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The close-coupling approximation is used to calculate integral and differential cross sec-
tions for pure vibrational excitation o(v =0—=1, Aj=0) and c(v =0—~2, Aj=0), and for si-
multaneous rotational-vibrational excitation c(w=0— 1, Aj=2) of H, by slow-electron impact.
Static-field and electron-exchange effects, long-range quadrupole, and an effective polarization
potential are included in the e-H, interaction. Pure vibrational cross sections are found to
depend on the initial rotational state j of the molecule, but the total vibrational cross sec-
tion is almost independent of j. Cross sections are compared with experiments for energies
E=10eV. For 2< E<5eV, o{v =01, Aj=0) and ofv =0—1, j=1—3) are 50% larger
than experimental values while agreement is better in the remaining energy regions. For
1<E<3eV, olv=0—2, Aj=0) is in good agreement with experiment but is understimated
for E>3 eV. Differential scattering cross sections for vibrational excitation are found to
be dominated by the polarization potential at low angles, and by the short-range potential

at large angles.

I.  INTRODUCTION

In this paper, we present calculations for inte-
gral and differential cross sections for pure vi-
brational excitation ¢(v =0-~1, Aj=0) and o(v=0-2,
Aj=0), and for simultaneous rotational excitation
o(v=0~1, Aj=2) of the ground electronic state of
molecular hydrogen by electrons with energies
E<10eV,

An early theoretical investigation® of vibrational
excitation of H, by electron impact yielded values
for the cross section which were much smaller
than those obtained from experiment, Carson!
used the Born approximation and included only
short-range interactions between the electron and
the molecule. Takayanagi® used the polarized
Born approximation in his study of the relative
importance of various parts of the interaction
potential, and found that the symmetric portion of
the polarization force is most important, This
gives a long-range term in the potential and it
arises from the interaction of an incident electron
with the induced dipole moment of the molecule.
When a potential of this type is used, the resulting
cross section has a magnitude comparable to ex-
perimental data,

A knowledge of the variation of the interaction
potential with internuclear separation is required
in order to calculate vibrational-excitation cross
sections. Breig and Lin® used Raman intensity
data to determine this variation and they investi-
gated a number of approximations for the short-
range cutoff parameter for the polarization poten-
tial., Truhlar ef al.* performed calculations in

{00

the polarized Born and Born-Ochkur-Rudge ap-
proximations. They extended the work of Breig
and Lin to include, in the potential, contributions
from long-range quadrupole and polarization terms
and from short-range interactions.

Bardsley efal.,® and Abram and Herzenberg, ®
using a different approach, obtained results which
are in fair agreement with experiment for both
integral and differential cross sections. They
assumed that the e-H, interaction can be described
in terms of a resonance between the electron and
the molecular potential, In this model, an elec-
tron is trapped in a temporary negative-ion state
of Hy", and potential energy curves for this state
are constructed from experimental data on the
position of the resonance,

This single-particle resonant state occurs be-
cause the electron is trapped by a combination of
polarization, exchange, static-field and centrif-
ugal-barrier effects. We will attempt to incor-
porate all these effects in the e-H, interaction
potential,

The theory discussed in Sec. II is based on the
work of Ardill and Davison’ who generalized the
scattering formalism of Arthurs and Dalgarno. ®
We have extended this treatment to include vibra-
tional excitation in a manner similar to that given
by Massey.® The short-range and long-range
interaction potentials, given in Sec. III, are then
used in a close-coupling calculation. The impor-
tance of static, short-range, and polarization ef-
fects on pure vibrational excitation of H, by elec-
tron impact is discussed in Sec, IV, where inte-
gral and differential cross sections for total vi-
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brational and simultaneous rotational-vibrational
excitation are compared with experiment. The
principal conclusions are summarized in Sec. V.,

II. e-H, SCATTERING THEORY

In the adiabatic approximation, the wave function
for the ground electronic state of molecular hydro-
gen may be given by

=y (F1, T, 8) Z (v | ), (1)
where the electronic wave function ¢, satisfies
[T, + U,(F), T5, 8) - €(s) ]y (F1, 72, 8) =0 (2)

and the vibrational-rotational wave function Z sat-
isfies

[T,+€(s)-E,;] Z(vj|s) =0, 3)

where v and j represent the vibrational and rota-
tional quantum numbers, respectively. The po-
tential U, denotes the Coulomb interaction of all
particles; T, and T, are the electronic coordinates
with respect to the midpoint of the nuclei, § is the
vector joining the two nuclei; T, and 7, are the
electronic and nuclear kinetic-energy operators,
respectively, given by

