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Phenomena of coherent resonant propagation can be considered as resulting from the coop-
erative interaction of a certain number of excited two-level systems. It is shown that these
phenomena can be characterized by a specific "maximum cooperation number" and by the
associated "cooperation time. " These are defined for the superradiant state, but their
meaning and usefulness can be extended to other situations. The alternative description of
of superradiance as a spontaneous or as a stimulated effect is also discussed and it is shown
that with the help of the new concepts, the Dicke quantum perturbative treatment can be rec-
onciled with the semiclassical theories.

I. INTRODUCTION

The problem of the electromagnetic emission
from an assembly of excited nonoverlapping two-
level atoms interacting through the common radia-
tion field has been the subject of active research
for the last 25 years. A sufficiently general quan-
tum-mechanical solution is still lacking, but two

approximate approaches have been very successful
in describing particular situations.

One of these is that of Dicke, ' who introduced the
concept of cooperation in spontaneous emission pro-
cesses (superradiance). In the simplest description
of superradiance, Dicke takes, as the initial state,
a collective state which is a simultaneous eigen-
state of the total atomic-energy operator and of the
total pseudoangular momentum (each two-level atom
being described by Pauli operators). The cooPera
tion number is equal to the eigenvalue of the pseudo-
angular momentum, and is a measure of the
strength of atomic cooperation. We note that in

such a state, which we call a Dickie state, the ex-
pectation value of the electric dipole operator is
zero. Hence no macroscopic source is available
for the electromagnetic (em) field, and the only ra-
diative contributions arise from spontaneous emis-
sion.

On the other hand, most treatments of radiative
processes in quantum optics are done in the semi-
classical approximation. In this approach, the
atoms do not have quantum correlations, i. e. , the
total atomic state is the direct product of the in-
dividual atomic states. These are taken as super-
positions of the two energy eigenstates, displaying
a nonzero electric dipole, so that an over-all mac-
roscopic polarization is available that acts as a
source for the classical em field. These states

shall be designated Bloch states, by analogy with
the magnetic resonance case.

In some instances it may appear that these two

approximate approaches lead to different results.
One objective of the present paper is to show how

the Dicke quantum perturbative treatment can be
reconciled with the semiclassical treatment. To
this effect, two new concepts are introduced: the
maximum cooperation number and the cooperation
time. The maximum cooperation number N, is an

upper bound to the number of centers which can be
prepared to the superradiant state or can cooperate
to superradiant emission. It will turn out that this
number plays a critical role in resonant propaga-
tion phenomena at optical frequencies (m, 2m, and

echo pulses). The cooperation time is the shortest
possible decay time for a superradiant state which
emits initially into the vacuum of photons.

A detailed treatment of the connections between
Dicke and Bloch states falls beyond the scope of the
present paper, and is given elsewhere. '

II. NEW CONCEPTS DEFINED WITHIN THE
PERTURBATIVE QUANTUM APPROACH

I,et us consider the coherent intera, ction of a ra, -
diation field with an assembly of otherwise indepen-
dent N two-level systems. The atoms are distribu-
ted with a density p over a, region of space large
compared to the wavelength X, so that retardation
effects are important. In this and in Sec. III, it is
assumed that the atoms have all been prepared in
a properly phased superradiant state, at some in-
itial instant of time, and in the vacuum of photons.
The phase is that of a plane wave of direction k.
In this section we assume that this initial state is
a superradiant Dicke state, i. e. , an eigenstate of
the unperturbed atomic energy, having an energy
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y, =-,'Xyx'/A . (2)

This Dicke rate corresponds to the linewidth of the
superradiantly emitted photons, i. e. , to the recip-
rocal of their decay time. In this first-order-per-
turbation treatment it has been assumed that N is
the total number of two-level systems within the
sample. But in the optical case, N can be very
large;, and the uncritical use of Eq. (2) with very
large N can lead to a clearly unreabstic decay rate
(e.g. , a decay rate much faster than the carrier
frequency of the radiation). 7 This difficulty can be
traced back to assumptions which are made in the
derivation of Eq. (1). In particular, this equation
assumes that the enhanced radiation rate ya that it
predicts is smaller than both a& and c//, where ar

