2 VIBRATIONAL EXCITATION BY ELECTRON IMPACT: -

lar distribution that no compound states are involved in
the low-energy ion-molecule reactions. However, the
angular distribution may be an insufficient guide for such
a deduction since compound states can have very short
lifetimes (~10~1 sec) and the angular distribution of the
heavy particles may not be affected in such a case. Thus,
compound states and curve hopping could contribute to
the reactions. It is not clear at this time whether the
shape of the charge transfer cross section in the range
3-80 eV is a reliable guide for determining electron af-
finities when both associative detachment and charge
transfer are present. Certainly the theoretical basis for
such deductions is sparse at the present time.
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Faddeev equations together with the Coulomb # matrix have been used to determine the as-
ymptotic amplitude for electron capture from neutral hydrogen by fast protons. The results
show that in the high-energy limit the capture cross section should go down as v'“, where v
is the velocity of the incident proton. The capture amplitude is identical to Drisko’s second-
Born-approximation calculation except for a complex energy-dependent phase factor which
ultimately approaches unity with sufficiently high incident energy. The major contribution to
the three-body capture amplitude can be shown to come from the on-energy-shell two-body
¢ matrix, in agreement with general theorems concerning scattering from complex systems.
At high incident energies, the on-energy-shell contribution to the capture amplitude (ot the
cross section) will decrease as v~5, while the off-energy-shell continuum contribution will

decrease as v~¢

. The contributions from the sum of the infinite number of two-body bound-

state poles can be shown to converge, and the sum can be explicitly performed at high enough
incident energies in all except the forward direction. The bound-state contributions to the

capture amplitude go down as v~11

I. INTRODUCTION

Most of the recent investigations in the asymp-
totic behavior of electron-capture cross section
from hydrogen at high energies involve the use of
either some kind of Born and distorted-wave ap-
proximation'=® or the impulse approximation.! The
approximations usually consist of a Neumann type
of iteration of an integral equation whose kernel
contains disconnected diagrams. Moreover, the
convergence of the Born series for rearrangement
three-body scattering has long been questioned.’

It is the purpose of the present paper to investi-
gate the asymptotic behavior of electron capture
with Faddeev’s equations.® Other than the obvious
advantage that the kernel of this equation does not
contain disconnected diagrams and an iteration of
such an equation may well converge in the same
sense that a Born series converges for sufficiently
high incident energies in two-body scattering, there

, which is much less than the continuum contributions.

is the additional advantage that the Coulomb two-
body ¢ matrix” is known in closed form. We shall
make use of some of the high-energy-approximation
techniques developed by Drisko! for the Born series
which also happen to be applicable to the Faddeev
series. To be specific, we shall consider the
following reaction at high incident energies:

p+H(Q1s)~H(ls)+p. 1)

In the following, we will develop the general
formulation and introduce the coordinate system
as well as the notation in Sec. II. We shall use
Lovelace’s® formulation for the three-body scatter-
ing, which is more convenient for our purpose than
the original Faddeev® equations. In order to facili-
tate comparison with previous results for the
reader, we shall use the same notation as those
used by Lovelace,® by Drisko,! and by Mapleton®
wherever possible. The actual integral equation
used, as well as the series expansion, will also be



1812

developed in this section. It will be shown that if
we make use of Mott’s theorem® and neglect the
proton-proton interaction, the coupled integral
equations reduce to a single integral equation. For
the remainder of this paper, we shall be concerned
with only this equation. Actually, we can show

that there will be two integral equations which are
identical on the energy shell but have different
analytical continuations off the energy shell, If a
Neumann iteration of the two solutions is made,
then the first terms correspond to the prior and
post first Born matrix elements, which are, of
course, equal on the energy shell. The second
terms correspond to the second Born approximation
with the initial and final-state partial Green’s func-
tions. Each of the higher-order terms can be iter-
ated to give a Born-type series, although the con-
vergence of such iterations is open to question.

In Sec. III we shall show that the second term in
our iteration in the high-energy limit corresponds
to Drisko’s! and Mapleton’s® result except for a
complex energy-dependent phase factor, which
eventually approaches unity as the incident particle
velocity increases to sufficiently high values. We
will also be able to show explicitly that the princi-
pal contribution to the total cross section comes
from scattering angles at which the two-body ¢
matrix is on the energy shell.

