
1692 P. B. NEEDHAM, Jr. AND B. D. SART%ELL

151, 56 (1966).
W. Henneberg, Z. Physik 86, 592 {1933).
T. Huus, J. H. Bjerregaard, and B. Albek, Kgl.

Khnske Videnskab. Selskab, Mat. Fys. Medd. 30, No.
17 (1956).

E. Merzbacher and H. W. Lewis, Encyclopedia of
Physics, edited by S. Flugge (Springer-Verlag, Berlin,
1958),Vol. 34, p. 166.

D. Jamnik and C. Zupancic, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 31, No. 2 (1957).

"J. Bang and J. M. Hansteen, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 31, No. 13 (1959).

W. Brandt and R. Laubert, Phys. Rev. 178, 225
(1968).

13K. D. Champion, H. J. Hurst, and R. N. Whittem,
Lucas Heights Report No. AAEC-TM 454 (1968) {un-

published) .
4R. W. Fink, R. C. Jopson, H. Mark, and C. D.

Swift, Rev. Mod. Phys. 38, 513 (1966).
5S. D. Warshaw and S. K. Allison, Rev. Mod. Phys.

25, 779 (1953).
L. C. Northcliffe, Ann. Rev. Nucl. Sci. 13, 67

(1963).
VP. G. Steward and R. Wallace, UCRL Report No. —

17314, 1966 (unpublished).
1 J. M. Khan, D. L. Potter, and R. D. Worley, Phys.

Rev. 135, A511 (1964).
' G. S. Khandelwal and E. Merzbacher, Phys. Rev.

144, 349 {1966).
G. S. Khandelwal and E. Merzbacher, Phys. Rev.

151, 12 (1966).

PHYSICAL REVIEW A VO LU ME 2, NUMB ER 5 NOVE MB ER 1970

Hyperfine Structure of sl& 7 Atomic States of Dyl6' f63 and the
Ground-State Nuclear Moments~
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The atomic-beam magnetic-resonance technique has been used to measure the hyperfine
structure of the 4f 6s I6 7 atomic states of Dy ' . Values of the hyperfine-interaction con-
stants A, B, and C, corrected for hyperfine interactions with other states, are given for both

atomic states of each isotope. It is found that for the nuclear ground states of Dy ', p, /p,
161,163 163 161

= —1.400(3), and, less accurately, p =+0.65(6)pz, Q =+2.51(30) b, p = —0.46(5)pg,
Q =+2. 37(28) b. The electron g factor g& is measured for the atomic states 4f 6s I8 & 6

10 25

and also for the lowest J=8 level of 4f 5d6s at 7565 cm . The lifetime of this level cannot

be appreciably less than 2 msec, the transit time for the atom in the apparatus.

I. INTRODUCTION

Ebenhoh, Ehlers, and Ferch' pointed out that the
electric-quadrupole moment of the Dy' ' nuclear
ground state appeared about 60% larger when de-
termined from the Mossbauer effect than from
paramagnetic resonance in salts' (presumably be-
cause of difficulties in estimating the electric field
gradient at the nucleus). Their atomic-beam mag-
netic-resonance value, obtained with free atoms,
confirmed the Mossbauer result.

The purpose of the present experiment was to ex-
tend the atomic-beam experiment' on the 4f' 6s 'I8
atomic ground state of Dy'6' and Dy'" to include
measurements of the bE=+1 hfs intervals, and to
make corresponding measurements on the 'I~ me-
tastable state. When hfs measurements are made
in only one atomic state, one must postulate details
of the state in order to extract values for the mag-
netic-dipole and electric-quadrupole moments of the
nuclear ground state from the observed hfs. As
more atomic states are included in the hfs studies,
the assumptions about the atomic state become sub-
ject to test.

In determining values of the magnetic-dipole mo-
ments of the Dy' " nuclear ground states, it is
shown that atomic core polarization is responsible
for only about 1% of the magnetic-dipole hfs. The
effects of relativity and the intermediate-coupling
composition of the 'Ie ~ states are taken into account
explicitly, and Sternheimer's estimate of the dis-
tortion of the inner electron shells is included in
extraction of the nuclear electric-quadrupole mo-
ment.

Precision values of the electron g factor gz are
also useful in understanding the composition of at-
omic states and were therefore determined for all
states having sufficient population in the atomic
beam.

