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The matrix element for the elastic scattering of photons by atomic hydrogen is evaluated

analytically in closed form in the nonrelativistic case including retardation.

The method of

integration is similar to the one used previously by one of the authors for the dipole approxi-

mation.

It is based on the possibility of expressing the matrix element in terms of the Green’s

function for the Coulomb field, for which the momentum-space integral representation de-
rived by Schwinger and others is then used. Some integrations yield the matrix element in
terms of essentially two hypergeometric functions of Appell’s type Fy, with variables and pa-
rameters depending on the photon energy. A discussion of the result is given.

I. INTRODUCTION

Some time ago an exact analytic formula was de-
rived for the matrix element of the elastic scatter-
ing of photons by atomic hydrogen in the nonrelativ-
istic dipole approximation. The result was ex-
pressed in terms of the Gauss hypergeometric func-
tion ,F,, with variable and parameters depending
on the photon energy.! We shall now extend this
result to include the effect of retardation.®® The
method used is similar to the one of Ref. 1. It is
based on expressing the matrix element of the pro-
cess in terms of the Coulomb Green’s function and
then performing the integrations in momentum
space.

The nonrelativistic elastic scattering of a photon
by a bound atomic electron, retardation included,
is described by the Kramers-Heisenberg-Waller
matrix element®®:
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Here X, and k, denote the initial and final momenta
of the scattered photon of energy « =k, =Ky, s, and
S, are its initial and final polarizations, P is the
electron momentum operator, E, are the eigenval-
ues of the energy spectrum, and E, is the ground-
state energy.

The matrix element I may be expressed in terms
of the Green’s function G(T'y, T1; Q) of the atomic
field, which is considered to be of Coulomb type
in our case. Indeed, taking into account the expan-
sion in energy eigenfunctions of the Green’s func-
tion [see Ref. 1, Eq. (3)], Eq. (1) becomes

)
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and fI”(Q) is obtained fromIl;;(R2) by interchanging
i,j and kK, — Kk,. The quantities Q, and @, are given
by

Q=Eg+k+i€=— |Eg| + & +i€,

Qa:EO—K=— |E0!—-K. (5)
Because G(Ty, Ty; 2) =G (F,, T5; 0), P is Hermitian,
and uy(¥) is real, we have

f1;,(Q) = 11,,(Q).

Therefore, (2) becomes
M=G3)0- D susallly(@)+0,@)).  ©
¥

Rotational invariance arguments indicate that
I1;;(£) should have the following form:
I1;;()=06;; P(Q) + Vg v1; Q(R) + vy; Vo R(Q)
+ V13 V15 S(Q) + Vg vp; T(Q),

where 7, and 7, are the unit vectors of k, and k.
It then follows that

2 S$1iS2; H{j(Q) = (.E’h‘gz) P(Q)+ (gl * ;2) (§2 : ;1) Q(Q) .
i,J
(7

With Eq. (7), the matrix element 3 of Eq. (6) can
be written

M= (8,-8) M + (8- 1) (S5- TN, (8)
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where where A=aZm, and we have taken into account that
M= = P(&h) = P(%), © (K, - %)= 4x®sin® 6. (12)
N=-[Q(2) +Q(2,)]. (10)

In order to determine P(Q) and Q(R) we begin by
expressing 11;;(Q) as a momentum-space integral,

The calculation of 9 is thus reduced to the evalua- We get from Eq. (4)

tion of o, P(2), Q(Q), which will be carried out in
Sec. II.

