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Relaxation experiments performed on alkali atoms polarized in their ground state by optical
pumping in the presence of a rare gas have been previously reported and interpreted. It was
shown that the relaxation governed by the spin-orbit interaction is strongly affected by the
formation of chemically unstable Rb-Kr molecules bound by van der Waals forces. The pre-
vious theoretical analysis, restricted to the longitudinal relaxation, is extended here to re-
laxation processes involving the transverse components of the electronic polarization and hy-
perfine "coherences" (elements of the density matrix between different hyperfine states).
The effects resulting from the action of a rf field are also examined. The main results of
this work, amongothers, are (a) the prediction of a Zeeman transition-line pressure shift, in
some circumstances larger by several orders of magnitude than the one calculated by Her-
man, and having a very peculiar variation with the rare-gas pressure; (b) a quantitative ex-
planation of the anomalous pressure dependence of the hyperfine transition linewidth dis-
covered by Bender and Cohen; (c) a proposal of a method of detection of rf transitions between
states of the alkali-rare-gas molecules by their effect on the relaxation process.

INTRODUCTION

It has been shown recently' that the relaxation
of the longitudinal polarization of ground-state al-
kali atoms in a rare-gas medium is strongly af-
fected by the presence of alkali-rare-gas molec-
ules bound by van der %'aals forces. An alkali
atom has a certain probability to be captured by
a rare-gas atom into a molecular state during a
three-body collision. During the lifetime of the

molecule likely to be destroyed at the next colli-
sion, the electronic spin S is subjected to the mo-
lecular spin-orbit interaction y S N (N is the rel-
ative orbital momentum of the two bound atoms).
This type of collision, called "sticking" collision
in Ref. 1, is a very efficient relaxation mechan-
ism, especially when the polarization (S) has
enough time to perform a complete precession
around ¹ Up to now, the experimental and the-
oretical analysis of the "sticking" collisions has
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been restricted to the relaxation of the component
of (S) along the dc field (longitudinal relaxation).
Apart from being, of course, unambiguous evi-
dence for the very existence of alkali-rare-gas
molecules, this analysis has led already to a num-

ber of interesting results: a determination of the
chemical equilibrium constant for the reaction
Rb+Kr- Rb —Kr, the strength of the spin-orbit
coupling, etc. The purpose of the present work
is to extend it to effects involving the transverse
components of (S) or resulting from the action of
a rf field.

In Sec. I, we derive the master equation for
the density matrix of an ensemble of paramagne-
tic atoms subjected to the "sticking" collision
mechanism. In particular, we shall obtain the
transverse relaxation time T~, and the Zeeman
transition-line shift 5~. Their very peculiar de-
pendence upon the dc field, and the rare-gas pres-
sure is discussed in detail. The most remarkable
features are the comparatively large value of the
shift 5&, andtheoccurrence at a given pressure of
a change of its sign. A comparison is given with
the shifts produced by other effects involving the
alkali-rare-gas interaction. Finally, we show
briefly that the mechanism discussed in this paper
is practically irrelevant to the muonium experi-
ments.

In Sec. II, we turn our attention to the evolution
of hyperfine "coherences" (elements of the density
matrix between different hyperfine states). The
role of the spin-orbit interaction, and of the iso-
tropic hyperfine interaction are examined sepa-
rately. The anomalous pressure dependence of the
hyperf ine transition linewidth found experimentally
by Bender and Cohen is explained quantitatively in
the light of our results.

Section III is devoted to the analysis of the com-
bined actions of a rf field, and of "sticking" colli-
sions on an ensemble of alkali atoms. From our
discussion, there emerge two different cases: (a)
The frequency of the rf field is very close to the
Zeeman frequency of the free atom, and very far
from the resonance frequencies of the bound atoms.
The Bloch equations are shown to hold with the re-
laxation parameters obtained in Sec. I. (b) The rf-
field frequency falls among the resonance fre-
quencies of the bound atom, but far from that of
the free atom. The relaxation process is found to
be significantly affected by the action of the rf
field on the bound alkali atoms, allowing a detec-
tion of rf transitions between states of the alkali-
rare- gas molecules.

I. TRANSVERSE RELAXATION AND LINE SHIFT
INDUCED BY COLLISIONS LEADING TO

BOUND AND METASTABLE STATES

In this section, we shall extend to the transverse

components (S,) =(S„+iS,) of the electronic polari-
zation the analysis performed for the longitudinal
one (S,) in Ref. 1 where a complete description
of the relaxation model was given (Ref. 1, Sec. V).
We shall follow closely the notations of this paper.
As in Ref. 1, we divide the ensemble of alkali
atoms under study into two classes.

(a) The fraction At/T& of atoms which get bound
to rare-gas atoms at an instant to falling in the
time interval (f, f+ At). At is assumed to be much
smaller than the inverse of the molecular forma-
tion rate T& and much larger than the mean life-
time 7' of the molecular state (typical orders of
magnitude are v= 5 10~ sec/Torr, Tf=10 P sec/
Torr ).

(b) The fraction 1 —At/Tz of those which re-
main free during the same time interval.