is the optical frequency, l is the sample length, and
c the light velocity in the medium. The first of
these conditions (a»~yD) is related to the fact that
the first-order-perturbation result is obtained by
averaging over many optical periods. The second
condition (c/I &ya) is due to the fact that Eq. (1)
takes retardation into account as if the emitted ra-
diation were an undamped plane wave. For optical
frequencies, it is usually thi. s second condition which
first breaks down as N becomes too large, or, as
will be seen shortly, as the atomic density becomes
too small for a fixed N value. A model calculation
with the same initial condition as here, but re-

quantum number M= 0, and the maximum total an-
gular momentum —,

¹ This initial condition is the
most convenient one for the introduction of the new
concepts of cooperation time and maximum cooper-
ation number. It may however be very difficult to
prepare a sample in this initia. l state, as will be
discussed in Sec. IV.

Using first-order-perturbation theory, the emis-
sion intensity in the direction k' is given by

f(k ) =f.(k')(-'. N)(1 Nl&"" " '") I') (1)

Here Io(k') is the spontaneous intensity radiated by
a single isolated atom in the direction k', and the
angular brackets denote an average over the atomic
positions x. Assuming that the sample is a rod of
cross section A, and that k is chosen along the rod
axis, the interference exponential in Eq. (1) causes
the emission to be mainly confined to a cone of ap-
81'till'8 40 —471 X /A around tile direction k. Hel'8
X is the wavelength in the medium. The emission
rate is enhanced by the factor

1(1+~~(61m-~') x)
~

)

which is of the order of —,N within this cone. De-
noting the spontaneous emission rate of an isolated
atom over the full solid angle by y, the spontaneous
rate of an isolated atom over the reduced angle is
@&A/4v, and the enhanced rate per atom is ,'N times—
larger, i.e. ,

y, =~N, yX /A (3b)

These two relations can be solved self-consistently
for y, and N, :

y, =-1/7, = -', (cp y X')'~'

and

Z, =(2A/~) (cp/X)"', (4)

where 7, is defined as the cooPeration time. N, is
the maximum cooPeration number, i. e. , the maxi-
mum number of atoms that can cooperate to super-
radiant emission in a particular experimental situa-
tion. Assuming that a sample could be prepared
in the given initial condition, and with N &N„all
N atoms emit of course, but only N, of them co-
operate. This means that the emission rate is not
given by (2) but by (3b). The manmum cooperation
length c 7, is independent of the sample geometry
and depends only on the transition parameters and
on the density.

Order-of-magnitude values of c7., are typically
10 cm in NMR (at 1 MHz), 10 cm in ESR (at 10
6Hz), and 0. 1 cm for the 6943-A transition in ruby
with 0. 05% Cr ' concentration. The limited cooper-
ation length becomes, therefore, of prime impor-

stricted to two atoms, is developed in the Appendix.
In this case, l is simply the distance between the
two atoms; it is found that if l is smaller than- c/2y the two atoms decay essentially together with
a rate of 2y (which is twice the normal decay rate,
since in this case there is initially a single excita-
tion in the system). On the other hand, if I is larger
than - c/2y the two atoms decay independently, and
the total decay rate is y. It is clear from the analy-
sis of the Appendix that the enhanced decay starts
after the radiation from either of the atoms has
reached the other atom. In other words, the effect
of the distance on the decay rate is due to the com-
bined action of propagation and damping. Similarly
for the case of N atoms, one expects that the en-
hanced decRy 1'Rte QD of Eg. (2) will be 1'8Rlistlc ollly
if the entire sample is shorter than c/ya so that all
atoms in the sample are exposed to the radiation
from all the others before the decay process is
completed. The question we ask then is "What is
the appropriate decay rate y, for a sample of size
larger than c/ya'?"

The answer can be obtained via a, self-consistency
argument. The number of atoms which can be cov-
ered by the radiation of one of them during the decay
time 1/y, is given by

X,=(c/y, )Ap .
These atoms superradiate with a rate given by first-
order-perturbation theory, i. e. , by the Dicke for-
mula (2)
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tance in optical experiments.

