
PHYSICAL REVIEW A VOLUME 2, NUMBER 4 OC TOBER 1970

Substrate-Mediated Interaction between Adsorbed Atoms*

M. Schick and C. E. Campbell
Dept tment of Physics, University of Washington, Seattle, Washington 98105

(Received 6 April 1970)

An effective interaction between atoms adsorbed on a substrate is calculated. The inter-
action arises from the exchange of phonons in the substrate and makes a density-dependent
contribution to the ground-state energy per particle of the adsorbed system. Our results are
applied to the submonolayer helium film adsorbed on argon-plated copper studied by Stewart
and Dash. It is shown that, for this system the interaction is attractive and contributes to the
ground-state energy per particle an amount of the order of —1'K, which is a significant frac-
tion of the observed binding energy. The role of the effective interaction in bringing about
the enhancement of the binding energy and the formation of dense clusters observed by Stewart
and Bash is discussed.

INTRODUCTION

We shall be concerned in this paper with two in-
teresting observations made by Stewart and Dash'
concerning the properties of submonolayer helium
films adsorbed on argon-plated copper. The first
observation is that the helium is condensed into
two-dimensional clusters of high density. This be-
havior is contrary to one's expectations that the
submonolayer helium remain a quantum liquid
even at the absolute zero of temperature for the
same reason that the bulk system remains in the
liquid state; i. e. , the large zero-point energy of
the helium. Further, as discussed in the paper
of Stewart and Dash, there is no experimental evi-
dence that the observed solidification can be attri-
buted to localization of the adsorbed atoms at pref-
erential sites caused by the underlying substrate
potential.

The second observation of Steward and Dash that
concerns us is that the lateral binding energy per
particle of the monolayer4 solid, denoted q by them,
is at least 15. 3k 'K, where k is Boltzmann's con-
stant. This figure seems rather high in light of
the binding energies of the bulk solid and liquid,
5. 9 and 7. 1k 'K, respectively.

It is the purpose of this paper to point out a
mechanism which is relevant to the above obser-
vations: the effective interaction between helium
atoms due to the exchange of phonons in the sub-
strate, It will be shown that the interaction is at-
tractive and contributes approximately 1 'K to the
ground-state energy per particle and thus accounts
for part of the enhanced binding noted above. In
addition, the contribution of this interaction isden-
sity dependent and lowers the energy of the solid
more than that of the liquid and therefore provides
a possible mechanism to bring about the observed
solidification.

It should be emphasized that there exist no cal-

culations of the ground-state energy of the mono-
layer system of helium adsorbed on argon-plated
copper, so that a quantitative discussion of the
role of the effective interaction is not yet possible.
It will be sufficient in this paper to estimate the
contribution of the effective interaction to the
ground state of the adsorbed monolayer and show
it to be of sufficient magnitude that its effects
must be taken into account in a complete descrip-
tion of the adsorbed monolayer helium system.

CALCULATIONS

The problem is essentially one of calculatingthe
vertex for the scattering of an adsorbed atom ac-
companied by the emission of a phonon in the sub-
strate and closely resembles the analogous prob-
lem of calculating the electron-phonon vertex. ' We
consider an atom adsorbed on a semi-infinite sub-
strate with a surface in the x-y plane and extending
in the negative z direction. Cylindrical coordi-
nates are employed, and the position of an adsorbed
atom is specified by the vector p in the x-y plane
and the vertical coordinate z. Similarly, the posi-
tion of the ith substrate atom is specified by p' and
z'. I et the potential between the adsorbed and
substrate atoms be denoted by V((p —p')'+ (z —z')~)
and the total potential between the adsorbed atom
and substrate by u(p, z), so that

u(p, z) =Q; [V(p —p,'. )'+(z —z';)'] . (i)
The presence of a phonon in the substrate perturbs
the potential l3 (p, z) by an amount R)(p, z) which
can be taken to be

au(p, z) =Z,. f, su(p, z)is7T, ,

where g; is the operator which gives the displace-
ment of the ith substrate atom. As usual, this op-
erator can be expanded in terms of the operators
which create and annihilate the normal modes of
the substrate including both bulk and surface pho-
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nons. We shall restrict our attention to those
modes which propagate parallel to the surface of
the substrate and which, therefore, may be char-
acterized by a wave vector q in the x-y plane and
a polarization index p. . In addition, the z depen-
dence of the bulk phonons is characterized by a
wave vector l. The spatial dependences of the nor-
mal modes of the substrate are then of the form

ig
g»», z'„,», »

= +» f @re» ' 8- e 'ua, », »

i

x (z', )ez. d'pdz, (2)

where Z~ is a set of three polarization vectors.
It has been assumed that the substrate is initially
in its ground state so that no phonons are present
before the scattering event. The sum over the co-
ordinates p'; may be carried out and yields the ex-
pected result that the vector q must be equal tothe
difference of the quasimomenta R-R' to within a
reciprocal-lattice vector of the substrate.

