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The level-crossing technique has been used to measure the hyperfine structure of 47-day
Hg and to remeasure the gz value of Hg ~9 in the (6s6p) P& atomic state. The results,
corrected for second-order perturbations arising from other fine-structure levels of the
configuration, are A =4991.35(3) MHz, 8=-249.2(3) MHz, g&=1.486110(9), and
A(Hg )/A(Hg ) = 0. 338 301(2). With these values, we calculate the nuclear moments
p = 0. 856(9)p, z and Q = 0. 46(4) b. The value of JM includes a diamagnetic correction but not
the calculated effect of the Hg -Hg 3 hfs anomaly, 4 ~9= —0. 91%. The error brackets
for p and the hfs interaction constants allow for a hfs anomaly of +1%. The value of Q does
not include the Sternheimer correction. Formulas are given for the dependence on geometry
and polarization of level-crossing signals, and a method of correction for asymmetric line
shapes is described. The influence of variation, over a large range, of B/A on the magnetic
field positions of the level crossings for J=1 has been studied. For A =0 and neglecting the

gl term in the IIamiltonian, the energy displacement from the "center of gravity" and the
magnetic field position of the single level crossing are shown to be 0.,= -A/2, and II~
= (2I+ 1) l A I /2p~z, respectively.

I. INTRODUCTION

The hyperfine structure of atomic states of the
stable and radioactive isotopes of mercury has
been studied particularly intensively in the past
decade as part of a systematic nuclear structure
study of,oHg and «Tl. ' Measurements of the
atomic spectra ean serve to give information
about the nuclear spin and multipole moments as
well as about the nuclear charge and magnetiza-
tion distributions. The latter, which manifests
itself through the hyperfine structure anomaly,
requires a precise determination of the magnetic
dipole interaction constants. Toward this end
level-crossing and double-resonance experiments
have been performed"4' in the (6s6p) 3P, state
of Hg

393 t le~ 0 ~95 '0 ~97t ~97 t ~99 t20~ ~ork on Hg~93

still in progress. The present experiment ex-
tends these measurements to 47-day Hg

The hfs anomaly arises from the difference in
the interaction of the nuclear magnetization of
finite extent with an inhomogeneous and a homoge-
neous magnetic field. The hfs interaction of a
penetrating electron corresponds to the former
situation, while the magnetic interaction in nu-
clear resonance experiments corresponds to the
latter. The precise nuclear magnetic resonance
experiments'~' for Hg' "7*'9 ' ' have been per-
formed by optical pumping techniques, thereby
providing the data required for hfs anomaly de-

ter minations.
The optical spectroscopic experiments on Hg

reported earlier~ gave a value of the nuclear spin,
isotope shift, magnetic moment (to + 2%) and a
rough value of the quadrupole moment. The re-
sults of the level-crossing experiment are con-
sistent with the earlier results. This completes
a precise determination of the Hg

' hfs and the
nuclear moments derived from it. The present
results also permit an improved determination of
the isotope shift when combined with the optical
data.

The level-crossing method of atomic spectro-
scopy of Franken, Colgrove, Lewis, and Sands
was first applied to hfs studies by Hirsch. The
method involves the observation of changes in the
angular distribution of resonance fluorescence
from an atomic vapor as a function of applied
magnetic field. The changes observed occur
when two particular excited-state magnetic sub-
levels become degenerate ("cross"). A corrected
calculation for the angular distribution of the
resonance fluorescence has been given by us re-
cently. " From the measurement of the mag-
netic fields at which the level crossings occur,
hfs interaction constants can be calculated in
units of p&g&, where p, & is the Bohr magneton
and gz is the electronic g factor. An accurate
determination may require taking into account
the perturbations arising from neighboring fine-

1135



1136 REDI AND H. H. STROKE

Bs6p»
V)

O0 4—
0
0
LLI

W

Ip

3p

Bp
5p

20-6s

FIG. 1. Atomic energy levels of mercury below 7 eV.

structure levels.
The required g~ value for the 'P, state of Hg

was redetermined from a level-crossing experi-
ment on Hg' for which the hfs is known from an
independent double-resonance experiment. The
observation of the level crossings of Hg

' and
Hg' in the same experimental situation further-
more allows a more direct determination of the
ratio of the hfs interaction constants of the iso-
topes. This can have importance in the hfs anom-
aly determination.

II. THEORY

A. Resonant Scattering near Level Crossings

The theory of resonant scattering in the case of
crossing excited states has been discussed by
Weisskopf' and Breit' and more recently by
Franken' (and in a corrected version by us"),
Hose and Carovillano, "Lassila, ' and Wieder
and Eck. ' The last two references give a general
derivation which includes both the "crossing" and
the "anticrossing" effects. Only the former is of
importance in this work.

The resonant scattering process under consid-
0

eration is that of the 'So Pg 253V-A transition
(see Fig. l). The Doppler linewidth of the light
source and of the absorption line is approximately
800 times greater than the natural linewidth:
Therefore, the illumination can be considered con-
stant over the natural linewidth. In our experi-
ment we observe the change in the angular distri-
bution of the scattered light as the magnetic field
is varied by monitoring the intensity of the radia-
tion in one fixed direction.

The magnetic substates of the 'So and the 'P&

states will be labeled by rn and p. , respectively.
In the region of the external magnetic field where
the crossing occurs for the substates p, and p.',
the expression for the scattered light intensity I
is

FIG. 2. Coordinate system and propagation and po-
larization vectors used in the calculation of A». . The
vector k; lies in the x-g plane.

A, „+A,* ~. ix(A». -A» )
1+x' 1+x'

where x= 7(E~ —E~—)/k. (We emphasize the minus
sign in front of ix. An incorrect sign has been
quoted in most publications on level-crossing ex-
periments. ) E„E, denote the energies of the
excited substates p and p', and 7 is the excited-
state mean life. Ao, which represents the portion
of the light scattered independently of the differ-
ence of E, and E, , is given by

The observable change in the angular distribution
of the scattered radiation at a level crossing is
implicit in the last two terms of (l) where we de-
fined

mmmm

The quantities f;; and g;& are the electric dipole
matrix elements (i lf ~ rlj) and(ilg rlj). The
polarization vectors of the incident and scattered
light are given by 7 and g, and the electric dipole
moment operator is —er.