III. CONNECTION WITH SEMICLASSICAL
APPROACH

The self-consistent argument of Sec. II was based
on a perturbative quantum treatment in line with
Dicke's considerations. However, it is expected
that a semiclassical treatment based on Maxwell
equations for the field, and on Bloch equations for
the atoms, leads to identical concepts of limited co-
operation. In this case, it is assumed that at the
initial time the atoms are in a properly phased sup-
erradiant Bloch state. The phase is that of a plane
wave, and the Bloch vector is initially tipped by an
angle y = —,'v (the angle is measured from the ground
state, cp = 0).

The atoms which have been prepared in a super-
radiant Bloch state act as classical dipole sources
for Maxwell equations. For a very long sample,
the initial condition is uniform in the propagation
direction. We can pr'edict, without making any cal-
culation, that the maximum field which will eventu-

ally be built in the sa,mple volume corresponds to
the release of an energy -,'-hv per atom, i.e. , to an

energydensity &E~= —,'@vp, where & is the optical
dielectric constant of the host material. On the
other hand, the Rabi precession by an angle —

2n

which is induced by this field takes a time 7 —&7

x(k/26' E), where 6' is the transition dipole moment.

The spontaneous rate y is proportional too'~ (see
Ref. 9). Combining the two relations one obtains,
within a numerical factor of order 1, v' = T„and
therefore we recover the cooperation time with the
same meaning as in the quantum treatment. In this
case there is no need to make a self- consistency rea-
soning, since the energy balance equation eE = —,'h(dp

has both propagation and damping automatica. lly
built in. For these considerations to hold, the co-
operation length /, = e7', must be shorter than the

sample length /. If /, &l, the photons leak out of the

sample during the emission process, and the avail-
able energy density is reduced by the ratio I/I, . In

such a case the above argument yields the original
result of Dicke [Eq. (2)], i. e. , atoms in the sample
contribute together to superradiant emission.

As opposed to the full quantum treatment, this
semiclassical argument is, of course, very easily
formalized. Within the slowly varying envelope ap-
proximation the problem is described by the follow-

ing equation

where t is the time and z the spatial coordinate in

the direction of propagation. The frequency v, is
given by

(dP ga

C

in which v, has the value given by (4). The envelope
of the radiated field is

IV. FURTHER MEANING OF THESE CONCEPTS

In Secs. I-III it was implicitly assumed that a,

sample can be initially prepared to a superradiant
state over an arbitrary length. But, in fact, the
cooperation length $, = c7', also puts an upper limit
to the sample length which can be prepared in the
superradiant state by the action of a classical field.
For instance, we could plan on preparing the
sample by a 90' pulse of very short duration. Since
the energy of a 90' pulse is inversely proportional
to its duration, the pulse couM supposedly be made
so short that it loses essentiaQy no energy upon
traversing the sample. In these most favorable
conditions, the length of sample which can be ex-
cited at one tjme to a state that approaches the 90'
state turns out to be limited to l, as mill be shown

presently.
The solution to this problem is obtained using

Eq. (5) which applies for times shorter than the
homogeneous relaxation time of the medium. We
let the exciting pulse impinge on the entrance face
z =0 at time t=0, By transforming the coordinates
to

(Sa)

Eq. (5) becomes

8 p
&

= —sing .

(ab)

Approximating the exciting pulse by a 5 function
we obtain the boundary condition q = —,'m for $ = 0.
Since we have considered only one direction of prop-
agation, and within the slowly varying envelope ap-
proximation, the atoms situated exactly at the en-

trance face z =0 mill never radiate. Therefore the

second boundary condition is Q =
~2 at g = 0. This

somewhat unphysical boundary condition is neces-
sary in order to avoid having to consider the prob-
lem of the reflected wave, '3 but, except for the ab-

For an infinitely long sample, p is a function of
t only, so that the solution to (5) is immediately giv-
en in terms of elljptjc functions. The em energy
is periodically emitted and reabsorbed, and the
quarter-period of the process is v' = (I/&o, )E(—,'&2, m)
=3.37„where Il is the elliptic integral of the first
kind.
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FIG. 1. The function p 4).

sence of rounding off at the edges, this should not
affect the main result.