We now employ a series of approximations in
order to reduce the general form given above. It
will be seen at the conclusion of the calculation
that the factors governing the order of magnitude
of the effective interaction we seek are completely
determined by the nature of the process and that

the effects of the approximations can only be to
change the results by numerical factors.

The structure of the substrate will subsequently
be ignored and will be approximated by a continu-
um of particle density p, . The total potential be-
tween the adsorbed atom and substrate, 'U(p, z) of

Eq. (1), is then only a function of the coordinate z

and will be denoted 'U(z). Because of the assumed
homogeneity of the substrate, the wave function

Cz may be written

@ (p z)=A u'e»~'ac(z) (3)

where A is the area of the substrate and C(z) will

be taken to be the normalized ground-state solution
of the one-dimensional Schrodinger equation con-
taining the potential U(z). Of the normal modes of
the substrate only the bulk phonons will be retained.
The surface modes are ignored because it can be
shown that they make no contribution to the ground-
state energy yer particle of the adsorbed system.

exp(iq ~ p )u, » „(z',)

The Bloch functions of the adsorbed atoms with
quasimomentum R in the x-y plane will be denoted
4'f (p, z). Then, the matrix element gz z', , ~ for
the scattering of an adsorbed atom from the state
R to R' accompanied by the emission of a phonon
characterized by the quantum numbers q, l, p, is
given by

The treatment of the bulk phonons is considerably
complicated by the boundary condition that there
be vanishing stress at the surface of the substrate
which couples the longitudinal and transverse com-
ponents. Because this boundary condition has lit-
tle effect on the magnitude of the matrix element
of interest, the bulk phonons will be approximated
by independent longitudinal and transverse waves.
The spatial part of each wave is taken to be of the
form

(2/AL)"'e»~'a coslz' (4)

where c is the appropriate speed of sound.
With the above approximations, the matrix ele-

ment of Eq. (2) can be written

+If. y E p qp l a P ~S q y l y P p 4fz coslz 8

where

8Vz'. '
sg- '4d Pdz,

and m is the mass of a substrate atom. The inte-
grand of the second integral above is simplified by
making use of the rigid-ion approximation in
which

the gradient acting on the unprimed variables.
Introducing the change of variables from p, p' to

p, y = p —p' simplifies the operation of the gradi-
ent, Lastly the expression of Eq. (3) for the wave
function 4'»» is substituted into Eq, (5) and theinte-
gration over p is carried out yielding for the ma-
trix element the expression

+KyE Qylyp +qylp p

where

g, =-p, „dz 4 z 'Z, ~ qU z, q, ~

+is ~ z —U(z, q, l)],
Bz

where l =n»»/L, n is a positive integer, and L is the
thickness of the substrate, a parameter which will
be taken to be large and which disappears from all
final results. The z-dependent part of the above
has been chosen to be of the form appropriate to a
one-dimensional system with free surfaces at z
equal to zero and L merely for convenience. Peri-
odic boundary conditions are assumed in the x-y
plane. The time dependence of the wave is har-
monic with. frequency

(o(q, l) =c(q'+l )'i



SU BSTRAT E —ME DIAT E D INT E R AC T ION 1593

z is a unit vector in the z direction, and

U(», q, &, )-=p. f c "' I'[y'

+(z —»')~] coslz'd ydz'

which is essentially the Fourier transform of the
interaction V.

