the form $,[(t—z/c+ 2(z —L)/c), z]
= 8,(t —z/c, z) will induce the same polarization as
8, in the medium, but when substituted into the
left-hand side of Eq. (5), produces a term
—&8,/cM+ 8$,/ez. This is the negative of the
derivative of a field going in the opposite direction,
and multiplying both sides by —I changes + e into
—a. 8~ is a pulse moving in the opposite direction
as 8„ the roles of input and output reversed. The
substitution indicated above proves that S, is a
solution of the Eqs. (5) and (6) if n -—n. If one
wishes to find circumstances in which these re-
sults break down, one must introduce a factor on
the right-hand side of Eq. (5) which does not change
sign in going from an amplifier to an attenuator.
One example is an unsaturable scattering loss~
which appears in a, term —ES,(t, z) in Eq. (5) and
—z8, in Eqs. (13a) and (13b). When this is intro-
duced, then both assertions are false and the pulse
tends to behave in a, manner determined by what-
ever system it encounters lastz8 (e.g. , if it passes
through both an amplifier and an attenuator, it will
have more energy if it passes through the amplifier
second rather than first). Presumably, other fac-
tors such as noise or dispersion will have a simi-
lar effect.

From the preceding discussion, it follows that
any phenomena that involve a pulse interacting with
a line shape produced by a previous pulse will ap-
pear in the two-directional problem whenever they
occur in the unidirectional case. One example of
this is the stimulated echo~' in which two pulses
(8, and h, separated by ht„) pass through a me-
dium in a time short compared to T2. They pro-
duce a term in the population difference that goes
as cos [(&—v)At„]. When a third pulse h, (at a
time 5t„after the second) comes along, it pro-
duces an echo 4t„ later that has an amplitude
proportional to e '~& &. If one lets 8, be the com-
bination of S, and S„and S~ be 8, and the echo,
then in the light of the previous discussion, one
notes that the echo will occur independently of the
direction of g,.

B. Measurement of T,

As was mentioned in Sec. IV, the role of 7, in
this problem is straightforward (so long as cT&
»rod length). ~ In particular, T, measures the
time in which an attenuator which has been pumped
by a "m" pulse will relax back to its original state.
This provides a conceptually simple way of mea-



SELF-INDUCED TRANSPARENCY IN TWO-PASS ATTENUATORS ~ ~ 203

suring T„ i.e. , one passes a m pulse through the

rod, bounces it off a low-reflecting mirror posi-
tioned a distance L away, and returns it through
the rod. One measures the enhancement of the
pulse on the second pass (v,„,/r „)~' as a function
of L . This is illustrated in Fig. 7, with the me-
dium and field the same as described in Sec. IV.
One sees that, in principle, one can get very
large changes in the enhancement of the pulse as
a function of L . The other method of using pulses
to measure T, in attenuators involves the stimulat-
ed echo effect mentioned in Sec. VA. That effect,
which is conceptually very complicated, requires
that At„«T~, or, if the inequality does not hold,
that the relative magnitude of these quantities
stays fixed. The single-pulse technique requires
that T2» t which should be easier to attain. In
addition, this experiment would require the pro-
ducing and monitoring of only one large pulse
rather than three (the amplitude of the pulse on the
second pass is irrelevant so long as it is small).
Thus, the analysis of the results would be much
simpler. On the other hand, this technique suf-
fers from the necessity of having a very large L
(in ruby I. - 500 miles if 21. -cT,), since the
quantityln(r, „,/v„) goes as e "ri for small 1.

10
I

IO
0

10

IP I

10

I

IP6

Lm (cm)

I

I

IP7

I

Ipe

FIG. 7. In this figure, the value of 7'pgt/T(n=7'2(0)/'T2(L)

is given as a function of the distance Lm between the rod
and the mirror. The input pulse on the first pass has an
area 8&(0) =m, and "pumps" the rod so the second-pulse
experiences gain. The value of the reflection coefficient
was taken to be 0.00l%%uo, so that the input pulse on the
second pass is weak P.e. , 82(L) =0.001XOg(L) «1].
However, the rod relaxes back to its original attenuating
state in a time T&. Thus, changing L~ causes the value
of 7'~t/v'&, to go from a value greater than one to the
absorption of the attenuator v'~t/v'&n=0. 0341. This effect
provides a conceptually simpler method of measuring
T& using pulses compared to using the stimulated-echo
effect. The velocity c in the figure refers to that of
light in a vacuum.