With this symmetric boundary condition, it turns
out that the solution to Eq. (9) is of the form y
=p(x), where x= $g. Indeed, the initial condition
is y = —,'z for x=0 and the equation can be written in
a form which depends on z only:

dp dQx~ +—= —sing
dx dx

(10)

Imposing that the second derivative d'p/dx be
finite at x= 0, we obtain a second initial condition
dp/dx=1. The solution is plotted in Fig. 1." We
note that the sample excitation, at a given time t
and as a function of position z, is obtained by writ-
ing x=or, (f —z/c)z/c in the solution y(x). The new
function which is thus obtained is plotted versus
S=&u,z/c in Fig. 2 for several values of time T

This plot immediately shows that, up to a
depth of the order of the cooperation length, .the
sample can be excited to superradiance, after which
this state decays in a time which is of the order of
the cooperation time. This justifies our further in-
terpretation of l,.

We also note that a very different manner of pre-
paring a sample to superradiance can be conceived,
as originally pointed out by Dicke. This is to in-
vert the sample completely, and to let it decay by
spontaneous emission. There is no theoretical lim-'

it to the size of sample that can be inverted, and
therefore it is worthwhile knowing how a sample
would decay if its length l were much greater than

No theoretical answer to this complicated ques-
tion is yet available, but an educated guess can be
made on the basis of the present considerations.
We expect that the sample will exhibit a spiking
emission, dividing into random superradiant re-
gions of average length I, , and with no phase cor-
relation between different regions. That 7, should
play an important role in this case can be under-
stood in very simple terms. A large sample has
linear dimensions larger than ct, , and up to time
v', , the emitted photons can be considered as com-

pletely contained within the sample. The number
of radiation modes of one polarization contained in
the sample volume V, is P = (4v V/X') x («o/~). At
t = 7, the spectral width is still equal to the ob-
servational spectral width, which is b,v = 2/7', . It
is then easy to verify that at t = 7, the number of
spontaneously emitted photons pVy~, is equal to the
number of modes p that can be supported by the
sample volume. Up to y, the rate is the spontaneous
single atom rate y, but as soon as there is one pho-
ton per radiation mode, stimulated effects become
important and the nature of the emission changes. '
Moreover, since the initial photons were emitted
spontaneously, there is no phase correlation be-
tween them, and therefore we expect no phase cor-
relation between the various superradiant regions.

V. ROLE OF COOPERATION TIME IN RESONANT
em PROPAGATION

As several semiclassical calculations of resonant
em propagation are already available, it is of in-
terest to see how the concepts of limited cooperation
can be recovered from their results. In particular,
the known g and 2g solutions' ""6must all have
pulse durations which are smaller than, or equal
to, the cooperation time, otherwise the pulse coher-
ence could not be maintained during propagation.

In order to carry out our task, the self-consistent
argument of Sec. II [Eqs. (3)] has to be refined to
account correctly for inhomogeneous broadening,
distributed nonresonant losses, or finite length of
the excited section of the sample. Equation (3b),
which describes the result of first-order-perturba-
tion theory, is not affected by these factors, but the
number of cooperating atoms, given by Eq. (3a), may
have to be modified. The effect of inhomogeneous
broadening is to reduce the effective density of two-
level systems from p to pTae/v, where Tze is the in-
verse of the inhomogeneous linewidth and v the ex-
citing pulse width, and where it is assumed that
y& T~. This is due to the finite bandwidth 7' ' of the
fully coherent exciting pulse. A nonresonant loss

. introduced into Maxwell equations by a conductivity

05
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FIG. 2. Sample excited by a short 27t' pulse: Tipping
angle of the Bloch vector as a function of Z= ~, (z/c) for
various times T= ~g.
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The effect of:

TABLE I. Modifications to the right-hand side of Eq. (3a). The symbols are defined in the text.

is to replace the quantity: by the following quantity, provided
the latter is smaller than the
former

Inhomogeneous broadening T2

Distributed nonresonant losses 0

Finite excited length of sample l&

p (density)

c/y~ (cooperation length)

c/pc (cooperation length)

pT2/r

l, =2 ce/0

lp = V1

o imposes an upper limit to the length which can be
set in cooperation. This limit is the absorption
length for the field l, = 2c&/o. Finally, a finite pulse
length I~ = Vr (here V is the pulse propagation veloc-
ity) also puts an upper limit to this length, since the
material system is not excited beyond E~. For clar-
ity, these considerations have been summarized in
Table I.