Let i'(t) be the wave function of an atom of class
(a). Between t and &p (the instant of the molecule
formation), the evolution of ii (t) is governed by the
free Hamiltonian 3', O=y~ S Ho, between to and to
+ r (the instant at which occurs the molecular
breaking) it is governed by X = yp S (Hp+ Hi),
where H& is the effective magnetic field repre-
senting the molecular spin-orbit coupling; and
between to+ T and t+ Dt it is governed by +Oagain.
It will be convenient to use the interaction repre-
sentation g(t) =e' p '((t). The wave function
g(t+At) is given in terms of g (f) by

g(t+ At) =u(tp, T, H&) g(t)

with

H )
ih ppptp ip xp T

In the interaction representation the density matrix
of class (b) atoms is stationary while that of atoms
of class (a) is subjected to an evolution governed
by ~ (t p, T, Hi). The density matrix of the whole
ensemble of atoms at time t+ ~t is then given as
follows

x ( e (fp, T, Hi) p (f)~ t (fp, 7, H, )),„.(1.3)

The average is to be performed over the stochas-
tic variables to, T, and H&. Since all configura-
tions of the magnetic field H= Ho+8& obtained by
any rotation R around Ho are equiprobable, we can
without affecting the final result replace u by U(R)
x 'u U '(R), where U(R) is the unitary operator asso-
ciated with R. Taking U(R) =e '" +p'p, we re-
move the dependence upon to which after taking the
average would have given a dependence upon ~t.



With the time interval 4t occurring only in the
form of the factor nt/Tz«1, we can write a dif-
ferential equation for p:

with

y(T H ) 8hIg'Or Ih x T

The relaxation equation for the polarization
&S) in the interaction representation is readily
obtained.

~p—
&S& = Tr —8

df

Noting that V(T, H, ) is the unitary opera«»sso-
ciated with a well-defined rotation R(T, H, , yg&,

the product of a, rotation around Ho+ Hy by R 1"o-

tation around Ho, we can rewrite the relaxation
equation:

&do= ysIIO ~

Using EIl. (1.8) one immediately finds

The explicit evaluation of T2 Rnd 5& are most
easily performed in the spin-2 case; nevertheless,
the results are valid for any value of S. In the
general case, » isthe shift of the line associated
with the tx'RIlsltions l AS j = 1,. We give below the
I'esult obtained when the average over T has been
performed explicitly:

1 . 1 . 4o' 1—+B(d =—1 — sin
Tl Tf i

2 1 —l(coo+ (d) c

4 Q 1
2 1 —l(%0 —(d) 7'

It is in fact more convenient to use spherical com-
ponents for which the relaxation equation is diag-
onal. Indeed, the off-diagonal matrix elements of
A vanish in this basis when they are averaged over
the azimuthal angle P of H. The final result is
then

where q=0, +1 and R, , are the spherical compo-
nents of B.

We would like to point out that the above deriva-
tion is valid for any value of S~=S(S+1), provided
one uses the correct value of ys, and can be read-
ily extended to any irreducible polarization ten-
sor, 6 (T,') with 0 ~ k ~ 2S:

where 5),', , (8) is the unitary matrix associated
with 8, belonging to the irreducible (2k+ 1)-dimen-
sion representation of the rotation group.

Let us der1ve R Dlo1"e expbclt expression fol the

11ne shift 5& and transverse relaxatlon time Tz.
The time evolution of the transverse polarization
(S,) is given in terms of Tm and 6& in the labora-
tox'y' fx'RIQe by

'p sin (1.12)

where IE&= ysH, v is the mean life of the molecular
state, and & the angle between Ho and H= Ho+ H1.
The average over the direction of H, can still be
performed analytically, but the average over the

magnitude of HI, A(dl/pg ) llas to be clolle by nu-

merical methods. The results are expressed in
telIIls of &I =(&&I) ) or HI =@~I/'Yg ~

lIl tile del'lva'tloII leacilllg to Ecl. (1.12), the or-
b1tal I1loIQentuIQ N IlRS been treRted Rs a cia.ss1cal
vector which stays fixed during the lifetime. A

more rigorous quantum treatment, similar to that
given in Appendix A of Ref. 1, gives the result of

EIl. (1.12) provided N»1.
Let us now indicate how the above results have

to be modified to take into account the nuclear spin
I of the alkali atom. %e shall assume that the dc
field Ho is small enough so that the Zeeman split-
ting remains much smaller than the hyperfine
structure. Moreover, in all practical cases the
spin-orbit coupling ys &8 Hq is weak compared to
the hyperfine interaction. Finally, in the pressure
range of interest the lifetime of the molecular
states remains vexy long compared to the recip-
rocal of the hyperfine freIluency (the ineIluality
~8'z» 1 holds at pressuresup to several atmos-
pheres). The different conditions stated above

imply that an alkali atom, free or bound, stays
in a stationary state of the hyperfine Hamiltonian.
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In particular, the condition 45'v» 1 inhibits
"sticking" collision relaxation between two differ-
ent hyperfine states. We may say that we have to
deal with two classes of atoms having different

1 1angular momentum, F, =I+ & and F =I- 2.
"Sticking" collisions act independently on the two
kinds of atoms without mixing them. We have then
simply to apply the above results to atoms of each
class, using the following values of &0 and

~,=h-'» H, =+V'y, H,/(2f+1),
y N/(2I + 1)

the upper and lower signs holding for each class.
We would like to make some comments on the

remarkable features of the variations of T2 and
5 with the static magnetic field and the rare-gas
pressure, as illustrated by the curves of Figs.
1-3. To allow one to use these curves for differ-
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FIG. 1. Longitudinal and transverse relaxation rates
1/'I'& and 1/T2 induced by "sticking" collisions, com-
puted versus the magnetic field Ho, for an alkali-rare-
gas mixture, at three different pressures. (At the low-
est pressure the decrease of 1/T& around H~& described
in Ref. 1, is not apparent with our scale. ) All physical
quantities are expressed in reduced units defined in the
text. The scales are also indicated in current units for
one typical case, corresponding to the Rb-Kr pair.

ent alkali-rare-gas pairs, we have introduced re-
duced coordinates. The magnetic field is ex-
pressed in units of H&* (the root-mean-stiuare
value of the effective magnetic field simulating
the spin-orbit interaction), the pressure is ex-
pressed in units of P*, the pressure at which the
mean molecular lifetime v satisfies the condition
&g T = 1, and the relaxation rate is in units of the
molecule formation rate 1/Tf at the pressure P*.
We have also drawn the scales in current units for
one typical case (that of the Rb-Kr pair).