II Q - 1 ) - -'. - - .
1. CALCULATION OF 6, P(Q), Q(%2). (@)= A/m) [ f puubasto B, K2) G Ba, i)

The evaluation of 0 is immediate. Introducing

X -> _-» - >
the expression of the ground-state energy eigenfunc- o Py = K1) dpy dp,, (13)
tion of a hydrogenlike atom uy(7) in Eq. (3), one .
finds where ug(p) and G(p,, py; Q) are the Fourier trans-
- - ) forms of uy(r) and G (T, Ty; Q)
0 ={1 +[ (K, - %,)2/402]}2={1 + (k2/22) sin? Lo}~2 0 2.
{ 1= " ]} { /X) 201, We shall use for G(f)z, Py; ) the Schwinger inte-
(11) gral representation. This may be written as®

J

Gy, Bi; m=—"fzxaf"e—m) fw”p*'i (1-r* L )dp (14)
U 2\ 2sinn/ ) ap\ p  [XF,-10.%+ 02+ XD | [0+ DU - p)/aplt) P
where
7=(\/X), X?=-2mQ, (15)
and X is chosen so that

ReX >0. (16)

Introducing Eq. (14) and the expression for u,(p) [Ref. 1, Eq. (14)] into (13) we find, after interchanging
the order of integrations,

4’ iel™ )/““’ d [1-p? )
I = X b—— 4 e P
“(Q) 7?4_ (2 sinnT 1 p dp p T“ dp’ (17)

with
s D1iPs 5. db
i ff[(Pz— K)® + N2 TP[X%(Dy — o) + & (0} + XD FIp3+ X°) FIDy — k1)% + A7 P1@ps. (18)

In Eq. (18) we have abbreviated

(19)
a=(1-p)/4p.
Now, because
K1’S1=Ka‘sz=0,
it is easy to derive the equality
P 5489 Ty =t 5 50y, L EE NN (o)
o 18925 £ 44 41,} 1i92j5 aK“asz

which contains the parameter-dependent integral J (X2 A, ) defined in Eq. (A1) of Appendix A. This enables
us to write Eq. (17) in the form

Z; )\5 s ieiﬂ' )/(0+)/ . Z; Y d 1__p2 . 22)
4.18“82111”(9) "X (ZSiH"T P usus% 9Ky1; Kz 6'13( p TR, x»dp. (
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In Eqs. (21) and (22) it is understood that after tak-
ing the derivatives of J(X?% ), \) with respect to «,;,
Kz one should set k;=k,=k.

The calculation of the integral J(X% X, p) is per-

formed in Appendix A, the result being given by Eqgs.

(A6)-(A8). Noting that b of Eq. (A8) is independent
of p and taking into account Eq. (19), it is easy to
show that

d (1-p° 2. )_ 8r* 1 da
dp< TN )=z 5 ()

Furthermore, using Eq. (20) one finds that

92 1-p? 2, )
J(X“
iz,;!s” ZETRTN dp( (X%, 0)
1 [X+)\ +K ]
871' ((Sl )5'5 (a )2

+ (8, %) (8, K1)4

2 2, 216
X* [(X+)) +K]) (24)

(a2-0)?
Here we have set k;=k,=« after performing the
derivatives with respect to ky;, Kz;. Using Egs. (A7)
and (A8), with k;=Kk,=k, A=p, the quantity a®-b
appearing in (24) may be expressed in the form

a’-b=(1/4p% [(X +2)?+ k% (1 - sp +pp?), (25)

where
X =Pk AXE (R —Ky)® 2
8_2(X+7\)2+K2 [(X+K)12+K?]T~’ (26)
(X—)\)2+K2:,2 27
-l 0

We now return to Eq. (22) and insert Egs. (24) and

(25) in it. We get
sypaf_ie’™\/ (5;-5,)
E S1482T,y(@) = 1281°X (2 sm1r7)([(X+ N2+

(0+)
Xf p' =" (1-sp+pp?)2dp
1

16X2(§1'_’22)(§2' Kl)
[+ N2+ k7

(0+)
xf pz"'(l—sp+pp2)'3dp>.
1 (28)

The result may be expressed in terms of Appell’s
hypergeometric function F,. This has the following
integral representation7:

T(c)
I'@)T(c-a)

s, =ifa ©+)
« ( ie ) f pt1(1 = p)e-at
2 sinma 1

Fila;by,b55¢;5%1%5) ==
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X (1 =2, p)™(1 - xzp) %2 dp, (29)

provided that Rec > Rea.
Hence, Eq. (28) becomes

2 5135241144(Q) =128 °X°

i,4

. = F(2-722;3- , X3)
X((Sx'sz) 1((2 T)[(X+x Txi"x—z

" (8,-K) (850 %y) 16X2F 18-73,3;4-7; xl;"z))