The effect of the interaction between the ad-
sorbed atom and phonon is, in second order of
perturbation theory, to introduce a phonon-mediat-
ed retarded interaction W(p, f) between the two
adsorbed atoms on the surface separated by a dis-
tance p. The Fourier transform of this interac-
tion iV(q, e) in two spatial dimensions and time is
given by

'vv(q, &o)=A Z, „x) (q, l, &u)ig„, , i', (8)

where &„(q, l, &u) is the phonon propagator

n„(q, l, (o) = 2h(o, (q, l)/{(0(o)' —[g(u, (q, I)]') . (9)

We shall only be concerned with those situations
in which the frequencies + of the adsorbed atoms
are negligible compared to the frequencies of the
phonon modes u&~(q, l). Therefore, it is sufficient
to investigate the zero-frequency (static) compo-
nent of the interaction %(q, 0) —= %(q). Substituting
Eq. (9) into Eq. (8) and making use of Eqs. (6)
and (7) yields a manifestly attractive interaction,

~(q) = —2(p, mL, )-' P, (q'+ l ')-'{[qC,=' &,(q, I)] '

+[C 'I (q l) j j, (10
where

f,(q, f)= f,
" dz Iq(-z)l'U(z q. &)

and

I ( I)= -d»~4(z)~ 'U(' '" .
0 Bz

The value of this expression in the limit of vanish-
ing q is of interest because the contribution of the
phonon-induced interaction to the ground-state en-
ergy per adsorbed atom is simply —,

' s'W(0) in the
Hartree approximation, where s is the areal den-
sity of the adsorbed system. In the limitof asemi-
infinite substrate, the sum over the index l in Eq.
(10) can be replaced by an integral. By carrying
out the integral it is easy to show that the first
term in Eq. (10) vanishes linearly with q as q goes
to zero. The contribution of the second term re-
mains finite in this limit. It is shown in the first
Appendix that ~(0) can be written in the particular-
ly simple form

~(0) = —(mp, c~r) ' J dz'[J'" dz
~

e(z)
~

»U(z —z')]

(11)

where U(z —z') dz'=dz' p, f V[y'+(z —z')'jd'y,
(12)

and is recognized as the potential between an ad-
sorbed atom and a plane of the substrate of thick-
ness dz' located a distance-z' from the surface.
The total potential '0(z) is simply related to the
above quantity by

APPLICATION TO ADSORBED HELIUM FILMS ON
ARGON-PLATED COPPER

We now wish to apply the above analysis to the
system studied by Stewart and Dash'; that of heli-
um adsorbed on an argon-plated copper substrate.
That the approximation of a static interaction is
justified for this system follows from the fact that
the Debye temperature of the adsorbed helium is
found' to vary from 15 to 30 K, while the Debye
temperatures of solid argon and copper7 are 94
and 345 K, respectively.

For the interaction V, we take the helium-argon
interaction which means, in effect, that the helium
is considered tobe adsorbed on a semi-infinite plane
of argon. The copper is ignored. This seemingly
drastic assumption will be justified a posteriori by
showing that the largest contribution to ~(0) comes
from the first surface layer of atoms because of
the short range of the van der Waals interaction.
The specific form taken for the helium-argon in-
teraction is a I ennard- Jones 6-12 potential

V(r) = 4&[(o/r)" —(o/r)'],

where

[ya (z zs)R] l/2 (14)

The ground-state wave function 4 (z) of the helium
atoms obtained from the Schrodinger equation con-
taining the total potential 'U(z) extends over a dis-
tance of the order of a. Lt is appropriate, there-
fore, to define a dimensionless wave function 4(z)
by the relation

C(z) =o P(z) . (15)

With the use of Eqs. (11), (12), (14), and (15), the
effective interaction at zero wave number '+ (0) be-
comes

'0(z) = f dz' U(z —z')

It should be noted that the result of Eq. (].I), al-
though derived quantum mechanically, reflects this
derivation only in the presence of the wave function
C (z). The classical limit of this expression is ob-
tained by localizing the adsorbed atom at z0, the
minimum of the potential 'U(z). Upon using Eq.
(13), the expression determining zo can be written
y(zo) = 0, and the classical limit of Eq. (11) is

~' (0) = —(m p, c'„)f' dz' U'(z, —z') .
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m(0) =- (4ve)'(P, o')(mczr) 'o'b . (16)

'0 (z) = p, f V [y'+ (z —z')'] d'y dz'

o3[ 1
( z-1)9 1( z-l.)3] (18)

The mean density of solid argon at very low tem-
peratures is' 1.VV g/cm' which yields a number
density

p, =2. 67x10 A~ .

