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A nonperturbative approach to the theory of transition probabilities is presented. The re-
sults of this theory are employed to investigate the validity of the assumptions inherent in the
perturbative approach. For this purpose, the simple examples of absorption of radiation
(first-order process) and Raman scattering (second-order process) are used. The method

proposed, which is based upon finite-difference techniques, represents an accurate solution
of the time-dependent SchrMinger equation in a given representation and has many advan-
tages over methods based upon the perturbation series.

INTRODUCTION

In several recent papers' attention has been
drawn to the conditions which are necessary to de-
fine the concept of "transition probability per unit
time" within the framework of time-dependent per-
turbation theory. Since the most important formula
of perturbation theory is the widely used "golden
rule" for the transition probability per unit time,
the validity of the assumptions employed to derive
the rule is a matter of some importance. Briefly,
the necessary conditions ' are that the time should
be sufficiently long that energy conservation can be
assured and yet sufficiently short that the totalprob-
ability of transition is small. At first sight, these
conditions appear to be somewhat contradictory, but,
in the absence of an accurate expression for the
transition probability, there appears to be little
possibility of ascertaining the correctness of the
assumptions.

Brooks and Scarfone' have recently investigated
this problem by a modified form of perturbation
theory which still employs the idea of an infinite-
series expansion, but in which it is comparatively
easy to guarantee such necessary properties as the
unitarity of transition amplitudes.

In this paper, we shall describe an accuratemeth-
od by means of which transition amplitudes may be
calculated and, therefore, by means of which the
aforementioned difficulties may be resolved. Be-
fore doing so, however, it will be useful to survey
the advantages and disadvantages of the perturba-
tion-series approach to the calculation of transition
probabilities.

This approach has an advantage which the alter-
native we shall propose does not possess: that a
formal expression can be written for the transition
amplitude. This formal expression, as an infinite
series, cannot be employed in practice, it being
necessary in general to terminate it at the first rel-
evant nonvanishing term. For certain simple pro-
cesses this technique appears to be fairly satisfac-
tory, but for many others, such as the amplitude
for a low-energy collision, it is certainly inade-
quate. Furthermore, this approach, since it is an
"initial-rate" theory, cannot adequately describe
important cases which involve single and multiple
resonances. In addition, the calculated transition
amplitudes are not ordinarily unitary.

The alternative which we shall propose is not
based upon perturbation theory and has none of the
disadvantages inherent in such methods. On the
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other hand, since numerical techniques are involved,
analytic expressions cannot be written for the tran-
sition amplitudes. In spite of this, the correspond-
ing equations do possess essentially all of the in-
formation represented in the corresponding pertur-
bation-series expressions. Thus, for example,

energy conservation, selection rules, etc. , are
easily distinguished.

The organization of the paper is as follows. The
theory of the probability of transition to a given
state is first discussed by means of perturbation
theory and by the alternative finite-difference meth-
od. The resulting transition probabilities are com-
pared using an example similar to that of Brooks
and Scarfone. ' Transitions to states within the con-
tinuum are then examined, and the concept of a
time-independent transiton probability per unit time
investigated. Comparative calculations are carried
out for a "second-order" process, namely, Raman
scattering, to compare the results for first- and
second-order processes. Finally, the transition
probability for resonance Raman scattering is
calculated, illustrating the ease with which reso-
nances can be treated by means of the numerical
method.

PROBABILITY OF TRANSITION BETWEEN TWO
GIVEN STATES

We shall, first of all, consider transitions from
a given initial state li) of the system to a given fi-
nal state I f), the problem of transitions to states
of the continuum being subsequently discussed.

The conventional perturbation- series approach
to the theory of transition probabilities is admirably
described in a number of texts. ' Here we shall
mention only those formulas relevant to our inter-
est.

Irrespective of how one might define a "transition
probability per unit time, " it is always possible to
define the probability of transition:

W, ,(t)= i&fiU(t, t,) ii&i',

where U(t, t0) is the evolution operator defined by
the relation

~@(t)&=U(t, t0)
~
@(t0)&

The problem of calculating the transition proba-
bility reduces to that of calculating the transition
amplitude &f1 U(t, t,) li& which, in turn, is equivalent
to solving the time-dependent Schrodinger equation
in the chosen representation.

Following the perturbation- series approach,
U(t, t0) is expanded as an infinite series:

U&t, t0) = U0(t, t0) + Q U~"'(t, t0),

where

U (t, t0) = (N) "J dT„, . . . dT1 U0(t, Tn)V(T„)

UO(Tn Tn-1). ..UO(T1~ t0) & (4)

t~ 7n~ 7n- i~ ~ ~ ~
y

~ ~0 .