II. EXPERIMENTAL CONSIDERATIONS

The principles of the atomic-beam magnetic-
resonance technique have been discussed many times
in the literature, as has the particular apparatus
used for the present experiment. ' The latter is en-
tirely conventional except that the digital techniques
used for handling the data made possible observa-
tion of transitions in very weakly populated atomic



HYPERFINE STRUCTURE OF I 8, 7 ATOMIC STATES

FIG. 1. Mass spectrum of the Dy atomic beam after
magnetic analysis. Identification of which isotope was
responsible for any particular rf transition was greatly
simplified by the mass-resolution capability of the de-
tector.

states.
The radio frequency used to induce transitions

was produced by generating a signal sweepable from
30 MHz to 30+ 5v MHz ln RdjustRble 8teps, mixing
this with a crystal-locked reference frequency, and
then amplifying the sum or difference with a tuned
rf amplifier. The sweepable frequency originated
in a Hewlett-Packard 1-MHz synthesizer and was
added (within the synthesizer) to a crystal-locked
30-MHz signal. Reference frequencies below 1 0Hz
were obtained from a Solartron precision signal
generator, type DO 1001, with the required multi-
pliers and amplifiers; above 1 6Hz, they were ob-
tained from a phase-locked magnetron. Each time
the frequency was stepped by one increment, the
counts coming from the detector were routed to the
next channel of a multichannel sealer. As the sweep
was repeated over and over, data could be accumu-
lated until the signal-to-noise ratio for a transition
wRS SRtlsfactory.

The beam of Dy atoms was produced by eleetron-
bombardment heating of a Ta oven equipped with a
slit 0. 015 in. wide and —, in. high. A sharp-lipped
Ta inner crucible was used inside the oven to limit
creep. A second auxiliary oven produced a beam of
K3 which was used for calibration of the homoge-
neous C field.

Observations were made both on the even-even
stable isotopes and on the odd-A stable isotopes
Dy * 3 The isotope in which a particular transition
took place was determined by use of the magnetic
mass spectrometer associated with the electron-
bombardment detector. Figure 1 shows the mass
resolution typically used for the principal stable
isotopes. While better resolution could undoubtedly
have been achieved, that illustrated was found to be

TABLE I. Classification, excitation energies, and
relative Boltzmann factors (at 1260 C) for the lowest-
four atomic states of Dy. The Boltzmann factors give
a crude indication of the relative intensity which may be
expected, for a given Dy isotope, for an rf transition
between individual magnetic substates.

4fi06s2

4fi06s 2

4y10s&2

4f 5d6s

Atomic
state

51

51

J=8

Excitation
energy E

(cm-')

0
4134
7050
7565

l. 0000
0.0208
0.0014
0.0008

entirely adequate.
The electron g-factor measurements on even-even

isotopes consist in measuring the transition fre-
quency v at several values of the external magnetic
field H, and in addition verifying that they are pro-
portional. Fox the transition J, Mg —J, M g, the
resonRnce fl equency ls

~=gJ Pottl»

where p, o is the Bohr magneton, and h is Planck'8
constant. Normally, M~=+1, M& = —1, and the
observed transition involves a two-quantum jump.
The resonance frequency v was found to be propor-
tional to H, as expected, for all the present obser-
vations (in the even-even isotopes).

Since the atomic beam was populated thermally,
the number of atoms available for transitions in ex-
cited atomic states was much less than for the
ground state. Table I lists the relative Boltzmann
factors for the four lowest levels of DyI. The rel-
Rtlve lntensltles expected for trRQ8ltlons between
individual magnetic substates depends, in addition,
on the isotopic abundance and on I. rf power level
and angular-momentum considerations also affect
the relative transition probabilities. Voile 20 sec
or less of data accumulation ~elded a good signal-
to-noise ratio for the Ie ground state, nearly 1 h
was required for aeeeptable signal-to-noise in the
levels at about OOOO cm '.

For the odd-A isotopes Dy'6"~', the nuclear spin
I =~5 couples with the J of the atomic state to pro-
duce the hyperfine levels E=J+~, J+~, . . . , I J- ~l.
The (2E+ 1)-fold degeneracy of each of these zero-
field hyperfine states is removed by the application
of an external magnetic field II. The Hamiltonian
for the system, with the assumption that the atomic
state is perfectly isolated, may be written

K 3Chfs +Kg

in which

-.'1 i(21 J+1)-t(t+1)~(~+1)
at(az - 1)Z(u- 1)
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least-squares fit to all the measured transition
frequencies for each atomic state of each isotope.
These fits were relatively lnsensltlve to gl, whlci1
was considered known.

Figure 2 shows, at the left, the appearance of the
double-quantum transition (~tt, ~z —T, —,) in the 'Is
atomic ground state of Dy~ 3 at II = 70 G. For this
run, the data-collection time was extended far be-
yond that required for the ground state in order to
allow the ~, g —~, ~3 transition in the excited I7
atomic state of the same isotope to "grow in. " Fig-
ure 3 illustrates the appearance of the ~I' = + 1 tran-
sition (r', —-', —~s, ——,) in the 5I, atomic state of
Dy'6~ at 1 6 after about 20 min of data collection.
Table II lists all the observations on Dy. The final
column of the table gives the difference between the
observed resonance frequencies and those calculated
from the Hamiltonian of Eq. (2) for the best-fit val-
ues (listed in Table IV) of the parameters A, 8, C,
and gJ. Corrections (& 0. 007 MHz), small com-
pared to the experimental uncertainties, were ap-
plied to the frequencies calculated from Eq. (2) to
take account of hyperfine and Zeeman interactions
with nearby atomic states.

