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A new straightforward method for the evaluation of the rearrangement-scattering amplitude has been

proposed to study the following reactions: H++ H(1s)~H(nlm)+ H+; e+ + H(1s) —+(e+e ) (nlm)+ H+,
2 & n & co and l = 0,1, in the first Born approximation embodying the full interacting potential. A contour-
integral representation has been used for the Laguerre polynomial that occurs in the final-state wave

function. The amplitude containing only the electron-nucleus interaction has been evaluated analytically. But
the amplitude for the projectile nucleus interaction involves a contour integration on a circular path, and this

integral can easily be evaluated numerically. To provide an estimate of the asymptotic cross section,
expressions for the transition amplitudes when n ~Do have also been given. It is shown explicitly that the
charge-exchange cross sections asymptotically obey the inverse n-cube law irrespective of the incident

energy. In proton-hydrogen collisions our computed results for the low-lying discrete states show excellent
agreement with the earlier theoretical values of Mapleton and those of Band as well. For positronium (Ps)
formation all the reported results, except for the 2s excitation, are quite new. Zeros of the angular
distributions are seen to be almost independent of the principal quantum number n, but dependent only on
the projectile. energy. n cr shows regular smooth behavior with increasing n, and the results for n = 18 and

n ~ 00 agree within 0.5% throughout the energy range considered.

I. INTRODUCTION

The problem of rearrangement collisions has
drawri considerable attention of scientists in view
of its connection with the explanation of various
physical phenomena occurring in the planetary
atmosphere, in supernova explosion in interstellar
medium, in energetic solar flare, etc. In the
neutralization of the charged particles that pass
through gases, electron capture from the sur-
rounding gas plays the most significant role. Cap-
ture takes place in the above cases either in the
ground state or in the excited states. Investiga-
tion of the charge-exchange problem has received
further impetus from the role it plays in the for-
mation of the exotic atoms, such as positronium,
muonium, protonium, etc. Highly excited hydro-
gen atoms can be formed by electron capture on
protons accelerated to 25-100 keV in the labora-
tory. . These highly excited atoms have a large
number of unusual properties owing to their large
size and small ionization potential. In addition
to having an intrinsic interest of their own, these
studies also find wide applications in radio astron-
omy, in plasma physics as well as in astrophys-
ics.

The first quantum-mechanical treatment of the
capture processes in ion-atom collisions is due
to Oppenheimer. ' Later Brinkman and Kgamers2
(BK) have further extended the investigation and
evaluated by the first Born approximation (FBA),
the cross section for the processes in which an
ion captures in its 1s orbit an electron that was
originally bound in the ground state of a hydrogen-
like atom~ They have carried out their calcula-

tions'by neglecting the interaction between the in-
cident ion and the nucleus since the contribution of,
this term to the capture cross section was ex.-.
pected to be of the order of the ratio m/M [(elec-
tron mass)/(proton mass}] as compared with the
contribution of the electron-ion interaction. Bates
and Dalgarnoa and Jackson and Schiff4 (JS} recon-
sidered the very same problem and have shown
that the effect of the ion-nucleus interaction re-
duces the cross section considerably in better
agreement with the observed values. With the in-
crease of incident energy this reduction does not
become vanishingly small. The ground-state cap-
ture problem has been studied more rigorously and
more realistically by many workers. 5 Extension
to a few low-lying excited states has also been
made by some sophisticated methods~ other than
the Born approximation. An estimate of the order
of magnitude of the asymptotic capture cross sec-
tion has been given by Omidvar using the FBA.
Percival and Richard more recently have used a
variety of c1.assical as well as semiclassical meth-
ods to study the electron-hydrogen atom and pro-
ton-hydrogen atom collisions to obtain excitation
and charge-transfer cross sections.

When a positron, ins tead of an ion, is incident
on an atom with sufficient energy, it has a fair
possibility of capturing an atomic electron to form
the light and large electron-positron atom, posi-
tronium (Ps). The pseudoatom of this electron-
positron pair rotates around its common center
of mass, held in dynamical equilibrium by a bal-
ance between the electrostatic attraction existing
between the two charged particles of dissimilar
nature and the centrifugal force present in the
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rotatory motion. In gross electrical structure,
a Ps atom resembles very closely the hydrogen
atom in that both contain one positive and one
negative particle. Positronium has been known
for a long time to exist in excited states and many
experimental attempts~ have been made to study
the properties of states of Ps with the principal
quantum number n&1. Results, however, have
been obtained only recently. ' Though these re-
sults are not conclusive, they are highly interest-
ing in that they give an estimate of the order of
magnitude of the cross section.

In 1954 Massey and Mohr" emphasized for the
first time the importance of the positron inter-
action for collision theory and considered for theo-
retical investigation the processes leading to the
formation and subsequent dissociation of Ps. They
computed in the FBA the ortho-Ps formation cross
sections in the ground state as well as 2s excited
states in a gas of atomic hydrogen. Omidvar' re-
cently considered the asymptotic Ps formation
using the FBA. Besides these two studies of the
extreme eases for n =2 and n- , there exists,
to our knowledge, no other theoretical calcula-
tions for the Ps formation in excited states.

In the present investigation we propose a new
straightforward technique that will enable one to
obtain the charge- exchange cross-section values
without much effort in the framework of the FBA
embodying the effect of the full interacting poten-
tial. %e apply this method to compute FBA cross
sections for the charge-transfer processes in
proton-hydrogen-atom and for the Ps formation in
positron-hydrogen-atom collisions where the final
bound state is formed in an arbitrary excited ns or
nP state. For the charge-exchange collisions,
whether the Born approximation appropriates the
exact situation or not is indeed related to the con-
vergence question. Calculations in the FBA how-
ever provide a good estimate of the cross section
in many cases. Further it does not seem practic-
able to use more refined methods to treat the
transitions to a highly excited state because of the
fact that the final-state wave function has many
os cillations.