(3- T)[(X+ NS

(30)
The variables x,, x, of the Appell functions F,
are obtained from
1-sp+pp*=(1-xp)(1~x5p), (31)

and are equal to
x1,2=((X2 - A-z - K2)2+ 4X2(E1 * -Ez)
£{ = 4X2(Tey = Hp)2[X %Ry + %)
%)?) }Uz)/‘[(X+ NEPR L (32)

Comparing Eqgs. (7) and (30) we find the desired
expressions of P(Q) and Q() are®

1280°X3  Fy(2-7;2,2; 3~7; x,, %)
(X+ 2%+ % 27
! (33)

+ (X222

P(Q) T

2048)\5X5K2 Fi(83=7;38,3;4-7; x, %)

Q(Q) [(X+ }\ " KZTG' (3 T

(34)
III. DISCUSSION

We shall now discuss some of the properties of
the matrix element derived in Eqgs. (8)-(11), (33),
and (34). With retardation included, 91 is consid-
erably more complex than in the dipole approxima-
tion, both concerning the angular and the photon
energy dependence. Thus I now depends separately
on k and Z, whereas in the dipole approximation,
the dependence on these quantities was concentrated
in the unique variable

K K
= " 7R (35)

where ® is the rydberg. Furthermore, M and N
are angle dependent.

In order to achieve a better understanding of our
result we shall use series expansions for the Appell
functions F; contained in P(Q), Q(Q). Note that
these have the parameters b equal: b;=b,. Various
expansion formulas have been established especially
for this case.” However, as the one convenient for
us does not seem to have been considered before,
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we have derived it in Appendix B [see Eq. (B5)].
The evaluation of the quantities contained in Eq.

(B5) yields, on account of Eqs. (31), (26), (27),

and (12):

16x2x%sin®L0

SR e ¢ ooV ve

(36)
Ll

where the convenient sign of (xlxz)” % has been
chosen. Furthermore, we shall denote

u= (%) 2= [(X =02+ k%)/[(X+0)%+k%] . (37)

Thus, using formula (B5) in Eqs. (33) and (34) we
get
»

2)2 (2) K
“E 2),
P@)= (X+1)*+k ,Z_,; [ »Z sin 29]

><2F1(1 —21+pp TT, 3+p—7; u) , (38

(3)
E—"' -
AR = (X+)\2+sz0 p! [ b sin 29’
>(21'9‘1(1,—2—‘17—1',4+p—1';u)

3+p-7 (39)

To obtain the convergence condition of these ex-
pansions we note that on account of Egs. (5), (15),
and (16), the values X of interest are X positive
real and X pure imaginary (negative). Now, for X
positive real, |ul <1 and for X imaginary, |ul=1.
Consequently, as discussed in Appendix B, the ap-
propriate convergence condition is given by Eq.
(B9). With Egs. (36) this becomes, for both P(Q)
and Q(9),

(k3/2%) sin®16<1 . (40)

1t follows that the series for P(Q) and Q(Q) are con-
vergent for all 6 if

K¥/A%<1 (41)

Now, the ratio k/A characterizes the magnitude
of retardation. Therefore expansions (38) and (39)
exhibit explicitly the succesive orders of the re-
tardation corrections. The dipole approximation
corresponds to setting k/A=0 in Egs. (11) and
(37)=(39) (however not in X). Then P(Q) reduces
to the expression given in Ref. 1, Eq. (54), and
Q(£2)=0, so that 9 of Eq. (8) reduces to that of
Ref. 1, Eq. (7), as should be.