Table III lists the values of g~, the electron g
factor, determined from observations in the even-

APPLIED RADIO FREQUENCY (MHz)

FIG, 2. The double-quantum (P, I- 2, t ) transition
in the Is atomic ground state of Dy as observed at
H= Vo G. The data-accumulation time was greatly
lengthened (to about 15 min) for this run over that nor-
mally used in order to permit the muchvreaker +2+2

transition in the Iv meta, stable atomic state of @e
same isotope to "grow in. " The signal-to-noise ratio
for this transition could have been improved by further
counting. The Boltzmann factors for the bvo states (at

the effective temperature 1260'C) differ as can be seen
in Table I by a factor of 48; other factors also affect the

observed signal strength, of course.

5
H = IG

+ 16(I ~ J)s +—
s (I J)[- SI (I+ 1)J (J + 1) +I (I + 1)

+ J'(J+ 1) + 3] —4I (I + 1)J(J+ 1)j, (3)

&s = &oII4'zJs +AEI8) ~'
where the Hamiltonians for the hyperfine and Zee-
man interactions are written separately. In these
expressions, I and J are the nuclear spin and the
total electron angular momentum, respectively, I,
and J, are their projections on the field axis, A,
8, and C are the magnetic-dipole, electric-quadru-
pole, and magnetic- octupole hyperf ine-interaction
constants, respectively, and g~ and gl are the elec-
tron and nuclear g factors.

A computer program using this Hamiltonian varied
the quantities A, 8, C, and g~ to produce a best

l

O

fC)
40

l
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A
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APPLIED RF FREQUENCY (MH&)

FIG. 3. The ~=+1 transition (~2, —2 ~2, -~)
in the Iv metastable atomic state of Dy 6 as observed at
0=16. Abo t 20- i l t'o of d t
Quired.



TABLE G. Resonance frequencies for all transitions
observed ln tlM Dy isotopes, Rs R function of magnetic
fieM strength. The field was calibrated by observing
resonances in an auxiliary beam of K3 . Although the cal-
culated frequencies used in obtaining the residuals in the
right-hand column include corrections for hyperfine and
Zeeman interactions mth other atomic states, the cor-
lections vMre I all cases less than the experimental un
cex tainty, Rnd thus have little effect on the xesults ~

Atomi C TX'Rns itious

(S, M-S, M )

Atomic
Isotope

state
TI'8Il81 tlon

(F, M~F', AP)

Observed
resonance
freqUencg

(MHz)

10
10

100
200
200

16.435 (15)
16.430(20)

164.243 (20)
328.490 (20)
328.498(13)

loo 173.vsv O.o)
200 347.570(15)
200 34V. 566(12)

2~ J2

JJ.
2 & 2

2J)

2 & 2~JL
2 & 2~jK M)

~28
2

51 (M M ~JJ, J)
7 2 & 2 2 & 2

2v2. 845(15)
274. 947(15)
401.36O(15)
484. voo(15)

1004.850(60)
113O 405(70)
1153.748(45)
994.020(45)
792. 187(11)
976.188(7)

1082.385 (7)
1118.932(7)
1093.923(7)
1990.735(45)

38.11o(e)
leo. vso(e)
244. evo(8)
251.11O(9)
326. 172(5)
384.52O(15)

1009.V60(15)
1063.594 (15)
1052.287(12)
966.013(25)
ve4. so5(12)

26V. 267(15)
268. 185(15)
4ov. e4o(15)
4v6. ee50.5)

lo24. o4o(6o)
1119.470(60)
1096.865 (VO)

1013.340(45)
703.339(10)
703.332(10)
962.862(5)
962.86o(lo)

128v.o48(8)
1287.048(10)
1684.673(5)
1684.672(10)
2164.421 (5)
2164.428(10)

38.o65(s)
191.460 (8)
245. 112(9)
291.474(9)
3e2.85o(lv)

2122.223(12)
163O.O6V (10)
1227.560 (11)
eo4. oe2(16)
648. 914(16)

(J„M~ J, -M~)
(J, Mg ~J, —M~)
(J, M, J, -M~)
(O', Mg ~J, —M~)
(J, M~ J, -M~)

10
100
200
200
200

15.000 (20)
149.es5(ls)
299.950 (25)
299.965 (20)
299.970 (20)

4f %f68
J=-8
(7565
cm-')

(J, M~ ~J, -M~)
(J, Mg ~J, —Mg)
(J, Mg ~J, —Mg)

20 37.862(10)
189.298(16)

2oo 3v8. 6o3(12)

The classiflcatlon and excitation energy ls given
in Table I for each level of Dy r lying below' 8000
cm '. Because no other even-parity levels mith J
= 8, 7, 6 lie belom 20 000 cm 1, the are v 6 levels may
be expected to be very near the I8 limit as predic-
ted by Judd and I indgren'1 and by Conmay and Ny-

TABLE IH. Summary of g~ values measured in the
even even isotopes Dy ', The results fox' the I8 7

states are entirely consistent with the values found by
obseI'vations in the odd-A. isotopes, listed in Table TV.
Observations on the even-even isotopes 18Rd to R meR
surement of gg, but not of J itself.

