
PHYSICAL REVIEW A VOLUME 2, NUMBER 4 OCTOBER 1970

Spin&ptimized Self&onsistent-Field Function.
III. Ground States of Boron and Carbon Atoms
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(Received 6 March)

The spin-optimized self-consistent-field (SOSCF) function, a product of one-electron spatial
orbitals multiplied by a spin function optimized jn the relevant (S, M&) space, is calculated
for B( P) and C( P). The energy reduction relative to restricted Hartree-Fock values is con-
siderable and includes most of the "radial correlation energy. " The hfs constants are cal-
culated and found to be in very good agreement with experiment, where experimental values
are knovrn. The use of partial spaces for the spin-function variation is considered. The
spatial orbitals are described, and as observed previously for other atoms, they possess no
radial nodes.

INTRODUCTION

The spin-optimized self-consistent-field
(SOSCF) function described in the first paper of
this series' is of the form

where " is a product of one-electron spatial or-
bitals,

=. =X&(I)X&(2)" X„(n), (2)

and e is a linear combination of all independent
spin functions eA, spanning the space of appropriate
S and M„

e=Z, t, 8, . (3)

The orbitals X& and the coefficients t, are opti-
mized simultaneously. '

In Paper I, ' we investigated three- and four-
electron atoms. Ladner and Goddard obtained
the spin-coupling-optimized GI (SOGI) functions
(equivalent to our SOSCF, though calculated by dif-
ferent methods) for several other three- and four-
electron systems, and Hameed et al, .' applied their
best radial'-orbital (BRNO) method, without simul-
taneous optimization of spin and spatial parts in
4' of Eq. (1) to the lithium atom. The spin-func-
tion space for all these systems is two dimen-
sional (except for the triplet states of H4, for
which three independent spin functions exist;
however, considerations of spatial symmetry re-
duce the number of applicable functions to two or
even one ), so that e of Eq. (3) contains only one
free parameter t&/ta. Larger systems may have
many more such parameters, leading to more
complicated calculations and possibly showing
features not observed in previous investigations
of the small systems. Atomic nitrogen was the
first larger system studied by the SOSCF method,

with special emphasis on the spin density at the
nucleus, responsible for the hfs of the atomic
spectrum. ' It was found that the SQSCF function
gave considerably better results than other orbit-
al-product self-consistent-field (SCF) methods.
Another interesting inference was that not all
possible spin functions had to be taken into ac-
count. ' Further studies by the SOSCF method,
applied to the boron and carbon atoms, are re-
ported in this paper.

SPIN FUNCTIONS

P~p~) ~—i&»,

8, = [(2«~p 2~~P~) P—(~p~p ~—pp~+ P~~p

P~p~) ~]—/&», (4)

8, = [(2&pnn —2pao. n) p —(npo. p —pnnp

+ ~pp~ P~p~) ~ ]I&-»,

8,= [(PP» —&&Pp) ~+ («~p+»P~ —~p»

Pc.~n)P]/&—S .

The construction of the 8„'s [Eq. (3)] for atomic
nitrogen was described in detail in II. ' The same
method is applied here, first building spin func-
tions for four nonequivalent s electrons, then
coupling them with one or two equivalent p elec-
trons to get all possible functions of B( P) and
C('P), respectively. All five possible functions
spanning the five-electron doublet space are em-
ployed for boron. They are

8, = '(~p~p ~-pp~ P~ P+-P~p~)~,

8, = (2~~PP+2PP» ~p~p ~pp~ P«P—
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Pn-Pn) « /&2,

8, = [(auuP «Pa)(uP+ Pu) (a-PaP uP-Pu

+ p«p —papa) nn]//8,

84=[(upuu p«u-)(ap+ pu) —(apnp —pnap

+ appa —pn pu) un] //3 (5)

8, =-,'[(uanp+ napa -upuu pnna)(ap+ pn)

-2(napp- ppna)an]