Let us discuss first the transverse relaxation
time Ta. In the limit of zero magnetic field, the
spherical symmetry of the problem implies T~ = T& .
We refer the reader to Ref. 1, Sec. VD, where
the variation in Tj = T2 with the gas pressure is
thoroughly discussed. In Fig. 1, we see that the
variation of 1/T, with H0 differs markedly from
that of 1/T, (always looking like a decreasing
Lorentzian curve) when the rare-gas pressure
is sufficiently low that the lifetime 7 of the molec-
ular state satisfies the inequality &q*7'» 1. The
increase of 1/Ta with the dc field Ho in this pres-
sure range can be understood in a rather simple
way. When o «&&, there is a class of bound
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FIG. 3. Line shift to linewidth ratio, B~T2, for the
relaxation induced by "sticking" collisions, computed
versus the pressure for an alkali-rare-gas mixture, in
four different magnetic fields. The pressure and the
field are expressed in the reduced units P~ and H ~&, de-
fined in the text. The scales are also indicated in cur-
rent units for the specific case of the Rb-Kr pair.

atoms for which (S) is nearlyblocked, those for
which N makes a small angle with respect to (S).
The phase shift of (S,) between these atoms and
the free ones (- &07) is clearly an increasing func-
tion of the dc field Ho. When Ho becomes much
larger than the effective field, the bound alkali
atoms remain in eigenstates of S, (T,- ~) but still
suffer random phase shifts given by 5 yN, T and
much larger than v (since v, r»1). In this limit
I/Ta keeps a constant value given by I/Tz. We
remark also in this low-pressure range, that the
parameters governing the shapes of the curves
are different: H,* for 1/T, , r for 1/T2, it follows
that the experimental study of T& and T, will yield
complementary information.

In a practical situation, one must, of course,
also take into account the existence of a relaxa-
tion rate linear in pressure due to two-body colli-
sions ("sudden" collisions). Since I/T2 induced
by "sticking" collisions is pressure independent
at sufficiently high pressures, there is always a
pressure range where the effect of "sudden" col-
lisions becomes dominant. (In the case of a Rb-
Kr mixture, the "sudden" and the "sticking" colli-
sions should give effects of the same order of mag-
nitude at a pressure of 20Torr. )

Let us now turn our attention to the line shift

6~. The variations of 5&v/a)0 and 5~T2 with the
pressure are displayed in Figs. 2 and 3 for differ-
ent values of the ratio ~0/~f =Ho/H&. In order to
collect results which are valid for several alkali-
rare- gas pairs in a single diagr am, we have plotted
in Fig. 2 the ratio between f1~/~0 and the concen-
tration C,* of bound alkali atoms at the pressure
p*. (This number is given in Ref. 1 for the Rb-
Kr pair. ) We note first, that 5|d/vo may take ap-
preciable values, of the order of 10, much
larger than those predicted by Herman' (a, more
detailed comparison is given below. The product
5&T&, which, as we shall see later, usually gives
the ratio between the shift and the half-width of
the Zeeman resonance line, is of the order of
unity under various conditions, allowing an ex-
perimental determination of 5 with a reasonable
signal-to-noise ratio. A striking feature of the
variation of 5&v/~o with the pressure is the change
of its sign which occurs at a pressure such that
q*w-1 when the effective field IHg! is larger than
the static field, The negative value of the shift in
the low-magnetic-field pressure range can be un-
derstood in the following way. The lifetime of the
molecule is long enough so that it behaves like a
stationary system in an eigenstate of S I, since
y& S H~»y~ S Ho. The Lande factor of an atom
bound in a molecule, given by g ~/(2N+1) is con-
siderably smaller than that of the free atom g~.
It is not surprising then, to get for 6&@/~0 a, nega-
tive value of the order of C„ the ratio between
the numbers of bound and free alkali atoms. On

the other hand, when the lifetime of the molecule
is very short, the atom remains approximately in
an eigenstate of y& S H&. The shift can be com-
puted using the general result of second-order
perturbation theory for a two-level system, which
always leads to a positive frequency shift. Fur-
thermore, when the rare- gas pressure is increased,
the decrease of the shift associated with an indi-
vidual "sticking" collision is partly counterbal-
anced by the fast increase in the collision rate.
For high static fields !Ho!»!H) I, second-order
perturbation theory can be used in the whole pres-
sure range so that the shift is always positive.

To conclude, we would like to discuss briefly
mechanisms leading to a shift of the Zeeman re-
sonance line, other than those dealt with in the
present paper. First, we would like to consider
the effect of the spin-orbit coupling in two-body
collisions ("sudden" collisions). Time-dependent
perturbation theory is always valid in this case and
the calculated fractional shift is found to be of the
order of (w„„/7g) (~, w„„) (r„„is the collision
duration and 7'& the time of flight), a value com-
pletely negligible with respect to the effect of
"sticking" collisions. Instead of looking to higher-
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order effects of the spin-orbit coupling, as we
have done here, Herman has recently studied the
effect of an interaction between an alkali-rare-
gas pair in the presence of a magnetic field, of
the following form:

(S r) (H, r)
y~ t, (r) S Ho+gp(~) ——S H,

J

TABLE I. Relative Zeeman-frequency pressure shift
5~/&p Computed values of the shift induced by two dif-
ferent interactions and two different types of collisions
for the Rb-Kr pair at a Kr pressure P of 1 and 10 Torr.