Electron State Isotopes Measur
conf lgux'ation used

cles. The uncertainties given are t%'o standard de-
viations. The uncorrected values result from
fits in which 3Ch„and X, are given by Eqs, (3) and
(4). When the small frequency shifts caused by hfs
and Zeeman interactions mith other atomic states
are allowed for, the "final" values (given at the
right in Table IV) result. The procedure for mak-
ing these corrections has been discussed elsemhere;
because they are so smaD for Dy, they miQ not be
discussed further. The signs given in Table IV for
the hfs interaction constants A, 8, and C mill be
discussed in Sec. HIE.

even isotopes of Dy. Table IV gives the valuesfound
for the quantities A~ 8» Cq and gg froIQ least-
squares fits of the appropriate differences of eigen-
values of Eq. (2) to the observed resonance frequen-



1696 W. J. C HILD 8

D 163 SI

B
C

gz
A
8
C

162.754(2)
1152.874(30)

o. ool(3)
1.241 60(5)

1VV. 535{2}
1066.441{60}

o. oo2(4)
1.1V3 4V (5)

162.754(2)
1152.869 (40)

0. 001(4)
1.241 60(5)

177.535(2)
1O66. 43O(6O)

0. 002(6)
1.1V3 4V(5)

161 5I A
B
c
gz
A
B
c
8'J

—116.231(2)
1091.579 (50)

—0. 002 (5)
1.241 61(4)

—126.787(2)
1009.741(60)

o. ooo(3)
1.173 45(4)

—116.231(2)
1091.577 (50)

—o. oo2{5)
1.241 61(4)

—126.787(2)
1009.742 (60)

o. ooo(5)
1.173 45(4)

bourne. " The Conway-Wybourne eigenvectors are
used for the present analysis because, as discussed
in Sec. III B, they are better able to account for the
observed gJ values. These eigenvectors, calculat-
ed before the excitation energies were known, give
the purities of the states 'I8 7 as 94% and 97%, re-
spectively.

In comparing the observed hyperfine structure of

the 'Is 7 states with the theory, it is convenient to
truncate the eigenvectors" to include only the two

leading impurities, i. e. ,

I8'&=0 97101 I) 0 20861K~&+0 10891'zi&+" '

(5)

I'I, ') = o. 98711'I)- o »671'If~&+0 «7 I'If~&+ "'
where the subscript on the 'K basis states is the
same as that employed by Nielson and Koster" to
distinguish between the two 'K terms of f . These
truncated eigenvectors are 99. 8% complete.

B. Comparison of Experimental and Theoretical
Values of gJ

As may be seen from a comparison of Tables III
and IV, the values obtained for g~ in the states
I 8 7 are independent, within experimental error,

of which isotope is used for the measurement. The

gJ values given in Table V combine the information
of Tables III and IV for the 'I, , 6 states. The cal-
culated g values of Conway and Wybourne' are clos-
er to the experimental values than are those of
Judd and Lindgren. " Although Conway and Ny-
bourne's values include the relativistic and diamag-
netic correction only for the case of the Is ground

state, the corresponding corrections for the I& 6

TABLE IV. Measured values for the hyperfine-inter-
action constants &, 8, C, and the gz value of the I8 7

atomic states of Dy "~'6 . The "final" values on the right-
hand side have been corrected for the very slight effects
of hyperfine and Zeeman interactions with other atomic
states. The uncertainties quoted are two standard devia-
tions.

Isotope Atomic Quantity Uncorrected value Final value
state (A, B, C in MHz) (A, B, C in MHz)

X„,(M 1) = 2 [a '1;—10~ a' (sxC ' ');"'+a' s„j ' I,
i=1

(6)

TABLE V. Values of gg for the 4f"6s I8 ~ 6 states
of Dy I. The observed values (second column) are com-
pared with the values calculated by Conway and Wybourne
(Ref. 12) in the fourth column, andwiththeI Slimitinthe
right-hand column. Each of the theoretical values has
been corrected for relativistic and diamagnetic effects.
The correction for Is was made in Ref. 12, and that for
I& 6 is made by applying the calculated corrections of

Ref. 11 to the uncorrected values of Ref. 12.

Atomic
state

5I
5I
5I

Value of g&
Observed Calculated

1.24160(3) 1.24144
1.17346(3) 1.17335
1.07155(5) 1.07092

gcalc ops g (g$)

0. 00016 —0. 00898
P.P0Pll —0. 00553
0.OnO63 —0. 00004

states may be taken from the calculation of Judd
and Lindgren. Table V compares the experimental
values with those calculated by Conway and Nybourne
after including the effects of these corrections. It
can be seen that the difference between the observed
and calculated values is extremely small for the
Is 7 states. The larger difference for the 'I6 state

may indicate that the I6 eigenvector is less accurate
than those for 'I, 7.