The usual procedure to obtain scattering ampli-
' tudes for higher excited states is to generate an

appropriate ground-state amplitude with suitable
charge parameter and then to apply on it repeated
parametric differentiations with respect to ap-
propriate parameters. This is always encourag-
ing only for some low-lying states. On the other
hand, this procedure becomes tedious as well as
intractable with the increase of the final principal
quantum number n. The method as suggested
here does not involve this type of parametric dif-
ferentiation and enables one to obtain the cross-
section values for arbitrary excited states without

encountering the above difficulty.
The further motivation of the present work ~s to

find out the asymptotic behavior of the capture
cross sections with respect to n and is shown con-
clusively that as n- the n 3 law is obeyed by the
FBA cross section throughout the entire energy
range.

The main outline of the paper is as follows: In
Sec. II, we give first the general expression of the
FBA scattering amplitude for charge transfer in
arbitrary excited nlrb states and thorn show the
reduction of the integrals for proton-hydrogen-
atom and positron-hydrogen-atom collisions for
s-s and s-P transitions separately. The deriva-
tion of the asymptotic form of the scattering am-
plitude has been shown in Sec. III. Section IV
deals mainly with the riumerical procedure for the
evaluation of the one-dimensional integral in the
amplitude expressions for the projectile-nucleus
interaction [see Eqs. (2V), (3V), etc]. We discuss
there the numerical results thus obtained for the
differential and total cross sections for the various
transitions. Lastly we make our concluding re-
marks in Sec. V.

II. THEORY

A. General expression for the scattering amplitude

k)/2p, ) +Eg —kj/2py +Ey ~

where p, &
and p& are, respectively, the reduced

masses of the initial and final systems while e&

and e& stand for the eigenenergies of the initial and
final atoms.

In the framework of the Born approximation,
the scattering amplitude for the rearrangement
collisions can be written

gy. )(ky, k))

where

4g r, R2 Vg t r~, R 4' rg, Rg drgdR2

(2)

Let the incident particle B of mass M& with
charge Z&e impinge on the target having an elec-
tron of mass m around the nucleus A of mass M&
with charge Z~e, e being the absolute value of the
electronic charge. Af ter collision the projectile
B captures the electron from the target to form a
bound state (B+e) leaving the bare nucleus A alone.
Let g and k~ denote, respectively, the initial and
final momenta in the center-of-mass system. The
conservation of energy then implies
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and

4f (rB, R2)=e '"f'"14f (1B) ~

We take the post form of the interacting potential
V„t which i,s a sum of the electron-nucleus and
projectile-nucleus interaction as given by

F„t= Z-„e/r~+Z~ZBe1/R.

The initial ground-state wave function can be
expressed

4((r~) =N)e

while the normalized final-state wave function
4f(1B) is given in spherical polar coordinates
(rB, eB, QB} by the following expression:

4f(rB} leal e ~ B+n ( (2y„rB)

&& Pm(cosg )e Em@B (6)

gf i(&f &i)= (I-.i +~ni ) (6)

where

Here rA and r& represent the position vectors of
the electron with respect to the nucleus A and the
projectile 8, respectively (Fig. 1); R, denotes the
position vector of B with respect to the center of
mass of the initial target atom and R2 that of the
center of mass of the final atom from A. R rep-
reserits the position vector of 8 with respect to
A. 4, (r„) and 4f(rB) denote, respectively, the
initial wave function of the target atom and the
final wave function of the newly formed atom (at-
omic units will be used throughout the rest of the
paper unless otherwise specified). Substituting
Eqs. (3) and (4) in Eq. (2) one gets

with the normalizatiori constant

(2l + 1){l—m)! &~ (2y.)' '
4v(l + m)1 I (n + l)!

y„(n —l —1)!
In(n + l)!

with y„=!1/n in which p, is the reduced mass (final
state) which is 1 for the H atom and B for the Ps
atom. P~ (x) is the associate Legendre polynomial
of degree l and order m, and L1„",'{x) represents
the associated Laguerre polynomial. We have
used the following integral representation" of the
I aguerre polynomial, which will help generate the
rearrangement amplitude for any excited state in
a convenient way:

I„gm
—— F(rB, R1) —drB dR1,

&A

~nr = & ra~R2 -dr~dR2

(6a)

2@i j (1 —t)t"' (10)

with

F(rB, R1) =exp(ig R, —iff R) 14(rg)4f*(rB)
(6c)

We confine ourselves to the problem of electron
capture by a proton (or a positron) from the ground
state of the target. hydrogen atom to an arbitrary
excited nlm state.

e,m

where the contour includes the origin but does not
enclose the point t =1. Differentiating under the
integral sign in Eq. (10), one gets

~-xg /(j, -g)
b *f(-) --"

Making use of Eq. (11), the final-state wave func-
tion 4f [cf. Eq. (8)] takes the form

N„g„(n + l)!
4nlm(rB) 2

~ pl+1 +Bpl (coseB}2'

with

fg+ j)""'
kmIg (/ e F e~g . gg

r (Z - 1)"" (12}

~e —~n'

Here we have changed over to a new variable Z by
the transformation

t = {Z-1}/(Z+1)

8
Zeyks

FIG. 1. Coordinate representation.