We now calculate the appropriate cooperation
time for the following cases: long 2n' pulses (T
» Tf), short 2m pulses (v«Tf), n pulses in a sys-
tem with a narrow homogeneous line and large non-
resonant losses (v &2m/a), m pulses in a system with

a narrow homogeneous line and small nonresonant
losses (r &2e/o). The results have been summa-
rized in Table II. For each one of these cases the
following approach is taken: First a guess is made
as to what is the appropriate limit length which has
to be used in Eq. (3a) (second column of Table II).
Then N, is calculated (third column), and the appro-
priate pulse velocity t/' or pulse duration v is taken
from the corresponding semiclassical theory (fourth
column). ' '" Using these data, 7, =1/y, is obtained
from Eq. (3b), and is compared to the actual pulse
length 7 (fifth column). Finally, the validity of the
initial assumption on the limit length is checked

(sixth column).
The fifth column of Table II immediately shows

that, besides a factor which results from the def-
inition of the various quantities and which is of
course irrelevant, propagating m and 2p pulses have
a duration which is not longer than the cooperation
time. We note that there is an additional factor of
2 which enters the inequality in the case of n pulses.
This can be ascribed to the fact that in the m-pulse
case there is only superradiant emission, whereas
in the 2m-pulse case there is superradiant emission
for half of the pulse duration and absorption for the
other half. Moreover, we note that long 2m pulses,
or long m pulses (large nonresonant losses), have
their duration limited by v, . This corresponds to
the fact that, in these cases, the em energy density
at the peak of the pulse is considerably smaller than
the energy density in the two-level atoms (as shown
for 2v pulses in Ref. 1V), so that the emission takes
place essentially into the photon vacuum. On the
other hand, the pulse duration is shorter than v,
for energetic m and 2p pulses; there is no contradic-
tion in this result, since the cooperation time was
defined for a superradiant state starting to emit in
the photon vacuum. If a large field is already pres-
ent, the emission time is further reduced.

TABLE II. The limited-cooperation concept in some semiclassical calculations.

Case
of interest

Long
211 pulses
1 »T2

Limit length
in Eq. (3)

lp=V1

Cooperation Result of the semi- Value of the coopera-
number Nc classical theory tion time 1c compared

(Refs. 10 and 15) to 7

V= 2/+1 with
pAl, T2 /» = 2~p ~'T2/~ca'

Check an the
assumed limit length

V1 & c1C
since V«c

Short
27( pulses

7r pulses:
large losses
1- & 2~/0-

7t pulses
small losses
1. & 2~/0-

lp
——V7'

l, = 2c~/fT

lp= V1

pAlp

pALp

V= CT2/(T2+1-2)
with

T'= ~I/p~ +'

gpss, cc

7l0
1 =

'j/p A,2C 6

7 T2+T2
1

7r 7'

20 21
C PP~ CC

4e 21-
7'

7T 0'

C T27
lp

T2+~2
l =

7r 72

la &lp lc
QE

since & 1
0

2~& l, &l,

'The value of (P2 is to be taken from Ref. 9.
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VI. CONCLUSIONS

The cooperation time has been defined as the
emission time of a sample placed in the superradi-
ant state and in the vacuum of photons. We have
seen that this concept is intimately related to prop-
agation effects. These propagation effects are auto-
matically accounted for in treatments based on
Maxwell wave equation, but are equally important
in situations which have to be described quantum
mechanically (for example, the emission from a
Dicke state), in which case they are not always ex-
hibited straightforwardly.

Besides this formal difference, we have seen that
superradiance can be considered equally well as a
spontaneous or as a stimulated effect. The two ap-
proaches can be reconciled by using the limited co-
operation concept.

Of course, propagation effects are also important
in situations described by other initial conditions,
and therefore it should be expected that the coopera-
tion time has a broader meaning than what is im-
plied by its definition. In particular, we have con-
sidered the emission from a large sample which is
initially completely in the upper state, and in the
vacuum of photons. In this situation, the coopera-
tion time defined by Eq. (4) turns out to be the time
after which the atoms cease to emit individually and
start to emit collectively.