T,=-3(Vi+V3) , T,=-(1/2p)Vi. (4)

The wave equation for a system of an electron
colliding with molecular hydrogen may be written
(we shall use atomic units throughout)

[7;+7;1—%V§_E_EDJ+U9+V(F1’ FZ’ FS; §)]‘I’:0’ (5)

where V(F; T,, T3:5) is the potential energy of the
interaction of the incident electron with the nuclei
and with the molecular electrons; ¥, is the co-
ordinate of the colliding electron with respect to
the midpoint of the nuclei; E,; and E are the ener-
gies of the initial state of the molecule and the
kinetic energy of the incident electron, respectively.

We may expand the total wave function in the
form

= 12233 ¢o (F1, T2, 8) A (35, 8) x (1, 2; 3), (8)
where the summation is over cyclic interchanges
of electrons, and x(1,2;3) is the doublet spin func-
tion.

Substitute Eq. (6) into Eq. (5), use Eq. (2),
multiply by ¢ (¥, T, 8) x'(1, 2;3), integrate over
d¥,d¥,, and sum over spin, and we obtain

(3 V3= (T, +(o| 7| #0) )+ E + E, ;= €(s)

- ff V(;lv ?2v Fa? E)'¢0 (-fly ?2? E) lzd-fld?Z] A (F3’ E)

+ (exchange terms) =0, (7)

2
Let
A(F3,8) =20 Fuuu(F5, 8)Z(0"5"" |s), (8)
al'
where
Fan(-f:;, §)=1"31u{,ua(rg)‘y‘}'jn,u(ﬁ, §). (9)

Here uJ.., () are the radial functions which de-
scribe the motion of the colliding electron, « =vjl,
and the angular momentum [ of the colliding elec-
tron is coupled with j to form J, the total angular
momentum of the system. The quantum numbers
J and M =m; +m; represent the magnitude and com-
ponent of Jalong the z axis. The angular basis
functions are the eigenfunctions of J2 and J, and
are given by

Y5 (P, 8)= 2 CLT; mmM) Vi (3) Yy, (75),  (10)

mjml

where C(jiJ; m;m,M) are Clebsch-Gordan coef-

ficients, and Yfm,- are spherical harmonics.
Substitute Eqs. (8) and (9) into (7), use Eq. (3),

multiply by Y%7, (7, 8)Z(v’j’|s), and integrate over

d$ d?;, and we obtain a set of coupled equations

for the radial functions #, which may be written

2 1('+1
éi'i{'_—fiﬂ’“ki"’)”g'“("ﬂ)

-2 (a3 Jd|V]a"; Julii,ws)

$22 [TK(@' @y, rduata (r)dr =0, (11)
P
where %, is the channel wave number given by

R =k? =[G +1) =7 (j+ D)/I=-volv =), (12)

where I is the moment of inertia of the rigid ro-
tator, and v, is the vibrational frequency. The
direct interaction potential is given by

(a;d|V]a'; d) = [yth, (75, 8) 25" |s)V(F,, T, F5: 8)
X |¢ (Fy, Ty 8) PYY 00100 (P, 8)Z( 5" |s)

X dT,dT,d¥,ds. (13)

The exchange terms are contained in the last term
on the left-hand side of Eq. (11). If we assume
that the wave function for the ground state of the
hydrogen molecule is orthogonal to the radial
function which describes the motion of the free
electron, then only one term contributes to the
exchange kernel. Thus, we have

¥ a oA . - -
K(a',a";d |ry,7) = [Y i (75, 8)Z(05 | ) go(Fy, Tz, B)
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X715 B (F, Fa, YNy 1071, 5)Z0"5""|5)

X AT, dT 075, (14)

The coupled equations (11) have to be solved sub-
ject to the boundary conditions

u%,(0)=0
Uiy 7) 43 SIN(Bgrg ¥ = 31640y
+C08(Bgrq v —31'MR(a’, @), #2, >0

ree exP( - 'ka’a ,7), ki'a <0,

(15
where the R matrix is related to the T matrix )
through

T=2%R(1-iR)™, (18)