We shall now obtain an explicit expression for
A„~. in terms of the wave vector k; and polariza-
tion directions of the incident light, and the wave
vector k, of the scattered light. Because mea-
surements are made to a precision of the order
of one-twentieth of a linewidth, a sufficiently gen-
eral knowledge of the dependence of A. ~ ~. on these
quantities, shown in Fig. 2, is required in order
to understand and be able to correct for the effects
on the observed line shape of possible deviations
from the simple rectangular geometry. It can be
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seen from (1) that if A, „„.is real, the line shape
(scattered light intensity versus magnetic field
H) is Lorentzian with a full width at half-maxi-
mum:

[In our experiments, the variation of A, „.and

IdH/d(Z ~-E, .) I with H over a linewidth can be
neglected. ] In general, however, A». may be
complex, thereby producing an asymmetrical line

shape. Our calculation of A„~. will involve a
summation over the polarization directions of the
scattered light, since in our experiments no
polarizers are used to observe it.

The magnetic field H defines the direction of
the z axis. The x-z plane is defined by k, and H

so that the x component of k ls positive. In

general, k, is at an angle 8 with respect to the ~

axis, and k, is described by angles e', y' shown

in Fig. 2. %e therefore resolve the polarization
vector:

f =f,i, +f, i ~=f, cos8i„+f,i, -f, sin8i,

where f, and f, are, in general, complex num-
bers. In terms of spherical tensor notation we
have

The experiment is designed for the rectangular
geometry 8=8'=q'=90', f,=1, f, =0, for which
A.». is seen to be real. A.». becomes complex
(I) if Q'&90', (ll) if 8 & 90', and if at the same
time fgt, +f,f,& 0. Equation (7) shows that the
sign of Im(A». ) reverses if the direction of the
magnetic field is reversed (8- v —8, 8'- v —8',
y'- 2m -y'). Thus, any errors that may result
from line asymmetry caused by possible optical
misalignment of the apparatus can be corrected
by making measurements with both senses of the
a,pplied magnetic field and then taking the average
of the results.

Equation (f) is also used for calculating the
strengths of the level-crossing signals, and an
example is given in Appendix B. The calculations
will be compared to experimental results in Sec.
III B.

B. hfs and Second-Order Corrections

The Hamiltonian ~
~ which was used to calculate

the Hg (6s6p) SP, -state magnetic dipole (k = 1) and
electric quadrupole (k = 2) hyperfine and magnetic
field first-order interaction energies and the
second-order perturbations caused by the other
states of the Gs6p configuration is

f ' r= —fir +f0'ro f- s'ri-
where fj = —(I/&2)(f&cos8+if, ), fo —f~sin8, -—

(6)
&=Z, (1","'(i) r„"'+r'»(;) Z&»)

+ pg (gz 8 +gJ. L+gyI ) ' H

f, = (1/v 2) (f,cos8 if,)—
~, = —(I/v'2) (x+iy), ~0=x, ~,= ( I/g 2)( x iy). -

From eleetrie dipole selection rules, a nonzero
value of A~, ~ ean be obtained only if p, and p,

'
differ by 0, 1, or 2. The first possibility does
not occur since levels of the same p. value do not
cross. Only the ca.se 4p, =2 is of interest here,
since for the particular geometry used 4p = 1
crossings are not observable, as shown in Appen-
dix A. For the case of crossings of hyperfine
magnetic substates we associate p, and m with the
appropriate m&, where E denotes the total angular
momentum quantum number. The explicit ex-
pression' for (3) that applies in the case p, =m~
+ 1, p, '= m~ —1, becomes, therefore,

A (p &pl )'=A
g g=

l
&n PBBS-ll'Y gl'v, FBI)l

x
l &~, m, + I l&, l y, ~,) l'(2v/16)'"I', (8', y')

~[If l Ill cos 8 +i(f,f,*+f*,f )cos8]

The quantities & and &' label all the remaining
quantum numbers of the two Pj crossing mag-
netic sublevels, and y, those of the 'So ground
state ~

In this expression, T',"'(i) and T„' are tensor op-
erators of rank k operating in the space of the
coordinates of the ith valence electron and the
nucleons, respectively, and 8, L, and I are the
total electronic spin, the total electronic orbital,
and nuclear angular momentum vectors.

Lurio, Mandel, and Noviek~o have calculated
expressions for the matrix elements of K in the
E, mz representation, diagonal and off-diagonal
in the fine-structure states of an sl configuration.
The diagonal elements serve to define the hfs
interaction constants A and 8 and the g~ value as
they are defined usually in theoreticaltreatments~'
that omit the off-diagonal elements. The complete
matrix for the configuration can be transformed,
using a theorem from perturbation theory
(known as the Van Vleck transformation), to one
for which the off-diagonal elements are nearly
zero. The eigenvalues of the resulting matrices
for each fine-structure state give the energies
with second-order Zeernan, hyperfine, and cross
Zeeman-hyperfine corrections.

The second-order corrections were important
in the analysis of the Hg and Hg level-cross-
ing data as discussed in Sees. III B3 and III B4.
For the purposes of preliminary data analysis,
as well as for a study of the general behavior of
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the lev el-crossing field values as a function of the
yperfine interaction constants, the second-order

n xs case, thecorrections can be neglected. In this
Hamiltonian can be rewritten in terms of I and the
total electronic angular momentum J as

K'=A. ' I B'~ J+B Q,y+ ps(g~ J+g, l) ~ H, (9)

ere -4 and 8 are the uncorrected interactionI

constants, g& is the uncorrected g~ value, and

9„—= [ (I ' J) + (—,') (I ' J) —1 J ] /[2I(2I —1)Z(2Z —1)j

-2.D

E9 -2.2

C. Level Crossings vvith ArnF = 2 for a J= 1 State

For an atom with J= I that has a, normal order-
ing of zero-field hfs states we have the following

m~= level cross-characteristics for the H 4 9 6 = 2 1

ings. There is one crossing (th
'

g e main crossing)
at involves a I" =I+ 1, mr= w (I+1) state and a

"F"=I, mz=w(I —1) state, where the upper and
lower signs refer to R positive Rnd negative A VRl-

ue. For I &1 there are additional level crossings
ccypp I CC ppRnd PEI

= 0 (quantum numbers at the low- and high-field
limits, respectively). These crossings ("f ld-
over" crossings) occur as the levels undergo a
complete reversal of ordering. The above level
crossings can be seen on the energy level dia-