86= [Qaanapp —l. 5(nnnp+ napa+ npnn

+ p»u)(up+ pu) + («pp+ u pu p+ p«p

+ nppn+ papa+ ppnn)un] /450 .
The reduction in the number of applicable spin

functions may be traced to the nonexistence of a
P state for the P configuration. This state ex-

ists for two nonequivalent p electrons, and may
then combine with the S state (with three spin
functions) of the four nonequivalent s electrons to
yield the "missing" three functions. A similar
situation occurs in the case of atomic nitrogen. '

The maximally paired Hartree-Fock function
(MPHF, equivalent to Goddard's G18) for the
atoms studied here is obtained when 8 of (3) is

The requirement that the two P orbitals of
C('P) have the same radial dependence (f -equiv-
alence restriction) eliminates three of the nine
functions that describe a six-electron triplet,
leaving a six-dimensional spin-function space:

8, = —'(aPnP —nPPn —PunP+ PnPn) nn

8, = (2nnpp+ 2ppan —npap —appn —pnn p

made equal to 8, of (4) or (5), which has singlet
factors ap —pu coupling both ls and 2s electron
pairs. The same factor is connected with the
ls pair in 84, and functions of the form (1) having
only f, and t4 [Eq. (3)] different from zero will
therefore be called "Is paired. " Similarly, a

2s-paired" function will have all t~= 0 except t&

and t3. In addition, we employ functions in which

8„0„and 84 contribute to 6; these will be called
"partly paired" functions. It should be noted that
the spatial orbitals X; are separately optimized
for each of these functions. For a description of
the optimization procedure see I.'

SPATIAL BASIS FUNCTIONS

The spatial orbitals X, [Eq. (2)j are expanded
in Slater-type basis functions. The basis sets,
listed in Tables I and II, fall into two classes.
Type-I sets are those satisfying (approximately)
the cusp condition for the s orbitals. This is
achieved by having only one Is orbital in the set,
with an exponent (approximately) equal to the
nuclear charge and no 2s orbitals. One basis set
(set ll for carbon) satisfies the p orbital cusp
condition too. Other sets are denoted type II.
Sets I and 2 for both atoms are taken from Bagus
and Gilbert, set 3 from Clementi, Roothaan, and
Yoshimine, and sets 4-11 are from Goddard's
extensive investigations. ' All these sets were
obtained by the respective authors with the re-
stricted Hartree-Fock (HHF) energy as optimiza-
tion criterion. In addition, we employ the set
la for boron, optimized for the spin-extended
Hartree-Fock (SEHF) calculation. "

hfs CONSTANTS

The hyperfine splitting of atomic energy levels
has been analyzed by Trees. ' The contributions
of the different terms in the hfs operator are

TABLE I. Basis sets for boron.

(1)
(la)
(2)
(3)

(4)
(5)
(6)
(7)
(8)
(9)
(10)

Not satisfying cusp condition (type II}

ls —7. 732, 4. 413 3s -2.431 2s —l. 152; 2P —4. 558, 1.753, 0. 931
ls —7. 7317, 4. 4106; 3s —2. 4269; 2s —1.1421; 2P —4. 5582, l. 7498, 0. 9340
ls —7. 338, 3. 996; 3s —4. 796; 2s -l. 724, 1.110; 2P —5. 509, 2. 155, 1.243, 0. 845
ls —4. 4661, 7. 8500; 2s —0. 8320, 1.1565, l. 9120, 3.5213; 2P —0. 8783, l. 3543, 2. 2296, 5. 3665

Approximately satisfying cusp condition for s orbitals (type I)

ls-4. 9986; 3s-5.431, 2. 537, 1, 398; 2P —1.0029, 2. 210
ls —5. 0145; 3s —5. 794, 4. 08, 2. 4173, l. 3776; 2P —1.003, 2. 2082
ls -5.016; 3s —5. 79, 4. 08, 2. 405, 1.374; 2P —0. 934, l. 754, 4.54
ls —5. 015; 3s —5. 79, 4. 06, 2. 424, l. 393, 0. 69; 2P —0. 931, 1.752, 4. 54
ls —5. 015; 3s —5. 79, 4. 06, 2. 424, 1.393, 0. 69; 2P —5. 509, 2. 155, 1.243, 0. 845
ls -5.0172; 3s —5. 83, 3.98, 2. 392, l. 403, 0. 65; 4s —0. 88; 2P —0. 931, I.752, 4. 54
ls —5. 0172; 3s —5. 83, 3.98, 2. 392, 1.403, 0. 65; 4s —0. 88; 2P —5. 509, 2. 155, 1.243, 0. 845
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TABLE II. Basis sets for carbon.
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(1)
(2)
(3)