Table III also lists the observed g~ value for a
fourth very weakly populated state. The identifica-
tion of this state as the level classified 4f~5d6s',
J = 8 at 7565 cm ' by Conway'o depends on (a) its ob-
served intensity relative to that of the others and
(b) the very close correspondence between the mea-
sured value gz = 1. 35246(5) and the value obtained
optically by Conway. ' The value of J is not deter-
mined in the present work on even-even isotopes.
The lifetime of this state cannot be appreciably
shorter than the 2-msec mean transit time for Dy
atoms to traverse the atomic-beam apparatus. No
calculations for the gJ value of this state have been
made.

C. Hyperfine Interaction

Hyperfine-interaction constants A and B have been
measured for two atomic states, and it is of inter-
est to compare them with theory. Examination of
the Hamiltonian of Eq. (3) shows, however, that it
treats A and B for any state simply as empirical
parameters. A more fundamental approach to the
theory of the hyperfine interaction is therefore re-
quired if one desires to correlate the observed val-
ues of the hyperfine-interaction constants with the
structure of the atomic and nuclear states involved.

It has been shown' that for atoms with only one
partially filled electron shell nl containing N equiv-
alent electrons, the magnetic-dipole hyperfine in-
teraction is characterized by the Hamiltonian
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2

e C
+n 2 (2)

3 n+e (
2f(f+ 1)(2f+ 1) ' b"

U (oa)a

~ (2f- 1)(2f+3)
1/2 11

U (13)2 b
U (11)2

1O

where C' ' is proportional to the spherical harmon-
ic of order 2. The quantities a, a, and a are
proportional to —gz = u~/I. In the absence of con-
figuration interaction, a and a both approach

~., = 2 up uz (u g /I) &~ ').)

in the nonrelativistic limit. Here, p. & and p.N are
the Bohr and nuclear magnetons, respectively, and
JLLI is the nuclear magnetic-dipole moment. Under
the same assumptions, a' approaches zero. Con-
figuration interaction does not normally introduce
much difference between a ' and a', but it does lead
(principally through those types of configuration in-
teraction more commonly referred to as "core po-
larization") to a nonzero value for a'0. Values of
a '/a„, , a' /a„, , and a' /a„, due to relativistic ef-
fects alone may be calculated approximately as-
shown in the appendix of Ref. 9, in which the re-
quired relativistic radial integrals are approxi-
mated by the Casimir factors.

The electric-quadrupole interaction can be writ-
ten, '~ in analogy to Eq. (6), as

X„,.(Z2)

where the U"&'" are the unit double tensor oper-
ators defined by Sandars and Beck. '4 The electric-
quadrupole moment Q of the nucleus enters through
the relations'

e&n n
=

n

&II
~

T'„"~II) =-'. eq.

In the nonrelativistic limit, b
' approaches the value

b„, =e'q&r ')„, (10)

and b and b" approach zero. Relativistic values
of b /b„, , b' /b„, , and b"/b„, may be obtained
from Eqs. (15) of Ref. 15.

D. Theoretica1 Expressions for the Hyperfine-

Interaction Constants A and 8

The expression for the matrix element of +„(Ml)
has been given by Childs, '6 and that for X„„(E2)by
Eq. (13) of Ref. 15. If these expressions for the
matrix elements between LS basis states of l" are
compared with Eq. (3) of this paper, expressions
for the quantities Az(aS I., a S I, ) and Bz(aSL, a S L )
can be extracted. These quantities, which may be
regarded as the generalized A or 8 values taken be-
tween the primed and unprimed L S states, are

30(2J + 1) ~ l(l+ l)(2f+ 1)
Az(aSL, a S I ) =(2 —gz)5(aSL, a S I )a +

I( J(J+ 1) (2f ])(2f+3)

S S 1

&&l aSL((V '([f a S L ) L L 2:a +(gz —l)5(aSLa SI )g

J J

4J 2J+1 2J-1 ~'
a,(asra's'l. ')=( ' ., (-()"'*'s(s,s')I,

I
() asr II(('" )'a s'r. ')'

S S
1I'2

L L 3 &l SLiiV~ 'ill S L )b(2f- 1)(2f+ 3)
,J J 2

S S 1

+ I. L 1 &f"aSL((V' '((f"a S L )b ~

J J 2

(12)
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where gz is the Landh value of the g factor (with-
out the Schwinger correction). If in these expres-
sions we put aSI = a 8 I, the result gives the A
or B value for the IS-limit state I l"aSI.).