In Sec. IV, we shall consider the two-body bound-
state contributions. Since there are an infinite
number of bound states, some speculation® has been
raised over whether this contribution will be finite.
Within the limits of our approximation, we will
show that the infinite sum over the bound-state con-
tributions will not only converge, but in the high-
energy limit we can actually perform the sum ex-
plicitly., Furthermore, the contribution from
these bound states will go down with energy much
more rapidly than the continuum states and hence
cannot be significant at high enough incident ener-
gies. In the special case of resonant symmetric
capture given by Eq. (1), the bound-state contribu-
tions diverge in the forward direction. If, however,
the incident particle is a deuteron, or, if the final
unperturbed state is not identical with the initial
unperturbed state (for example, an excited state),
then no such divergence occurs and the entire
bound-state contribution remains small in compari-
son with the continuum-state contributions at high
energies.

II. GENERAL FORMULATION

We consider an incident ion 3 (e.g., a proton or
a deuteron), which captures an electron 1 originally
bound to a nucleus 2. Equation (1) can now be ex-
pressed as

34+(12)~2+(13) . (2)

C. P, CARPENTER AND T. F. TUAN 2

As mentioned in the Introduction, the Faddeev
equations for rearrangement scattering consists of
two sets of coupled integral equations: One set cor-
responds to using the initial-state interaction and
the other set corresponds to the final-state inter-
action. Using Lovelace’s® notation, we can write

(U3, Uz Uss)

[ 0 Gy GoTy
=(Vi+ Vp) = (U3 Us Ugg)| GoTz O GoT2 |,
GoTs GoTs O
(3)
Uiz 0 TyGy T3G Ui,
Uz |=(Vi+ Vi) = T:Gy 0 T3G, U2 | >
Usz T1Gy ToGo O Usz

where the + superscript denotes initial-state inter-
action and the — superscript denotes final-state
interaction; U;; is the three-body amplitude going
from an initial state with particle ¢ free and the
other two particles bound together to a final state
with particle j free and the two other particles
bound together; and T; is a generalized two-body

t matrix in the three-body system and occurs as
the product of the usual two-body ¢ matrix and

the & function in momenta for the free particle i.
The energy variable of the two-body ¢ matrix is

the total energy minus the kinetic energy of particle
i. V,; denotes the two-body interaction between

the two remaining particles when ¢ is the third par-
ticle.

We shall only be concerned with the final-state
interaction given by the second set of coupled
equations in Eqgs. (3). The superscript minus sign
will henceforth be dropped. We shall, furthermore,
make use of Mott’s theorem,® which essentially
states that in an exact atomic-scattering calcula-
tion, the contribution of interactions between the
protons to the scattering amplitude should vanish
in the limit when the electron-proton mass ratio ap-
proaches zero. Thus, we may set V; and T, to
zero. The integral equations can then be simply
decoupled and we can very easily obtain the follow-
ing single integral equation for the reactions given
by Eq. (2):

U32= V3 - TzGoVa + T2GOT3G()U32 . (4)

This is a single inhomogeneous linear integral
equation with the kernel given by T,G,T3G,.

A Neumann iteration of this equation would pro-
duce a series expansion in the T operators and the
free-space Green’s functions. The actual scatter-
ing amplitude can be obtained from this series by
taking the matrix element between the initial and
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(a)

FIG. 1. Diagrams for the first three terms in the
expansion for Faddeev’s series. (a) Matrix element
{f1V3li), which is identical to the first Born term in
final-state interactions; (b) matrix element (fIT,GyV;!i),
the same as the second Born with final-state partial
Green’s function; (c) matrix element (f1T,G T5G,V;1%),
which bears no simple relation to the Born series.

1

~ M
(a|T:GoVs|b) = -[g:<Pz'—m
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final states. Thus,

<f| Usa|3) = (f| Vs| i) =(f| T2GoVs|) +<f' T3GoT3GoVs i)
= (f| ToGoT3GoToGo Vs | i) ++++ . (5)

Each term in this series represents a connected
diagram. The first three terms are given by Figs.
1(a), 1(b), and 1(c), respectively.

1t is easy to see that the first term on the right-
hand side of Eq. (5) is just the first Born term in
the final-state representation. The second term
and the higher-order terms can be easily iterated
to produce the Drisko! Born series.

The Neumann iteration can only provide a means
for studying the high-energy behavior and, of
course, will not provide any information on three-
body bound states, which can only be studied if a
proper Fredholm expansion is made of the integral
equation given by Eq. (4).

We shall, for the most part, be concerned with
the second term on the right-hand side of Eq. (5)
and will consider the resonant symmetric reaction
given by Eq. (1).