The influence of the variation of B/2 on the osi-
tions of th

on e posl"

The
o ese level crossings is shown

' F' 5.ln lg.
e position of the main crossing can be seen to be

very insensitive to the variation of B/A when

compared to the foldover crossings. The number

of foldov ro o over crossings varies, depending on the
value of B/'A.of B/A. , from a maximum of 2I-2 to a
minimum of I-—' or I —2 f 2I ddor o and even,
respectively. A third type of crossing is rep-

xn zg . . T11eseresented by the dotted curves F 5

crossings arise when a reordering of the levels
takes place in reaching the high-field pattern,

-2.6
7 8 9
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FIG. 4. Details ofof the Hg hyperfine energy level
diagram (Fi . 3ig. & in the level-crossing region. The
main crossin and t;

'
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where for m~=0 the levels with equal lm&l are
paired. The signal strengths of these crossings
~A ~ foA». ) or a given B/A are lower than for those

already mentioned. Only the crossing labeled

0 2 4 6 8 IO

MAG~ET~C FIELD (KiLOGWUSS)

FIG. 3. Magnetic-field dependence of hfs energy
levels of Hg 3

I,'I=&) in the 3P& state.

e .een B A andFIG. 5. Helationship, for I== b tvv B A

the level-crossing magnetic field val H~va ues ~ given ln uMts
o 3 I /IL(~&. The so].id curve and the dashed curves
correspond to the main and the f ldc ' o over crossings,
respectively. The dotted curves correspond to a third
type of crossing discussed in the text. The g

A&
pp2y, F,Bz~) are for A& 0. A diagram f

0 can be obtained by changing the signs of m~
~ m or

PEII e
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(+z, ——,'), (—,', ——,') in the region B/A &I appears to
be of value for level-crossing spectroscopy be-
cause of its strength and narrow linewidth:

h-'~ d(Z, -B,, )/dII
~

o 0.4 MHz/G

III. EXPERIMENT

A. Apparatus

Figure 6 is a diagram of the optical arrange-
ment used for the level-crossing experiment.

0
The source of 253V-A resonance radiation was a
Hg'0~ (I= 0) electrodeless discharge lamp placed
in the field of a small ("scanning") electromag-
net.

The value of the magnetic field was set so as to
shift the wavelength of one of the Zeeman com-
ponents'&" of the Hg' emission line to a value
necessary to excite the crossing levels in either
Hg

' or Hg' . As can be seen from (7), for the

—MAGNET FRAME

N COA X IAL
EGUIDE

MODULATING COILS

CELL

MAGNET
COILS

QUARTER WAVE PLATE MAGNET POLE PIECE

for B/A& 1
Above we have considered a normal ordering

of zero-field hfs levels characterized by a small
B/A. A diagram similar to Fig. 5 for a wide
range of B/A for I= —', is given in Appendix C.
The method of calculation is also given in this
Appendix.

In Appendix C, it is shown that for 8 = 0, I
arbitrary, and neglecting the g, term in the
Hamiltonian (and also the second-order correc-
tions), all the level crossings occur for the same
value of magnetic field:

II,= (2I+ 1) ~A
~
/2 p, sg~ (io)

and at the same energy displacement from the
"center of gravity":

o, = -A. /2

The characteristics discussed here are useful in
searching for level crossings and in their iden-
tification as is shown below.

geometry used in this experiment only the com-
ponent of the polarization vector f, is effective in
producing the ~m~ = 2 level-crossing signal. In
order to maximize f, at the wavelength of one of
the O' Zeeman components, we used the circularly
polarized light emitted in the direction of the
magnetic field passed through a quartz quarter-
wave plate. The light was focused onto the scat-
tering cell by means of two quartz lenses.

The cell that contained the mercury vapor was
supported inside a 2-in. gap of a 12-in. Harvey-
Wells L-128 electromagnet. The scattered
253V -A radiation reached the magnetically shielded
RCA 1P28 photomultiplier through a light pipe.
(The 1840-A resonance radiation was not detected
because of strong absorption at this wavelength
by the photomultiplier envelope, a Vycor cell
window, and the air. )

The light pipe was a glass tube coated on the
inside with evaporated aluminum. Coils, 3 in.
in diameter, were mounted on the pole faces to
permit the modulation of the magnetic field and
hence also of the scattered light intensity at the
level-crossing field. The resulting modulated

signal was detected with the use of a lock-in de-
tector (Princeton Applied Research JB-5).

1. Magnetometer

The magnetic field at the scattering cell was
measured by a proton magnetic-resonance (NMR)
magnetometer in which was used a Rollin circuit
that incorporates a Gertsch FM-6 rf generator.
The frequency of this unit is stabilized byaphase-
lock to a crystal oscillator. The signal was dis-
played on an oscilloscope with a sweep frequency
twice that of the magnetic field modulation. In
this manner the line center was indicated by the
coincidence of two identical resonance curves
corresponding to successive half-cycles of the
modulation frequency. In the magnetic field
range used for the present experiments the sig-
nal-to-noise ratio for this magnetometer was suf-
ficient to allow the detection of a magnetic field
difference as low as about V mG.

The cylindrical NMR probe contained a 0.01
molal solution of FeCl, in H,O for which the
resonance frequency is equal to that of a spher-
ical probe containing pure water except for a
small correction ' for bulk diamagnetism 4 =
—0.7(3) &10 ~. The proton resonance frequen-
cies v~ were converted to frequencies correspond-
ing to p, ~II by the relation

PHOTOMULT IPL IER~

~LIGHT PIPE

TO LOCK-IN
DET EGT ION

SYSTEM

Pg-' PgH= v~ (p~/2p~) = 328. 7323 (3)v~

Here we have

(12)

FIG. 6. Schematic'diagram of the apparatus. i a/i"u= ( + )(&a/i p)H&o, Syhera ~
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FIG. 7. Cell-NMR probe mount. The arrows indicate

its movement during a measurement of the cell-to-
probe correction.

with (p, s/p, ~)„&,»„,from Ref. 26.
The small difference in the value of the mag-

netic field at the positions of the scattering cell
and the NMR probe varies with the history of the
magnetic field, and hence was remeasured for
each level-crossing determination ("cell-to-probe
correction").