The elements of the R matrix may be used to ob-
tain the differential cross section for vj-v’’ tran-
sitions averaged over all »; and summed over m,.
We obtain

do ;. g T(=1)" =

a0 (vj-v'j |9)-W2Alﬁ(cose), a7

A )\=0

where A, coefficients are defined by Arthurs and
Dalgarno, ® and a factor 27 from integration over
azimuthal angle has been included, The expres-
sion for the total cross section is

e T Y Y (1) | T, a)
olvj =20"%" @ DR o & | |
(18)
where 7 and I’ take on all values consistent with
j,j", and J,
IIl. e- H, POTENTIALS

The direct-interaction potential for the e-H,
system given by Eq. (13) may be written

(o7 |V]a''; D)= [Y¥5i(P3, )25 |s) V(Es, 8)
XYY i1peoirg, BZW' | 5) dPod3,

where (19)

I7(-1»'3, 8)= (%,V (-fu .f'z, Ty )] |¢o> . (20)

This potential, which has been averaged over the
electronic coordinates of the molecule, may be
represented by

V(Y‘a, §)=ZXU)‘('V3, S)R(’;s'g). (21)

Thus, the direct matrix element may be reduced
by

(a3 I |V]a"; D=0k G151 ) [oy(rs, s) [0,
(22)

where the f, coefficients are given by Arthurs and
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Dalgarno, ® and we have
@' |oy g, $) |0 "y= [Z(@''|s) vy (5, 8) Z(" "' |s)ds.

(23)
The dependence of this matrix element on rota-
tional quantum j is omitted, since we ignore the
j-dependence of the nuclear wave functions Z. We
may then write Eq. (3) in the form

2 ’
(;d;w 2u[Ey- e(s)])Z(vO ls)=0, (3

where p is the reduced mass of the hydrogen
mol cule, The electronic energy €(s) is given by
Kolos and Wolniewicz, !° and we solve Eq. (3a) to
obtain the vibrational wave functions which are
required in Eq. (23).

A. Short-Range Potential

We use the wave function given by Wang!! to
represent the ground state of H,. I we ignore
the cross terms in ]¢ofz in calculating the elec-
tron-molecule interaction potential, we may write!

7 (%5, 8) =U(|Fs+ 38 )+ U(| T, - £3]) (24)
where
U@ =[rt+2(s)] exp[- 2z(s)]. (25)

The effective nuclear charge z(s) is a function
of the internuclear separation s, and has been
calculated by Rosen, 12 A fit to Rosen’s results
yields

z(s)=1+(0. 863 - 0. 319s) exp(~- 0. 641s). (28)

We expand (24) in a series of Legendre polynomials
and obtain

0, (rg, 8)= (20 +1) [ UG) B (Bat, (27)
where

v =+ 8%+ 2rgst)V2, (28)

Solutions of Eq. (3) are combined with expression
(27) in Eq. (23) to yield the coefficients of the
short-range interaction potential, averaged over
the internuclear distance.

Values for (v|vo(rs, s) |o/) and (v|v,lrs, s)|v) are
given in Figs, 1 and 2, respectively, for »,2’=0,
1, and 2, Circles represent the short-range po-
tential calculated by Lane and Geltman, ** who
used the Wang function at equilibrium internuclear
separation and so did not average over s. Curves
(A), (C), and (F) represent averages over v(=2")
=0,1, and 2, respectively, For these curves, as
the vibrational quantum is increased, the potential
wells become less deep and the minima occur at
smaller values of ;. This is a consequence of
the potential v, (75, s) increasing with increasing
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FIG. 1. Spherical part of the short-range potential
averaged over initial v and final »” vibrational states.
Curves (A) v=0, »'=0; (B) v=0, v'=1; (C)v=1, v/ =1;
(D) =0, v'=2; (E) v=1, v'=2; (F) v=2, v'=2. The
open circles correspond to the unaveraged potential of
Lane and Geltman, (Ref. 13).

s for 73<0. 62y, and of the weighting in integral
(23) provided by the factor Z('0|s)?>. For v'=0,
this factor has a maximum at s =1, 43ay; for

v'=1 maxima occur at 1. 24 and 1, 72a,, and at
1.15, 1.51, and 1.93q, for v'=2. Thus, as v’ in-
creases, the first maximum in the factor Z? shifts
to smaller s and the larger values of v, (r;,s) are
weighted less. For 75> 1.0aq, v,(rs, s) decreases
with increasing s and so curve (A) is less attrac-
tive than curve (F),

Curves (B), (D), and (E) represent averages
(on1y, {on2), and (112), respectively. Averaged
potentials over vibrational levels which differ by
Av =1 are repulsive for small values of 73, and
attractive for ;> 0. 8a,. For curve (D), the aver-
aged potential is repulsive for 0, 65 < 73 < 2. Oay.
This barrier may be important in calculation of
v =0-2 vibrational cross sections and may lead
to values which are much lower than experiment.