If §;, Pz, and P, are the center-of-mass momen-
tum coordinates of all three particles and Ea and
k, are the initial and final reduced momenta of the
free particle with respect to the center of mass of
the initial and final bound systems, then we may
write

E(,) 5(53’+Ea) 8(D7’ =p2)( By -153" To(k) | B2 D4")

X V3(§2,—§2)6(§3” _53)
(

D2+ D32/ 2m + Dy 2/2M + Dy °/2M — s = i€

. M = -
X8&p <Pa+m kb>5(f’z—kb) d*psd®psd®ps’ dpy ' d pad ®py

where D, has been eliminated by using the center-
of-mass system, g, and g, are the initial and final
ground-state hydrogen wave functions in momentum
space, 6(133+Ea) is the plane wave of the incident
particle 3 with respect to (1, 2), 6(p,~k,) is the
plane wave of particle 2 with respect to (1,3), S

is the total energy, and % is the reduced momentum
vector of particle 1 relative to 3. Thus,

MM +m) T o-uv
" 2M+m a=HVas
: _ MM +m)
°" 2M+m

K
‘71;:#61; ’ (7

K=Potyrn Pe o

where ¥, and ¥, are the initial and final relative

(6)

[

velocities of the free particle with respect to the
center of mass of the initial and final hydrogen
atoms.

Conservation of total initial and final energy en-
ables us to write

k2 mM 2 ki mM

- b———"‘_—_‘
2u  2(M+m) « 2u 2(M+m) *s ®

where we have set 77=c=1 and the fine-structure
constant a=e? From Eq. (8), |k,|= Ik,| for the
resonant symmetric reaction in Eq. (1). Hence we
may set v,=v,= 0.

III. CONTINUUM-STATE CONTRIBUTIONS

The matrix element in Eq. (6) can be evaluated
by using the closed-form expression for the two-
body ¢ matrix,'® which is given by
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a 1+1(x)

2t k) k7| ©

(kg | Talko) [ = -

where
n -it
. t+1> dt
- = =2l -1

9= 2it(1 - [ (L) 2,

(10)
2 2 "2 2
xz=1+(kz ~R3) (kg'" = kj) (11)

(R LU
kyky -kg'’) ’

M ->
LV = —z-fga<pz Mo )6(53 +k,) 87" -B)

a(M +m)?

AND T. F. TUAN g
__mM a _ 1, 11/2
g_ M+m kz_—a(EM)
2M +m

agp fy om\ M

X (S ) <1 *u ) . (12)
The contour for the integral in Eq. (10) is given
by Fig, 2(a).

By substituting Eq. (9) in Eq. (6) we obtain a sum
of two terms, corresponding to the two terms on
the right-hand side of Eq. (9). The first term, which
we shall denote by L§" is given by

2M(M + )

V3" ~By)

M@, —p2")+ M +m) (o5 — b I

- N M
% 8(pg"’ —ps)gb<Ps+m

where Eé, the relative momentum between particles
1 and 3, is expressed in terms of the center—of—
mass momenta pz and p4 through the relation kz
=Ps+ (M/M+m) Pj. A corresponding expression
holds, of course, for k3. Equation (13) is identi-
cal with the second Born matrix element M(Vs, V3)
of Drisko' and may therefore be evaluated in the

E,,)a@a i) d3pi sl d%py d%py! Ay dps

(ps"+ D"/ 2m+ by 2/2M + pd "%/2M =S = i€

(13)

r

terms were considered, the total cross section
from Lé“ should show a velocity dependence of

1 at high energies. This term predominates over
the first Born (v™'%) and the third- or higher-order
Born terms.*

The second term Léz’ corresponding to substituting
the second term on the right-hand side of Eq. (9)

high-energy limit in the same way. If no other into Eq. (6) is given by
J
Lo~ —ima [ v, M > 2m/(1+m/M)AJ‘m)<t+1 lag/2
175(1+m/M) P2=1vm “¢) 1 —exp(rad) . \t=1
2m 2 ( 2M +m -,2>, > 5 [( M o, ¢>2 m(2M+m) >,2  2mS }
th{ +m/M (#-1)\s- 2M(M +m) Pz’ ) (Bs+k,)" - M+m P2 k M+m P “1+m/M
XK.. N M ﬂ) m@M+m) »,»  2mS ] -1 Vi3 -k gb(ﬁa+[M/(M+m] b) 4%} d%ps
P v m ¥ T am?® P2 TTem/M)S Gibs) /2m+p£2/2M+P§/2M S-
(14)
-
where To evaluate the integral in Eq. (14 in the high-~

_< 2m/(1 +m/M) ) 1/2
G= S-[(2M +m)/2MM +m)] P32 :

The integrand in Eq. (14) contains both the
bound-state contributions from the two-body ¢ ma-
trix and the continuum contributions. We shall
consider only the continuum contributions in this
section and will consider the bound states in
Sec. 1V,

energy limit, we note that as k and k,, increase
with incident energy, the integrand is always dom-
inated! by the two peaks from the initial- and final-

state wave function
- M >
ga<Pé Ve kb) and gb(ps+ kb)