The measurement of the cell-to-probe correc-
tion was made in a time sufficiently short
(~ 3 sec) so that the unavoidable magnetic field
variation caused by instabilities in the current
from the Harvey-Wells HS 13658 power supply
and in the magnet iron characteristics was less
than 1 ppm. The required rapid field comparison
was achieved with the use (i) of a mount for sim-
ple and accurate repositioning of the NMR probe,
as shown in Fig. 7, and (ii) of the NMR circuit,
the frequency of which was stable and unaffected

by changes in capacitance that result from vari-
ations of the probe position.

2. Light Source and Scattering Cells

The electrodeless discharge lamp was made of
a 7-mm-diam 10-cm-long quartz tube filled with
1 Torr of argon and 2 mg of 92% enriched Hg
The lamp was microwave excited and air cooled
to reduce self -reversal.

The cubical cells, 1 cm on a side, were made
from Beckman No. 46009 cells which consist of a
U-shaped Vycor piece with a polished bottom and

two fused silica windows. Each Beckman cell
was shortened and a fused silica window with a
5-mm-diam appendage was fused on. The face
of each cell through which the light entered was
fitted with a mask to reduce scattering from its
walls. Details of lamp and cell manufacture and

radioactive sample transfer will be given in a
subsequent paper on the optical spectrum of

Hg '. ' The cell used in the Hg
' measurements

was filled with approximately 4~10" atoms of

Hg produced in a nuclear reactor from Hg

contained in natural Hg. After enrichment with
the Argonne National Laboratory mass separator,
a Hg -Hg ratio of the order of 3 was ob-
tained. ' The sample contained a sufficient quan-
tity of Hg' ' and Hg

' for the observation of a
level-crossing signal. Another cell of the same
construction, filled with natural Hg, was used for
some of the Hg" measurements.

B. Procedure and Results

The search problem for the Hg
' level crossings

was minimized by the availability of the optical
spectroscopic hfs and isotope shift data. These
data were sufficiently accurate for the calculation
of the required scanning field for the Hg lamp
(~ 2000 6, o- component) and to narrow the pos-
sible magnetic field range for the expected level
crossings. It is convenient to calculate approx-
imate values of these two fields with the use of
the relationships given by (10) and (11).

Four new level crossings were found in addition
to the ones of the natural isotopes Hg' and Hg

The assignment of the new level crossings to
Hg was made on the ba.sis of the selective sen-
sitivity of the experiment for Hg by means of the
wavelength of the resonance line and on the basis
of the method of production, mass spectrographic
enrichment, and half-life of the sample. Figure
8 shows typical recorder traces of the level-
crossing signals. After allowing the sample to
decay 128 days (2. I balf-lives) crossings Nos.
1, 2, and 3 could still be observed, but with rela-
tively lower signal strength.

1. Identification of Level Crossings

For the rectangular geometry described above
only Dms = 2 level crossings are observable (see
Sec. IIA). The possibility that dms= 1 crossings
were observed because of a small deviation from
the rectangular geometry was checked by observ-
ing the signal as a function of the direction of
polarization of the incident light. The level as-
signments for the observed ~m~= 2 crossings and

the determination of the hfs constants were made
uniquely from the values of the level-crossing
magnetic fields with the knowledge of the nuclear
spin I= —,

' and the sign of the nuclear magnetic
moment, and, of course, the appropriate atomic
properties. The unique hfs determination was
made by the use of the diagram in Appendix C to
check which values (all values were considered)
of A and B are consistent with the four experi-
mental level-crossing fields. Energy-level dia-
grams displaying the four level crossings are
shown in Figs. 3 and 4.

A further check on the interpretation of the lev-
el crossings is provided by the comparison of the
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TABLE I. Experimental and theoretical Hg level-
crossing linewidths. The theoretical values were cal-
culated from (4) with 7'= 8.9(10) &&10 sec. This value
of v was obtained from a least-squares fit to the line-
width data. The deviation of this value of v' from the
known value, ~ 1.18(2) x10 7 sec, is probably due to resid-
ual gas pressure broadening. To a precision of better
than one part in 10, no displacements of the crossing
field are observed under the influence of either mercury-
mercury, or mercury-foreign-gas collisions up to pres-
sures of several Torr, or because of trapping of reso-
nance radiation. " The cell temperature was 20-24'C.
The experimental linewidths were determined from the
lock-in detector output curves using the relationships of
Ref. c. Because of low signal strength, a determination
of modulation broadening was not attempted for crossing
No. 4.

(b)

Crossing No. Experimental ~
(G)

1.3(2)
12(2)
17(5)

&16
&55

Theoretical ~
(G)

1.3
9.6

23 ~

47.

z cv zo Nz oz ~ O
Ni A zr 4 't O
$ zo oz zo 04 h h zO zO

Nz zzl zzz Io
zzz zzl zzl Izz Io

FIG. 8, Typical recorder tracings of the lock-in
detector output for (a) level crossing No. 1 with a lock-
in time constant T= 3 sec and for (b) level crossing No.
3 with T=10 sec. The calibration of the magnetic field
sweep is given by the NMR frequency markers. The
amplitude of the 36-Hz field modulation was set for a
maximum signal. The line centers are shifted because
of the finite lock-in time constant.

theoretical and observed linewidths and relative
strengths of the crossing signals. This is shown
in Tables I and II.

We would like to point out that, because of the
linewidths involved, our level-crossing data alone
are not sufficient for an unambiguous simultaneous
determination of the spin and the magnitudes and
signs of the hfs interaction constants. This is
illustrated by the results shown in Table III.
However, the sign of the ratio A/B can be de-
termined. In cases when Zeeman tuning of the
lamp is used, the additional knowledge of this
Zeeman field and of the isotope shift may provide
the basis for selecting the correct set of I, A,
and B. For example, the scanning fields on the
Hg lamp required to maximize the main cross-
ing signal in Hg for positive and negative A val-
ues are approximately 2000 G (o- component) and
400 G (o' component), respectively. This method
or the method given in Ref. 11 for determining
the sign of A. was not needed for Hg

~J. P. Barrat, J. Phys. Radium 20, 541 (1959); 20,
633 (1959); 20, 657 (1959).

"J.Brossel and J. P. Faroux, Ecole Normale Supdr-
ieure, Paris, (private communication).

cH %ahiqui. st J Chem Phys 35 1708 (1961

2. Preczsion Measzzrements of Level Crossings

Two procedures were used to determine the
line center of the level-crossing signals to a pre-
cision of the order of o of the width. The first
one consisted in sweeping the magnetic field over
the region of the level crossing while monitoring
the NMR frequency. Curves were obtained with
increasing and decreasing magnetic field sweeps
and the results averaged in order to cancel the
error that results from response lag time of the
lock-in detector. Typical recorder tracings are
shown in Fig. 8.