ZA, MA

and with it, the pole has been shifted from the ori-
gin to the point Z =1 and the contour encloses only
the point Z =1. On using Eqs. (7) and (12) in ex-
pressions (6a} and (6b), one gets
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and

N(nlm) 7 (Z+ 1)" '
1)„+, ~drzdrs exp(ip R& —ikl R2 —y rs —y, „)—rsP", (cos8s)e"

2pz z' gZ —1j A

N(nim) (Z+1)" '
J„,„=—

2
. — dz, 1,„., dr~drsexp(ik, g- ikq R2- y, rs y-p„)& rsI'", (cos6s)e""

The subscripts nlm in I„, and J„& specify the final-state quantum numbers. The differential cross sec-
tion for charge exchange is given by

d(T]y ~P, ~k 12
)I~)~ + J~)m1

Py

The total cross section is obtained by integrating the above expression over the entire solid angle.

8. Evaluation of the integrals J»~ and I«~

We first consider the problem of proton-hydrogen-atom collisons and give the derivation of the integrals
I„&~ and J„&~ for this case.

1. Proton-hydrogen atom collisions

(i) s-s transitions. For this case we have l .=m =0 and thus Eq. (14) takes the form

N(nOO) ' hz+1~"J'o0==2, &t dzl z 1 I J dr~dr&exp(ig R, -Eke R)-y~ys-yp„) ~r~- ra~

Now, making use of the following Fourier transform

Ix-xi
I

~ =(2~') ' tp 2exp[ip (x- x, )]dp,

(16)

(1Va)

and employing the fo1.lowing relations:

R, = [Mg(M„+ 1)]r„—rs and R2 =r„—[Me/(Ms + 1)]re, (17b)

we may write Eg. (16) as

N(noo) 1 2+1'r~" ' exp[i(B-Q) r„+(Ql- C) rs-y~r~~yxJ
Z-1~~ q'

where

B= [M„/(M„+ 1)]k,.—k& and C = lq —[M» (Ms + 1)]k&.

After performing the radial integrations over r& and r&, one gets

8N(noo) 1 8 Z+1 " 8
capp =

2
. p dz

1 M(5 =0& B,y„C, y~),
2wz m By, z ~-& By

(18a)

(181)

where

M(5;B, yg, C, y )

dQ

(q'+&')(IB-Q i'+y', )(C-Ql'+y'. )
'

where

N=P —o.y2

with

+N"'
M(5=0;B, yg,'C, y~) =w N in (21)

The evaluation of the above integral has been car-
ried out by Lewis'3 and is given by

and

P=y (&'+y()+y&(C'+y')

o.y=. [IB- C I'+ ( $+y)y'](&'+ )y(~'+ '.y~)

(22)
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z„=+zIc I/y„ (24a)

z2 =+ &
I
B cI/y. -y»ly. .- (24b)

Making use of the relation B +y» —(C +y„)/p
which follows from the conservation relation (1),
one gets from Eq. (24a)

(25)

Thus

Iz&. I
- (n/p)(i —

i '/n'}'",

since B2 is a positive quantity. For the evaluation
of the integral (23) the contour is to be chosen in
such a way that the singularities Z„and Z2, re-
main outside the path whereas only the singular-
ity at& =1 is included. For n~ 2 we may choose
a circular contour with radius r lying between j.
and ~n(4i», —pm)'/2 [the latter is obtained from Eq.
(25}by putting n =2 under the radical signj. Again
from Eq. (24a) one gets

Z~ = ( I
B C!'/p, '+ y,'n'/p, ')'»

i.e. , Iz~ I

~ n/»»/, , and this choice ensures our
requirement that the points Z& also are excluded.

Integrating by parts with respect to Z and noting
that the first term being a single-valued and ana-
lytic function vanishes on the closed contour, Eq.
(23} takes the form

y 3/2 8 ~ (Z + 1)n-»""= " "' ""8 f'" (z —1)" »

x M(0;B,y»3 C, y~) ~

(26}

The function M(5=0;B, y, ;C, y ) as given by Eq.
(21) is single valued and analytic even when we
cross a branch cut of N'/'. Substituting Eq. (21)
in Eq. (19), we obtain

g+y)&
!Jn(,0=- 2i " —(i dZ

Byf gp Z 1 ]

8»/2 p+N
»/2 I'8Z —N

(23)

We would like to emphasize here that the study
af the structure of the singularities of the Lewis
function M(5=0;B, y, ;C, y ) enables one to carry
out the final contour integration over Z in a very
elegant way. Keeping in mind that 0 and are
the only singularities of the log function, we note
that the Lewis function M(0;B, y„C,y ) has sin-
gularities when ny becomes zero. Under this con-
sideration one obtains from Eq. (22} the following
singular points for the function M(0;B, y, ;C, y ):

Performing the parametric differentiation with
respect to y„one finally obtains

y 312 (Z+1)" i
dz,'r

where

M'"»»(0;B, »;C, y. )

X M» (0;B,y»,'C, y ), (27)

with

&~"»» — 4y»[C2(B2 +y2) B.C(C2 + y2 }]

and

P'""= 2y»y~ + (C'+ y~) &

the contour integration becomes an integral over
having a range 0 to 2w. This has been evaluated

numerically. It has been checked that the slight
variation of the value of r within the allowed range
does not change the results as expected.

In evaluating the integral I we take the Fourier
transforms for e "»"&, e~~"&, and 1/R. And mak-
ing use of the relations (1Vb) and (18b) and per-
forming the space integration, one gets from Eq.
(13)

Z+1l!Z

p,
" B+y )„(C+y)

The integrandf(Z)/(C'+y ) with

(28)

f(Z) =Z[(Z + 1)/(Z - 1)I"

in the above equation has singularities at the point
Z= 1, a pole of order n and also atZ=+~ICIy„,
poles of order 2. We now verify that for a closed
contour &„:IZ I

=R, where R—
dZ f(Z)

(C2 +y'I }2 t (29a)

since

dz ~ -0 as R-~ . (29b)
Z 2»r

(C'+ y
')'

Our interest is to evaluate the integral over the

the superscript (y, ) denotes the differentiation with
respect to y&.