The peaks occur at pj=[M/(M +m)]k, and Py = - [M/
(M +m)]K,. The only other sharp peaks in the in-



oo

t - plane

<9
| N“-“"

(a)

t-plane

(b)

FIG. 2. (a) Contour for the integral representation
of the two-body ¢ matrix. (b) Contour for the evaluation
of the integral in the complex ¢ plane at high energies for
the continuum contribution to the capture amplitude. The
diagram shows a pole at £=% for a scattering angle
0<V3m/M.

tegrand occur at the poles of the two-body ¢ matrix.
These poles occur when the variable pj takes on
such values that the expression [1 —exp(raA)]™ di-
verges. These values for Pj are far from the re-
gion where g, (s~ [M/(M+m)]k,) peaks. In fact,
where the latter peaks, the rest of the integrand
including the above expression for the two-body
poles are slowly varying functions of p;. We can
hence use the integral-mean-value theorem for

Ps and factorize out of the integrand' all the slowly
varying functions, replacing pj=[M/(M +M)]k,.
Thus

L=

i 1 27 ae an i1
2rmia?nt (@t - 1)1+ |FFP(@F D) ‘] I -1
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[1 -exp(maG)]™

=[1 - exp ([(1 o /M)2124nt 1)]172)]-1

~ (1 = g2rtan®--1/2) (15)

where the incident velocity is expressed in terms of
the dimensionless quantity n=v,/2a and the last
step is obtained through neglecting m/M in compar-
ison with unity.

The interaction V;({®; —E,,) may be taken out of the
integrand in the same way. Thus,

M > > o
Vs(zm K 'kb>‘ 2R (/M ) K, K
(18)
Since the initial direction is fixed and the kinetic
energy is +conser‘ved, the initial and final reduced
momenta k, and k, contain only two variables and
may be expressed in terms of the incident velocity
and the scattering angle. Furthermore, most of
the scattering occurs at such small angles (of the
order of m/M) that it is convenient to introduce the
parameter A given by

2 sin3 2
by =(—————m /1;1 ) R (1)
where 0 is the scattering angle. Neglecting terms
of order m/M, we can write

Vol [M/ (M + mlk, - Ky} ~ = [27%m2a(1 + 2]t . (18)

Thus #>>1 implies that the incident velocity is much
greater than the orbital electron velocity of the
hydrogen atom.

By the same token, since the final-state wave
function g,(Bs +[M/(M + m)]k,) has a sharp peak at
P3=—(M/M +m)k,, we may factorize out the de-
nominator involving simultaneously #, $3, and D,
from the integration over pj and P, by replacing
P4 with (M/M +m)k, and Py with — (M/M +m)k,.
Thus we finally obtain

) 101+ m/M) (4n2-1)171/2

where

1+8 (m/M)%?
1 +1)nf

21 2.2
21y 1+2(m/M)n

T4 - m/ Mt -1 T

dt @4 =M/ (M + m)k,) gF By + [M/ (M +m)]K,)
2 ®3+D3)%/2m +p32/2M + p2/2M — S = i€

1+2 (m/M)%?

~(m/M)

d®ps d®ps , (19)

41 =m/M)n® -1

Mh-1 . M - -M -
P =x2<p£=M+m ka, b3= kb)'
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The integral over Pj and P; can be transformed
into cylindrical coordinates and expressed in terms
of n and \'. Thus, in the limit when we again ne-
glect terms of order m/M in comparison with unity,
and 1 in comparison with 4x%

Lo 4 1
2T TP mBan (140 )% (e =1) x=3=(4i/n) 1 +N)2

[ t+1)“2" dt
. \t-1 -x2

T nsmch;ie(l +2)% A-8- (4i1/n) (1+)72
j(1+)<?:1:—l> i/2n ?i_t_y? ’ (21)
where
E~1+%g‘ (1 —4—+—?—(E—V;/—M)l> n>1) .

Hence, in the high-energy limit ¥~ 1. Actually
%<1 for A<3 [0 <V3m/M], where the major contri-
bution to the scattering occurs, and ¥>1 for x >3.