The second procedure, one that we used in most
of the measurements, was essentially a point-by-

S (1)/S(2)
S(2)/S(3)
S(3)/S(4)

Experimental

8.4(10)
1.8(2)
2.9(4)

Theoretical

9.1
1.9
3.2

H. Wahlquist, J. Chem. Phys. 35, 1708 (1961).

TABLE II. Experimental and theoretical amplitude
ratios of the Hg 3 level-crossing signals. The amplitudes
measured with a lock-in detector are S o-A». , where
A». is calculated from (7). In the analysis of the data,
the relationship between the lock-in detector output
amplitude and the field modulation amplitude given in
Ref. a was used.
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I A' gt
(MHz) (MHz) X

3
2
5

2
2
2
2

2

2.

2

2

4990.88
—4991.48

3743.33
—3743.66

2994.78
—2994.99

2495.74
—2495.89

—255.2
238.5

—400.2
380.3

—548.7
526.7

—700.2
676.7

0.17 )

0.27
o.aa

~

0.05
(

4.9
3,3

inconsistent with
the four observed
level crossings

X2 fit
satis fac tory

X2 fit
uns atis factory

Calculation performed with the HYPERFINE-4 com-
puter program (see Ref. 30).

point one. This permitted us to take advantage of
long time constants (30 sec) to average out noise
without the associated problems of long-term
drift for slow sweeps and distortion of the lock-
in detector output for too rapid sweeps. Mea-
surements of the lock-in detector output were
made for periods of about 8 min for several con-
stant values of the magnetic field around the level
crossing. A few measurements were made at
magnetic fields several linewidths higher and
lower than the center in order to determine the
background. After each new magnetic field setting,
sufficient time was allowed for detector response
lag time before making a measurement. We re-
duced the effects of long-term drifts resulting,
for example, from a change in the lamp intensity
by selecting a random sequence of magnetic fields
around and far away from the level crossing.
Figure 9 shows typical recorder tracings. The
magnetic field was continuously monitored and

corrected manually to within +10 and +25 mG for
the main and other level crossings, respectively.
This procedure allowed some improvement of the
field stability over that which existed in the field-
sweep runs.

For crossings Nos. 2, 3, and 4, high-modula-
tion magnetic field amplitudes had to be used,
and a detectable modulation of the scattered light
was produced even when no level-crossing signal
was present. This was assumed to arise from
a shifting of the absorption lines of Hg

' and the
stable Hg in the cell with respect to the incident-
light wavelength. The slow change of the lock-in

TABLE III. Consistency of the Hg level-crossing
data with various combinations of nuclear spin and hyper-
fine interaction constants. For fixed values of spin and

signs of the interaction constants, the calculated~ A' and
8' were obtained by assigning the four observedcrossings
to the first four hegz ——2 crossings that are predicted to
occur as the magnetic field is increased. The inclusion
of the second-order corrections did not alter significantly
the minimized values of X given in this table.

detector output as a function of magnetic field due
to this effect can be seen in Figs. 8(b) and 9(b) as
a difference in the background at the magnetic
fields above and below the level crossing. This
change of the background was taken into account
in the determination of the line center by assum-
ing that it is linear over the linewidth.

Two ways were used to avoid errors caused by
asymmetric line shapes. The method of taking
the average of measurements with both senses of
the magnetic field was discussed in Sec. IIA.
The more common method consisted of an adjust-
ment of the effective scattering angle p' until an
antisymmetric output curve was obtained from the
lock-in detector for the strongest Hg level-
crossing signal. A small correction (& 2/0 of the
linewidth) was later made in the data analysis for
a residual deviation from antisymmetry with the
use of the relationship given in Ref. 4. The re-
sults obtained by the two procedures are in good
agreement. The first method, however, has the
advantage of being simpler and of distinguishing
line asymmetry, caused by ImA, ,+0, from ap-
parent asymmetry that may be introduced by the
electronic cir cuitry.

The small magnetic field inhomogeneities,
typically 20 and 25 mG/cm along and transverse
to the magnet axis, respectively, required the
cell-to-probe corrections in the magnetic field
measurements discussed in Sec. III A1. The
components of the cell-probe assembly and the
light pipe were checked for ferromagnetic con-
tamination with a separate proton resonance probe.

The Hg' ' level-crossing measurements were
carried out both with the natural Hg cell and with
the cell containing enriched Hg . In the latter
case, some of the Hg"' measurements were made
together with the measurements of the Hg' ' main
level crossing under very similar experimental
conditions. The ratio of level-crossing fields for
these isotopes could be determined in this way
with reduced systematic error associated with the
magnetic field measurements and line asymmetry.
The results of the field ratio measurements with
Hg' ' and Hg' in the same cell are in good agree-
ment with those obtained with the isotopes in
separate cells.

An additional experiment was done with Hg'

(natural Hg cell), in which no lock-in detection
was used. The measurements were done by dis-
playing both the NMR and the amplified and fil-
tered level-crossing signals on oscilloscopes us-
ing a sweep frequency twice that of the magnetic
field modulation. The line center of the level
crossing and the NMR were found as described in
Sec. IIIA1.

The results for all the measurements of the
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30 678. 30 647.99 30 648.29 30 648.49 30 647.99 30 678. 30 6I8. kHI

Q0
C3
UJ

LIJ
Cl

I

O

32 l52. 3I 992. 32 072. 32 067. 3I 992. 32 077. 32 072. 32 I52. kHI

FIG. 9. Typical recorder tracings of the lock-in detector output for (a) level crossing No. 1 and for (b) level cros-
sing No. 2, obtained by varying the magnetic field in random discrete steps. The NMR frequencies are given together
with the recorder tracings for each magnetic field step. The lock-in time constant T =30 sec. The modulation amplitude
H~= 0. 4 &H. This amplitude gives a maximum variation of the recorder output for a magnetic field change near the line
center.

level-crossing magnetic fields, given in terms
of the NMR frequencies, are shown in Appendix
D. The Hewlett-Packard 5248 frequency counter
was calibrated with the 5-MHz Natl. Bur. Std.
broadcast (WWV) during the course of these mea. -
surements.