(4)
(5)
(6)
(7)
(8)
(9)
{10)

Not satisfying cusp condition (type II)

ls -9.153, 5. 382 Bs -3.076 2s —1.428; 2P —5. 152, 2. 177, 1.150
ls -9.055, 5. 025; 3s -6.081; 2s -2. 141, 1.354; 2p —6. 827, 2. 779, 1.625, 1, 054
ls —5. 4125, 9.2863; 2s —1.011, 1.502, 2. 5897, 4. 2595; 2P —Q. 9554, 1.42Q9, 2. 5873, 6.3438

Approximately satisfying cusp condition for s orbitals (type I)

ls -5.989; Bs -6.464, 3. 08, 1.691; 2p -1.2547, 2, 725
ls -6. 012; Bs —6. 93, 4. 84, 2. 872, l. 648; 2p —l. 255, 2. 725
ls -6.0129; Bs —6, 93, 4. 77, 2, 877, l. 6553; 2p —1.1502, 2. 178, 5. 159
ls -6.013; Bs -6.93, 4. 75, 2. 877, 1.673, 0. 85; 2p —1.1502, 2. 178, 5. 159
ls —6.016; 3s -6.95, 4. 74, 2. 859, 1.675, 0. 89; 2p —1.054, 1.625, 2. 781, 6. 824
ls -6.018; Bs -6.98, 4. 58, 2. 894, 1, 667, Q. 87; 4s —0. 996; 2p —1.1505, 2. 179, 5, 17
ls -6.018; Bs —6. 98, 4. 58, 2. 894, 1.667, 0. 87; 4s —0. 996; 2p —1.054, 1.625, 2. 781, 6. 824

Approximately satisfying cusp condition for all orbitals

ls -6.016; Bs -6.95, 4. 74, 2. 859, 1.675, 0. 89; 2P —3. 088; 4P —1.163, 1, 847, 2. 998, 4. 85

described in detail by Schaefer et al. "and by
Goddard, "who also gives explicit formulas for
the states of interest to us. The magnetic hfs
terms for the ground state of boron are given by

as~2
———'[2(2/g, ) a&+a~+a ] = g(2/g, )(r, )

--', (r-„')]+(sv/s) Q(o),

(3 cos~e; —1)s, q

SL (2L —1) ~3

a, =S &Z, s(r,)s„)-=2S Q(O) .1: „1 (s)

a, &~
= $4(2/g, )a, —10a~ —a,] = 3 [(2/g, ) (x-, ')

(6)

and for C(~P)

az- —', [(2/g, )a, +a~+a,] =—', [(2/g, ) (r, ')

+5&~g')]+ s~Q(0),

a 1 2 [(2/g. ) a i
—sa. +a.] = l [(2/g. ) (r & )

+(r ,')] —(-Sv/9) Q(0)

a3)2 1)2 = [(2/g ) at + 4ad a ] i3(2/g ) ('r j )

--'. (~-,')] (Sv/O)—Q(O);

Q(0) is the spin density at the nucleus and g, is the
electron g factor. The parameters (x, s) and
(x~'), equal in the RHF approximation, are not
equal in general, because of the different opera-
tors involved. '

~
'

The electric quadrupole coupling constant b~
is given by'0

br-——9~Q

where Q is the nuclear quadrupole moment, and
the electric field gradient q~ is the expectation
value of the operator $&[(3cos e& —1)/r, ]. With
the wave functions used here we get'

ex = 5(&r ') — «»-('Ps ya)