The integral in Eq. (21) may be evaluated by
considering the integral over the contour in Fig,
2(b). If we neglect contributions to the integral
from [¢|- », we may write for the case when ¥ <1
and A <3

a <t+1>”2" At
f -1 E-%

joo i /2
t+1>'/" dt .
- ———7 - 2miC 22)
- f <t—1 =% mL (

-fjoo

where C is the residue at =% and is given by

1M1 4+2(m/M))\)]'”2" 2
¢ z[mn2 (1’ Y ) (29)
For the case when % >1 (6 >vV3m/M), the pole
lies on the right-hand cut. In Hostler’s'® paper, a

condition is introduced which excludes the pole
from the interior of the integration path of the
Coulomb Green’s function. Such a condition is
equivalent in our case to adding a small negative
imaginary part to A and then letting it approach
zero at the end of the calculation. The result for
both A <3 and X >3 is hence given by

an a1\ gt
f <t—1> -2

= —in(l = e +in(x —1) (1 — e"™) - 2mic

, 1 -3 )
“'Z7T<1 _W V] -2C). (24)
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Substituting Eq. (24) into Eq. (21), we obtain

4[1-822 (A =38)/(r+1) -2C] (25)
mm2an®(1+ N2 [\ =3 = (4i/n) 1+ 1)72] -

(1)
2

L~

As mentioned above, the term L;’ is identical
with Drisko’s second Born approximation. The
first term in the numerator of Eq. (25) is in fact
identical with L$" except for a sign. Hence the
entire matrix element L, is given by

Lp=Lg"+L§P

_ 212 =3)/(A+1) +8C
T T PmPan®1+ N2 =3 =(4i/n) 1+ NT7F] "

(26)
Hence, in the high-energy limit »>>1, we have

. 8C
2" T b1+ NPh =3 = @i/n) L0 @D

From the expression for C given by Eq. (23), we
obtain [2C|=1. Furthermore, as n- «, the quan-
tity 2C -~ 1; hence we can write

_ 4eiw(n)
Lo~ - TmPan®(1 + \)Z[A - 3 = (4i/n) 1+ N7Z)” (28)

where ¢(n) -0 as 57— «,

Equation (28) is identical to the second-Born
term except for the complex phase factor, which,
in any case, approaches unity for sufficiently high
incident velocity. Thus, for large x the matrix
element L, goes down as n® power for all values
of A, except at A=3, where it goes down as #,
Since L;, which is identical to the first Born ap-
proximation, goes down as ™ for all angles, L,
is obviously the dominant term at sufficiently high
incident energies. One can also show that the
higher-order terms in the Faddeev expansion of
Eq. (4) must necessarily go down more steeply
with increasing n. Thus, for sufficiently high
incident energy L, becomes the only important
term, and it is trivial to show that the total cross
section is given by

o~ [ | La|2an~1/n't . (29)

This assumes, of course, that the bound-state con-
tribution to L,, which we will consider in Sec. IV
is negligible in comparison with the continuum
states.

It is interesting to note that the principal contrib-
ution to the capture amplitude occurs at x= 3 for
high incident energy (n>1), where the amplitude
decreases with # as #™® instead of #n™® for other
values of \. From Egs. (20) and (21) this means
that

e 2lao M
X _xz(pz_M+m

b

- M -
kg, P3= -mkb)ﬂ ,
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which from Egs. (11) and (9) implies, in turn, that
the two-body ¢ matrix is on the energy shell.
Hence, it would appear that we have here a direct
verification of the theorem that at high incident en-
ergies the major contribution to scattering from
complex systems arises from the on-energy-shell
two-body ¢ matrix. The reason why the two-body
t matrix should be on the energy shell for A=3
instead of some other value can be understood by
considering the classical Thomas!+***'2 model for
high-energy capture and energy-momentum con-
servation. Actually, from Eq. (21), x=1 for

n>1 irrespective of A; hence at sufficiently high
energies, the two-body ¢ matrix is always on the
energy shell irrespective of the scattering angle.

IV. BOUND-STATE CONTRIBUTIONS

The high-energy-limit result for the matrix
element L, in Eq. (28) does not contain the two-
body bound-state contributions which should, in
principle, be less important at high enough incident
energies, since the singularities arising from the
two-body poles are much farther away than the
two-body continuum. We shall evaluate the bound-
state contributions in a way similar to what we
did for the continuum. Each bound-state pole has
an inifinitely sharp peak and we can make the
same type of approximation as we did for the peak-
ing of g, and g,.

From Eq. (14) we note that the bound states
occur when

2,2 .
St (13 =31), @0

=r2_y 2

2 TR

(ma 2M >
Léz) ga N+JN M

X{(tz—l) (§3+§ )2 (ZmMS _m(2M+m)

(M +m)*

M+m

m(2M +m)

2
“oremE Gre I =50

2505+ [M/ (M + m)]k,)

] (B gy G 30) o et (-

where N=1, 2, 3,.. The direction of 3N is arbi-
trary as given by Eq. (30) and may be taken as
along k,.