In our actual calculations we have used r = —,
' n.

It is to be noted here that with the increase of e
the radius also increases linearly. Using the
transf ormation

Z =re$8
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closed contour which encloses the lone singularity
at Z=l. The poles at Z=ai~C~/y„of second ord-
er of the integrand in Eq. (28) lie, of course, out-
side it. Hence by Cauchy's residue theorem we
have, in view of Eq. (29a),

f(z)dZ
(C z + z) 2

2ri . . IC f(residues of f(Z) at Z) =ai —.
yn

(3o)
We have thus avoided evaluating the residue of a
function consisting of a pole of order m, and have,
instead, evaluated the residues at poles of order
2 only. We thus finally obtain

dzf (Z) 27fzny~z F (31)
, (V+y~z)z IC I(C'+y')

with F= sin(ne)

when

t2 IC Iy„&O=arctan] C, ~ f+Szz
EC —y„&

where $ =0 for C —y ~ 0, and $ =1 for C2- y2&0
Substituting Eq. (31) in Eq. (28) the final expres
sion for I„00 is obtained as

Y
= 16~'

IC I (az+y')(C'+y')
(32)

(ii) s-p transitions. For s -p transitions, the val-
ue of the angular quantum number l must be 1 and
the azimuthal quantum number nz =+1,0, -1. Un-
der these circumstances the integral I [Eq. (13)]
and J [Eq. (14)1 may be expressed

N(nlm) t (Z+1)"-'
fnI„,„=— . z dz — „7 dr„drs exp(ikz ~ R, —ik& Rz —mrs —y,r„) rsP",—(cos8s)e'™&

Z 1 +A
(33)

N(nlm) t (Z +1)" '
t . . 1

Z„z~=
2

. Iz dz
(Z 1)„,g I dr„drs exP(i' R&-ik& Rz —y r ey tr)& rsPP(cos8e)e"" (34)

We choose the axis of quantization along the di-
rection of the incident momentum lq. We first
consider the case where m =0; Eqs. (33) and (34)
take the form

B B „(Z+1)"-~ B
nio 8 B (Z 1)a+I

x M(0;B, yt, C', y~), {35a)
B B (Z+1)" '

nlo 8 B (Z 1)n+f

1
(Ciz+ z)(~z~ z) ~ (35b)

where C ' =C + X. It is of interest to note here that
we have introduced a term exp(iX rs) in expres-
sions (35a) and (35b), and this, in turn helps us
generate conveniently the term rs Pz (cos8s}e' "~&

by repeated differentiation with respect to X„, X~,
and X„.ultimately we let X- 0.

ln deducing Eq. (35a) we have however made gen-
erous use of our previous results from Eqs, (17)-
(22).

Here M(0;B, y„.C', y ) is the Lewis function'z as
defined by Eq. (20) with the only difference that
C has been redefined in the present case with an
additional vector X. It does not however change
the basic properties of the function as such and
the singularity structure remains unaltered on the
whole.

Choosing the same contour I': ~z
~

=n/p, as before
with the radius n/Iz & ~Z„~ as given by Eq. (25},

and following closely the deduction of the result
in Eq. (23}, one gets

16Nln10) 8 it, (8+I)

x M(O;B, y„c', y ). (36)

Performing the differentiation with respect to y&,

one has

M" =————M+ z p —2p(z)
By) 2N P-N N ii'

(38}

in which the superscripts y and Z represent the
differentiation with respect to y, and X„respec-
tively, and in the latter case the limit X-0 is to
be taken afterwards. For the evaluation of Eq.
(38}one needs the following results:

9
lim J„~p

p eXz

16N(nlo) dZ(Z —n) I- M'" (0;B,yt,'C, y ),
W~yn F (3'f)

where M'"~ is defined as

I"~=lim 8

X,

and is given by



REARRANGEMENT COLLISIONS IN HIGHLY EXCITED. . . 66i

p'"~'=2y, y +C +y, N "&'= 4-y, [C'(8' +y,') —B 'C(C'+ y')],

p~'=2yilclc. &~'=2c.(&'+yl)[lcl(&'+8)+2«'+y')(&'-B c)],

p'""=2lc lc„p'""=-4y,&Iclc,[(B'+y2) -B c]-&,(c'+y.')].

Bz and Cz are the Z components of 8 and C and
are given from Eq. (19b) as

k, —k& cos8,Mg
M~+1

z 4y~
d (Z+ 1)" '

~ M'"~'(0;B, y„c,y.}, (41a}

and

Mg
C~=k& - — -k&cos8„Mg+1

4'/2Y
gPS

«00 — 3/2 ~c ~ gP+y2)(c2+ 2) (41b)

8, being the scattering angle.
For the evaluation of the integral I„» in Eq. (35b}

we follow exactly the same procedure as in the
case for the s-s transition and finally we obtain

z
«10 1 1/ 2 ~l CR(BZ + z)

, [Icl sin(ny)+ p, cos(ny)],'I,
ic i

c'+y'
(40}

where

tang =2
I
C

I
y~(y'„c2).

For the rn-degenerate states m =+1, the integrals
I„,„as well as J„,„can be evaluated quite easily
from Eqs. (35}by differentiating, instead of y„
with respect to X„and X„and making use of the
following rel.ation

I„, „=(1/Wa)(1„,„+ff„„).