The Lennard- Jones parameters e, cr appropriate to
the helium-argon system are' 35k K and 2. 98 A,
respectively. With these parameters, the poten-
tial '0(z) has a minimum equal to —54k 'K. This
is a somewhat shallow minimum. Lai, Woo, and
Wu' have calculated the potential between a helium
atom and argon substrate with its (100) planes par-
allel to the surface. Averaging this potential over
a unit cell in the x-y plane yields a potential Uo(z)

with a minimum of —70k 'K.
In order to compensate for the error introduced

by the continuum approximation, the potential Uo{z)

is fitted with the functional form of Eq. (18) with $

and 0 taken to be adjustable parameters. The va, l-
ues of these parameters which give the best fit are
found to be

6 = 28. 5A' 'K, cr = 3. 54 A

The one-dimensional Schrodinger equation contain-

where b is the dimensionless quantity

&=f' ~-'dz'{f" o-'dz fy(z)t'[O. 2(,/z z~)«

—O. 6{o/z -z')']]'. (1V)

From Eq. (16) it is now easy to show that the rel-
ative contribution of the induced phonon interaction
to the ground-state energy per particle is small.
This follows from the fact that the zeroth-order ef-
fect of the adsorbed atom-substrate interaction is
to bind the former to the latter with a binding en-
ergy of order e. The effective interaction lowers
the ground-state energy per particle by an amount
of order s(s/me'). The quantity in parentheses is
usually small. It will be found to be about 0. 02
for the helium on argon system. Higher powers of
this quantity mill occur in calculating the effect of
multiple phonon exchange. Therefore, in first ap-
proximation, these processes can be ignored.

NUMERICAL EVALUATION

Some of the parameters which appear in Eq. (16)
deserve comment. It should be recalled that the
interaction between the helium and argon atoms was
taken to be the Lennard- Jones potential given in

Eq. (14). Upon treating the substrate as a continu-
um, one obtains for the total interaction between
the helium atom and the substrate the result

ing the potential U(z) with the parameters p, , e,
and 0 set off above was solved numerically and the
ground-state wave function P(z) was obtained. The
value of the parameter b given by Eq. (1V) was then
calculated. As expected most of the contribution to
b comes from atoms within a distance 0 from the
surface, Essentially, this includes only the sur-
face layer of atoms, thereby justifying the approx-
imation that the substrate is pure argon. The val-
ue of 5 obtained is

b =0. 02,

which ls not very dlffex'ent fx'om the clRsslcR1 value
of this parameter obtained by localizing the parti-
cle at the minimum of the potential well. This val-
ue is 0. 03 and is independent of the choice of e and
0'.

The value of mt."z appropriate to argon is 3. 14
x10'4 'K, where the value of the transverse speed
of sound in bulk argon, " 8. 1x 10 cm/sec, has been
used. As %'e Rx'e concex'ned with the plopRgatlon of
a disturbance in the vicinity of the surface mhere
the lattice is less rigid than in the bulk, the above
value is somewhat of an overestimate. Qn the ba-
sis of a simple force-constant model, one estimates
that the effect of removing the substrate atoms
above the surface is'2 to decrease the speed of
sound by a factor of W2. An independent estimate
of this effect CRn be obtRlned by noting that the
mean-square displacement of an atom is, for low

tempexatures, inversely proportional to the speed
of sound. Allen and de Wette" calculate the ratio
of the mean-square displacement of an atom per-
pendicular to the surface in the bulk to one at the
surface to be (1.6) '. This is quite close to the
value v 2 given by the simple force-constant argu-
ment. Taking the value of the transverse speed of
sound to be reduced by a, factor of v 2 relative to
the bulk value yields

mc~ = l. 57x10'0 K .

The dimensionless ratio s/mcr is 0. 018 which is
indeed small, as stated previously,

Collecting the various values of the parameters
and substituting into Eq. (16) yields for the effec-
tive interaction at zero wave number

V(0)=- 24. 8u 'KA' .

An estimate of the contribution of this interaction
to the ground-state energy per particle may be ob-
tained by assuming a uniform areal density s of
adsorbed helium of

@=0.0& A

the value estimated by Stewart and Dash. This
value yields a contribution of



SUBSTRATE-MEDIATED INTERACTION ~ ~

-', s~(o) = - o. 9m 'K

to the ground-state energy per particle of the ad-
sorbed helium. This estimate will be altered
somewhat on taking into account the fact that the
density is not uniform as the helium is solidified,
as well as the effects of the other approximations
employed in this calculation. However, the order
of magnitude of the effect is expectedto remainun-
altered as it is governed by the factor e /mc2
-O. 5k K, which necessarily follows from the na-
ture of the assumed interaction.