We shall divide the domain of integration for pj
into shells such that each bound state occurs at a
value of pj between two consecutive shells. In
this way we have divided our integration domain
for Pj into an infinite number of small domains.
The expression for Léz’ given by Eq. (14) then be-
comes an infinite sum over such domains. We can
then first make a Taylor-series expansion of the
expression which gives us the bound states [i. e.,
the left-hand side of Eq. (15)] about each bound
state pj=J,. Thus we may write

_ 2mi2+m/M)N® -~ .
1 —exp(raH)= - In* VI » (31)
where

H-( 2m/(1+m/M) )1/2
NS=[2M +m)/2M(M +m)] (T + I y)? ’

and where Vy =D}~ jN.

We shall then make the further approximation
that the limits of each domain in the integration
over Vy be replaced by infinite limits. Such an
approximation can only overestimate the sum total
of the bound-state contributions and hence does not
present a special problem to our efforts to show
that the bound-state contributions are small.

The matrix element L? given by Eq. (14) be-
comes, neglecting terms of order m/M,

1 t+1

iaH/2
&) 7 G s [(E) " /e misn)

Y

M+m

G T -Gl g ¥

2

ZmMS] -1
M+m

d’yy d®py dt .

(§N+3N +D5)/2m + Gy +dy)%/2M + p5/2M - S — i€

We shall first consider the integral over p;. This
can be done in the same way that we did for the
continuum contribution to L,. Since in the term
L, we only have a complete two-body ¢ matrix for
particles 3 and 1, the only prominent peak for the
integral over p, comes from the final-state wave
function g,(Bs + [M/(M +m)]k,) at By = = (M/M + m)k,.

(32)

In order to facilitate approximation procedures,
we introduce §=Pg+ (M/M+m)k, Thus, we now
have an integral over ¥y, q, and ¢ and g,(q) peaks at
a=0,

By neglecting all terms of order m/M or higher
in the denominator for the free-space Green’s func-
tion, we obtain
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@N + 3N + 53)2 GN"' 3&’)2 ﬁg .
2m oM tam TS
Fy+a)- (3N"Eb) ma? s 1 .
- +5 (}\n +Nz> -ie. (33)

In deriving Eq. (33) we have dropped terms such
s (Jy+4)? which can be neglected in comparison

]

2
- M =\ [2mMS 2M - o+ F .
(tz‘l_)<ka-mkb> ( mMS _m( +;n) ®N+JN)2>— [((YN+JN)M 'ka> "'T]é[ziw,;)m Gyt Fu)? - mMS]

M+m  (M+m)

><,MkM
M+m 2t 0+

1 - -
+;;2- (20: 0'N+Ng—)] +yN as yy—=0, q—0,

with Fy+9q)- (EN—ED), since J y-k, is of the order
of mani inthe high-energy limit. We shall assume
that the rest of the denominator involving 2 -1, ¥,
and § may be taken out of the integral over ¥ and
4, with the variables J and q set equal to zero
where the integrand peaks.

Thus, again neglecting terms of order m/M and
using Egs. (7) and (17), we obtain

M+m M+m

2 2
m(2M +m) 2 2mMS] , 1 [ of v 0N>
(YN+JN) '(M""—"‘ Gu+3n) - +m]~t AETSY AN 12t

(34)

where v2 is defined by the last equality in Eq. (34) and oy is defined by oy=1-1/N?>0. It is at once clear

that y% >0 for all N, \, and v.

Hence, upon taking the entire ¢ integral outside the integral over J, with its dependence on ¥, set to Zero,

we obtain

Ma? 2 4 . =
@2)_ —— *
L: Tarmi f?( N(1+>\))fga (YN+JN

2M +m

x f {gb@ ZTIZL (S 2M(M + m) G+ 3) )]1/2/ [

M - . = = 1 t+1>” dt
i &) Ve d-B o (1)

@N +?l) . (jN

-k, ma? 1 .
—~ —2 5 <)\n2+ﬁz>—z€]}d3qd3y,v. (35)

We may evaluate the mtegral over q by 1ntroduc1ng cylindrical coordinates, with the z axis along the vector

k -3 v Thus, denoting the q integral by I we have

g, Q) d*q

Ia= sz za. (IN— Eb)+2'§”. (jN_l'Eb)_'_mZaz(Xng-f- l/Nz)—iG

(ma)?d®q

4\/_m
f [om o+ @7 P12 - G-

(ma)‘.i/z

dq,

Kp) + 2y - (3 -k,) +mPof(An?+1/N%) —ie]

=4\/§mj:w [ma)2+ @2][- 24,13, -k, | + 2§y - Oy —K,) + m2a®(mn®+1/N?%) —ie] ° (36)

The integrand of the last term in Eq. (36) contain two poles at g,=+ima and one pole at

% - 3y - K,) +m%a® (\n? +1/N?)