P
&Torr) 6CO/COp

Herman s

Present work

Herman's

"sticking"
collisions

-—10

—8 x10-7a
-8—10

"sudden"
collisions

= —6x10 '

2x10 '~'

=-6xl0 '

Present Work 8x10 ' 2x]0
Value which depends on (dp and ~& and is indicated

here for the case ~p « ~
&
.

where r is the interatomic distance. Herman was
able to relate go(x) and g~(r) to the spin-orbit po-
tential y(r)

go(~) =-r y(~) u~'/@'= fg2-(~),
where p, is the reduced mass. As shown by Her-
man, it is a very simple matter to estimate the
fractional shift 6&/~0 from the longitudinal-relax-
ation analysis. The results in a typical case are
given in Table Ibothfor the "sticking" and "sudden"
collisions and compared with our present findings.
One sees clearly that the shift computed in thepre-
sent work can, in the pressure range of a few
Torr, be larger than the effect calculated by Her-
man by several orders of magnitude. However we
should stress the fact, not apparent enough in Fig.
2, that, at sufficiently high pressures (&nor, (u,*7'

«I), the shift induced by "sticking" collisions (then
very weak) behaves always as a decreasing func-
tion of the pressure. For instance, at 1 atm, our
predicted 5&/&0 becomes as small as 10 "for the
Rb-Kr pair, and is less than Herman's.

As a final remark we shall say afew words about
the case of muonium (bound state between a p,

" me-
son and an electron). This system is usually pro-
duced and studied in a rare-gas medium (argon)
at a pressure of several atmospheres. We would
like to show that the effects due to "sticking" col-
lisions play a negligible role. For a given well
depth the total number of bound states is roughly
proportional to p ~ (g is the reduced mass).
This number will pass from a few thousands for

We shall first discuss the effect of the spin-
orbit interaction and then of the isotropic hyperfine
interaction which plays a very important role here.
Finally, we shall compare the theoretical predic-
tions to available experimental results.

A. Spin-Orbit Interaction

We shall assume that the rare-gas pressure is
such that the average lifetime v of the molecular
state satisfies the condition ~S'7.» 1, where h5'
is the hyperfine splitting. The evolution operator
can be shown (see Sec. I) to reduce to a tensor
product

'L=RL, e 'L (2. 1)

where , are acting, respectively, in the sub-
spaces F,=I+ &. We want to study the evolution
of hyperfine "coherences, " the off-diagonal den-
sity-matrix elements such that

C „(t)=(E,m Ip(t) IE n) (2. 2)

m and n being two eigenvalues of F, . We shall
work in the interaction representation with respect
to the free-atom Hamiltonian. Noting that the
Larmor frequencies in the two hyperfine states
are nearly opposite &~, =- & =&0, we have

C (t) -i[a~+a&0 (m+n)3 tC
t

For the free atoms C „is time independent.
We follow the same type of reasoning as in Sec.

I. For the atom of class (a), the C „at time
t+ ht are given in terms of the C .„.at time t by

(2. 3)

the argon-Rb pair to a few units for the muonium-
argon one, assuming the same potential depth in
both cases. (For a given rare-gas atom, this quan-
tity does not change very much with the alkali
atom. ') The fraction of bound alkali atoms de-
pends very little on the reduced mass ILL since the
phase space for the free particles is also propor-
tional to p, . But the bound states of the muonium-
argon pair, if there are any, will have very low
orbital angular momenta N (few units of I), while
the average Nh is around 25k for the Rb-argon
pair. Since 5+/&uo is roughly proportional to the
square of the spin-orbit strength, one loses auto-
matically a factor of 10 -10 . Furthermore, the
experiments were conducted with quite high pres-
sures (a few atmospheres), where the effect of
"sticking" collisions is very small even in the
most favorable cases.

Similar remarks are also valid for the relaxa-
tion of an alkali in the presence of a light rare
gas (helium and neon). In this case, the "sticking"
collisions play a negligible role.

II. EFFECTS PRODUCED BY "STICKING COLLISIONS
ON EVOLUTION OF HYPERFINE "COHERENCES"
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c.„(t+n.t)= Z ((P, ml% IP, m')

x(F n'l%. 'IF n)),„C„,„,(t),

where e, (to, T, H, ) are obtained from Eq. (l. 2)
by inserting the correct Larmor frequency for
each hyperfine state. Let us exhibit the depen-
dence of the right-hand side of the above equation
upon P, the azimuthal angle of the effective mag-
netic field H and perform the corresponding
average:

(
'I (tll 1ll tl + tl) Ib)e 5p 8l (2. 5)

The evolution equation will be written in terms of
the operators V, (T, H, ), relative to the two hyper
fine subspaces [deduced from Eq. (l. 5) by in-
serting the correct Larmor frequency for each
one]. The density-matrix element C„„for the
whole ensemble is given at the instant t+ At by

C „(t+d, t) =(1- d, t/Tt) C „(t)

+P eo' o "o(m I V Im +q)

x(n+qlV ln) C „„„(t). (2. 5)

Note that the instant tQ does not disappear; this
is due to the fact that the Larmor frequencies are
opposite in the two hyperfine states.

Before we can write down a relaxation equation
for the C „(t), a careful discussion is needed.
We shall consider two cases.

(i) &oo T&( 1. The dc magnetic field is small
enough (or the pressure large enough) so that the
Larmor frequency &Q is of the order or smaller
than the molecular formation rate. Since at is
chosen such that At «Tf, we necessarily have
(dp 6 t «1. It is then legitimate to replace tQ by
t in the exponential e '"o ' ' 'o. The C „(t)
obey a system of coupled differential equations:

P e"'"o'((m
I V, Im+q)

dt Tf

x(n+ q I v'In)), „c.„„„(t)—c., „(t)
(2 7)

Using only the unitarity of the matrices V„ it is
possible to show that the oscillating coupling terms
(q &0) do contribute only if ohio T „& 1, where T
is the relaxation time of C „ in the absence of the
coupling terms (T „ is much larger than Tt when
the motion-narrowing condition && 7 «1 is satis-
fied).