(lo)-(~ )]+-',v Q(0)
VJ' & (+I )-3 for C('P, )

a2 &
= (1/2~3) (2/g, ) a, + 2au -a,] = (1/2/3) [(2/g, )

a~ 0=4~ [(2/g, )a, —&a~ —a ] =v"~ [(2/g, )(r )

--', (~„-') -+v Q(O)]

a&, a„, and a, are the expectation values, taken
with a function with highest eigenvalues of I, and
S, (Mr, =L, M, =S), of the following operators,
contributing to the magnetic hfs operator:

RESULTS AND DISCUSSION

Energies, spin densities, and expectation values
of (x, ') ca, lculated with the different basis sets
are presented in Tables III and IV. It has been
observed by Goddard in his GF calculations for
first-row atoms" (the GF function is equivalent
to our SEHF '4~ ~') that spin-independent properties
such as F- and (v ) are not sensitive to orbital
cusps, while a reasonable prediction of spin den-
sity at atomic nuclei requires that the s orbitals
satisfy the cusp condition. This observation ap-
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TABLE V. Energy and Ms constants of B ( P).

RHF (Ref. 9)
UHF (Ref. 10)
SEHF (Ref. »)
MPHF
SOSCF

Limited CI:

—24. 529 05
—24. 529 30
-24. 529 80
-24. 545 63
—24. 546 05

0. 7755
0. 7817
0.7943
0. 7774
0.7900

0. 7755
0.7817
0.7924
0.7774
0.7894

0
0. 0192
0. 0362
0
0. 0022

0.413
0. 470
0. 524
0.415
0. 427

2. 067
2. 030
2. 013
2. 073
2. 098

2 & 2

0. 129
0. 076
0. 031
0, 130
0. 125

-0.310
—0.313
-0.318
-0.311
-0.316

Polarization (Ref. 13)
First order (Ref. 16)
Experimental

-24. 55129 0.7572
-24. 58742 0. 7674
-24 657 9

0. 8167 0. 0073 0.407 2. 085
0. 8301 0. 0041 0. 421 2. 107

0 4284 2 1382

'C. %. Scherr, J. M. Silverman, and F. A. Matsen, Phys. Rev. 127, 830 {1962).
"G. %'essel, Phys. Rev. 92, 1581 (1953); H. Leva and R. S. Title, Can. J. Phys. 38, 868 (1960). Q is the quadrupole

moment of B.

plies to SOSCF functions too, as indicated by our
work on nitrogen' and by the present results.
Type-II basis sets yield erratic spin densities,
while results with type-I sets converge quite well.

Our MPHF and SOSCF results are compared in
Tables V and VI with Goddard's unrestricted
Hartree-Fock (UHF) and GF calculations, '0 with
two limited configuration-interaction (Gl) func-
tions of Sehaefer, Klemm, and Harris, "y' and
with experimental values. The comparison with
experiment is difficult for several reasons. The
nuclear quadrupole moments of both atoms con-
sidered, as well as the dipole moment of carbon
isotopes, have not been determined experimentally.
The x educed hfs constants of carbon and the elec-
tric field gradient at the boron nucleus cannot
therefore be extracted from experimental data.
Even when the reduced constants are known, as
is the case for the magnetic terms of boron, the
information available does not suffice to analyze
them in terms of the primary integrals (x ),

(r„'), and Q(0), since only two parameters a, &2

and a, ~2 have been measured. Previous esti-
mates &

' were based on the assumption that the
two (~-') integrals were equal. This assumption
was cheeked for atoms with sufficient experi-

J

mental evidence ava, ilable, and proved invalid. "
This is especially important for the spin density
at the boron nucleus which is very sensitive to the
values of other parameters, "'"and no reliable
estimate of it can be made until more experi-
mental data, in particular a, ~a &~3, become avail-
able.

Comparing the different methods we see that the
SOSCF function yields appreciably better values
of as&3 and a&&2 for boron than other Hartree-Pock
methods. The energy reduction with respect to
the RHF value is considerable and includes most
of the x'adial correlation enex'gy of atomic boron
which is 0.024 hartree, " though it is only 13k of
the total correlation energy.