III. ASYMPTOTIC FORM OF THE SCATTERING

AMPLITUDES

It is of great interest to study the behavior of the
Born cross section for electron capture into ex-
cited ns and nP states when n ~by protons and
positrons from the ground state of the hydrogen
atom.

With the increase of the principal quantum num-
ber n one gets

1im y„= lim p/n =0.

It is also apparent that on the contour where Z
=re', y becomes independent of n since

$8=yA=pe ~

Moreover, the Lewis function M(0;B, y&, C, y ) in
this consideration has no explicit dependence on

n, except through 8 and C only. Again, in the li-
mit n-~, the weight factor [Z+1}/(Z —1)]"be-
comes e2' with 5= p, e ~. Thus we may rewrite
Eqs. (32} and (2V) in the form

2. Positron-hydrogen-atom collisions

iim(n"'40) =15»in(2/I c I)/Ic I'(&'+yl)
(42a)

The scattering amplitude for Ps formation in
either ns or nP states may be obtained from. Eqs.
(13) and (14) by redefining only some of the quan-
tities used earlier. For this case we have the
projectile mass M~ ——positron mass =1 and the
proton mass Mz is assumed to be infinitely heavy.
We thus get C=k, ——,

, k& and B=k, —k&. y„=p/n
with p. = 0. 5. Here the radius of the contour is
chosen to be

r =n.

and

lim(n3~2J"„00)

with

v =1/p, .

4v
d8 exp[2v cos8 —i(8 + 2v sin8}]

1f Q

(42b)

The expressions for I„,', and J„o', for the s-s trans-
ition may now be written

Similarly Eqs. (36) and (40) for the s-P transition
may be expressed
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4mCz sing 2
+C~(~C ~

sing+ p, cosQ)~C B +y() IC) C

and

liII1( 3y2~» )

2&

(e -e )e2) 8 g8 2'
v o

x M'" '(0;B, y„C, p, e' )de, (43b)

where &o= ve " and Q =2p/~C~.
For positron-hydrogen scattering the expressions
for the scattering amplitudes in s-s transitions
for the asymptotic case when n —~ may be readily
obtained by making the relevant changes in Eqs.
(41a) and (41b) as well.

vergence of the results has been tested by increas-
ing the number of Gaussian points.

As a numerical check on our general programs
we have compared our computed cross-section
results for the low-lying states for s-s as well as
s-P transitions with the corresponding values ob-
tained by Mapleton' using the FBA and have found
that they agree with Mapleton's results up to all
three significant digits as given by him at all avail-
able energies. Moreover, the FBA values of
Band" for the electron capture into states 13P and
14P agree quite nicely with our results. For ex-
ample, at an incident energy of 50 keV, Band's
results for n=13 and n =14 are 0. 134&&10 and
0. 103&&10 in units of ao, respectively, whereas
our findings are 0. 130&&10 'ao and 0.104X10 ao.
Similar agreement of our results with Band's
FBA values is found to occur for the ns capture
also.

B. Differential cross sections

IV. RESULTS AND DISCUSSION

The results of our numerical calculations of the
differential as well as integrated cross sections
for electron capture in arbitrary excited ns and
np states by protons as well as by positrons from
the ground state of hydrogen atom have been pres-
ented.

A. Numerical procedure

For t.he evaluation of J„, we note that the real
part of the integrand is symmetric about the real
axis and the imaginary part is antisymmetric in
the s-s transition while for the s-P transition these
features are reversed. Thus in actual calculations
we need only consider the range of integration of
8 from 0 to 2w. The Gaussian quadrature method
is employed after dividing the range of integration
0 to w into four equal intervals. ' Convergence for
each part has been tested by increasing the number
of Gaussian points.

The total cross section has been obtained nu-
merically using the Gaussian quadrature method.
In ion-atom collisons, except at very low veloci-
ties, the main contribution to the total cross sec-
tion comes from the forward direction and the an-
gular spread of the scattering amplitudes de-
creases with the increase of the projectile energy.
Keeping these facts in mind, we have used, in the
H'- H collision, Z as our integration variable in-
stead of the scattering angle, where Z is related
to 8, by the following transformation

1 1+Z
8,-=cos ' 1 —~

In the positron-atomic-hydrogen collision we have
used cos8, as the integration variable. The con-

z

10

10

10

6
10
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10
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FIG. 2. n3 differential cross section for the electron
capture into the 2s state of the hydrogen atom at E= 50
keV and 1 MeV (in laboratory system). The scattering
angle 0& is multiplied by ratio of the proton to electron
masses. The solid curves represent the present results,
employing the BK approximation Q) and the JS approxi-
mation (II) as well.

1. s-s transition

In Fig. 2 differential cross section for the elec-
tron capture into the 2s state of the hydrogen atom
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FIG. 3, Notations are same as in Fig. 2, but the cap-
ture takes place into the 6s state. 't0

0.8 &.6 2.0

for the incident energies 50 and 1000 keV are
plotted against the scattering angle e,. From the
figure it is evident that the BK curve decreases
monotonically from a sharp peak in the forward
direction with the increase of the scattering angle.
The JS curve, on the other hand, falls off very
rapidly from a peak value in the forward direction
and becomes zero at an angle eo. It agai.n rises to
a maximum and then falls off monotonically. The
BK peak in the forward directi'on is always higher
than the corresponding JS peak. For the incident
energy E = 50 keV the JS cross section becomes
zero around the scattering angle (M/m) 8&

—1.65.
The position of the zero is shifted towards the
forward direction [(M/m)8O = 1.2] with the increase
of the incident energy (E =1000 keV). The origin
of the zero is the JS differential cross section ia
due to the fact that the contributions to the ampli-
tude from the attractive and repulsive potentials
that occur as sum in JS, are always real but op-
posite in sign. At some scattering angle these
contributions become equal in magnitude, as a re-
sult the sum becomes zero.