If Eqs. (11) and (12) are used together with the
eigenvectors of Eqs. (5), one obtains theoretical
expressions for the A and B values of the 4f'06s'
'Is and 'I7 states of the Dy atom. [The primes
are used, as in Eq. (5), to denote the real state of
the atom; the I.S basis states are unprimed. ] In
t .s way

.t s fo nd t at

A('Ia ) = 0. 755582a ' —0. 010459a + 0. 242632a'0,
„(is)

A( I~ ) =0. 823187a —0. 007692a +0. 174408a',

B('I,') =O. 247563f 02- O. 042957f "-O.184908f"
14

B('I,') = o. 225viof " o. 00538vf "—o. isvivsb",

where the quantities a"B' ~ and 5's'& are as yet un-
known. If the effects of configuration interaction
are ignored, they may be related to the appropriate
relativistic radial integrals according to the theory
given by Sandars and Beck.' Even without these
integrals, the ratios a", "/a, and 5 8' '/5, may
be evaluated (again ignoring configuration-interac-
tion effects) by the procedures of Ref s. 9 and 15 in
which the Casimir factors' are used. %hen this is
done, taking'8 Z,«=Z-35=31 for the 4f electron
shell of Dy, it is found that

A{'I,') = O. 749240'„,

A{'I,') = o. 820339m„,
(i5)

B( Is) =0. 250531b«,

B( Iv ) =0. 229887b«,

where a«and 5«are defined by Eqs. (7) and (10).
These expressions take account of intermediate
coupling and of relativistic effects, but ignore the
effects of configuration interaction. Equations (16)
will be changed by the presence of configuration in-
teraction only to the extent that the value used for
b& may be slightly altered. In the magnetic-dipole
hyperfine interaction, the principal form of con-
figuration interaction is core polarization, and it is
known' that it may be represented for each basis
state by a term P(I ~ S) in the Hamiltonian. Since
this term has precisely the tensor form of the last
term of the dipole Hamiltonian, the effects of core
polarization on the Is and 'Iv states in intermedi-
ate coupling may be taken into account by adding to
Eq. (15) a term having the same Z dependence as
the last term ln Eq. (13). We may then write

where P is proportional to p, z/I and to the spin
density at the nucleus. The quantity I' is usually
very much less than a« for 4f electrons. It may
be mentioned that the coefficients appearing in the
final expressions for the A and B values [Eqs. (16)
and {1V)j are within 6/0 of those that would have
been found if the impurities of Eqs. (5) and relativ-
ity had been ignored (i. e. , in the nonrelativistic
L,S limit).

E. Signs of the Hyperfine-Interaction Constants

Since it is expected that P «a&, it follows from
Eqs. (1V) and (7) that the signs of the A values for
the Ie and Iv states will be the same as the sign of
~& and consequently the same as that of p.r for the
isotope considered. Similarly, from Eqs. (16) and
(10), the signs of the B values of both states should
be the same as that of b«and of q. Since pz(Dy' ')
& 0, p,,(Dy"') & 0, q(Dy"') & O, and q(Dy'") & 0, ' it
is expected that A(Dy' '), B(Dy' ~), and B(Dy ') will
be positive, and that A(Dy~e') will be negative. Ex-
perimentally, it is found that A/B & 0 for Dy' ~ and
A/B & 0 for Dy' as expected. For these reasons,
it is assumed that A(Dy"') &O and A(Dy"') & 0 these
signs were not measured.

F. Experimental Values of the Hyperfine-Interaction
Constants A, 8, and C

The final experimental values of the magnetic-
dipole, electric-quadrupole, and magnetic-octupole
hyperfine-interaction constants A, 8, and C are given
on the right-hand side in Table IV for the 'Ie and I,
atomic states of Dy' "3. Various ratios formed
from the dipole and quadrupole constants are dis-
played in Table VI. The upper section shows that
the A Rnd 8 VRlues meRsured for the two atomic
states are in the same ratio (within experimental
error) for both isotopes. The lower section shows
that the values measured for the two isotopes are
in the same ratio (within experimental error) for

TABLE VI. Comparison of ratios of observed A values
and of observed & values. The upper section shows that
the ratios of values for the two atomic states are the same
(within experimental error) for both isotopes. The lower
section shows that the ratios of values for the two iso-
topes are the same (within experimental error) for both
atomic states. The uncertainties quoted are for two
standard deviations.

Ratio

0. 916 74(2}
l. 081 05(8)

A('I, ') = O. 749240'«+ O. 242632P,

A( I7 ) =0. 820339a4y + 0. 174408P,
{iv)

Ratio

g (~l63) /g ( l64)

~(D f63)/~(D 'l6i)

51

—1.400 26(3)
l. 05615(6}

—1.40026(3)
l. 056 14(9)



both atomic states. The uncertainties assigned to
the ratios in Table VI follow from those of Table IV,
i. e. , they are based on two standard deviations
for each measured value of A or B.