4z~ 213 -k,

The integrand vanishes for large ¢, in the complex ¢, plane in both the upper and the lower half-planes.
We would obtain the same result as € - 0 irrespective of whether we chose our contour in the upper or the
lower half-plane, Hence, for simplicity, we choose our contour in the upper half-plane and obtain

4V2 1 m(ma)d’?

(37)

I= > >
[ZYN' GN‘ kb)—'

The integration over ¥ y may be performed by
first making the additional assumption that since
yx =0 corresponds to the pole for the Nth bound

2im alJy — K, |+ m2a? (\n?+1/N?) —i€]

r
state, we may also remove the function

. 2mM 2M +m - /2
[M+m <S-2M(M+m) Gu+dw )] ’
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which is slowly varying in the neighborhood of the

bound-state pole from the integrand, with ¥y again
set equal to zero. The integration over ¥y now be-
comes

fg::@wiy- (/M + )R VG + Iy =) o

TvFn
=— (V2/1%) (ma)slzaIyN, (38)
where
. 3
Iy”z'.[[ (ma®+(B +§Nd)z]yzl[vK+57N]zEa Ty Torn>h
K::ﬂ, —Eb, |K|,;’lmamf>\ s
- m > mM . mV

~——

2

B=Jy- M/ M+mk, |Blss 31— K= g1 Vo .
It can be seen that near the bound state (¥ y=0) and

in the high-energy limit, the term (w @)? is small com-
pared with B~ 1m%*? We can introduce the small
parameter x=(ma)? and use differentiation with re-
spect to the parameter x, together with Feynman’s

parametrization technique and the approximation
x=(ma)< (B-RP~1m*? (1+)),

to obtain (see the Appendix)

t-plane

()
&/

-ig,
(a)
t-plane
R
is,

(b)

FIG. 3. (a) Contour for the integral is a representa-
tion of the two-body ¢ matrix at the bound-state poles.
(b) Contour chosen for the evaluation of the integral which
avoids evaluating the integral over the Nth-order pole.
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I or?
S, S—
I m* MO+ )2a’n®

. -1 .
x <2tan 1{1+[2)\/(1+>\)](m/M)}1/2 - (w—z)) .

(39)
Combining Eqs. (37)-(39) and (35), we obtain
43 1 1
@ _ _ E
L=~ Pt <n7)zy> NE(1+2)?
1

(v +1/N%) = 2in V) — i€

- -1 .
X (2 tan™ T 0 o/ IDF 2 """’>

<)

Since, from Eq. (34), v% >0 and N is a positive in-
teger, the contour for the integration over ¢ is re-
duced to the one shown in Fig. 3(a). To avoid the
troublesome Nth-order pole at t=1, we consider

the integral over the large circle R [Fig. 3(b)] and

dt
s

t+1

i+l 40
1 (40)

write
¢ (t_ﬂ>” dt _0_¢ (t+1)” dt
r.\-1 12402 wivy V-1 t2+v%
(1) (1)
P, \t=1) 2k T \e-1) R
wiry
(41)

where 7 represents the small circle, and the inte-
grals are all taken counterclockwise. In this way
the integral over the Nth-order pole (where N can
go to infinity) is expressed in terms of integrals

over two simple poles. Thus,
j“” <t+ 1)” dat_ fL/t+1\" _at
o \t=1) t2+vh S \t-1) t¥+2%

_ = 2in(-1)" sin2N¢
h YN

(42)

b

where 6 =tan"! yy.
Substituting Eq. (42) into (40), our final result
for the bound-state contribution L’ is given by

L@ __—8 (_1_)2( (-1)Y sin2N6
2 " rPmia \n"/) 4 NA(1+A)® oy

1
X (w2 +1/N?) = 2in(x — i€)t?

)

o778 = 7= -
(49)

-3
{1+[22/(1+2)

X ( 2tan™!
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Since yy < N for large N, it is easy to see that the
infinite sum for the infinite number of bound states
converges by trivial application of the Weierstrass
M test. The convergence becomes even more ob-
vious if we apply the high-energy-limit approxima-
tion. We first consider nonforward scattering.
This would include A =3, where we get our maxi-
mum capture from continuum intermediate states.
From Eq. (34) we have

Y3 o N2/ (1+0) (n>>1).
Hence, in the high-energy limit,
sin(@Ntanly,) . (= 1)”2N _(=1DY2N@+N)
Yw TR AN ’

(44)

The matrix element L§2) is then given by

L@- ﬂzlnfz‘x (}%ﬁ) <i‘ 133)( q +1>\)a >7\[)\ - Zi(\l/h)/n]

- (m-1)),

X (2 tan™!