Figure 3 represents the present results for n =6
for the incident energies 50 and 1000 keV. A rel-
ative comparison between the Figs. 2 and 3 re-
veals that the position of the zero of the JS curve
for E = 50 keV and E =1000 keV are almost identi-
cal with the corresponding zero points for n =2.
(Fig. 2). It is evident from the figure that in this
case also the position of the zero at 1000 keV is
shifted from the corresponding zero position at
50 keV towards the zero-degree scattering angle.
It has been observed that at a fixed incident energy

—8, inra
FIQ. 4. ~3 differential cross section for H'+ 8 (ls)
H(ns)+ H' when n for the small scattering angles

at E= 50 keV and 2.5 MeV. Notations are the same as
for Fig. 2 except the chain curve refers to the asympto-
tic values of Omidvar {Ref.7).

the zero position for any higher excited state re-
mains almost the same irrespective of the value
of the principal quantum number n. Here we mould

like to mention that the peak in the forward direc-
tion becomes sharper with the increase of the in-
cident energy and the maximum contribution to the
total cross section comes from the range 0 to 8()

of the scattering angle.
In Fig. 4.we have shown the present asymptotic

values (n- ~) of the differential cross section for
the incident energy 50 keV and 2. 5 MeV. Recently
calculated values for the asymptotic cross section
at 8 =2. 5 MeV due to Omidvar have also been dis-
played in the same figure for comparison. It is
apparent from the figure -that the present BK curve
is indistinguishable from the corresponding BK
curve of Omidvarv throughout the angular range
considered, whereas there is a marked disagree-
ment between the present JS results and the cor-
responding JS results of Omidvar. The zero po-
sition of the differential cross section of these
two JS curves are quite different. Figures 2 and

3 shows that with the increase of the incident en-
ergy the zero position in the differential cross
section is shifted towards the origin for n =2 and
6. Similar feature is also apparent in Fig. 4.
This feature is also noted in Fig. 5 where the



664 S I L e t u I. 19

10

Al

10
o

10

F

10

7
10

6
10

10

10

3
10

asymptotic differential cross sections for both the
JS and BK have been shown for the incident ener-
gies 100 keV and 5 MeV. But Qmidvar' in his
asymptotic calculation has obtained the reverse
feature, i. e. , the zero of the differential curve
is shifting away from the origin with the increase
of the energy. In the high-energy limit the pres-
ent result for the part of the asymptotic (n-~)
JS amplitude containing the internuclear distance
is larger by a factor of 2 than the corresponding
result of Omidvar as given in Eq. (28) of Ref. 7;
the BK amplitude, however, is the same in both
the calculations. Moreover, the approach to the
high-energy limit is very slow and the contribu-
tion to the scattering amplitude of terms of order
higher than (1/v) is found to be quite significant
in the energy range considered. Detailed investi-
gation of this aspect of the asymptotic cross sec-
tion will form the subject matter of a subsequent
public ation.

10
2

10 2. s-p trunsition

10 0.5 1.0
& e (rad}
Al S

10
I

15

FIG. 5. n~ differential cross section for H'+ H(ls)
-H(ns)+ H' when ~ for the sma11 scattering angles
at E=100 keV and 5 MeV. Identification of curves are
similar to Fig. 2.

10

In Figs. 6 and 7 we display the present values of
the differential cross section for n=2 and n =5,
respectively, and that for the asymptotic case
when n- in Fig. 8, for incident energies 25 keV
and 2. 5 MeV. Unlike the case for 1s -ns trans-
ition where a zero in the differential cross section
is obtained at an intermediate scattering angle, the
differential cross section for nP capture does not
exhibit any zero. Experimental measurements of
the differential electron-capture cross section are
extremely difficult owing largely to the highly for-
ward-peaked character of the angular distribution.
Only recently Cocke et al. '~ have measured the

EV ~

~C

Cl

g4 0
gf

O

b.o o.s f.0 1.5 8

~ 8s(radian)

FIG. 6. O'S and BK differential cross section n~ do'~/
d(cos &, ) in units of ma, for the electron capture by pro-
tons from atomic hydrogen into the 2P state for projec-
tile energies 25 keV and 2.5 MeV.

0.0 0.5 & 0 1.5
& gs(radian)

FIG. 7. Same as in Fig, 6, but for the electron capture
into the 5p state.
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TABLE L Totals~ cross sections (in ma) ) for the electron capture into ns (n = 2-4, 8, 8, 10, 12, 14, 16, 18) states of
atomic hydrogen. The last column represents the asymptotic (n ) capture cross-section values.

(keV) 10 12 18

50

100

200

400

600

1000

2000

5000

BK 4.487 4.657
JS 0.6308 0.6568
BK 0.5707 0.6090
JS 0.0933 0.0979
BK ' 3.S22 3.723
aS ~ 0.7396 0.7707
BK b 1.239 1.285
JS 0,3376 0.3473
BKc 1459 1498
aS' o 4563 o 4660
BK ' 0.8693 O.8844
aS d 0 3161 0.3205
BK e 1.642 1.657
JS ' O.VO28 O.VO82

O.VSS6 O.VS84
JS ' O.3VVS O.3V8V

4.710
0.6659
0.6229
0.0996
3.796
0.7820
1.301
0.3507
1.512
0.4695
0.8898
0.3221
1.662
0.7101
0.7594
0.3791