If the nuclear moments were exactly proportional
to the hyperfine-interaction constants, i. e. , if
there were no hyperfine anomaly, then the ratios
in the lower section of Table VI would also be the
ratios between the nuclear moments of the isotopes.
Although it is usual to regard the hyperfine anoma-
ly as vanishing for f electrons, the situation is
complicated by polarization of the inner electron
shells by the 4f electrons and by the extent to which
nuclei of different size and shape (Dy'" and Dy"')
see these polarizations differently. The ratios of
the nuclear moments will be discussed further be-
low.

The magnetic-octupole hyperfine-interaction con-
stant C is given in Table IV for both the 'Is and the
Iv states of Dy ' All are zero to within experi-

mental error. As has been mentioned above, the
effects of hyperfine interactions with other atomic
states, which can give rise to pseudo-octupole in-
teractions, have been explicitly taken into account;
such effects were found to be very small.

G. Comparison of Theoretical and Experimental
Hyperfine-Interaction Constants

a~(Dy' ) = —153.450(9) MHz,

P(Dyi') = —5. 195(33) MHz,
(16)

a (Dy"') =+214. 672(9) MHz,

P(Dy"') =+ 7. 277(33) MHz.

From these numbers it follows that

a~(Dy'") /a~(Dy"') = —1.40027(10),

P(Dy'") /P(Dy"') = —1.401(11).

(19)

(20)

(21)

To the extent that the A values are proportional

In Sec. IIID, theoretical expressions were de-
veloped for the magnetic-dipole and electric-quad-
rupole hyperfine-interaction constants A and 8 in
terms of the quantities a&, P, and b@. Experi-
mental values for the same constants have also been
given {Table IV). ln fitting the theoretical expres-
sions to the measured values, "experimental" val-
ues are found for the quantities a@, P, and b+
which may then be used, along with their definitions
[Eqs. (7) and (10)), to evaluate the nuclear mo-
ments. Since a4&, 54f, and P are expected to be
proportional to the nuclear moments, different val-
ues will result for the two isotopes.

If the expressions for the magnetic-dipole hfs
constants A of Eq. (17) are equated to the final ex-
perimental values at the right in Table IV, it is
found that for a perfect fit

to the nuclear dipole moments p, z, the two numbers
on the right-hand sides of Eqs. {20) and (21) should
be the same, and should be the ratio of the values
of p,r for the isotopes Dy'6"6'. The values of P
are not well determined because, as can be seen
from substituting Eqs. (18) and (19) into (17), only
about 1% of A arises from the core-polarization
contribution. Thus, if our treatment of the magni-
tude of core-polarization effects (the principal
source of any hyperf inc anomaly} is even crudely
correct, it should be possible to give the ratio of
p, , (Dy' )/pi(Dy ') to about 0. 2/o, ' i. e. , from Eq.
(20),

p, , (Dy'") /p. , (Dy'") = —1.400(3). (22)

b„(Dy"') =+ 4620(20) MHz,

b„(Dy"') =+ 4375(20} MHz .
(25)

From Table VI, the ratio of the value of the 8
factor (in either the 'Is or 'I7 atomic states) for the
two isotopes is

a(Dy"')/a(Dy"') =+1.05615 (26)

with an uncertainty of less than 0. 01%. The ratio
of the nuclear ground-state electric-quadrupole
~o~ents g(Dy'~') /Q(Dy'6') should have the same
value. The extent to which the ratio of the Q's dif-
fers from that of the 8's may be regarded as a
quadrupole hyperfine anomaly. Any such anomaly
should be small.

H. Dipole and Quadrupole Moments of the Dy'6' '63
Nuclear Ground States

An accurate value of the ratio between the nuclear
dipole moments of the two isotopes By' "' was giv-
en in Eq. (22), and the ratio between the quadrupole
moments should have the value given in Eq. (26),
subject to correction for a possible quadrupole hy-
perf1ne anomaly

It is also possible to evaluate the ratio between
the dipole and quadrupole moment for each nucleus

For the electric-quadrupole hyperfine interaction,
one may equate the theoretical expressions for 8
[Eqs. (16)] to the final experimental values of Ta-
ble IV. Since we have two equations in one unknown
(b~) for each isotope, there is a check on our self-
consistency and we obtain

b~(Dy'" 'I, ') =+4602 MHz,

b~(Dy'83, 'I, ') =+ 4639 MHz,

b~ (Dy, I8 ) =+ 4357 MHz,

bg (Dy, 'I ) =+4392 MHz.