(in the stimulated echo, the log of the echo energy
varies as ht„/T, ). However, there is no practical
necessity to use the same pulse on both passes, and

one can conceive of many ways of producing a sim-
ilar situation with two different pulses.

C. Logic Circuits

It has been proposed to use the coherent pumping
of an attenuator as a means of building optical logic
circuits. " This involves comparing the output
energy of a second pulse (8z = v) as a function of
whether the first pulse (8, = v) was present. One
enhances the energy difference by using the dif-
ference in output for 82 predicted by Eq. (13b) and
then by passing the pulse into a second attenuator
with a different P (in practice, one would change
8 by focusing or defocusing the beam) so as to
have the second pulse greater or less than w in
the second attenuator. Because of SIT, one ex-
pects the pulse which is less than m to be ab-
sorbed and the pulse which is greater than w to
be passed with little loss.

This situation was simulated on a computer
with two attenuators 6 and 18 cm. long, which
have parameters the same as in Sec. IV, and
pulses with the same input characteristics as
before. The first pulse had 0,„=m, and the sys-
tem was checked when the second pulse had 8„
= 0.9v(v ) with focusing between the rods and 8„
= 1.lv(m') with defocusing. In the case of 8„=v,
the energy output differed by a factor of about
500 between the runs where 0, was present and
absent. Thus, it should be easy to discriminate
between the two outputs. The first attenuator
produced a factor of 3 difference which was en-
hanced in the expected manner. In the case of
8„=w', there was no substantial difference in
output energy between the two runs (a factor of
0.8). The pulse that was less than m in the sec-
ond attenuator had more energy initially than the
one greater than m and it continued to have more
energy in its pass through the second attenuator.
Because the less energetic pulse is known to
evolve eventually into a pulse which induces a
transparency, it is reasonable to speculate (the
limitation of the computer did not allow for de-
termining the asymptotic forms) that the more
energetic pulse would evolve eventually into a
nontrivial zero- m pulse and exhibit SIT.

VI. CONCLUSION

In conclusion, we see that when an attenuator
is operated as a two-pass system, the SIT effect~
is modified in several essential ways. The most
important effect is that the output-versus-input
energy curves become highly structured, and the
structure is characteristic of atomic coherence.
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It mas noted in an earlier publication~ that the
shape of such curves in a single-pass case is
relatively insensitive to T» and one cannot
easily tell from them alone whether one is deal-
ing mith atomic coherence. The behavior of
delay times as a function of input area is also
modified significantly. In this case, one does
not expect to see sharp maxima associated with
8,„=m, nor is the maximum delay expected to
coincide mith the transition point of the energy
curve. '6 Instead, one has a mide peak in the
delay-versus-8, „curve, with tmo local maxima
under some circumstances. Finally, it is noted
that the reradiative phenomena in the two-pass
system do not produce the highly asymmetric
pulses that are expected in the single-pass case
mhen input areas lie between 2m and m. So long
as the input pulse has no extreme asymmetry,
one expects reasonably symmetrical outputs for
all values of 8„.

%hen one considers the general problem of a
pulse interacting with a line shape produced by a
previous pulse (of which two-pass 81T is a, par-
ticular example), several results appear. The
first is that a m pulse, while inverting the me-
dium in the sense that the area of a second pulse
converges on (2n+ 1)v, does not necessarily pro-
duce energy gain for a, second pulse. The con-
ditions for gain were investigated in some detail,
and it was found that one needs t2& 0. 63t„ if

t, » T„or else t, & Ta to ensure gain. Particular
curves are presented so that the gain or loss of
energy for the second pulse can be estimated.
Furthermore, it was found that under a wide range
of circumstances, the output pulses for the sec-
ond pulse (or second pass) are independent of
whether the pulse is going in the same or opposite
direction from the first. This turns out to be a
particular case of a more general conclusion that

pulses emerge from a nonuniformly pumped sos
tern of amplifie~s and attenuators (all with the
same Ti Ta P and perhaps Ta) independently of
the direction of propagation of the pulse. Pre-
sumabl, it is also true that it makes no differ-
ence if the component pieces of the system are
interchanged. Moreover, it mas noted and a
proof was outlined, that an amplifier which differs
from an attenuator only by a change in sign of the
gain constant mill exactly reverse the process of