B. Long-Range Potential

Asymptotically, our choice of molecular wave
function results in exponential behavior for all

Do

the averaged short-range potential. In order to
have the correct asymptotic behavior for the inter-
action potential, we add long-range, electron-
quadrupole, and polarization interactions to the
short-range portions.

’I;he quadrupole interaction may be represented
by*

v3(ry, 8) == Q(s) 75> {1 - exp[— (ry/70)%]}, (29)

where the quadrupole moment @ is a function of
internuclear distance and »y=1. 8a,. This choice
for 7, is consistent with the general behavior of
the unperturbed e-H, potential as calculated at the
equilibrium internuclear separation by Dalgarno
and Henry, !

An effective adiabatic polarization potential may
be represented by15

v (s, ) == [ao(s)/205+7])? {1 - exp[-0ry/7)' ]}

(30)
v5 (73, 5)

f—[az(s)/Z('rg -2 {1 -exp[- (rs/1%)t ]}, 7520.5
1 0, 74<0.5
(31)

<y, (9> (a.u)

r(a,)

FIG. 2. Anisotropic part of the short-range potential
averaged over vibrational states v and »’; Curves (A)—(F)
and open circles as in Fig. 1.
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where the spherically symmetric and anisotropic
polarizabilities a( and @, are functions of inter-
nuclear distance. Parameters 7, 7,, 7,, and %
are 1,22, 0.1, 1.7, and 2, Oay, respectively, and
are chosen to fit the nonpenetrating scaled polariza-
tion potentials calculated at the equilibrium inter-
nuclear separation by Lane and Henry, *°

We assume that the long-range interactions are
in the form

vy (73, 8) =G (s) g3(73). (32)
Then, Eq. (23) reduces to
@oF (g, 8) [0 =(v |Gy [0 )gxrs). (33)

Table I gives factors (v||v’) for the quadrupole
moment and polarizabilities which have been cal-
culated from the functions given by Kolos and Wol-
niewicz, *° and Wolniewicz, '® respectively.

For the exchange kernel (14), we employ the ex-
pression calculated by Henry and Lane'? who used
the five-term single-center Huzinaga18 function to
describe the H, molecule. I we neglect the de-
pendence of the molecular function on s, then the
exchange term reduces to that given in Ref, 17,
Eq. (24), times a scaling factor {v’l12’’), where

: ? 124
(Ullv”>g6v‘v"={é: ;f‘ Z’__:;)” . (34)

IV. RESULTS AND DISCUSSION

We calculate cross sections for simultaneous
rotational and vibrational excitation of molecular
hydrogen by electron impact by solving the set of
coupled equations (11) subject to the asymptotic
conditions (15). The numerical solution is obtained
by using Numerov’s method to integrate the equa-
tions outwards and inwards, with subsequent
matching to obtain a final continuous solution. The
asymptotic method of Burke and Schey'® is used
to determine the R matrix from the function
ud: o(r). A combination of these methods has been
outlined by Smith, Henry, and Burke.? Since
there is no significant change in results for cross
sections as a function of energy, we ignore values

TABLE I. Asymptotic factors in Eq. (33) averaged
over internuclear distance.

v v (vIQ1v") (vlaglv') (vlagle)
(eay® (a3 (ap3)
0 0 0.484 5.414 1.349
0 1 0.088 0.739 0.406
1 1 0.536 5.885 1.658
0 2 -0,011 -0.071 -0.0075
1 2 0.123 1.070 0.623
2 2 0.586 6.373 1.995
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of I’> 5, thus reducing the number of channels
involved in Eq. (11). However, to ensure that the
expansion in Eq. (17) converges at all angles for
the differential cross sections, we include values
1’ < 8 for certain energies.