We have also introduced the concept of a maxi-
mum cooperation number N, . This number deter-
mines the sample size beyond which specific prop-
agation effects play a major role, and is therefore
of prime importance from the experimental point
of view. For example, in the case of photon echoes,
the purpose of the experiments is usually to deter-
mine specific properties of the two-level systems.
These properties can be relaxation times, which
affect the echo intensity, ' or level degeneracy,
which affects the polarization dependence of the
echo. ' It is usually not desired to observe propa-
gation effects, which can only obscure the results.
For instance the polarization dependence of the echo
is strongly affected if the sample contains more
than N, resonant centers. It is therefore impor-
tant in designing actual echo experiments to take the
maximum cooperation number into account.
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APPENDIX A: EMISSION OF TWO ATOMS PLACED
IN THE SUPERRADIANT STATE

We present here a formal treatment of the emis-
sion from two atoms which are initially placed in a

properlyphasedsuperradiantDicke state in the pres-
ence of no photons. In the course of time, the sys-
tem moves in the subspace spanned by the states
]1 2; 0), 12 1;0), and (1 1;q). The first two la-
bels designate the state of the two atoms (1 for the
ground state and 2 for the excited state). The third
label indicates the state of the photon field (either
no photons, or one photon in mode q). We consider
photons of one polarization only, corresponding to
the polarization of the two-level system transition.
These are the only possible states, since the system
contains only one excitation. In order to phase the
wave functions as if they had been excited by a plane
wave of wave vector k, where v =ck is the resonant
frequency, we multiply the wave function of an atom
at position x by 8' ' ' '" if the atom is in state 2,
and by e """'"if the atom is in state 1. We note
that a suitable orthonormal basis in the above sub-
space is given by

(1/~2)( 1 2 . 0) e&&/2&f' &x~-x&&

~2 1.0) e&&/8&k &x&-x2&
) (Al)

~ g,) =(1/~2)(~12 0) e'*'""'"~-* '

~21 0) e«/»"'&*&-»&
) (A2}

) 1 ] .q)
-e&2&/k' &&xP+x&& (A3}

where x, and x2 are the positions of the two atoms.
[ &C&,) is the initial superradiant state.

The Hamiltonian of the system is

K/fi= —
2&@ (o', + a~2} +Qg &d~ag& a~

+Z~ [x~ (a~o, e +a~a& e ""2)

+«f (a~o', e" &+ago2e' *')], (A4)

where 0&, o&, a; are the Pauli-spin operators for
atom i, and a~ and ag are the creation and annihila-
tion operators for a photon in mode q. The first
term is the atomic energy, the second term is the
field energy, and the third term is the interaction
between the radiation field and the atoms. Since we
are interested only in the damping, we shall neglect
the dependence of the coupling constants I&.~ on q, and
replace them by x =x* which is placed outside of the
summation sign. Moreover, since we are making
a calculation that pertains to a problem of superra-
diance, we expand the em field only in plane-wave
modes having their propagation vectors parallel to
the line joining the two atoms. In doing so, the re-
sult will be more directly applicable to superradi-
ance problems involving a large number of atoms
but with a preferential radiation direction which is
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imposed by the preparation of the system. A phys-
ical situation to which our calculation directly ap-
plies is that of two atoms placed in a long waveguide
which supports only one transverse mode. We de-
note by L the length of our one-dimensional cavity
and assume reflecting boundary conditions so that
q=nv/L (where n is a non-negative integer). The
coupling constant z, which in a three-dimensional
problem contains a factor I/V'~, where V is the
cavity volume, contains now a factor I/)). L'~k in-
stead. The time-dependent state of the system is
written as

Ie& =b)(~) IC)&+bk(f) Ie,&+~, b. (&) I(.& (») C/2 y C/y

i b = Z b (e'" k")k+e' tqk)"))
q q (A7)

and the equation of motion of any of the coefficients
b& is simply

(A6)

Using (Al)-(A6) we obtain

Atomic separation 4

FIG. 3. Effective emission rate p' of two atoms sep-
arated by a distance E. The atoms are initially placed
in the superradiant state. p' is defined as the inverse
of the time at which the energy in the atomic system has
decayed to 1/e times the initial energy.

b ( &(q-k)qk et tq k)q))-
2 )i2 q q (AS) + 1 —cos (q —k)l

' p+ic(q —k)
(A11)

i b = (tc —c)) b + [b (e '" k)"k+ e '~ k)"))
q q q ~2 1

( &(q k)qk e

iraq

k)q)) ]- (A9)

~ sin(q —k)l'
q p+ic(q —k) '

~ sin(q-k)l
pBk= —t)t B) .