4.745
0.6724
0.6330
0.1008
3.8SO

0.7902
1.313
0.3532
1.522
0.4720
0.8936
0.3233
1.666
0.7115
0.7601
0.3794

4.757
0.6747
0.6365
0.1012
3.869
0.7930
1.317
0.3541
1.526
0.4729
0.8950
0.3237
1.667
0.7120
0.7604
0.3795

4.762
0.6757
0.6382
0.1014
3.877
3.7944
1,319
0.3S45
1.528
0.4733
0.8956
0.3238
1.668
0.7122
0.7605
0.3796

4.765
0.6763
0.6391
0.1016
3.882
O.V951
1.320
0.3548
1.529
0.4735
0.8960
0.3239
1.668
0.7123
0.7606
0.3796

4.767
0.6766
0.6396
0.1016
3.885
0.7956
1.321
0.3549
1.529
0.4736
0.8952
0.3240
1.668
0.7124
0.7606
0.3796

4.768
0.6769
0.6399
0.1017
3.887
0.7959
1.321
0.3SSO
1.529
0.4737
0.8963
0.3240
1.669
0.7124
0.7606
0.3796

4;V69
0.6770
0.6402
0.1017
3.888
0.7961
1.322
0.3SSO
1.S30
0.4738
0.8964
0.3241
1.669
0.7124
0.7606
0.3796

4.772
0.6776
0.6411
0.1018
3.893
0.7968
1.323
0.3553
1.531
0.4740
0.8967
0.3242
1.669
0.7125
0.7607
0.3797

All cross-section values age multiPlied with 10 ~

All cross-section values are multiplied with 103.
All cross-section values are multiplied with 104.

All cross-section values are multiplied with 10~.
All cross-section values are multiplied with 107.

f AQ cross-section values are multiplied with 10 .

differential cross section for electron capture from
argon by 6-MeV protons. They have not observed
any zeros or minima in the differential cross sec-
tion.

C. Integrated cross sections

I. s-s irunsi jinn

Our computed results for the n3 total capture
cross sections into highly excited states (n =2-
6, 8, 10, 12, 14, 16, 18, and ~} for the energy range
50 keV to 5 MeVhavebeentabulatedin TableI. For
allthediscrete states from n=2 to 18 the cross-
section values are obtained with help of Eq. (5) along
with Eqs. (27) and (32), whereas for the asymptotic
cross section (n ~) the limiting expressions as
given by Eqs. (42) and (43) have been employed.
It is of interest to note that at each incident ener-
gy the n3-times cross section in a regular manner
tends to a constant depending only on the energy
with the increase of the value of n. From the

table it is apparent that the values of n3 cross sec-
tions for n =18 are quite close to the correspond-
ing asymptotic cross-section values at all ener-
gies. The n law is thus satisfied throughout the
energy range considered.

In order to test the postulated equality of the
cross-section ratio introduced by Bates and Dal-
garno3

vaz, (ls —ns) oaaK(ls —ns}
va~(is —ls) ona„(is —ls) '

we have tabulated our n3 cross-section ratios for
n- in Table II. We have taken the ground-state
capture-cross-section values of Chaudhuri et al. '
to calculate the above ratios. For the high energy
E=2000 keV the two ratios R& and R2 for BK and
JS cross sections, respectively, agree rather
well, the agreement becomes closer with the in-
crease of the energy. The same scaleability of
BK and JS in the limit of high energy thus seems
to be reasonable.

TABLE II. . Cross-section ratios R ~=a a&&(1s ns)/cruz(1s 1s) and R2=& o&~(1s +s)I
o&~(1s 1s) for n

{keV) 50 100 200 40P 1000 2000

Rg
R2

1.4173
1.3260

1.6068
1.3888

1.4802
1.3324

1.29VO

1.2210
1.1308
1.1065

1.0699
1.0573

Calculated results of Chaudhuri et al. (Ref. 5) have been taken.
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In Table III we have also displayed the ns cross-
section ratio values R3 and R5 defined as follows:

n' vHs„(ls —ns) n'OJs(ls —ns)
80'K(ls —2s) 4 80zs(ls —2s)

From Table III it is evident that R3 is very nearly
equal to R4 at high energies and for all energies
considered the difference between R3 and R4 is
much smaller than that between R& and 82 of Table
II. This behavior may be helpful for an estimate
of the asymptotic JS cross section.

In Table IV we have tabulated the present cross-
section ratios

85
—(PJs (ns )/@AH „(ns )

for various n values at several incident energies.

/

For comparison the available numerical values of
the corresponding ratio due to Mapleton'4 for
2 &n & 5 have also been included. Our present
values are seen to be in excellent agreement with
the available values of Mapleton. " For the high
energy E = 5 MeV we obtain, when n- ~, the
cross-section ratio value R5 =0.499. The ratios
R, for n =2 and n- at 5 MeV, the highest energy
considered in Table IV, are very close to each
other. We would like to point out that Omidvar'
from his asymptotic calculations has obtained this
ratio R5 —-0.811 for n- and E- . From this
table it is evident that present cross-section ratios
for high incident energies are in close agreement
with the corresponding values obtained by using
the following relation of Jackson and Schiff4 for
capture into the ground state:

~ 27+ —+~ -2A 88+ —+~ +2A' 81+—+1~

TABLE III, Cross-section ratios R3=& 0~~ (1s—ns)/Soqz (1s 2s) and R4 = ozq(ls~s)/
8(rgg (1s 2s) for +

(kev) 50 100 200 400 600 1000 2000 5 000

R3
R4

1.0635
1.0742

1.1236
1.0915

1.1053
1.0773

1.0678
1.0524

1.0493
1.0388

1.0315
1.0256

1.0164
1.0139

1.0067
1.0058
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TABLE IV. Ratio azg/asK for P'+H(ls) H(ns)+P',