For photon energies below the photoelectric
threshold, that is 0 <k <1, from Egs. (15), (16),
and (5) we get

T1=MX,=1/(1 —k)llz,
TZ=A/X2= 1/(1+k)1/2 . (42)

In this case, the quantities M and N are real. Be-
cause the Appell function F(a; by, by; c; x4, %,) is
a meromorphic function of its parameter ¢, having
poles for ¢=0, -1, -2, ..., it follows from Eqs.
(33) and (34) that P(Q) is singular for 7=2 and 3,
4, ..., and Q() is singular for =3 and 4, 5, ... .
Taking into account Eqs. (42), one sees that the
singularities occur only in P(R;) and Q(;), for pho-
ton energies corresponding to the Lyman spectrum,
in agreement with the resonant structure of Eq. (1).
Below the threshold, the retardation corrections
to the dipole approximation result of Ref. 1 are
very small for atomic hydrogen, of order (aZ)?
or less.

Above the photoelectric threshold (£ >1), wehave

T=i/ (k=12 , T,=1/(1+R)}? . (43)

The variable u;, obtained by setting X=X, in Eq.
(37), is complex and lu,| =1. When % varies, u
moves on the unit circle centered at the origin of the
the complex (u) plane. As regards u,, correspond-
ing to X,, it is positive real and 0<u;<1.

The imaginary values of 7;, X; make P(Q,)Q(%,),
and therefore also 9, complex. Because © P(Szz)

‘and Q(R,) are real, we have from Egs. (8)- (10)

ImdN = — [(8;8,) ImP(2y) + (3,7,)(5,0;) ImQ(2y) ].
(44)
We now show that ImIIl can be expressed in closed
form for any scattering angle. Indeed, noting that

T¥==-71 , uik=1/u1 )
we find

)\2 © (2) 2 i
ImP = .(17—17*)=i— E&‘ﬁ( 3z sin 29>

<2F1(1 -1- P 71;3+p Tl’uL)
[+X,)%+kE](2+p - Ty)

P, -1- p+‘rl,3+p+1'1,l/u1) 45
[0 =X )2 +k%]2+p+Ty) ) (45)

The long expression in large parentheses in Eq. (45)
may be transformed using the formula for analytic
continuation of a hypergeometric function ,F; of
variable u to functions of variable 1/x.'® Thus, we
have

_ 2 (- ul)-z"l (1 _ul)a © (z)p

ImP (2y) =7 (M +X,)%+k2 pZ% rxs

X

CR+p-1)T 2+p+7) (K (L=2)® . 5, )'ﬁ
@ +3) ! < W OmEY
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with
larg(-u,)| <7 .

In order to satisfy the preceding condition we
must take

arg(-uy)=2y-m,

where y is given by

21X, 2(k-1)'""
_ Xl T IR
X arctanxz+xz+xi arCtanz—k+i‘k2(aZ)2 ’

and 0 <y <m. Consequently, we have
(-uy)t=exp[(-2x+m| 7] .
Because we have

TQ2+p-1)T(Q2+p+7)=(2-1),(2+7),

2rl7 1+ 17 1) exp(=7lTy])
1-exp(-2rl7,1)

(zp +3) 1= 6x2% (z)p (%)p )

’

Eq. (46) becomes

_84m |71+ 17 1% exp(-2171x)
3 1-exp(-2ml7l)

ImP (R,)

X3
(- -+ a’X: P

Xi (2—71),(2+1'1))(

X

4 k® X% sin® 360 ),

=0 (3)pp! (X222 - k%P +aKPXE
This may be written
6 -
mp (-1 em(-2y

3 (1+1%)° 1 -exp(-2m)

x {[1 -r5(aZ)?)?+ (az)?}?

X Fy (2 —im, 2+in, 3;0), (47
where the notation has been introduced
n=|m|=(k-1)12 (48)

v=—(aZPk-1){1-£%(aZ)??+(az)*}?sin® 6 .
(49)

Equation (47) has been established supposing that
condition (41) is satisfied. Nevertheless, by analyt-
ic continuation of the ,F, function involved, Eq. (47)
remains true for every value of k.