~+(t)&=K,a, (t)
~ y, (t)&, (6)

the Schrodinger equation reduces to the following
well-known equation for the coefficients a~(t):

il ' (t) =Q a, (t)V„(t), (7)

where

Since

V»(t) =
& $0(t)

~

V(t)
~

P)(t)& .

a,(t) = &e,(t) ~
~(t)&

= g&q(t) i
U(t, t0)

~
w(t0)&,

(6)

it is obvious that

,(t) = &e (t)
~

U(t, t,)
~
e;(t,)& (10)

if the initial state I i ) =
I +(t0)& = I $1(t0)&.

Evaluation of the time-dependent coefficients, i. e. ,
solution of the set of equations (7), is therefore
completely equivalent to calculating the complete
transition amplitude.

The method of solving the set of equations (7)
which will be employed in this paper is as follows:
First, we rewrite (7) in matrix form

(N-) —„,a(t) =D(t) a. (t),
d

where a(t) is a column vector of coefficients and

the matrix elements of D(t) are given by D»(t)

(7')

The transition amplitude then becomes

&f~U(t, t,) ~i&=5~„&f~U'"' (t, t,)~i), (6)

where, as usual, we assume that &f I U'0'(t, t,) )i ).
As it stands, Eq. (5) is more a, formal, rather

than an operational, expansion. Since only the first
few terms may be retained in practice, the result-
ing approximate formulas can only be valid for short
times. Even if one retains only the first nonvanish-
ing term, the resulting expression is not necessar-
ily simply evaluated, since it may involve (second-
and higher-order terms) sums over complete states
of operator products. In passing, it is worth noting
that much of this difficulty does not occur in the
theory to be described in this paper, since sums
rather than products of operators are involved. In

itself, this represents an enormous advantage over
the perturbation- series approach.

To formulate the alternative approach to the cal-
culation of transition amplitudes, we return to the
original problem of solving the time-dependent
Schrodinger equation in a given representation.
Making the usual assumption that 14'(t)) may be ex-
panded in terms of some complete set of orthonor-
mal basis functions
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= V~~(t)
The derivative da(t)/dt may now be expressed to

any desired degree of accuracy by a finite-differ-
ence formula. Here, for simplicity, we shall use
the simplest such formula. :

da (t) = 5t- [a. (t + 5t) - a (t)] .
dt

whence

a, (t) = 1 + (i &) '
f,

' V„(7')d T,

(14)

Obviously, for this expression to be accurate, 5t
must be chosen to be sufficiently small. Higher-
order approximations may be derived by standard
methods. Substitution of (ll) into (7') yields the
expression

a, (t)=(i0 'f'V„(T)d~ .
0

These results are simply those of first-order per-
turbation theory. Substitution of (15) into (13) fol-
lowed by integration would lead to the second-order
expression, and so on.

a (t+ 5t) = [1+ (i 0) ' 5t D (t)]a (t), (i2) EXAMPLE 1. STIMULATED ABSORPTION IN A
TWO-LEVEL SYSTEM

which is the final analytic expression which we shall
develop. Equation (12) is in an ideal form for an
iterative type of calculation. Given the initial con-
ditions a (to), knowing D (t), and by choosing 5t
small enough, we may calculate a (t+5t), which may
then be properly normalized to assure unitarity.
The resulting expression may be substituted into
the right-hand side of Eq. (12) and the procedure
repeated indefinitely to obtain a(t) for any given
time t.

Apart from being a numerically exact solution
for the transition amplitude, expression (12) is in

many ways much simpler to handle than the pertur-
bation series. This is especially the case for pro-
cesses which cannot adequately be described by the
first few terms of the perturbation series, i. e. ,
processes such as slow collisions, for which the
various Born approximations are not appropriate.
The simplistic feature of (12) in this context is that
products of operators do not appear in (12), whereas
they do appear in the perturbation expansion, lead-
ing to sums of complicated products of matrix ele-
ments.

The distinction between the finite-difference
method of solution of Eq. (7') and the perturbation-
series method is clearly seen by considering the
perturbation-series approach to the two-level sys-
tem. In this case, Eq. (7 ) becomes

(ih) da, (t) =a, (t) V„(t)+a (t) V, (t),

The example considered is similar to that discussed
in detail by Brooks and Scarfone. ' The perturbation
may be written in the form

V (t) V i~i (16)

where V= —E R, and where, if &&0, the perturba-
tion leads to emission, whereas, if ~&0, absorp-
tion results. According to first-order perturbation
theory, the transition probability for the absorption
process may be written

(17)

where

(is)

f(t, &u ) =2(1—costa t)/~ 2 .

