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It is shown that for an isolated resonance in a multichannel problem the sum of the eigenphases B„satisfies
the usual formula appropriate for the elastic phase shift: X„B„=-dP + tan ' [I'/2(Eo —E)]. The parameter
I is the total width of the resonance.

It is well known that, for an isolated resonance
in single-channel scattering, the energy depen-
dence of the phase-shift, 5(E), is described by the
formula

tan[5(E) —5 ]= I'/2(E, —E),

where E, and F denote the energy and the width of
the resonance, respectively. The background, or
nonresonant, phase shift 5' is assumed to vary
slowly with E in the neighborhood of Ep Alterna-
tively, Eq. (1) can be written in the form

1 ~

z& 2&~o E —Eo &zF
E —E + —'jl (2)

which clearly shows that the S matrix has a pole
at the complex. energy E, ——,'ir.

For multichannel scattering, Macek' has derived
a generalization of Eq. (1) to describe the energy
dependence of the eigenphases, 5„(E), namely,

N

2(E —E,)= g I' cot[60 —5„(E)], n=1, . . . , N.
m=1

(3)

In Eq. (3) I' is the partial width representing the
decay of the resonance into the anth eigenchannel
of the background S matrix, S'. These eigenchan-
nels, and the corresponding background eigen-
phases 5' are defined by the unitary transforma-
tion U which diagonalizes S'.

U~SoU= e"' . (4)

As usual, it is assumed that S', and therefore 5',
are slowly varying functions of E near the reson-
ance energy E,.

In spite of its simplicity, Macek's formula [Eq.
(3)] has not been used extensively in the study of
multichannel resonances. This is particularly
true in the case of electron-molecule collisions
where even elastic scattering is a multichannel
problem because the anisotropy of the electron-
molecule potential couples the various partial waves.
Instead, the authors of recent theoretical pa-
pers' "have preferred to discuss the results in
terms of the eigenphase sum: b, (E) =Z„5„(E). In

particular, the convergence of the computed ei-
genphase sum has been used often to study the con-
vergence of the partial-wave expansion in close-
coupling calculations. '~ It has been also stated'
that, for multichannel resonances, the eigenphase
sum increases by z as the energy passes through
the resonance energy. Although this behavior is
not obvious a Priori, it can be verified empirical-.
ly from published eigenphases, e.g. , in the case of
inelastic electron-helium scattering. " The situa-.
tion has not been clarified by the various proce-
dures which have been employed to extract molec-
ular resonance parameters from computed eigen-
phases. For example, in the case of N, , Burke
and Chandra' fitted the 'II eigenphase sum to the
single-channel formula in Etl. (1) to obtain the to-
tal width. However, Buckley and Burke" used
only the resonant, l=2, eigenphase in a later cal-
culation on N, . Yet another proposed resonance
formula' appears more appropriate for many over-
lapping resonances than for an isolated resonance
in a multichannel problem. Thus, the theoretical
situation is clearly unsatisfactory.

It is the purpose of this note to derive the energy
dependence of the eigenphase sum near an isolated
multichannel resonance. To my knowledge, no
such derivation exists in the atomic and molecular
physics literature, although it was considered pre-
viously. " As I will show, the eigenphase sum,
A(E), satisfies the "single-channel" formula

~(E) =-g S„(E)= ~0+ tan-', (5)
r

n 0

where r is the total width of the resonance, and
is the sum of the background eigenphases, i.e.,

~0 Q g0,

It is convenient to start with the multichannel S
matrix which can be diagonalized to yield the ei-
genphases:

e"~= gS

Since 'U is a, unitary matrix, and e ' is a diagonal
matrix with nonzero elements e"'", the eigenphase
sum 6 can be obtained from the relation

19 920 1979 The American Physical Society



19 BEHA VIOR OF THE EIGENPHASE SUM NEAR A RESONANCE

s=mv', (8)

where the energy dependence of the matrix ele-
ments A is given by

= e""[5 i-(r„r„)'~'/(Z Z, + -,'ir)]e" .

As in Eq, (3), r„ is the partial width describing
the decay of -the resonance into the nth eigenchan-
nel of S . The total width l' is a simple sum of the
partial widths

(10)
1

and it is independent of the definition of the indi-
vidual channels. The background eigenphases 5'„

are defined by Eq. (4). Since the matrix U is a
slowly varying function of E, Eqs. (8) and (8) im-
ply that for an isolated resonance the multichannel
S matrix has a pole at the complex energy Ep —2il".

To proceed further, one utilizes the unitarity of
U to combine Eqs. (7) and (8) in the form

e"~= detA. .

'The determinant of A can be evaluated by first
noting that the matrix A has the form

A = e'«'- iCC, (12)

where e"6 is a diagonal matrix. The matrix C is
an N x 1 rectangular matrix (vector) with elements

c„=e'6'[r„/(E E,+-', ir}]'~', (13)

and its transpose is denoted by C. The so-called
diagonal expansion of det A is given by"

p
detA. =det(e "6 )+

'"' e" mM„„

g2&& = g2&~n6fl- det g

Using formal resonance theory' '" one can show
that for an isolated resonance the S matrix has the
form'

can be written explicitly in the form
~ 2EapM„„=-ie'" r„(~-~,+-', ir)-'. (15)

Finally, combining Eqs, (10), (11), and (14) yields
the desired result:

e2" = e «'(Z Z, - ', ir)/(E, -Z, + ,'~r), —(17)

which is completely equivalent to the expression
in Eq. (5).