In order to illustrate some of the features of the
problem, we consider an electron incident on a
hydrogen molecule which is initially in its v =0,
j=1 state, and examine cross sections for v =0-1,
Aj=0, which we calculate in several approxima-
tions, For all the curves of Fig, 3, exchange
terms and a long-range quadrupole term are in-
cluded in the interaction potential in the manner
described in Sec. III. For curves (A), (B), and (C)
we have included v//=0,1 and j'/=1, 3 in the sum-
mation over @’/ in Eq. (11). Curve (A) results
when we assume that there is coupling between
v'=0and v’'=1 states for both short-range inter-
action and long-range polarization terms. How-
ever, to obtain curve (B), we assume vibrational
coupling of polarization terms while omitting the
coupling between »’=0 and »’/=1 states for short-
range terms. They are given by the Wang poten-
tial of Ref. 17 times a factor §,.,,,» . Similarly,
curve (C) results when we ignore off-diagonal vibra-
tional coupling terms for the polarization interaction
but retain the corresponding short-range terms.
Curves (D) and (E) are obtained when we include
v''=0, 1, j/’=1andv’'=0, 1, 2, j''=1, respec-
tively, in the summation over a’/, and the same
potentials are used as in curve (A),

An analysis of individual contributions to the
vibrational-excitation cross section shows that
the dominant contribution comes from incident
and final p-wave electrons, 2! The total angular
momentum J values which have [ =1 associated
with them contribute 99% of the cross section in
the energy range 1,0<E<10.0 eV. Due to the
centrifugal barrier, slow incident p electrons will
not penetrate the inner regions of the molecule
and so only the outer portion (» >1.0a,) of the po-
tential is important for the energy range under
consideration, From curve (B) of Figs. 1 and 2,
we note that the short-range interaction is attrac-
tive for » > 1.0a,. If we ignore the off-diagonal
vibrational coupling terms for the short-range
interaction, the electron-molecule interaction
will be less strong, and the resulting cross sec-
tion will be lower than that obtained when all po-
tential terms are retained, Thus in Fig. 3,
curve (B) is lower than curve (A). Similarly, the
polarization potential is attractive and we expect
its omission to yield lower cross sections. As
the energy is increased, p-wave electrons will
penetrate further into the molecule and the short-
range interaction will become more important rel-
ative to the long-range polarization terms. Thus,
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FIG. 3. Pure vibrational cross section for scattering
of electrons by H, as a function of energy. See text for
description of curves (A)—(E).

curve (C) becomes larger than curve (B) as the en-
ergy increases.

The effect on vibrational cross sections of cou-
pling between different vibrational and rotational.
levels can be deduced from comparing curves (A),
(D), and (E) of Fig. 3. The greatest change in the
v=0-~1, Aj=0 cross section is seen to occur in
going from v''=0, 1, j'/=1, tov'’'=0, 1, j''=1, 3,
since there is relatively strong coupling between
the rotational levels, and the j'’=3 state is sepa-
rated from j’’=1 in the upper vibrational level by

RONALD J. W. HENRY 2

only 8% of the energy difference between vibra-
tional levels. However, it is not anticipated that
further inclusion of higher rotational states would
yield significant changes in the cross section.
Since the dominant contribution to the pure vibra-
tional cross section comes from J=0 and 2, the
rotational state j’’=5 would give rise to coupling
with I''=5 and 7'’ =3 and 5, respectively. The
addition of a higher vibrational level changes the
v=0-1, Aj =0 cross section by less than 10%. In
this case, the v'' =2 level is weakly coupled to the
»'=0 and 1 levels and is well separated in energy
from the upper vibrational level.

Figure 4 gives the v=0—~1, Aj=0, pure vibra-
tional-excitation cross section for H, as a function
of electron impact energy E. For the curves, all
direct and exchange terms are included in the man
ner described in Sec. III. The terms in the sum-
mation over a’’ which are retained are »’'=0, 1,
and j'’'=j, j+2, wherej=0, 1, and 2 for curves
(A). (B), and (C), respectively, The chief feature
of the results given in Fig. 4 is that, for the po-
tentials used in this close-coupling calculation,
the pure vibrational cross section depends on the
initial rotational state of the molecule, This ap-
pears to be due to the different ways in which the
spherically symmetric and anisotropic portions of
the interaction potential v, (r, s) and v, (», s) are
combined for the various rotational states.

o7 T T T T

05

04

03

o-+1) (107'¢ cm?)