TABLE Vl. Energy and hfs constants of C (3p),

RHF (Ref. 9)
UHF {Ref. 10)
SERF {Ref. 10)
MPHF
SOSCF

Limited CI:

-37.688 61
—37.689 98
-37.69114
-37.705 00
-37.706 80

{~-3)

l. 6922
1.7091
1.7233
1.6939
1.7212

1.6922
1.7091
1.7202
1.6939
1.7195

0 1.014
0.0753 1.182
0. 0733 1.186
0 l. 016
0. 0423 1.120

-0.001
0. 157
0. 154

-0.001
0. 088

02 g

0.683
0. 599
0. 607
0. 684
0. 644

0.689
0.439
0.453
0, 691
0. 557

0. 677
0.684
0. 689
0. 678
0, 688

Polarization (Ref. 13) —37.728 14 1.6633 l. 7686 0. 0277 l. 055 -0.005
First order (Ref. 16) -37.75068 1.6785 1.7824 0. 0228 1.074 0, 006
Experiment —37, 8558 ' ' ' ' ' ' ' ' ' 1.0710/t p f 0.0192/ f p]"

0. 655
0. 615
0, 021 06/Q"

~C. W. Scherr, J. N. Silverman, and F. A. Matsen, Phys. Hev. 127, 830 (1962).
bR. A. Haberstroh, %. J. Kossler, O. Ames, and D. R. Hamilton, Phys. Rev. 136, 8932 (1964). p is the magnetic

dipole moment of the C nucleus and Q is its electric quadrupole moment.
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TABLE VII. Results with paired functions

Basis set Energy xelative to MPHF value Spin density at nucleus

B5
B7
B10
C5
C7
C10

1s paired
-0.00033
—0. 00038
-0.00038
-0.001 55
—0. 00170
—0. 00172

2s paired
—0. 000 01
—0. 000 01
—0. 000 01
—0. 000 04
—0. 000 04
—0. 000 04

Sum
—0. 00034
—0. 00039
—0. 00039
—0. 001 59
—0. 001 74
—0. 00176

Partly paired
—0. 00035
—0. 000 40
—0. 00040
—0. 00161
—0. 00175
-0.00177

SOSCF
—0. 000 37
—0. 00042
—0. 00042
—0, 001 64
—0. 001 79
—0. 00180

1s paired
0.0819
0. 0884
0.0892
0. 2813
0, 2994
0.3021

2s paired
-0.0714
—0. 0708
—0. 0709
-0.2392
—0, 2373
—0. 2370

Sum
0. 0105
0. 0176
0. 0183
0. 0421
0. 0621
0. 0651

Partly paired
-0.0059

0. 0005
0. 0010
0. 0141
0. 0353
0. 0382

SOSCF
—0. 0049

0. 0015
0. 0022
0. 0178
0. 0393
0. 0423

TABLE VIII. Coefficients of spin functions. TABLE IX. Orbital densities at nucleus.

83 8)

Boron atom"
Set ls ls' 2s 2s

1s paired
2s paired
Partly paired
SOSC F

ls paired
2s paired
Partly paired
sosc F

0.5736
O. 5777
0 ~r753

0 5664

0.5649
O 5752
O. 5681
O. 56O8

0 0 —0.0440 0
0.0024 0 0

0 0.0031 —0.0444 0
—0. 0129 0.0027 —0. 0441 —0.0018

Carbon atom"

0 0 —0.0886 0 0
0 0.0041 0 0 0
0 0.0049 —O. 0890 0 0

—0.0138 0.0044 —0.0881 —0.0021 —0.0004

Boron

MPHF

SOSCF

3 7.5465
10 7.0327
3 7.5440
10 7.0254

1s paired 10 7.0340
2s paired 10 7.0321
Partly paired 10 7.0399

4.0899
4. 5844
4. 1245
4.6295
4.6111
4. 5849
4. 6020

0.4034 0.1341
0.4995 0.0978
0. 2060 0.2411
0.2447 0. 2456
0.4279 0. 2064
0.4915 0.1050
0.4840 0. 1459

See Eqs. (4) and (5).
Basis set 10.