The formulas in Eqs. (5) and (1 t) describe the
energy dependence of the eigenphase sum near an
isolated resonance. It is clear that the resonant
part of the eigenphase sum, n(E) —h' increases
by m as the energy varies from E &'Ep to E ~Ep.
The present analysis suggests that it is the eigen-
phase sum which should be fitted to the usual sin-
gle-channel resonance formula [Eq. (5)] in order
to extract the resonance energy and the total
zoidth from the computed eigenphases. Alterna-
tively, the energy dependence of each eigenphase
can be fitted to Macek's formula [Eq. (3)J to ob-
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With these results, Eq. (14) reduces to the expres-
sion

N

detA = e" ~'~ 1 —i I „E-E+ 'Q ' 16
ttwl

N N
e' &M„„„„

g&m PAn
PAn

+ ~ ~ ~ + det (-iCC), (14)
I

where M„„,M „„,. . . are the principal minors of
orders 1, 2, . . . of the N &N matrix -iCC. Equa-
tion (14) can be simplified using the result" that a
matrix which is a product of N x 1 apd 1 x N rec-
tangular matrices has a zero determminant when
N&1. Thus det(CC) =0. Furthermore, since
every principal minor of CC has the form det (EE),
where I' is an N' & 1 matrix, every minor except
M„„(for which ¹=1)is zero. Using Eq. (13), M„„
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FIG. 1. TI„eigenphases and the corresponding eigen-
phase sum calculated by Robb (Ref. 17) for elastic e-H2'
scattering at R = 2.0 bohrs. The solid lines give the
eigenphases for the E = 1 and l = 3 channels, the dashed
line gives their sum.
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tain the individual partial widths.
To illustrate the behavior described by the ex-

pressions in Eqs. (3) and (5), Fig. 1 shows the
'II„eigenphases, and the corresponding eigenphase
sum, which have been calculated by Robb" for
elastic e-H, ' scattering at an internucLear separa-
tion of 2.0 bohrs. Fitting" the energy dependence
of the two eigenphases to Eg. (3) gives E,=O.V591
Ry, I', = 8.0 x 10 ' Ry, and I', = 5.10 x 10 ' Ry.
Qn the other hand, fitting the eigenphase sum to
the expression in Eq. (5) yields the same reso-
nance energy and a total width of 5.90 x 10"4 Ry.
These results provide numerical verification of
the conclusions that (i) the eigenphase sum satis-
fies the "single-channel" formula in Eg. (5), and
(ii) the width parameter occurring in Eg. (5) [or
Eci. (15)] is indeed the total width of the reson-
ance. In addition, Fig. 1 shows that the eigen-
phase sum n, (E) increases by slightly less than m,

from -0.20 to 2.89, as E varies from 0.75 to 0.77
Hy. In contrast, the resonant eigenphase 5,(E)
increases by only 2.69 rad in the same interval.
Thus, treating this 'II„resonance as a single-
channel problem would certainly yieM incorrect
response parameter s.

Finally, it should be noted that, throughout the
paper I have assumed the background eigenphases

to be slowly varying functions of E. This assump-
tion is usually valid for narrow resonances. In
some cases, such as broad resonances or elec-
tron-polar molecule scattering, it is necessary to
consider the relationship between the energy-de-
pendent resonance parameters obtained from
Feshbach's theory" and the complex pole of the
total 8 matrix. '~

Note added in proof. After this Comment was ac-
cepted for publication, Dr. R, K. Nesbet informed
me that the main result of this paper, Eq. (1V),
was given, without proof, in, his review article on
electron-atom collisions in Adv. At. and Mol. Phys.
13, 315 (19VV). Nesbet and Lyons [Phys. Rev. A 4,
1812 (19V1)]discussed the application of Eqs. (1)
and (3) to multichannel resonances in e-H-atom
scattering.

ACKNOW I.EDGMENTS

I am indebted to Dr. W. D. Robb for stimulating
the development reported here by providing his
unpublished 'II„eigenphases for elastic e-H, ' col-
lisions. I also thank Dr. T. Rescigno for several
useful discussions. Work performed under the
auspices of the U. S. Department of Energy at
Lawrence Livermore Laboratory under Contract
No. W-7405-Eng-48.

'J. Macek, Phys. Rev. A 2, 1101 (1970).
2P. G. Burke and A. L. Sinfailam, J. Phys. B 3, 641

(1970).
3P. G. Burke and N. Chandra, J. Phys. B 5, 1696 (1972).
4P. G. Burke, N. Chandra and F. A. Gianturco, Mol.

Phys. 27, 1121 (1974).
5N. Chandra, Phys. Rev. A 12, 2342 (1975).
M. A. Morrisonand L. A. Collins, J. Phys. B 10, L119
{1977).

L. A. Colfins and D. %'. Norcross, Phys. Bev. A 18,
467 (1978).

8F. A. Gianturco and J. H. Tait, Chem. Phys. Lett. 12,
589 (1972).

"F. A. Gianturco and D. G. Thompson, J. Phys. 8 10,
L21 (1977).

' B. Q. Buckley and P. G. Burke, J. Phys. B 10, 725
(1977).
M. A. Morrison, N. F. Lane, and L. A. Collins, Phys.
Bev. A 15, 2186 (1977).
P. G. Burke, J. W. Cooper, and S. Ormonde, Phys.
Rev. 183, 245 (1969).

' J. Macek (private communication).
~4W. Brenig and R. Haag, Fortschr. Phys. 7, 183 (1959).

H. Feshbach, Ann. Phys. (¹Y.) 19, 287 (1962).
A. C. Aitken, Determinants and Matrices (Interscience,
New York, 1951).

~ W. D. Robb (private communication).
' In fitting t5„(E) to Eq. (3), each background eigenphase

is assumed to be a linear' function of E.
~~8. J. Drachman, Phys. Rev. A 15, 1430 (1977).