The results are thus self-consistent to within 0. 8%,
and we may take the average as
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separately. Let us first modify Eq. (10) to read

b„, = e' q' (r '&„, , (2v)

where a prime is placed on Q to indicate that what
is involved is the apparent. electric-quadrupole mo-
ment Q, uncorrected for any possible shielding or
antishielding due to distortions of innex shells.
Sternheimer expresses the relation between the
true and apparent moments q and Q, respectively,
as

q = q'/(1- ll«), (28

and his estimate ~ of R„, (the atomic shielding fac-
tor) for the 4f electron shell is

A4f =+0. 1+0.05,

so that

Q =(1.11+0.OV) q

From Eqs. (7) and (27), we have

q 2Pag g 1 (r &« ~&4

e'I 1-ll«&r '&o«a« (31)

where I = —,
' for both Dy and Dy, and super-

scripts D and Q have been placed on (r ~&« to indi-
cate whether it arises from the dipole or quadrupole
hfs interaction. To the extent that (a) the Casimir
factors used in taking account of both dipole and

quadrupole relativistic effects are accurate, (b)
that the dipole core polarization has been properly
taken into account, and (c) that we take account of
quadrupole inner-shell distortions by Eq. (28), the
quantities (r 3&«and (r &«o should be the same.
%e may then write

(r ')« = 8. Vo+ 0. 1V a. u. , (s6)

which is 14%%uo below the average of the single-con-
figuration Hartree-Pock results. If one uses this
value in Eq. (34), one obtains

p, , (Dy"') =+ 0. 647(65}p„,
pI (Dy'8') = —0. 462(46) p„.

(sv)

The uncertainty assigned here is lo%%up, although if
the 2%%uo uncertainty Bleaney assigns to his value of
(r )« ts accepted, then the uncertainty in Eqs. (3V)

is also 2%%uo. These values of pI are in good agree-
ment with those given by Bleaney and by Munck, 24

as well as with those found by atomic-beam studies
by Ebenhoh et al. ' Similarly, from Eq. (35), we

have

functions with the results (r &« =9. 8, 9. 9, and
10. 5 a. u. Although these values deviate from the
average of 10. 1 a. u. by only about +4%, the wave
functions used were obtained from the single-con-
figuration Hartree-Fock approach in each case.
This method often appears to overestimate expec-
tation values of radial integrals by 10-30/0, pre-
sumably because it ignores the time the atom spends
in other configurations.

Bleaney2' has attempted to evaluate (r '&«by ex-
amimng the entire 4f shell at once, using the avail-
able data from all sources. By comparing dipo1.e
hfs measurements in tripositive ions with mea-
sured values of p, , for those nuclei for which such
measurements have been made, he has obtained an
empirical curve for (r ')« for all neutral 4f atoms.
In this way, he obtains for Dyz the resUlt

q(Dy"') =+2. 51(SO} b,

q(Dy"') =+2. SV(28) b,

(s8)

where the factor (1.11+0. OV) is the Si:ernheimer
correction. When the values of Eqs. (18), (19),
and (25) are used, we obt~i~

(q/p, )(Dy'") =+ S. 9~0.2b/p, „,
(q/A)(Dy ) =- 5. 1+O.sb/p, „.

where the uncertainty is increased to 12%%uo to take
account of the additional 6/o uncertainty in the Stern-
heimer correction [Eq. (30)j. These values are in
agreement with those of Ref. 1, but are about 65%

larger than those extracted by Bleaney 3 from elec-
tron-spin resonance of paramagnetic salts.

I 1
&s - ~«2& & &

-s&

1 1
«e'(1-Z«} &r'&«

(34)

The problem is thus reduced to the evaluation of

(r &«. This quantity has been calculated2~ from
three different sets of Hartree-Fock radial wave

Evaluation of the nuclear moments themselves
from the observed values of the hyperfine-interac-
tion constants is a more difficult problem. From
the equations above,

IV. SUMMARY AND CONCLUSIONS

The eigenvectors of Eqs. (5), developed by Con-
way and Nybourne appear to be in reasonable
agreement with the observed g~ values and hyper-
fine-interaction constants A and B, although the
availability of data on more states of the 'I multi-
plet would make possible a much more sensitive
test. Core polarization is shown to make a rela-
tively unimportant contribution to the dipole hfs.

Although various ratios between the nuclear mo-
ments of Dy and Dy' ' can be evaluated from the
hfs, uncertainty in our knowledge of (r 3&«precludes
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assignment of precise absolute values for the mo-
ments. It is planned, in a future experiment, to
measure the nuclear magnetic-dipole moments of
Dy~e ' 3 directly through the nuclear Zeeman inter-
action. The nucleax electric-quadrupole moments
could then be evaluated to within about + 6% from
Eq. (33).
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Nonrelativishc energies and mass-polar'izahon shifts of 38-108 states of He were calculated
with 40- to 80-term Bayleigh-Ritz expansions in r~, r2, and r~2. Pekeris's calculated values
of relativistic shifts were used in making comparisons with experimental values. Except
for 8 '8, the calculated ionizahon energies are less than the experimental values (in agree-
ment with variational principle) by amounts ranging from O. Ol em ' upward.

INTRODUCTION

Low-lying 8 states of two-electron atoms have
been calculated to very high precision, especially

by Pekeris~'2 and by Schwartz, 3 by use of exten-
sive Rayleigh-Ritz calculations, in which the elec-
tron correlation is accounted for by inclusion of