( k)
(AIO)

We now take the Laplace transform of these equa-
tions with the initial condition b, (0) = 1, b,(0) = b, (0)
=0. The Laplace transform of b, (f) is designated by

B,(p). Taking the value of B, from the transform
of (A9), and substituting it in the transforms of
(A7) and (A8), we obtain

~ 1+cos(q —k)l
'

q P+ic(q k)-

where E = x, —x„ is the distance between the two
atoms. In the following we assume that l ~ 0. Since
we intend to let I tend to infinity, we can assume
without loss of generality that one of the resonant
frequencies of the cavity coincides with the transi-
tion frequency &c. Then q —k =vn/L, where n is an
integer. Strictly speaking, the range of n is from
—kL/v to + ~. In these conditions the sums in
(A10) and (A11) diverge. This is only a formal dif-
ficulty since in reality z has a high-frequency cut-
off. In fact, we may extend the range of n in the
sums from —~ to +~ and take the principal value.
The terms which are then added only affect the be-
havior on the very short time scale (on the scale of
the inverse of the atomic frequency) which is not
of interest here.

Performing the summation over modes as just
stated, and solving for B„we obtain

p+ —,'y coth (pl/c) —-', y cosh (pL/c —pl/c)/sinh (pL/c)

[p + —',y tanh(pL/2c) ][p + —,
' y co th(pL/2c) )

(A12)

where

y = 2)t'L/c (AIS)

is the single atom decay rate.
It remains to take the inverse transform of (A12).

It is rather easy to see that all the poles of B,(p) are
on the imaginary axis. If we let I tend to infinity,
the linear density of poles increases proportionally
to L, but their residues tend to zero like 1/I, . In

this fashion, a branch cut is obtained, and the sum
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over residues is replaced by an integral over this
branch cut. The result of this integration is

b (t) s 'Y/zt &y(t f/c)s ~Y/s)(t I/c) U(t t/ )

(A14)

where U(t —f/c) is the unit step at t=l/c. lU(x)
=0 for x&0, and U(z)=1 for x&0. j The same re-
sult can be obtained by letting I. go to infinity before
calculating the inversion integral. Taking the
Bromwich integration contour at an abscissa where
phas a finite positive real part, wehavelim cothpI. /c
= lim tanhpI /2c = lim cothpL/2c = 1, and
lim cosh(PL/c —P//c)/ si nhPL/c = e ~'/'on the integra-
tion line. The resulting function has a double pole
at p = ——,'y, and (A14) is obtained immediately. This
expression gives the probability amplitude of finding
the system in state lg, ) at any time t &0. The re-
sult is very interesting. For t& t/c, we see that
the two atoms decay independently, giving Ib, t

==e~', i.e. , a total decay rate which is the normal
single excitation decay rate .For t&l/c, the decay
rate is enhanced. In particular, for / =0, the ini-
tial rate is the superradiant rate 2y. In a similar
fashion, the equations can be solved for Bs(p). Tak-
ing the inverse transform we obtain

b,(t) =- ,'y(t-—f/c)e " """"U(t f/c-) (A15)

Therefore, I g,) is not excited until the emission
from one atom reaches the other atom. The energy
that remains in the atomic excitation is (Ib, l'
+ tb, i )tt&. For a general value of f, the decay is
not exponential, and therefore the decay rate is not
uniquely defined. However, ere can define an effec-
tive decRy rate p Rs the inverse of the tlxQe Rt which
lb, l'+ Ibsen'= 1/e. This function y is plotted in Fig.
3. It is seen that the decay is superradiant for /

& c/2y, and that it is the normal decay for f & c/y.
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