(ii) &noT&»1. This case corresponds to a low

x("
I

V'(T, Hi) In) )„C „(t)

where

V (T H ) eio /Co T io + r-
1

with

(2. 9)

Xo='Y~ F Ho, X ='Yz F (Ho+Hi) ~ (2. 10)

Using the properties of the rotation matrices, one
can prove that 5~ „ is present only if m +n 40.
This shift of the transition line I",I F n is re-
lated to the Zeeman level shift studied previously
and cannot be interpreted as a shift of the hyper-
fine levels since the frequency of the hyperfine
transition F, O=F 0 is not affected.

We shall give a more explicit expression for
TQ

~ Q in the case of the transition F, , 0 =F 0:

=—[1—(P~ (cosy) Pi, (cosy)) „]1. 1

TQ P so Tf +

(2. 11)
where P, (x) is the Legendre polynomial of order

pressure or a high dc field situation where the
/

Larmor frequency is much larger than the molec-
ular formation rate. Ne have to distinguish two
subcases.

(a) ohio T & 1. Since n. t must be chosen such
that At» v, we have &Q ht»1. The average over
to in the interval (t, t+ r t) gives zero unlessm =m ':

( Ri~o (m-m'& io)
t

The C „satisfy decoupled differential equations.
(b) &l&o T «1. Here, depending on the exact

value of Q, we may have to choose either
p + t » 1 or (dQ L I t «1 in order to write a differ-
ential equation. But since the condition &Q T „»1
is always satisfied (T „-Tt), even if the coupling
terms appear explicitly in the differential equa-
tions, they do not contribute, so the result is inde-
pendent of the choice of ~t.

To conclude this discussion we can say that the

C,„will obey the decoupled relaxation equations
given below provided the Larmor frequency is lar-
ger than the relaxation rate T ' „. Experimentally
this situation will be realized, at least approxi-
mately, when the transition lines F, m=F n cor-
responding to different values of F, are resolved
(remember that the linewidth is larger or equal to
T-1
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l and

cosy=1 —2sin o. sin (-2&uT) (2. 12)

where g„„(r) is the wave function of the molecular
state. We shall neglect the dispersion of the val-
ues of Q„„and assume the same Q =(Q„„),„for all
the molecular states.

With the same reasoning as above, we arrive
immediately at the relaxation equation for C „(t)
valid if AW7. »1:

=—(e '" —1) C (t) (2. 14)
f

dc. „(t) „,+i5W C „(t) . (2 15)
m, n

Performing the average over T we get the simple
expressions

1 Qv 1 Qr
P T 1 +3 g ~

I
(2. 8)

Before we apply these formulas to actual phys-
ical situations, let us briefly discuss the effect of
the hyperfine interaction induced during "sudden"
two-body collisions. We follow closely the analy-
sis of Ref. 1, Sec. IV. A two-body collision is
characterized by the impact parameter b, the rel-
ative velocity V of the two colliding atoms, and the
instant t, when the distance r(t) between the two

atoms reaches its minimum. The actual motion
will be approximately represented by that of two

colliding hard spheres of radius —,'xp. To the lom-
est order of perturbation theory, the transverse
relaxation time and the line shift will be given in
terms of averages of the phase shift Q(b, V) cor-
responding to individual (b, V, t,) collisions:

$(b, V) = 2 (2I+1)f I 'o, [r(t —t„b, V]dt . (2. 17)

The actual expressions for T2 and 5W read as fol-
lows:

1/T2 2(&0').,/ri), &II"=&4)., /r~ . (2. 18)

The average time of flight is defined as 7&

= (pro V„'0 No), V„being the mean relative ve-
locity and N& 'U ' the gas number density. The
averaged P" is given by

B. Isotropic Hyperfine Interaction

Let us now deal with the effect of a modifica-
tion of the hyperfine interaction o.(r) S I, due to
the presence of a rare-gas atom at the distance ~.
Let us call 0„„the modification of the hyperfine
splitting for an alkali atom engaged in a molecular
state of vibrational number v and rotational num-
ber ¹

Q. =-'(2f+I) f I'u(r)ig„(r) i'd r, (2. 18)

(Q"),„=7i J [p(b, V) ]"d'b Vn(V) d'V, (2. 19)

where n(V) is the thermal distribution of relative
velocities. It will be convenient for later discus-
sions to write (Q"),„ in terms of Q:

(y"),„=~ „(Q7,.„)", (2. 20)

(i) The relaxation time associated with the off
diagonal matrix element Coo (t) =(2 0 ip (t) il 0) for

Rb atoms has been studied experimentally by
Bender and Cohen, ' in an uncoated cell containing
a foreign gas. The field was chosen so that the
different hyperfine lines were resolved: &p Tp p )1.
They have found, with argon as a foreign gas, that
it is not possible to account for the experimental
results concerning Tp p only in terms of wall re-
laxation after diffusion through the gas, and relax-
ation by binary collisions between Rb and argon
atoms ("sudden" collisions). It appears necessary
to invoke a third almost pressure-independent
relaxation mechanism giving a broadening of 15
cycles which corresponds to a (To o)

' of 47 sec '.
Bender' has suggested that the "sticking" colli-
sions analyzed in Ref. 1 might explain this new
effect. We mould like to show that it is indeed the
case. Let us consider first the effect of the spin-
orbit coupling. Using Eq. (2. 11), we have

=—[1—( —,
'

cosri (3 cos q —1))„] . (2. 21)
o, p so

In the range of pressures explored, + «&1. The
steady magnetic field was such that Hp«H&. We
have then

(2. 22)cosy =1—2(d&T sin 0

where 8 is the angle between Hp and H&. Keeping
only the lowest-order term in ((o&T) we get

(I/To, o)so= (2/Ty) &&|T'»n 8)

= (8/ST ~) (o,*sr' = (4/T, ) s o (2. 23)

We note first that since T& is proportional to the
square of the pressure, the above expression is
indeed pressure independent. Using recent ex-
perimental results concerning the longitudinal re-
laxation in the Rb-A mixture, we obtain

(I/To, o)so =8. 8 sec (2. 24)

with the collision time r,», defined as r20ig =ro/V„.
The average interaction is of the same order of
magnitude for a "sudden" and a "sticking" colli-
sion. So &„ is a dimensionless parameter expec-
ted to be of the order of unity, depending mainly
on the shape of the function o.(r).