—i
{1+[20/Q +N)]m/M)} 72

where the infinite sum is now given explicitly by

1
& Ik 1.202 .

In the forward direction A =0, the contribution
from the ground bound state diverges logarith-
mically. A divergence also occurs in Mapleton's
paper when he considers the second Born matrix
element with the ground intermediate state. How-
ever, this divergence was canceled by the inclusion
of the proton-proton-interaction term into the sec-
ond-Born term. In our case, however, the proton-
proton interaction cannot be so simply included,

Ino

since, as we have shown in Sec. II, the Faddeev
equations will only decouple into a single integral
equation without this interaction. So, withthis inter-
actionincluded, there is no simple connectionbetween
the Faddeev equations and the Lippmann-Schwinger
equations other thanthe inhomogenous terms which
are just the first Born approximations.

To summarize our results, we have found that if
Faddeev equations are used to investigate the elec-
tron capture by protons from hydrogen atoms, we
obtain identical results as the second Born high-
energy-limit result of Drisko! except for a complex
energy-dependent phase factor which approaches
unity for sufficiently high incident energies.

The major contribution to the capture amplitude
from the continuum intermediate states comes
from the on-energy-shell two-body ¢ matrix. In the
ultimate mathematical high-energy limit all the
contributions will come from the on-energy-shell
t matrix.

The sum over the infinite number of bound-state
poles converges. Furthermore, the amplitude goes
down as #!! as compared with #™® or n™% at A =3 for
the continuum-state contribution.

For symmetrically resonant capture, which is
the reaction we have been considering in this paper,
the forward capture amplitude from the bound-state
contribution diverges. Preliminary results seem
to show that the divergence vanishes for nonsym-
metrically resonant capture.
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APPENDIX

We consider the integral over Iy, as given by Eq. (38).

Since (ma)? is small compared with the rest of

the terms in the bracket, we replace it by the small parameter x and differentiate with respect to x. Thus,

d3
B f[x’r(B‘ryzv) A3 Tk, 3r

Consider the integral I’, where

1= dSVN
—[[x+ (§+37N)21[K+YN a‘a' YN { X+ (B+YN

33’Ndu
ﬂ {[xu + (B2 = R2)u+ A%] - [A(1 - u)+ BulP+

Introducing W=y +A(1 - u)+ Bu, X=xu+ (B -A)%u(1-«), and Y=K,.[A(1 - u)+ Bul, we obtain

e 1 du d*W
), &+ WPk, W Y ie)

-2 e A
a3y ydu
]u+ (1- u)(x+§N)2}2Ea'§N
o —w) BafiFFET (42)
(A3)
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Integrating with respect to the W variable first, using cylindrical coordinates, with Ea as axis, we obtain

e lJ'J'dud[X+ Wi+ WEldw, aw,
2

o aw,du (A4)
Wi WO, W,-v+ie) ")y ).. G+ WA(K,IW, - v+ie) °
2 a z

By considering the contour integral over the upper half w, plane, we obtain

du

’ 2 1
e 7rfo [(a- o] (K, K+ K,- B - K= ik[(a- bub] 7}

(A5)

where a=x+ (B -A)? and b= (B -X)%. We now make the approximation that since x is small, b~x+ (B - A)=a.
This is a fair approximation, since the error we make is the insertion of an additional term xu in the de-
nominator, but x is a small parameter and « only takes on values between 0 and 1.

We may now introduce the variable 7 given by
u=7/1+7)
We obtain

2t dr
o Efﬁaﬁrz—ika(w/g)'r+ﬁa-x

(A6)

The rest of the integration and the subsequent differentiation with respect to x follow readily.
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Unpolarized and spin-exchange differential-scattering cross sections of Na-Cs are calcu-
lated using our phenomenological potentials for <14 a.u. and the difference potential of
Dalgarno and Rudge for » =14 a.u. The calculated results are in good agreement with the

experimental results.

Spin-exchange scattering is known to play an im-
portant role in many phenomena such as the spin
temperature of interstellar hydrogen, ! radio-fre-
quency spectroscopy experiments, 2 optical pump-
ing, ® and orienting free electrons.? Various total
spin-exchange cross sections of alkali atoms have
been measured or calculated. >»* More recently
Pritchard, Burnham, and Kleppner’ (PBK) have

measured unpolarized and spin-exchange differen-
tial cross sections using cross-beam techniques.
The work reported here was undertaken as a sensi-
tive test of the validity of the phenomenological
method of generating the interatomic potentials of
alkali atoms suggested by Chang and Walker. °

The method of generating the interatomic poten-
tials of like alkali atoms may be extended to include