3. Value of g~ from Hg' Level Crossing

The value of v& for Hg', given in Appendix D,
was combined with the known value of the zero-
field hyperfine separation 4v, given in Table V,
to calculate g J to high precision. An expression
for gJ in terms of v~ and hv, im:luding second-
order corrections, was obtained from Eq. (15) of
Ref. 20 with suitable substitutions and a change
of signs to make the equation valid for a positive
A. The resulting equation is

g = ' -~-—&[c (a -a ) -c +v'2 )a ]-46vP, q g v 6 1
J —

3& 2 6 2 s 1/2 1 8 3/2
p& p, & 0

+ 60 3 &[cgaa —(cg+cp Bv 2 $) a3)a]—l
I 2

&, P and c„c2are intermediate coupling co-
efficients for jj and LS representations, respec-
tively. The absolute values of the energy separa-
tions between the P, and the P0, P2, and 'P&

states are denoted by 60, ~2, and 6&. The quantity
$ is defined in Ref. 20 in terms of a ratio of off-
diagonal to diagonal matrix elements of the mag-
netic dipole operator. (The analogous quantity
needed for Hg

' calculations for the electric
quadrupole operator is q. ) The numerical values
of the above constants associated with the 6s6p
configuration of Hg are given in Table IV. The
single-particle magnetic dipole interaction con-
stants a„a,/» and a3/2 and other constants in the
expression for g J specific to Hg' are given in
Table V.

With these constants we obtain a second-order
correction of —2.323(18)&& 10 ' and the value of
gJ given in Table VI. The error estimate for gJ
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TABLE IV. Constants for the Hg 6s6p configuration
used in the second-order corrections.

TABLE VI. High-precision determinations of g&(3P&)
of Hg.

C a

a
2

Q a

p a

( C

C

1

2

0.4278 (22)
0.9038(11) '
0.9850(4) "

—0.1725 (24)
1.094
1.354
0.5298 x 10 MHz

4.3939x 10 MHz

1.3882 x108 MHz

Method of
measurement

High-field double
resonance

Hg level crossing

Hg' level crossing
Hg' level crossing

Reference

1.486 094(8) Kohler and
Thaddeus a

1.486 110(9) Redi and Stroke
(this work)

1.486 120(16)" Smith (Ref. 3)
1.486 149(10) Kaul '

A. Lurio, Phys. Rev. 140, A1505 {1965).
"This assignment of error is ours.
'M. N. McDermott and W. L. Lichten, Phys. Rev. 119,

134 (1960).
"C.E. Moore, At omic Energy Levels (U. S. GPO, Wash-

ington, D. C. , 1958), Vol. III.

R. Kohler and P. Thaddeus, Phys. Rev. 134, A1204
0.964).

"Recalculated from the data using the second-order
correction given in this paper.

'R. D. Kaul, Ph. D. thesis, Department of Physics,
Case Institute of Technology, 1963 (unpublished).

includes the estimated uncertainty in the second-
order correction which is assumed to be mainly
due to errors in the intermediate coupling coef-
ficients. Table VI also gives results of other gJ
determinations from Hg' level-crossing experi-
ments of comparable precision and the value ob-
tained from a precisionhigh-field double-resonance
experiment with the even isotopes. The fourth
value in the table displays the only definite but
unaccounted discrepancy. It may be significant
that all the g& values obtained from level-cross-
ing experiments fall on the high side of the value
obtained from the high-field double-resonance
experiment. This may be due to an error in ~v
caused by a coherence-type frequency shift"
which was unknown at the time this quantity was
measured by a zero-field double-resonance ex-
periment.

TABLE V. Hg constants used in the calculation of

g&. The single-electron interaction constants were cal-
culated as described in Ref. a with c& and c2 as given in

Table IV and A( P&) obtained from Dv given here.

Ib
Sign of A

+V c

gr
a a

S
a

~~/2

&3&2

22128.56 (2)
—5.423x10 4

34955(45)'
5036(173)'

CSV(15)'

MHz

MHz
MHz
MHz

aM. N. McDermott and W. L. Lichten, Phys. Rev. 119,
134 (1960).

"G. H. Fuller and V. W. Cohen, in Nuclear Data Sheets,
compiled by K. Way et al. (National Academy of Sci-
ences —National Research Council, Washington, D. C. ,
1965), Appendix I.

'C. V. Stager, Phys. Rev. 132, 275 (1963).
B. Cagnac, Ann. Phys. (Paris) 6, 467 (1961).

'Error limits represent the propagated errors from
the intermediate coupling coefficients.

4. Hg' '
Hy perfine Stmcture

In order to retain the precision of the level-
crossing data needed, for example, in the hfs
anomaly determination, it is necessary to include
the second-order corrections in the Hg o~ hfs
analysis. This was done with the use of a modi-
fied HYPEBFINE- 4 computer program' which fits
the hyperfine interaction constants to the data by a
least-square minimization procedure. The mod-
ification of the program consists of the replacement
of the matrix of the Hamiltonian (9) by a new ma-
trix of the same dimensionality with elements mod-
ified according to the procedure described in Sec.
II B.

First, a calculation of the hyperfine interaction
constants A ' and B' was done by deleting the sec-
ond-order correction terms from the computer
program. The value of A' obtained (see Table
III) was sufficiently accurate for the calculation of
the Hg single-particle interaction constants a»
a, &~, and as&, from the corresponding quantities
for Hg' . This was done by assuming an approx-
imate proportionality between the single-particle
constants and the A value. The approximation
here, as in the calculation of gz(Hg ') from
g~(Hg"') with the Fermi-Segre formula, is the
neglect of the unknown hfs anomaly. Similarly,
B' was sufficiently accurate for the calculation of
the single-particle electric quadrupole interaction
constant b, &, using Eg. (13) of Ref. 20. The per-
tinent constants for Hg

' used in the calculations
of the second-order corrections are given in
Table VII.

The corrected hfs constants A and B given in
Table VIII were calculated with the use of the val-
ue of gJ obtained in this work. This table also
gives the predicted zero-field hyperfine separa-
tions calculated with the same computer program.
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TABLE VII. Hg constants used in the hyperfine-
s true ture calculations.

I'
Sign ~of 4

b

0S
C

A3/2

b3/2

2

—1.835(18)x10 4

1.183(3)x 10
170(7)x10
1.48(7) x 10
3.9 x102

MHz
MHz
MHz

MHz

~Reference 7.
"Calculated from g&(Hg~ ) with the Fermi-Segre for-

mula. The error limits allow for a Hg'99-Hg o hfs
anomaly of +1/o.