C. Comparison of Theoretical Predictions with
Available Experimental Results
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On the other hand the contribution of the hyperfine
interaction (assuming for the moment lQ I 7 «1)
is obtained from Eq. (2. 16):

(1/TQ Q)pf (1/T f) Q (2. 25)

and is also pressure independent.
To have an idea of the order of magnitude of 0,

we use the experimental results about the hyper-
fine pressure shift measured near room tempera-
ture

))/S'o, o) o))/S'o, o) = (8 6 ~ o
see' . (2. 27)

102

The result of Bender is reproduced if one takes
~, = 1.6, which looks quite reasonable.

(ii) The shift of the hyperfine transition line in
' Rb due to collisions with argon atoms has been
studied by Ensberg and zu Putlitz at high argon
pressure (about 5 and 10 atm). They found evi-
dence for a nonlinear pressure dependence of the
shift 5R". Their results have been fitted with the
following empirical formula:

5W/f). W = ap+bp' (2, 28)

with aP AW= —330 kc/sec, bP AW=11 kc/sec at

P =4170 Torr (at this pressure the linewidth is
3 kc/sec.

"Sticking" collisions can produce a contribution
to the hyperfine shift with a nonlinear pressure
dependence fsee Eq. (2. 16)]. However, this con-
tribution to the line shift is predicted to be smaller
than the corresponding line broadening in the pres-
sure range where a nonlinear behavior appears.
Since the nonlinear term in the above empirical
formula (2. 28) turns out to be larger than the ob-
served linewidth, "sticking" collisions cannot
account for it. In fact, even the sign is not cor-
rectly reproduced. The explanation of the effect
observed by Ensberg and zu Putlitz is probably
to be found in more complicated three-body effects
than those considered in this paper.

III. EFFECT OF rf FIELD ON RELAXATION INDUCED
BY "STICKING" COLLISIONS

We would like to study the evolution of an en-
semble of alkali atoms in a rare gas in the pres-
ence of a rf field, of frequency co, when the

5W= =X Q "' = 7. 5x10 hWT
(2. 26)

Using 7',», /sf= 10 Torr ', v= 5 x10 ' sec/Torr ',
and Tf=4. 3 10 sec/Torr, one can check that the
condition t 0 I v & 1 is satisfied in the range of ob-
servation. The total effect of "sticking" collisions
on (TQ, Q) is finally given in terms of the dimen-
sionless constant ~&, as

"sticking" collisions leading to alkali-rare-gas
molecules are the dominant relaxation mechan-
ism. Interesting effects are expected to appear
when the amplitude H, = l8&u', /y~ I of the rf field
is such that (d, r & 1, where T is the average life-
time of the molecular states. In particular, we
shall see that it is possible to induce transitions
between Zeeman levels of the molecules at fre-
quencies characteristic of the molecular fine
structure due to the S N coupling, and well sep-
arated from the resonance frequency &pp/2v of the
free atoms. These transitions could be detected
by their effects on the relaxation rates. On the
other hand, when the condition a j 7 «1 is satis-
fied, the relaxation process is not affected by a
rf field such that ~'= ~o, and the Bloch equations
will be shown to be valid. We shall first deal with
this latter case.

A. Derivation of Bloch Equations

We define X f (t) as the total Hamiltonian of the
free atoms

(3. 1)X f (t) = Xp+X '~ (t)
1where Xp = y~ S Hp and X, (t) is the Hamiltonian

associated with the rf field

X g(t) = ySQH ~(t) =8P) ~(S e ' '+S e' f)

and X, (t) as the total Hamiltonian of the bound
atoms

(3. 2)X)o(t) X f(t)+X/

with + &
= y& S.H& . It is convenient to transform

the density matrix p(t) into the rotating frame:

p(t) =e'""'p(t) e "."' (3.3)

In this frame the Hamiltonian X& governing the
evolution of the free atom is

Xf = 8 (p)p —(d ) S~+ 8(d ) S„ (3. 4)

We shall assume that &0- ~ is of the order of
Let us choose a time interval ~t satisfying

the three conditions

~/Tf«l, p)', tt«1, at/7»1 (3. 5)

The above conditions can be realized simultaneous-
ly provided co, 7 is small enough. Let us com-
pute p(t+ At) in terms of p(t), keeping only the
first-order term in )d, M and At/Tf. For atoms
of class (b) (free atoms), we have

p(t+rt) —p(t)=f8 ~t[p(t), xf] . (3. 6)

For an atom of class (a), the modification of the
density matrix in the intervals (t, tp) and (tp+T,
t+ dd) when the governing Hamiltonian is Xf (t) are
of the order of &, ~t, but since atoms of class
(a) represent only a fraction t)t/Tf of the total,
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p(t+ td) =i h ' at [p(t), x~ (t) ]+ 1-—p(t) + (cd'/Tg )
b,t

f

x [(V(T, H, ) p(t) V~ (T, H) )„], (3. 7)

the effect on the variation of the density matrix
of the whole ensemble will only be of the order of
(td/T, ).(u ', t t).