o (v

(oA} od

1

5
E (eV)

FIG. 4. Pure vibrational cross section for scattering of electrons by H, as a function of energy. Curves (A), (B),
and (C) represent results obtained when the initial rotational state is j=0, 1, and 2, respectively.
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To illustrate this point, let us consider only in-
cident and final p-wave electrons interacting with
an H, molecule which is in rotational state j. We
will assume that there is no change in rotational
state due to the collision. In the distorted-wave
approximation, the vibrational-excitation cross
section is proportional to the square of the matrix
element (u,; Vu,» ), where V(r)=(v|volr,s) +
fave(r, s)10). Wave functions u,,(») and u,,;(r) depend
on {v|vy(r, s) +fova(r,s)lv) and (v’ |vylr, s) +
fava(7, 8) 107, respectively;i.e., they represent the
radial motion of p electrons under the influence
of the corresponding vibrationally averaged inter-
action potential, If the molecule is initially in ro-
tational state j= 0, only total angular momentum
J =1can lead to /=1, and in this case f,=0. I
the initial rotational state is j=1, then the values
of J are 0 and 2, and those of f, are £ and %, re-
spectively. Thus, in this particular approxima-
vtion, the cross sections are seen to depend on the
value of the initial rotational state,

However, in our case, we use the close-coupling
approximation which reduces to the distorted-wave
approximation in the weak-coupling limit. Further,
since we do not restrict the orbital angular mo-
mentum to only p waves, the situation is actually
much more complicated than the case used as an
illustration,

Let us consider a hydrogen molecule which is
initially in its =0, j=1 state and include »’'=0,
1andj’’=1, 3 in the expansion over o'’ in Eq. (11);
then cross sections for four processes may be
calculated. These are elastic scattering »=0-0,
Aj=0; rotational excitation v =0-0, j=1-3; vibra-
tional excitation v=0-1, Aj=0; and simultaneous
rotational-vibrational excitation v=0-1, j=1-3,

An experiment has been performed by Crompton
etal.? in an attempt to corroborate the above sug-
gestion that the vibrational cross section depends
on the initial rotational state, They measured the
drift velocity of electrons in normal and parahydro-
gen at 77 °K at energies far away from threshold.

TABLE II. Cross sections in units of 10~'% em? for
the following processes: A, o(v=0—1, j=0—0); B,
aw=0—~1, j=0—~2); C, oo =0—1, j=1—1); D,
olv=0—1, j=1—3).

E@eV) A B A+B C D C+D
1.0 0.06 0.05 0.11 0.09 0.03 0.12
2.0 0.30 0.34 0.64 0.49 0.21 0.69
3.0 0.37 0.46 0.83 0.59 0.28 0.87
4.42 0.27 0.35 0.62 0.42 0.21 0.63
5.5 0.20 0.26 0.46 0.31 0.16 0.47
7.0 0.14 0.17 0.31 0.21 0.10 0.31
10.0 0.08 0.09 0.17 0.11 0.05 0.17
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FIG. 5. Pure vibrational cross sections o(p =0— 1,
Aj=0) and rotational-vibrational cross sections o(v
=0—1, j=1—3) as a function of energy are given by
curves (A) and (B), respectively. Experimental results
for corresponding processes obtained by Linder (Ref.
24) are given by open circles and open squares.

They found that to within 0. 25%, the relative ac-
curacy claimed in this energy region, the drift
velocities are the same in both gases. Energetic
swarms lose the same total energy in rotational
excitations in both normal and parahydrogen at
77 °K, since the ratio® of pure rotational-excita-
tion cross sections o(j=0-2)/0(j=1-3) is approxi-
mately 3, which is just the inverse of the ratio of
threshold energies for these processes. Thus, as
the swarm energies are the same in both gases,
the total vibrational cross sections are the same.
If we interpret the total vibrational cross section
as the pure vibrational a(v=0-1, Aj=0) plus the
rotational-vibrational (v =0-~1, Aj=2) cross sec-
tion, then from Table II, we have that the sum of
these cross sections is the same to within 7% for
the j=0 and j=1. Hence, the theoretical results
are consistent with experiment. Further, from
Table II, at energies far enough away from thresh-
old, the ratio of simultaneous rotational-vibra-
tional excitation cross section (B:D) is approxi-
mately 1. 63, which we note is very close to the
ratio of pure rotational-excitation cross sections.
Since the rotational-vibrational cross sections are
not equal, it follows that the pure vibrational cross
section depends on the initial state of the molecule.
In Fig. 5, curves (A) and (B) represent cross
sections for pure vibrational excitation (v = 0~1,
Aj=0) and rotational-vibrational excitationo(v =01,
j=1-3) of H, as a function of electron impact
energy E. Circles and squares denote values for
these respective cross sections which have been
measured by Linder, 2 who used a crossed-beam
technique to measure the energy dependence in the
range 0.3 <E <10 eV and the angular dependence
(0°-120°) of the differential cross sections for
the above four processes. By extrapolating mea-
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surements to 180 °, integrating over the angular
range, and normalizing his results to the absolute
total cross sections of Golden et al, ® Linder ob-
tained cross sections for the different processes
in absolute units, For the curves, all direct and
exchange terms are included in the manner de-
scribed in Sec. III. For curve (A) we have taken
a weighted average of the results given in Fig. 4.
We assumed a relative distribution of initial ro-
tational states to be 13.6: 67.1: 19.3 for j=0, 1,
and 2. This average corresponds to the Boltzmann
distribution at room temperature under which con-
dition the experiments of Linder were performed.