RANGE OF INTERACTION

With the interaction between helium and argon
atoms V assumed to be given by Eq. (14), we may
return to Eq. (10) and calculate the effective inter-
action VP(q) as a function of wave number q. Al-
though it does not appear possible to obtain 'VP (q)
in closed form, it is demonstrated in the second
Appendix that % (q) falls off very rapidly with q for
qo much greater than unity. We therefore approx-
imate u&(q) by

~(q) =~(0) for qo (1,
~(q) = 0 otherwise.

Such an approximation yields for the two-dimen-
sional Fourier transform of the interaction W(P)
the result

W(P) = J % (q) e 'z ~ d'q

= 2wa w (0)( /po) J,(o/p),

where J, is the cylindrical Bessel function of or-
der unity. The above expression for W(p) has the
asymptotic form for large distances

W(P) = (Sv)~'o ' '+ (0)(o/P) ' cos(o/P l v), —
p/o)) 1

which decreases essentially as p +

SUMMARY AND DISCUSSION

The phonon-induced interaction 'tV(q) between at-
oms adsorbed on a substrate has been calculated
and the zero wave-number limit of this interaction
has been evaluated for the helium, argon-plated
copper system studied by Stewart and Dash. The
contribution of this interaction to the ground-state
energy per particle in the dense clusters was esti-
mated to be about —1 k 'K. As the lateral binding
of the adsorbed helium atoms mill be increased by
this amount, part of the observed enhancement of
the binding energy can be attributed to the effective
interaction. Only the order of magnitude of the ob-
served enhancement can be estimated, however,
as calculations of the ground-state energy of a
monolayer solid system have not been carried out.

It is to be further noted that the contribution of
the effective interaction to the ground-state 'energy
per particle is a significant fraction of the observed
energy (- —15k 'K). This indicates that the pho-
non-induced interaction should be included in any
first principles calculation of the properties of the
many-body monolayer system. Such a calculation
would illuminate the role of this interaction in
bringing about several interesting effects. For ex-
ample, the effective interaction lowers the energy
of the solid phase with respect to the less-dense
liquid phase and could be responsible for the obser-
vation of the solid phase. If this hypothesis is cor-
rect then the strength of the effective interaction
must be reduced in order to prepare a quantum-
liquid monolayer. According to Eq. (16), the choice
of a substrate which interacts weakly with the ad-
sorbed atoms and which is highly incompressible
is indicated. A final effect of interest in the liquid
state of an adsorbed He3 monolayer is, of course,
the transition' to the superfluid state'~ which
would be enhanced by the residual attractive effec-
tive interaction.

APPENDIX A

In this Appendix it will be shown that, in the lim-
, it of vanishing q, the second term of Eq. (10)

T-=2(p, ~&', )-'l. -'g, [f-'f, (o, f)]',
with

(Al)

s„(D, (&.f uz le(z&l'
* . (A»

can be written in the form given in Eq. (11) of the
text. Recall that U(z, 0, l) is related to the inter-
action between adsorbed and substrate atoms V by

U(z, o, f) = p, J V[y'+(z-z')'] coslz'd'ydz'
-=j U(z —z') coslz'dz', (A3)

and that U(z, 0, 0) is identical to 'U(z), the total in-
teraction between an adsorbed atom and the sub-
strate. We shall make use of the fact that, as
4 (z) is the time-independent solution of the one-
dimensional Schrodinger equation containing the
potential 'U(z), the integral

«I+(z) I'-'~ ' =I, (o, o)=o. (A4)
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This follows f rom the Ehrenfest relation

(- &()) d(P. )
dt

=0

the second equality following from the fact that
C (z) is time independent. The brackets denote
quantum-mechanical expectation values. As Ir (0, f)
is, from Eq. (A2) and Eq. (A3), an even function
of l, it vanishes as l with vanishing l.

The sum over f in Eq. (Al) is replaced by an in-
tegral from zero to infinity and we integrate over
l by parts. The integrated part is proportional to
I 'Iz, (0, l) which, we have just seen, vanishes at
l equal to zero. In addition, inspection of Eqs.
(A2) and (AS) indicates that the integrated part al-
so vanishes when evaluated at infinitely large l.