We shall assume now that +'does not coincide
with any of the reasonance frequencies of the
bou~d atom. This condition will be automatically
obtained if Hy»&p» y. It is the'n legitimate to

ignore the rf field in the interval (to to+ T) when

the atoms are bound. We have: Xy(t) —X 0+X y.
In evaluatingX, (t)=e'" & X, (t)e '" ~', we can
also replace & by +0. The error in the final re-
sult is easily seen to be of the order of (vo —to ) T
- co', 7 «1. As a conclusion, to compute the
difference p(t+ ht) —p(t) for atoms of class (b) we

can ignore the rf field and use the results of Sec. I.
We are now able to write the expression for

p(t+ &) in terms of p(t) for the whole ensemble
in the rotating frame:

store the efficiency of the "sticking" collisions as
a relaxation mechanism by inducing transitions

I ~F, I = 1, ~N, = 0, between the Zeeman levels of
the bound atoms. In the following, we shall con-
sider a situation in which the applied rf field has
its amplitude large enough to induce transitions
during the molecular lifetime (&', v= 1) and its
frequency different enough from (do to affect very
little free atoms (i&so- &o I » v, ).

We shall treat here N as a quantum object. The
angular momentum part of the Hamiltonian of a,

bound molecule is X, (t) = X0+X q (t) + y8 N; since
84oo»yN, it is legitimate to replace pS N by its
diagonal part y S,N, :

X~(t)=(hu) 0+yN, )S, +h(o'~(S e '"'~yS e'"')

(3. 10)

(We suppose here I = 0 for simplicity. It will be
easy later to write the final result in the general
case I 40. ) It is convenient for our purpose to
work in the interaction representation with respect
to the total Hamiltonian of the free atoms

p(t) = U& (t) p(t) Ui (t) (3. ii)
where terms of the order of (td/T~) (& q &t.) have
been dropped. From this equation we deduce im-
mediately the Bloch equations for the electronic
polarization (8) in the rotating frame:

—(S,) = ——(S,) —i 2' ((S,) —(S ) ), (3. 8)
dt '

Tq

—(S,) = ——+i (u)0+5(u —(o') (S,)+i~', (S,),
(3. 9)

where 1"&', T2'+i5& are the relaxation constants
calculated in Sec. I. Thus, the resonance line
will be represented by a Lorentzian curve cen-
tered at &uo+5ur and having a half-width && =(Tz)
In the case for which the motion-narrowing con-
dition is satisfied (ys IH, I7 «I), we recover a
general result of the spin-relaxation theory. '

with

p (t) $4) $ 0 g(4lQ td )$ g $(g) ] $
f % (3. 12)

ti(t+ At) = Ut, (to+ T, to) p(t) U, (to+ T, to) . (3. 13)

Let us first express U, (to+ T, to) in terms of the
evolution operators Ut, (t) satisfying the boundary
condition U, (t=0) =1:

Uy (tp+ T tp) = Uy (to+ T) U,
-' (t,)

Then write U, (t) as

(3. 14)

(Ut has been written in terms of the evolution op-
erator in the rotating frame. )

The density matrix ti(t) of atoms of class (b) does
not change in time. For atoms of class (a) p(t+ at)
is obtained from p(t) through a relation of the form

B. Relaxation Induced by rf Transitions between Levels
of Alkali-Rare-Gas Molecules

U, (t) = Ut (t) U, (t) ,

where

(3. iS)

We have shown' that when the dc magnetic field
is strong enough to decouple the electronic spin
S and the molecular orbital momentum N, "sticking"
collisions no longer provide an efficient longitu-
dinal relaxation mechanism. When an alkali atom
is engaged in a molecular state, the Zeeman-tran-
sition line & = 0 is split by the spin-orbit cou-
pling y S N into several lines, falling at & = coo

+ h y N, /(2I + 1) (N, is the projection of N along
Hp). We would like to show that by applying a, rf
field of frequency & 4&o but containing the fre-
quencies &o+h 'y N, /(2I+1), itispossibleto re-

U (t) e &&' e & L'&
0 Y z (u') s& ta'ps„] t (3 16)

is the evolution operator for bound atoms in the
laboratory frame. We decided to choose l
—((@0+5 'yN, ) I of the order of +

& but with l&0
—~ j»(d &. We should then keep the term in
&, in U~(t), butwecanset & &=0 in U&(t) at the
price of a relative error of the order of &u', / leo
—co I. With this simplification, we compute back
U, (to+ T, to). We end with the following expres-
sion:
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U (I + T I ) s 'I (~ GIP) Posg (((0' (oo) s T

5+ yT f', (t(l' -()()p) gp$e e 8 (3. 17)

width

6&u=r (1+&) 7 ) (3. 24)

with

h '8C, =(~0+5 'yN, —(d')S, +i(d', S„. (3. 13)

Let us introduce the angle (t)0= —(~ —eo) to and use
the fact that e"" "p' 'p & is the unitary operator
associated with the rotation of angle ()I)0 around z
to recast U,(to+ T, to) in the following form:

where the effective dc fields H and Hp are givenby

H', = ((()o+h yNg —(d ) K/y~
(s. 2o)

H'„= u)', cos(I)oh/yz, H', = ~', sin(t), h/y, ,

H.',=(,— ) h/y„H, '„=H',, =O . (3. 21)

It is understood that U, (to+ T, fo) operates only on
eigenstates of N, . From the conditions trop- M I

» &u'» (d', ~-l, and at» v, it follows that l(t)ol can
take, with equal probability, all the values be-
tween 0 and At I ~ —&p I

» 1. It is then legitimate
to replace the average over the allowed values of
i, , by an average over (t)o between 0 and 2)T. The
operator U, (to+ T, to) is identical to the operator
V(T, H, ) introduced in Sec. I, provided we make
the replacement Hp Hp and H- O'. In both cases,
the averages over the azimuthal angle of H (H') and

over T have to be performed in the same way, the
other averages being different, of course.