Carbon

MPHF 3 9.8099
10 9.2024
3 9.8345
10 9.2154

1s paired 10 9.2078
2s paired 10 9.1974
Partly paired 10 9.2262

SOSC F

5.6532
6. 2445
5.7370
6.3388
6.3431
6.2493
6.3153

0.5654 0.1872
0.7083 0.1342
0.3255 0.3734
0.3900 0.3821
0.4721 0.5144
0.6667 0.1684
0.6431 0.3362

TABLE X. Orbital overlaps.

MPHF

SOSC F

1s paired
2s paired
Partly paired

Set

3
10
3
10
10
10
10

(1s f 1s')

0. 9620
0. 9566
0. 9642
0. 9605
0. 9584
0. 9566
0.9571

(2s I 2s')

0.9063
0. 9028
0.9095
0.9088
0.9046
0.9033
0.9017

Boron

(1s f 2s)

0.2761
0.2768
0. 2417
0.2395
0.2622
0.2758
0. 2661

(1s' r 2s')

0.2146
0.2165
0.2025
0.2049
0.2145
0.2173
0.2122

(1s I 2s')

0.1458
0.1276
0.1641
0.1592
0.1450
0.1291
0.1294

(1s' f 2s)

0.3849
0.4060
0.3208
0.3272
0.3729
0.4045
0.3893

MPHF

SOSCF

1s paired
2s paired
Partly paired

3
10
3
10
10
10
10

0. 9685
0. 9635
0.9701
0. 9673
0. 9677
0. 9640
0. 9653

Carbon

0.9237
0.9198
0.9234
0. 9228
0.9236
0.9213
0.9189

0.2930
0.2929
0.2392
0.2399
0.2544
0.2904
0.2636

0.2334
0.2360
0.2115
0.2162
0.2296
0.2377
0.2263

0.1635
0.1429
0.1691
0.1681
0.1895
0.1497
0.1546

0.3956
0.4184
0.3134
0.3206
0.3280
0.4114
0.3673
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Relaxation experiments performed on alkali atoms polarized in their ground state by optical
pumping in the presence of a rare gas have been previously reported and interpreted. It was
shown that the relaxation governed by the spin-orbit interaction is strongly affected by the
formation of chemically unstable Rb-Kr molecules bound by van der Waals forces. The pre-
vious theoretical analysis, restricted to the longitudinal relaxation, is extended here to re-
laxation processes involving the transverse components of the electronic polarization and hy-
perfine "coherences" (elements of the density matrix between different hyperfine states).
The effects resulting from the action of a rf field are also examined. The main results of
this work, amongothers, are (a) the prediction of a Zeeman transition-line pressure shift, in
some circumstances larger by several orders of magnitude than the one calculated by Her-
man, and having a very peculiar variation with the rare-gas pressure; (b) a quantitative ex-
planation of the anomalous pressure dependence of the hyperfine transition linewidth dis-
covered by Bender and Cohen; (c) a proposal of a method of detection of rf transitions between
states of the alkali-rare-gas molecules by their effect on the relaxation process.

INTRODUCTION

It has been shown recently' that the relaxation
of the longitudinal polarization of ground-state al-
kali atoms in a rare-gas medium is strongly af-
fected by the presence of alkali-rare-gas molec-
ules bound by van der %'aals forces. An alkali
atom has a certain probability to be captured by
a rare-gas atom into a molecular state during a
three-body collision. During the lifetime of the

molecule likely to be destroyed at the next colli-
sion, the electronic spin S is subjected to the mo-
lecular spin-orbit interaction y S N (N is the rel-
ative orbital momentum of the two bound atoms).
This type of collision, called "sticking" collision
in Ref. 1, is a very efficient relaxation mechan-
ism, especially when the polarization (S) has
enough time to perform a complete precession
around ¹ Up to now, the experimental and the-
oretical analysis of the "sticking" collisions has