The remaining integral over l is of the form'

f dl l ' sinlz' cosfx'= —,
' v for x'&z'

dl l ' sinlz' coslx'= —,'v for x' =z'

sinlz' coslx' = 0 for x' )z',
0

so that T can be written
00

aT= —2(p, mcr) ' dz le(z)l' — z'U(z —z')
0 00

OQ ZO

8x

Assuming that U(z —z') vanishes for infinitelylarge
argument so that

gtU(x-x')dx'=-, U(x x')dx'=U(x--z'),
ex

the above expression for T is brought to the form

r= (p, p' mzf (pz Ip(z(l'

x dx x '— z'U z-z' U x-z' dz'.
8z

0 CO

This expression is further simplified by taking the
partial with respect to z inside the integral, allow-
ing it to act on U(z —z') and changing the partial to
one with respect to z' with a change of sign. A

partial integration with respect to z' is carried out
with the integrated part vanishing. Upon noting
that z and z' are dummy variables, one finds that
the integral over x, z, and z' above is equal to

- -'fdx«
I

4(xl)'I C(zl)'f' U(z-z) U(x-z)dz,

so that T takes the form

T=- (p, mc')f' «'[f"« l4 (z)l'U(z -z')]',

as given by Eq. (11)of the text.

APPENDIX B

The expression for ~(q) given in Eq. (10) con-
tains two terms. Replacing the sum over l by an
integral from zero to infinity the second of these
terms is proportional to

S (q)
dl 8

dz
l
y(z)

l

'—U (z, q, l) ',
(»)

where U(z, q, f) is given in the text immediately
following Eq. (7) and can be written

U(z, q, f)

=»p,fJ,(qy)V[y +(z+z') ] coslz'd ydz'. (fl2)

The function JQ is the cylindrical Bessel function of
zero order and a change of variables from z' to
—z' has been made for reasons of symmetry. The
integral over f in Eq. (Bl) is"

f dl (q + l )
' coslz' coslx'

0

= (v/2q) cosh z'q e " ', z'&x'

dl(q'+ f ') ' coslz' coslx'
0

= (m/2q) coshx'qe "', x'&z'

The function S (q) is then reduced to

S(q)=vq ' f«dx lc(x)l'lc(z)l'
xf' dz'P(q, z+z')e "'
x f P(q, x+x')coshx'qdx' dz',

where

P (q, z+z')

dyy Jo(qy) —„ l [y'+ (z+z')'] .
0 (B4)

Although it is not at all apparent from Eq. (B3)
that S(q) is well behaved in the limit of vanishing

q, it can be shown that it is upon making use of
Eq. (A4). The Lennard- Jones potential

l'(~) = 4e [(c/~)" —(c/~)'],
r =[y'+(z+z')'] v'

is substituted into Eq. (B4) and the integrals over
y carried out with the aid of the relation'

f" (y'+c')-' ' J, (qy)dy =q'K (qc)/(2c)~ p, !
for integer p, ,

where K~ is the modified Bessel function of order
Upon introducing the variables y= q(z+z') and
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6-=q(x+x'), one finds

S (q) q
'
1 dz dx

~ P (z) (

'
( y (x) (

' f" R(q, y)

&&exp —[(y —qz)) J R(q, 6) cosh(5 —xq) d5d'y,

(B5)
where

a—= y + q(x —z)

R(q, y) -=[(12/2'6! )(oq)' y 'K,(y) —(-,')(aq)'y 'K, (y)) .
This function has the asymptotic behavior

R(q, y)- e '
y

~ for y»1,
R(q, 5)-y " for y «1.

Therefore, the integrands of the last two integrals
of Eq. (B5) are only large for y, 5 less than, or

of, the order unity. From the limits on the inte-
grals it can be seen that this implies that S(q) will
only be large if Oq«oz ' and crq«ox

I et us now assume that o q»1. The integrals
can then only be large if xo ' and zo ' are much
less than unity. However, the behavior of P(z),
the ground-state solution of the Schrodinger equa-
tion containing the potential 'U(z), has the asymptotic
form

Q(z)-z ~ exp[-d(o/z) ~ ] for zo '«1,
where d is a constant. Thus if zo ' or xo ' is
much less than unity, the wave functions are van-

ishingly small, so that S(q) is vanishingly small
for 0 q» 1 as was to be proved.

The first term in the expression for VP(q) given
in Eq. (10) can be treated in a manner similar to
the above with the same results.
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