Vfe shall concentrate on the longitudinal relaxa-
tion rate The .evolution of (S,) in the interaction
representation is readily obtained by adapting the
results of Sec. I and Ref. 1:

(3. 22)

with 1/T ) ((() ), for an alkali isotope of nuclear
spin I, given by

(P (N, Ng)
f N, Ng

(d
X l

1+ (u, 7'+ [(do+yN, /h(2I+ 1) —(u ]

(3. 23)

6'(N, N, ) being the probability of finding the mole-
cule in the state N, N, . (We assume here for sim-
plicity that y is independent of the vibrational and

rotational numbers (), N of the molecule. )
As a, function of (d', I/ 'T(v') reflects the whole

spectrum of the molecular Zeeman transitions
( I hF, l = 1, DN, = 0); it appears as a, superposition
of Lorentzian 1ines centered at the discrete val-
ues ~ = (do+6 'yN, /(2I+1) and having a half-

/2 2

T,
' '((d') =

4 Ty'I ', 3 2 —,(3. 26)1+ SUE p (og

valid for ~+, ~»1.
A possible method to detect the effect of a rf

field on the relaxation is to look, when the rf field
is turned on, for a variation of the stationary val-
ue of the electronic polarization (S,) „produced by

optical pumping

(S.) „=(S.).,„T 'T
p+ I

Tp being the characteristic time of the pumping
process. At low-alkali vapor pressure the varia-
tion of the stationary polarization (S,) „can be
monitored by the transmitted intensity I~ of a de-
tecting beam composed of circularly polarized
light, suitably filtered':

5(S,)„=+(S,) (T' T „T ' 0l, . (3.23)

For a given 6 T)/T, «1, 5I, is maximum if the
intensity of the pumping light beam is such that
&p= Tj . In the absence of the rf field the main
relaxation mechanism when h&p» yN, is provided
by two-body "sudden" collisions. The corre-
sponding time-constant Tq is given in Ref. 1.
The variation 6 T,/T, due to the action of the rf
field on the alkali-rare-gas molecules is given by

aT)/T(= —T*)/T )((u ) (s. 29)

To obtain the variation of (S,) „resulting from the

As expected, the effect of the rf field on the re-
laxation is important only if &, & & 1. If h
; 5 'y/(2I+ 1), the lines will overlap and 1/T )

x ((() ') will look like a broad band with a half-width
of the order of &u*, =h 'yN*/(2I+1) (N" is the
average value of IN I ). The sum over N and N,
can be replaced by an integral. Writing h 'yN/
(2I + 1) = (d) and N,/N= cos 8, we have

Ti' '(&')=1'I' a, "r fp(u, lyu,

—,d(cos8)
) 1+(d) r +((()o+(d) cos8 —(d )~ra

(s. as)

[(P ((d, ) d(d, is the density of probability of (d, given
in Ref. 1]. One must keep in mind that it is le-
gitimate to use the above formula only if l~p

In the vicinity of l &p- & I = &~,
1/T', ((()*) takes the simplified form
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application of an rf field, we have also to take in-
to account the weak effect of the rf field on free
alkali atoms. It is most easily obtained from the
stationary solution of the Bloch equations in the
rotating frame:

i2

Taking T&-T&=T*&, the ratio of the effect of the
rf field on free atoms to that on molecules, when
l0- ~'1-+*& and +(7-1, is

5(S,) „(free atoms) &u, T, (e ) e, T~
5(S,) „(molecules) (&oo- &u ) T*, u&*, T*,

(3.31)

In a typical case, like the Rb-Kr pair, the above
ratio is of the order of 5xl0 ', while T*i/T, (~ )
=0. 25 for a Kr pressure of 1 Torr and a rf-
field intensity of I G (&u', r = 0. 3). These numbers
look good enough to allow the study of molecular
transitions at a smaller rf-field power and at a
lower pressure so that different molecular lines
might be resolved.

CONCLUSION

The existence of alkali-rare-gas molecules
bound by van der Waals forces leads to very sig-
nificant effects in the relaxation of ground-state
polarized alkali atoms in a rare-gas medium.
One of the most striking predictions of our the-
oretical analysis is perhaps the very peculiar
rare-gas pressure dependence of the relaxation
parameters (transverse and longitudinal relaxa-
tion times; Zeeman-transition line shift). In the

pressure range of a few Torr the line shift pro-
duced by the collisions leading to molecular as-
sociation ("sticking" collisions) dominates the
other pressure effects for the heaviest rare gases;
its sign changes at a given pressure if the dc field
is not too large, and it disappears almost com-
pletely when the rare-gas pressure reaches 1
atm, the molecules then becoming too unstable to
play any role. The anomalous pressure depen-
dence of the hyperfine transition linewidth dis-
covered by Bender and Cohen is quantitatively ex-
plained by the "sticking" collisions mechanism.
The action of a rf field on the alkali atoms has
been subjected to a theoretical investigation. The
most promising situation occurs when the fre-
quency of the dc field falls among the transition
frequencies of the bound atom. The predicted
effects on the relaxation processes appear strong
enough to allow a study of the molecular fine struc-
ture due to the molecular spin-orbit coupling y S
&& N interaction which is held responsible for most
of the relaxation effects studied here. An experi-
mental program of systematic verification of the
predictions of this paper has been started at the
Ecole Normale Superieure and will certainly con-
tribute to our knowledge of van der Waals mole-
cules not easily accessible to experimental study
by more conventional methods.
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