For pure vibrational excitation, the present cal-
culations have a maximum in the cross section at E
=2, 8 eV while the maximum in experimental cross
section is at 3. 5 eV, The ratio of these maxima
is 1.5, For simultaneous rotational-vibrational
excitation the maxima in theoretical and experi-
mental cross sections are at 3.0 and 4.0 eV, re-
spectively, and their ratio is 1.9. The ratio of the
maximum of our total cross section to that of
Golden et al .® is 1.2, and so, if the results of
Linder were normalized to our total cross sec-
tions, the discrepancy in magnitude of the pure
vibrational and rotational-vibrational cross sections
would be decreased. However, the calculated
cross sections would still lie well outside the ex-
perimental error limits, particularly for energies
in the range 2, 0<E<5,0 eV, This may be due to
the manner in which polarization effects are in-
cluded in this calculation, We have assumed that
the long-range potential can be factored as in Eq.
(32). I, however, the vibrational average pro-
duces long-range potentials which are similar in
shape to those given in Figs. 1 and 2, then, as a
result, we overestimate the polarization potential,
and thus obtain cross sections which are too large
when compared with experiment,

Total vibrational cross sections o(v =0~-1) and
o(v =0-2) are compared with experiment in Fig, 6.
Curve (A) is obtained when we assume a room-tem-
perature Boltzmann distribution of initial rotational
states for normal hydrogen, and represents o(v
=0-~1). Circles represent the experimental results
of Ehrhardt et al. % which are identical to those of
Linder, 2* and results from another scattering ex-
periment by Trajmar et al. " are given by squares,
Electrostatic-energy-analyzer studies of Schulz?®
are presented as triangles, and diamonds denote
cross sections deduced by Engelhardt and Phelps®
from analysis of transport data. Thedashed curves
near threshold energies represent the results of
Burrow and Schulz*® who used the trapped-electron
method to measure the slopes of the vibrational
cross sections. They obtained 4.3x107'" and 7. 2
%x1071% cm? eV~! for v’/=1 and 2, respectively.
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FIG. 6. Total vibrational cross sections c(p=0—1)
and (v =0— 2) as a function of energy are given by
curves (A) and (B), respectively. Experimental results
for (v =0—1) are given by: O, Ehrhardt et al. (Ref.
26);0 , Trajmar et al. (Ref. 27); Ao, Schulz (Ref. 28);

¢, Engelhardt and Phelps (Ref.29); ---, Burrow and
Schulz (Ref. 30). Experimental results for (v=0—2)
are given by: vV, Ehrhardt et al. (Ref. 26); ---, Burrow

and Schulz (Ref. 30).

Curve (B) is obtained when we include »’/=0, 1,
2, j=1 in the summation over &’/ in Eq, (11), and
all direct and exchange terms are included in the
interaction potential. The inverted triangles de-
note experimental results of Ehrhardt et al. 26
Note that vibrational cross sections for v =0~ 2
have been multiplied by a factor of 5. In Fig. 3,
it was shown that cross sections for one vibrational
quantum change were significantly affected by inclu-
sion of the j’’=3 level in the expansion of the total
wave function, and a similar effect on o(v =0-2)
may occur if we include »’'=0, 1, 2 and j=1, 3,
in the summation over @’’. Further, simultaneous
rotational-vibrational cross sections are included
in the experimental results and this may give an
additional explanation as to why the theoretical
results are lower than experiment.