Error limits allow for a Hg 99-Hg 3 hfs anomaly
of +1% and the propagated error from the Hg'99 single-
particle interaction constants. The relationship be-
tween the hfs anomaly, expressed in terms of the P& A
values, and the corresponding quantity for the individual-
Particle constants is given in C. V. Stager f Phys. Rev.
132, 275 (1963)j.

IV. DISCUSSION

The considerable improvement in the precision
of the measurements of the hfs interaction con-
stants that we obtained here over our previous
optical spectroscopic results allows the determi-
nation of the quadrupole moment and provides a
basis for obtaining the hfs anomaly. An improve-
ment in the value of the magnetic moment is also
obtained. The nuclear magnetic moment and hfs
anomaly will be discussed in the light of the nu-
clear shell model with configuration mixing. As
is discussed below, Hg' ' is of particular interest
for hfs anomaly studies because of the value of

The error estimates for A. and JB were made by
adding the following contributions: First, the
error in the measurements of the level-crossing
magnetic fields for Hg ' and Hg' and in the mea-
surement of 4v of Hg' gave a contribution of
+0.015 and +0.1 MHz for A and 8, respectively.
(The systematic errors in the measurement of the
main crossings of Hg

' and Hg' were ignored
here since the ratio of the level-crossing fields
is involved. ) Second, the error in the calculation
of the second-order corrections arising from the
uncertainty in intermediate coupling coefficients
gave a contribution of +0.006 and +0.07 MHz.
Third, the error in the calculation of the second-
order corrections and the gi term arising from a
Hg' —Hg

s hyperfine anomaly of t 1/o gave a, con-
tribution of +0.005 and +0.11 MHz.

The quantity which was obtained most directly
from the level-crossing data is A(Hgm)/A(Hg'ss).
All of the sources of error mentioned above, ex-
cept the error in ~v, also enter in the determina-
tion of this ratio.

its spin. In general, the model predicts rather
poorly the electric quadrupole moments. How-
ever, the results of a systematic study by
Sharon ' of the signs of the quadrupole moments
of nuclei predict correctly the sign of Q of Hgsos.

The nuclear configuration-mixing model of
Arima, Horie, and Noya' allows admixtures to
the single-particle wave function, in which all the
even nucleons are paired to zero angular momen-
tum, of configurations in which pairs of nucleons
are broken. These configurations can then con-
tribute to deviations from the Schmidt-limit val-
ues of the nuclear magnetic dipole moments.
The allowed excitations of nucleons that contribute
to the nuclear moment are from orbits j&=l&+2
to j&=It& —» in both of which there are initially
even numbers of nucleons n& and n&. Also allowed
are excitations in and out of the odd group if j
=3, --,' and j=l, +-,', respectively. If n, - 2j, +1,
n& =0, the zeroth-order state of the nucleons is
characterized by ( j,)"&, and if n, = 2j, + 1, ns
~ 2js+1, it is characterized by ( js)&. An anal-
ogous notation is used for the nucleons that in-
volve the odd group. It is to be noted that the ad-
mixture coefficients which enter into both nuclear-
moment and hfs anomaly evaluations are calcu-
lated with a 6-function interaction for which con-
figuration-admixtur e contributions are identically
zero if the odd nucleon is in a p&~, orbit. This
does not result in great disagreement between the
experimental and predicted values (Schmidt lim-
its) for these nuclei. For hfs anomalies, on the
other hand, the vanishing of the admixture coef-
ficients leads to predictions in significant dis-
agreement with experiment. For example, such
a calculation would give a value of about 10/o for
the hfs anomaly for the isotope pair Hg -Hg ',
compared to the experimental result of approxi-
mately 0.2%. Although a semiphenomenological
approach" "has been used to account for the nu-
clear magnetic moments and hfs anomalies of the

TABLE VIII. Hg results.

A 4991.35(3) MHz
B —248.2(3) MI-Iz

+~u2-S/2 17204.5 (4) MHz

»5/2-3/2 12855.8 (5) MHz

(p)uncorrected ~ 0.842(8)p,„
p s 0.856(9)p~
q C 0.46(4) b
~(Hg203) /~ (Hg199) 0. 338 301(2)

Calculated from g& given in Tp.ble VII.
"Diamagnetic correction has been applied using the

results of F. D. Felock and W. R. Johnson [Phys. Rev.
Letters 21, 785 (1968)t.

'Calculated from B using Q/B given in Ref. 1. The
Sternheimer correction is not included.
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I= , is-otopes Hg ', Hg, Hg, and Hg
' (f= —', ),

a direct application of the theory is clearly de-
sirable. This can be done for the pair Hg' '-Hg '.
The experimental ratios of the Hg -Hg' inter-
action constants and nuclear moments can then be
used in further analysis.

On the basis of the shell model, and considering
pairing energy, the two protons in Hg that miss
from completing the 82 shell are expected to be in
the 3s&~& orbit. Thus the proton contributions to
the configuration-mixing effects are characterized
by (1h,&/o) . For the neutrons in Hg

' there is
some ambiguity of choice: 3p, /, (lifo/o)' or
(3/3/o)' (li» /o)". We adopt the latter which is
used in the calculations of Arima, Horie, and

Noya. For the Hg
' neutrons we have the con-

tributions (2fo/o)'(3P, /o) (li„/, )' . With the use
of their parameters (with interaction strength G
= 30 MeV), we obtain p, (Hg ') = —0.48 iL„and
p(Hg ') =0.89 p„. This is to be compared to the
experimental results —0. 56 and 0.86 p,~.