For large t, the function f (t, &u') has the property

f(t, (u') - 2&t 5(~') (19)

and it is tempting, but not quite correct, to insert
Eq. (19) into (17). In spite of error incurred, it is
not uncommon for this approximation to be made in
the literature. The transition probability [(17)] is
large only for co+ co« = 0, which is the condition nec-
essary for energy conservation. For the purposes
of our illustrative calculation, we have chosen V«
=0. 1, 0= 1. Then, at resonance, Eq. (17) becomes

(ih) „' =a, (t) V„(t)+a, (t) V„(t) .da, (t)
dt

The perturbation-series approach follows by suc-
cessive substitution of equations derived from the
initial conditions. Thus, if a, (to) =1, a2(to) =0, then
we would have

W,"'~ (t) = lim 0. 02f(t, ~ )

This function, which increases at t, is represented
by the dashed curve in Fig. 1. W,"',(t) is obviously
unbounded, corresponding to the fact that the first-
order transition amplitude is not unitary.

Proceeding by the finite-difference method based
upon Eq. (12), the matrix D is given by
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D=,
V(& exp[it& '(E, —Et+ K&o) O. 1 exp[it(w —td~, )])

. (20)

The diagonal elements are presumed zero, since
the perturbation is assumed not to couple a state
with itself. The concept of energy conservation is
directly seen in the D matrix. A transition will
occur only if the oscillatory part of one or other
of the off-diagonal matrix elements is small. If
the oscillatory part of the term on. the bottom left
is small, absorption results, corresponding behav-
ior of the term on the top right leading to emission.
Proceeding as previously described, we may calcu-
late a~(t), from which we obtain

w, , (t) =
I
a, (t) I' .

Accuracy of calculation was assured by choosing
5t sufficiently small that the results were invariant
to changes in t')t. The plot of W, ~(t) obtained is
shown by the solid curve in Fig. 1. The undulations
in this curve are of little significance and result
from the "numbers" chosen for our calculation,
~- ~z; = 0 ~+ ~z; = 2; i. e. , the states are more
closely coupled than in a typical physical example.

It can clearly be seen from Fig. 1 that the first-
order approximation W,'"& (t) is indeed valid only for
the initial time range, for which the "long-time"
approximation (19) is clearly not applicable. On

the other hand, if a sufficiently long time is chosen
such that Eq. (19) is a reasonable approximation,
then W,'. "&(t) is considerably in error. For com-
paritive purposes, it is useful to define an index of
error for the first-order approximation:

(i)
W.. ,

8-
I
—.

CQ

CQ g
ci
CL

~, (t) = [w,'!',(t) —w, ,(t)]/w, , (t) . (22)

With this definition there is about a 15% error in

W,"„)&(t) for W; &(t) =0. 17.

TRANSITIONS TO CONTINUUM STATES

w', !'.(t) = f..., w,'!'„(t)p, ( )E«

fs(z) I vs
I

&r(E)f(t ~+ ~x') dE.
(24)

It is usual to presume that the energy range over
which this integral need be evaluated is sufficiently
small, that, compared to the energy variation of

f(t, &u+ ~z,), the variation with energy of I Vz; l

' and

pz(E) is sufficiently small that these quantities can
be taken out of the integral without appreciable er-
ror, leading to

Wi F (t) @
I
Vf( I Pf (Ef) fE(E)f(ti ++ +f() dE

(25)
Finally, in evaluating the integral, it is presumed
that the limits may be extended to infinity, yielding

w', !',(t) = n'lv„l p, (E,)-f'"/(t, ~+(u„)dE

=(2v/ri)
I
V„I'p, (E,) t . (26)

Defining the transition probability per unit time by
the relation

g(); );=dW; );(t)/dt (27)

Since the states of the electromagnetic field and
translational states of an atom are both part of a
continuous spectrum, it is frequently more mean-
ingful to consider transitions to a continuous group
of final states rather than to a given final state.
Thus we denote by W; z(t) the probability of transi-
tions to a manifold E of final states. W, z(t) may
be defined' in the following manner:

W; );(t) = fp(E) W; ~(t) p~(E) dE, (23)

in which pz(E) represents the density of final states
of energy E.