Proceeding similarly in the case of ImQ(£,), one
finds

exp( - 2ny)

2 2567 71+ 577
1 —exp( - 2mm)

ImQ(QI) = (aZ 15 (1 +n2)5

xk?{[1 - k2 (a2 + (a2)?}®

X Fi(3—in, 3+in, +;0) . (50)
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With Eqgs. (44), (47), and (50), the imaginary part
of the matrix element 7,9 for forward scattering
(i =K,) without change of polarization (3, =5,) is

647 UM exp( - 2ny)

I =
m(ro3Me) 3 AP 1= exp( - 2m)

x{[1 -k} (@2?P+(az)82 . (51)
One can thus check the “optical theorem”
1Im (o 9M,) | = (k/47) 05 (52)

where o; is the nonrelativistic total cross section
of the photoeffect, retardation included. !

In the case of forward scattering, we have M
= (El-'éz) M; for not too high photon energies, M re-
duces to its dipole approximation [see Eqs. (11) and
(38)]. The retardation corrections come in through
the powers of (k2/A%)sin?16 and are significant only
for 6#0 and higher values of x/X. It turns out,
however, that for k=~ A, relativistic corrections are
also become important. Therefore, a numerical
analysis at higher energies should be based on a
complete relativistic treatment. The present work
represents a preliminary step towards an analytic
solution of this problem.

APPENDIX A. BASIC MOMENTUM-SPACE
INTEGRAL

The momentum-space integrals considered in the
text can be expressed in terms of

IO, W= [ [ (b, aby(B, - 7o)+ 17
x [X(Bs— D)2+ api+ X% x (p§+X2)]

x[(By =#1)?+ 2%}, (A1)
where a is a positive real constant. *?

In order to evaluate this integral we shall suppose
provisionally that X?‘, A, u are positive real param-
eters. The integration over P, occurring in Eq. (A1)
can be easily performed'?:

dp
./[Xz(f)a —51)2+ a(P%*‘ Xz)(Pg*’ Xa)]z[(ﬁ1 —;1)2*' )\z]

_ 1 dp,

T[X%+ alpa+ Xz)Ff[(fh - )%+ BP[(By - K1)+ A7)
m’ 1

A[X%+ a(pi+ XD (R, - @)%+ v+ AT

» (A2)

a=XXx%+ a(ps+ X" p, ,
(A3)
A%= a(l+a) X3 pi+ X2 X2+ a(pl+ X?)]?

The result of Eq. (A2) is valid provided X and A are
taken to be positive.
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Taking into account Eqs. (A2) and (A3), (Al) be-
comes
2

JXE, p)= [—W

f[(Pa"Kz) + ](Pz+Xz)[P1 k)]

(A9)
We have abbreviated here
v=01+ )X+ alcd+ 2% + 20X [a(1+ @)]'/2
K =X%y1%, s (A5)

=X2y2{[a(l+ @)/ 2(x%+ k2+22) + (1+ 2o X} .

The three~denominator integral of Eq. (A4) was
evaluated in the general case by Lewis.!* Using his
result and replacing k1 » v by their values, we finally
find (after an elementary but rather lengthy calcu-
lation)

o 7t 1 aepV/2
T W) TR
(a6)
where
a=X?[(%y = %)+ (L= w)? ]+ pX[(X+ 0+ 4]
AX[(X+ )P+ rd])+{ a+[a +a)]/?}
XU+ N2+ k3] [(X+ )P+ 48], (A7)
b= = X3{[(1KE+ 22 = XK,y = (k3+ pu2 = XD %, I
+4x2[kikd - (%, %)% 1} . (A8)

The principal value of the logarithm appearing in
Eq. (A6) should be chosen. Note that the result is
independent of the sign of b'/2,

We derived Eq. (A6), supposing that X% A, u
were positive real. However, it may be shown that
it holds under more general conditions.