The effect & of distributed nuclear magnetization
on the hfs interaction constant A is expressed by
writing A =A„(1+&), where A„and A describe the
hypothetical point nucleus and actual cases.
(There is also a relatively small extended nuclear
charge distribution effect. ) A„ is not calculable
very accurately because of the lack of precise
electron wave functions. In a comparison for two

isotopes, 1 and 2, we form the ratio A&/Ao. We
can approximate adequately (A, /Ao)„by g,/go,
where g is the nuclear g factor. Hence, we find

Ai/Ao= (ai/ro)(1+&&)/(1+ &a) = (ai/ro)

&(1+&,—eo) =(gi/A)(1+ g )

The quantity '4 is called the hfs anomaly. With
the configurations and parameters used in the
magnetic dipole moment calculations we calculate
e '= —2. 03/o and e '= —2. 77%. From this we
find "6 '=-0.74%. A precision determination
of both A. factors and g values is required to de-
termine A. With the use of the experimental re-
sult "'6' ' = —0. 175% we calculate therefore
'o'&'"= —0.91/o. At present, this value of 6
gives an estimate of the accuracy of our determina-
tion of the nuclear moment of Hg '. Its mea-
surement may shed light on the appropriate
choice of nuclear configurations in these isotopes.
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APPENDIX A: Ai p' FOR Aj(L = 1 LEVEL CROSSINGS WITH POLARIZATION-INSENSITIVE DETECTION

(Al)

For the arrangement used in the experiment 8=8'= y' =90, f, = 1, f,=0, the value of A, „, is seen to be

zero.

An explicit expression will now be given which shows that with the geometrical arrangement and light

polarization used in the experiment, ~p, =1 level crossings are not observable. This is of importance in

the identification of the detected level crossings.
With the same definitions of the geometry and polarization vectors and quantum numbers as were used

in obtaining (7), we obtain for the case p =m++1,

A.. (~ v') =A...i .,=([I(~,m. +11~iI y, m~& I'1(~', m~ l~o ly, mz& I']

~
&I fo I'»n8 cos8 - if fo*»n8&+I:

I

&~', m.
I
~ il y, m. +» I'1&~, m. + 1

I
~o I y, m. +» I']

x(l f l'soi 8 ns8co-if,*f,sin8) —[(c., ms+ 1l~oly m~+1&&n', m. lo'

eely,

m. +»
x &uf', ms I ~o

I y, mz& &a, me+ 1I rx I y, mr&]

&&[2I foI sin8 cos8 —i(f f~*+f,*fo) sin8]] (2v/15) / Yo(8', y')

APPENDIX B: SIGNAL STRENGTH CALCULATION

Because of a discrepancy in the published value '
of the theoretical level-crossing signal strength

for I=—,', caused by an inconsistency in the phase
convention associated with the order of I and J in
a matrix element, we present a calculation in a
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different representation (m/, mz) that is not sus-
ceptible to phase-factor errors. This is also the
method for obtaining the results given in Table II
for Hg P'. The calculation is done for the cross-
ing of the F = » m & = ——', and "~"= » m& =

& levels&
neglecting the small gi term in the Hamiltonian.
In the mr m g representation the matrix ele-
ments of the Hamiltonian

X= pgg gHJg+AI ' J
1for m&=& are

(mr= —,, m~= OIZ lm/=-„m~= 0&=0,

and we neglect the small gi term in the Hamiltoni-
an. The analytic approach exhibits the simple
feature that all the nonzero-field level crossings
coincide. The Hamiltonian K =A. I ~ J +xJ„where
x=- p& g&II. The m& submatrices of & are of order
3 if lm~) &I, 2if Impel =I, and 1 if Im+I =I+1.
The corresponding secular equations for the en-
ergy eigenvalues 0' are

o'+2Aop —[A'I(I+1)+xp+2Am~x-A3]o

-A I(I+1) -A m/ x=0, (Cl)

(73-[A(I —1) k. x](7-IA =0 (m =+I),. (C2)

&-3 II&I -3 I&= rag'gII-3A, o-(IA+x)=0 [m, =~ {I+1)] . (C3)

As, shown in Appendix C, the level crossing oc-
curs at II, =A/peg~, and with an energy eigenval-
ue —~A. . For the crossing levels the correspond-
ing eigenvectors are

I'I'i, "F"=3,mr=~3&

= -4-,' lm, =-'„m, = 0) +g-,'
I
--'„ I&,(»)

I'I „F=-'„m,=--', &= I-,', -1& .

I.evel crossings occur at values of x, for which
polynomials that correspond to different m„have
coincident roots o, . Such values of x, ean be
found with the use of the following theorem

u(y) = apy +any + ~ ~ ~ +a„gy +a„,
v(y)=boy +bgy +' ~ +b yy+b

then u(y) and 3/(y) have at least one common root
if and only if

Hence the matrix elements needed for A». are

( +ls 3& ol3-ll Sp~ 3& 3)

( Pi, 3, 313'i
I So, 3, —3) —C/&3

3 I3"ol So 3 3& = &2CR~ s rows

apa, ~ ~ ~ ~ a„Q 0 ~ ~ ~ Q

0 apay' ' ~ p ~ a&0'' ' Q

c=-&3I;llrll'so& I//2 .
With the geometry and polarization vectors de-
fined in Sec. IIA we find

1/3, - 3 /3 = c' (+3)[ I f. I

' —
I fb I

' co"8

+i( fgp*+f, f,) cos8] sin'8'8' "". (B3)

n rows

0''' 0 Oa a ''' ~ a0 7I

p Q ]
~ ~ ~ Q Q Q ~ ~ o ~ ~ Q8

Qgpg)pppQQpp ~ pp{}

=0.

For 8=8'=q'=90', f, =l, f,=0 this becomes
A, /3, /3= -C (+3). The background term Ro is
calculated under the assumption that, the incident
light excites within its Doppler width only the two
levels involved in the crossing. We thus find
Ao= ~&3 C . Hence we obtain the result (A~,
+A, „*)/Rp= —0.43.

APPENDIX C

1. Analytic Expressions for Level-Crossing Magnetic Field
and Energy Values for J= 1,8 =0

It is possible to obtain simple analytic expres-
sions for the magnetic field value and the energy
at which the levels cross in the case of J= 1 and
arbitrary I if the quadrupole interaction is zero

0'''' ' 0 05p5g» ~ Q

We consider this theorem for the case of two
polynomials of degree 3 in 0, for which ap= bp
= 1 and a, = b, =P. The determinant equation be-
comes

(b, -a,)' —(b, -a,) [p(b3-a, )'+a, (b, -a,)'
—a, (b, —a,)(b, —a,)] = 0

If we apply (C4) to the secular equations (Cl) for
any pair of levels m~ and m~ ( Im~ I & I), we obtain

4A( ~m- m'„)'x'[x-(-', A)(2I+ 1)][x+ (-',A)(2 I+ 1)]= 0 .

The crossing field H, ~ 0 is thus given by
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2. DDependence of Lo evel4:rossino - ' I Fields one/A for
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