Differential cross sections for v =0-1 vibrational
excitation of molecular hydrogen by electron im-
pact are given as a function of angle at E=10 eV
in Fig. 7. Theoretical curves are calculated with
all terms included in the direct and exchange po-
tentials, and v’'=0, 1, j''=j, j+2 included in
summation over '’ . Circles and squares denote
experimental results which were obtained from a
study of normal hydrogen at room temperature by
Ehrhardt et al.?® and Trajmar et al., * respec-
tively. These measurements refer to total vibra-
tional cross sections and have been normalized
using the absolute total scattering cross sections
obtained by Golden et al.?®* Curves (A) and (B)
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FIG. 7. Differential cross sections for vibrational
excitation of Hy by electron impact, as a function of
angle at E=10 eV. Curves (A) v=0—1 Aj=0 for n-H,
at 293°K; (B) v = 0—~1, Aj =0 for p—H, at 77 °K; (C) v
=0—1, (Aj=0+Aj=2). Experimental results for total
vibrational excitation are given by O, Ehrhardt et al.
(Ref. 26) and [0, Trajmar et al. (Ref. 27).

represent present results for pure vibrational
excitation of n-H, at 293 °K and p-H, at 77 °K,
respectively. We note the difference in angular
behavior predicted for these gases. In particular,
for the gas with all molecules initially in j=0 ro-
tational level, the angular distribution varies ap-
proximately as cos?6. The sum of pure vibra-
tional and simultaneous rotational-vibrational
cross sections for n-H, at 293 °K is given by
curve (C). This theoretical curve may be com-
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pared with the experimental points, For the an-
gular range 20°<6<120°, the shape and magni-
tude of the present results are in good agreement
with experiment, However, theory fails to re-
produce the large forward peak for low scattering
angles.

Figure 8 gives the ratio of pure vibrational o(»
=0-1. Aj=0) to simultaneous rotational-vibra-
tional o(v =0-1, Aj=2) cross section for n-H, at
293 °K as a function of scattering angle for E =4, 42
eV. Circles represent measurements of Ehrhardt
and Linder.3! Curve (A) represents the calculation
of Abram and Herzenberg® who used an adiabatic
approximation, and curve (B) depicts the present
results. Agreement of theory with experiment is
poor for small angles but improves with increasing
angle, This failure of theory at small angles may
be due to the manner in which polarization is in-
cluded in the present treatment. An analysis of
our results shows that the magnitude and shape
of low-angle differential cross sections for vibra-
tional excitation is determined primarily by the
long-range polarization potential, whereas, the
short-range potential is important for large-angle
scattering. Thus, relaxation of the assumption
that the polarization potential can be factored as
in Eq. (32) may lead to improvement between
theory and experiment for both integral and dif-
ferential vibrational-excitation cross sections,

V. SUMMARY

Static-field and electron-exchange effects, a long-
range quadrupole, and an effective polarization

0—+1;4j=2)

0)/ olv

O—1; Aj

olv

FIG. 8. Ratio of pure vibrational to
rotational-vibrational cross section as
a function of angle at E=4.42 eV. Circles
represent measurements of Ehrhardt
and Linder (Ref. 31). Curves (A) Abram
and Herzenberg (Ref. 6); (B), present
results.

SCATTERING ANGLE
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potential are included in the e-H, interaction,
Omission of either the short-range terms or the
long-range polarization term causes a decrease

by a factor of 2 in the pure vibrational-excitation
cross sections over those calculated with all terms

retained. Differential scattering cross sections
for vibrational excitation are found to be domi-
nated by the polarization potential at small angles,
and by the short-range potential at large angles.

For pure vibrational excitation, larger cross
sections are obtained when the states v’’=0, 1,
7’’=1, 3 are included in the close-coupling ex-
pansion, than when state v»’’=0, 1, j’/=1 are re-
tained, Inclusion of a higher vibrational level
changes the cross section (v =0-~1, Aj=0) by less
than 10%.

Pure vibrational-excitation cross sections de-

pend on the initial rotational state. Consequently,
an experiment which measures scattering of elec-
trons on parahydrogen at 77 °K would obtain
smaller cross sections than an experiment on
electrons in normal hydrogen at room temperature,
However,total vibrational cross sections ¢(v = 0-1,
Aj=0)+0(w=0-~1, Aj=2) are almost independent
of j. Thus, for example, results of Crompton

et al.* and Ehrhardt et al. % should yield the same
values for the cross sections since they measure
total vibrational excitation of p-H, and n-H, by
electron impact,
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