First, it may be shown that the integral J(X2; x, p)
is an analytic function of X2 in the (X?) plane cut
along the negative real axis, whatever X and yu com-
plex, provided that Rex# 0, Reu# 0.5 Furthermore,
it is not difficult to see that J(X?; X, u) is an ana-
lIytic function of X in the Rer >0 half-pla.ne, for any
X% in the cut plane and for any complex y for which
Reup#0. A similar property exists with respect to
k. On the other hand, the right-hand side of Eq.
(A6) is an analytic function of X2, A, u. Therefore,
the equality (A6), which was derived for X2, x, u
positive real, will hold by analytic continuation for
any X2 in the (X?) plane cut along the negative axis
and for any 1, u for whlch Rex>0, Reu>0. It fol-
lows that if X2, A%, u? appearing in Eq. (A1) are
complex, one should understand by X, 1, u in Eq.
(A6) the square roots for which!®
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ReX>0, Rer>0, Reu>0 . (A9):

APPENDIX B: EXPANSION OF THE APPEL FUNCTION
Fi(abbicixy x3).

We shall now derive an expansion of the Appell
function for the case in which the parameters b, and
by are equal (by=b,=10), following a method of Nagel. ®
Supposing provisionally that Rec >Rea >0, we can
use the integral representation!’

Fy(a; b, b;.¢; x4x5) = [T'(c)/T(@)T(c —a)]
x [ (1= ) (1 - x10)(1 - x0)Pdp - (BY)
0
Taking into account the identity*®

(1=xp)(1 = xp0) = [1 = (xyx)/2p P

_ ey rxp- 202" 2 p
x( TR ) , (B2)
we may write
[(1 = %) (1 ~x20)°= [1 = (xyx)* 20 T?
(b) [y + 35— 206,%) 2 10\ *
Lot (e 2) - e

The series contained in Eq. (B3) is uniformly
convergent in the interval 0Sp <1, provided that
%y, %3 are sufficiently small in module. Therefore,
when introducing (B3) into (B1), it is possible to
integrate term by term. Then, by using the stan-
dard integral representation for the Gauss hyper-
geometric function, !°* we have

Fyla;b, b;c;x, %)= i%{%’[xﬁxz—ﬂnxg)“a]’
b

X Fila+p, 2b+2p, c+p; (x x,)''2),

(B4)
where

(a)y=al@a+1)++(a+p-1).

Furthermore, using a transformation property
of the ,F functions, % Eq. (B4) becomes

Fi(a;b, b;c; % %) =1~ (% xz)”a] cma~2b

Q (a), (0), (xl + x5 = 2 (% %, 1/z)p

(c),p! = (x2)' 2 P

XeF1(c—a, c~2b-p, c+p; (x,%)1/2) |

(B5)
It follows from the derivation of (B5) that the
series is convergent for x;, x, small enough in
In order to determine the convergence
domain of the expansion we shall consider the as-
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ymptotic behavior of its terms for large p. For
p -, these become equal to

{[x1 +% =2 (% xz)lla]/[l - (% x2)1/z]2}1’
XoFy(c—a, c=2b-p, c+p; (v %)% . (BS)

The asymptotic behavior of the function ,F, (a, b
—p, c+p; x) for large positive values of p has been
worked out by Perron.?!' The general result applied
to the present case yields the two alternatives:

(1) If I(x x,)'/21 <1, then the function

2F1 (C"a, C—zb_p, C+p; (xl xz)llz) (B7)

tends to a quantity independent of p. (ii) If
I (% x,)'/21 >1, the function (B7) behaves as

Max{L;| [1 - (x; %,)1/212/4 (x, %,)/2[?} . (B8)

Factors, independent of p or containing powers of

A. COSTESCU 2

p (without influence on the determination of the
radius of convergence), have been ignored in (B8).

Introducing these results into (B6), we conclude
that (i) if 1(x,x,)'/2] < 1, the series (B5) converges
for

I [x1+25 - 2 (% xz)”z]/[l - (%, xa)llz]zl <1 (B9)

(ii) if 1(x, x,)'/21 >1, the series (B5) converges for

Max< )q.

(B10)
Equation (B5) has been established under the con-
dition that Rec > Rea >0. However, because of the
analyticity of the hypergeometric functions with re-
spect to their parameters, it remains true for any
values of a and c.

Xy + % = 2 (%, %) /2
4 (x, x,)172

%y + %5 = 2 (% %)%
[1-(x xz)“z]z

b
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