, pulse evolution. In order to make the direction-
ality important, it is necessary to introduce
something into the medium in addition to the
active atoms. A scattering loss has been shomn
to be sufficient, and presumably, noise or host
dispersion mill have the same effect. 'o

Finally, a method for measuring T, using pulse
techniques is presented, and its merits and draw-

backs relative to previous techniques are dis-
cussed. Also, the possibility of practical appli-
cation of two-pass phenomena are mentioned
briefly in connection with logic circuits. " There
mere two apparently equivalent mays in which one
might set up such a circuit, one of which behaved
mell and the other of which behaved badly. The
latter case involved a pulse which, because of
phase shifts that were produced in an amplifier,
developed subsequently into a nontrivial (nonzero
energy) zero-w pulsea' when passed through an
attenuator.
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The fact that the second output pulse is independent
of direction strongly indicates that the individual (per-
haps infinitesimally thin) segments of a complex sys-
tem commute with one another provided they conform to
the restrictions given in the text (see Sec. VA). This
commutability can be proved using rate equations, and

also for more general Tq provided that the line shapes are
the same. This suggests, in turn, the following theorem

which can be proved using rate equations and which has
been confirmed to a limited extent using numerical tech-
niques. One starts with two different systems A, and 8
which conform to the restrictions indicated in Sec. V A,
but which may be pumped in very different ways. A

pulse 8& interacts with these systems producing output
Pulses (&I)out from A and (bt)mt from ~ and new systems
A' and I3' that results from this interaction. Then, it is
sufficient that ($&)+«t = ($ &)«& in order that a second
pulse (g&) &„ interacts with 2' and B' to produce outputs

(82)«t = ($2)«t . This result holds independently of the
direction of the pulses, and implies that a series of N
pulses would pass through an amplifier or an attenuator
(it is now essential that T2 «AI) producing outputs that
are independent of the relative directions of the pulses.
Provided one ignores noise, dispersion, scattering losses
and stability requirements, one can conclude from the
above that any steady-state solution of the unidirectional
ring laser that is describable as a single, well-resolved
ultrashort pulse will also be a solution of some suitably
chosen linear laser.
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A model is given that describes the quantum scattering of a Hea impurity from a rectilinear
vortex in liquid He xr; the principal assumption is the existence of an impurity wave function
that satisfies a Schrodinger equation. Various possibilities for the impurity-vortex interaction
are discussed. For certain interactions, the theoretical results are consistent with the ex-
perimental work of Rayfield and Reif provided spatial variations in the superfluid density are
considered. A T-matrix formalism is also developed and applied to the vortex scattering of
impurities, as well as phonons and rotons. The results are compared to existing theoretical
and experimental work; the main discrepancies occur for roton scattering.

I. INTRODUCTION

The scattering of quasiparticles (phonons, ro-
tons, and He impurities) by vortices in liquid
He n has been observed in various experiments. '
The main purpose of this paper is to derive and
investigate a formalism that describes the quan-
tum scattering of a He' quasiparticle from a
quantized rectilinear vortex in superfluid helium.
Models already exist which have been applied to
the corresponding cia,ssical scattering problem. s

The basic model is presented in Sec. II; it as-
sumes the existence of a quasiparticle wave func-
tion that satisfies a Schrodinger equation. In
Sec. III, the model is applied to impurity scatter-

ing when the superfluid density p, is constant.
Various possibilities for the impurity-vortex in-
teraction are discussed. Some peculiarities re-
lated to the Bohm-Aharonov problem occur; the
scattering amplitude appears to diverge as an i.n-
finite series in partial waves, and the incident
state is found to consist of a plane wave modified
by a phase factor. The approximate effects of
spatial variations in p, are considered in Sec. IV.
In Sec. V, the frictional force is derived for the
scattering results of Secs. I-IV; a comparison is
made to the experimental work of Hayfield and
Beif. Finally, in Sec. VI, a T-matrix formalism
is developed and applied to the vortex scattering