In terms of the perturbation- series approach the
first-order approximation is given by

O 4
I—
(T)

&.2-

we see that

(()(!)z=(2"/tf)
I v~

I
p~(Es) (28}

10 20 30 40 TIME

FIG. 1. Comparison of first-order and complete tran-
sition probabilities for absorption of radiation.

which is the well-known "golden rule" and which
represents a time-independent rate of transition.
In the case of the absorption of radiation example,
the quantity W(!));(t) is plotted in Fig. 2 (dashed
curve). The gradient of this function corresponds
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FIG. 2. Probability of transition to a manifold E of
final states.

to x,.~.(1)

By making the same basic assumptions as those
contained in Eqs. (23)-(27), i. e. , putting

W, ,(f) =p, (Z,) f'"W, (f)dZ, (2s)

EXAMPLE 2. RAMAN AND RESONANCE RAMAN
SCATTERING

Vhthin the framework of perturbation theory, the
transition probability for Haman scattering may be
represented by the following second-order expres-
sion '

it is possible to calculate W, ~(t) by the finite-dif-
ference technique. This may simply be done by
calculation of W;.&(f) as a function of so, then by
numerically integrating the resulting expressions
at any given time t with respect to v. The results
of such a calculation are plotted in Fig. 2 (solid
curve). Again it can be seen that the first-order
approximation is valid only in the initial time re-
gion. Moreover, the correct transition probability
per umt time, given by the gradient of W; z(t), is
seen to be time dependent, as one wouM in fact ex-
pect.

20 30 4.0 50 time

FIG. 4. Transition probabilities for ordinary Baman
scattering.

W,'P, (f)

V~„((e)V„,(ro,) V~„(&u,) V„,. ((e,)J (,)

(30a)

g(f) =P
2OO

+
Oo

f(& ) (3ob)200+ ~, 200+ ~,

Choosing ~, =- 195, ~3 =145, which satisfies energy
conservation for the scattering process, and choos-

Q
I—
c~

~ 0.6-

O

+~ 0.2-

where in this case (d'=~I; +v&+&3. For the pur-
poses of a comparitive calculation we shall consider
the case in which only one term is retained in the
summation over intermediate states. Diagram-
matically, the process to be described might be
represented as in Fig. 3, the energy levels shown
in the figure being chosen for convenience. Putting
V&„= V„, =P, h = 1, then we have

10 2Q 30 4Q 5Q TIME

FIG. 3. Energy levels involved in Haman scattering.
FIG. 5. Time dependence of occupation probabilities

for states involved in resonance Haman scattering.
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ing P = 0. 2, then one may verify that

W',",(f) =0.000066f'. (30c)

This function is plotted in Fig. 4 (dashed curve).
Since the perturbation V(t) may be written as a
sum:

V(t) = V exp[i(d~t]+ V exp[i~&i],

the D matrix in the finite-difference approach may
be expressed as a sum of two matrices, one for
each perturbation. Making the usual assumption,
which is also inherent in the perturbation treatment,
that the initial and final states are not directly
coupled by the perturbation, the D matrix may be
written:

D

V„,. exp[i (co„,. + cu,) f] V„,exp[i (cu„~+ cu,) f]

V:exp[i(tx, — .,)t])
V,"„exp[i((u, —(d„,) t]

+ 0

V'„; exp[i (~„;+(dg t] V'„,exp[i((u„, + (o,) f]

V',.exp[i (tx, —tx„)&])

V,'„exp[i ((d, —(u„,) f] (32)

w, ,(f) =
~
a, (f) ~' (33)

was calculated by the finite-difference method as
previously described. The results of the calcula-
tion are shown for the initial time region by the
solid curve in Fig. 4. Although the general behav-

ior of these curves is similar to that for the first-
order absorption process, we see in this case that
a 15% error, as defined by analogy with Eq. (22),
is incurred for W, z(f)= 003,.which is a much

smaller total probability of transition than for the
first-order process. In other words it would ap-
pear that the higher the order of the process, the

shorter the *'time interval" for which the lowest-
order approximation will be reasonably correct.
This would seem to be a fairly reasonable finding.

where, as before, we have assumed that k = 1, etc.
Using the same values of the energy levels, matrix
elements, etc. , as in the perturbation treatment,
the transition probability for the scattering process

Resonance Raman scatterings occurs if &&+ &„&

=0. In that case, expression (30) is not at all ap-
plicable without modification to include the lifetime
of the intermediate state I v ). On the other hand,
the existence of an intermediate-state resonance
presents absolutely no problem for the finite-dif-
ference method, even in the case of a "sharp" in-
termediate state. The probability of occupation of
each of the three levels involved in resonance scat-
tering is illustrated in Fig. 5, the transition prob-
ability for scattering being once again given by Eq.
(33). Although the calculation is not reported in
this paper, it is simple to include the effects of
state lifetimes within the finite-difference approach.
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