8 (keV)
50 100 200 400 600 1000 2000 5000

ls'~

2s
3s
4s

0.1544
0.1406
0.1410
0.1414
0.1420

0 ~ 1837
0 ~ 1634
0 ~ 1607
0 ~ 1598
0 ~ 1588

0.2278
0.2100
0.2070
0.2060
0.2047

p.228 b

0 21Pb
0.207 b

0.207 b

0.2323
0.2725
0.2703
0.2696
0.2686

0.3221
0.3127
0.3111
0.3105
0.3096

0.3697 0.4315 0.431 0.4903
0.3636 0.4280 0.430 0.4996
0.3624 0.4274 0.427 0.4993
0.3620 0.4273 0.425 0.4992
0.3615 0.4270 ~ ' ~ 0.4991

Calculated results of Mapleton(quoted from Ref. 14).
b Calculated using Eq. (17) of Ref. 4.

where A =arctan(E'~2)/E'~2. For sufficiently high
energies it is thus possible to obtain the JS cross
section analytically employing the above relation
and knowing the corresponding BK only.

2. s-p transition

In Table V we display our computed results for
n times the total capture cross sections n3cr„"&, for
n =2-5, 8, 10, 12, 16, 20, and ~ for several incident
energies from 25 keV to 2. 5 MeV. It is of interest

to note here that Eq. (5), along with Eqs. (37) and
(40), have been employed to calculate the cross
section for all the discrete states while Eqs. (35)
and (36) have been used for the asymptotic case
when n- ~. We see from the table that the cross-
section values for n =20 and n ~ agree within
an accuracy of 0. 5/p at all the energies consid-
ered. The values for n30„"~ reach a constant value
in a regular manner and obey asymptotical. ly the
n 3 law asn —~.

TABLE V. Capture cross sections nao„H& is units of mao .

8 (keV) 8 10 12 16 20

Ia
25.00

Db
I

63.24
II
I

112.46
IIC
Ic

200.00
IIC
Id

355.60
IId
Ie

632.40
IIe
If

1124.60
IIf
I&

2000.00
Qg
Ig

2500.00
IIg

S

30.70

3.553
2.754

0.4018
0.2612

4.733
1.437

0.3251
0.5242

0.1459
1.441

0.4796
0.3314

0.1277
6.835

2.960
1.490

0.6701

29.58 28.88

3.288
3.244

3.174
3.411

0.4497
0.3199

0.4649
0.3413

5.581
1.767

5.876
1.888

0.3904
0.6397

0.4138
0.6817

0.1756
1.742

0.1862
1.850

0.5754
0.3976

0.6095
0.4211

3.526
1.776

3.726
1.877

0.7976 0.8425

0 ~ 1526 0.1614
8.159 8.627

28.51 28.08 27.98

3.118
3.488

3.056
3.570

3.042
3.589

0.4716
0.3513

0.4787
0.3623

0.4803
0.3648

6.013
1.946

6.161
2.008

6.195.
2.023

0.4247 0.4365
0.7014 0.7229

0.4393
0.7279

0.1912 0.1966
1.901 1.956

0.1978
1.968

0.6253 0.6426
0.4320 0.4440

0.6466
0.4468

0.1655
8.845

0 ' 1700
9.081

0.1710
9.135

3.818
1.924

3.919
1.975

3.942
1.987

0.8633 0.8860 0.8911

27.92

3.034
3.600

0.4812
0.3662

6.214
2.031

0.4408
0.7306

0.1985
1.975

0.6488
0.4483

0.17M
9.165

3.955
1.993

0.8940

27.87

3.026
3.610

0.4821
0.3676

6.232
2.039

0.4423
0.7333

0.1992
1.982

0.6509
0.4498

0 ~ 1721
9.194

3.967
I.ggg

0.8968

27.84

3.022
3.614

0.4824
0.3682

6.241
2.042

0.4429
0 ~ 7346

0.1995
1.985

0.6520
0.4505

0.1724
9.208

3.973
2.002

0.8981

27 ~ 79

3.015
3.623

0.4832
0.3694

6.256
2.049

0.4442
0.7368

0.2000
1.991

0.6537
0.4517

0.1729
9.232

3.983
2.008

0.9004

I stands for BK results throughout.
II stands for JS results throughout.
All cross-section values are multiplied by 10 .
All cross-section values are multiplied by 103.

All cross-section values are multiplied by 10~.
All cross-section- values are multiplied by 10 .

&All cross-section values are multiplied by 109.
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TABLE VI. Cross-section ratios R5=n o~z(1s p)/oq~(1s —1s) and R6=n oz~(1s —np)/
Oz~(ls 1s).

E (kev) 63.24 112.46 200.0 355.6 632.4 1124.6 2000.0

2.0702
1.7012

1.4046
1.2512

0.7761
0.7391

0.4004 ' 0.2070
0.3968 0.2075

0.1091
0.1094

0.0588
0.0588

Calculated results of Mapleton (Ref. 14).

Table VI shows the present cross-section ratio
values

n sos„(ls nP) n3oJs(ls nP}
osK(ls- ls) ' os~(ls-ls)

as n- . From the table it i.s apparent that at
E =2 MeV, the highest energy shown, the ratios
R5 and R6 are identical in conformity with the post-
ulate of Bates and Dalgarno. ' Thus the same
scaleability of the BK and JS cross sections in the
high- energy limit for electron capture into np
states holds good.

In Table VII we have also tabulated the n' times
the asymptotic capture-cross-section ratios

n'os„(ls -nP) n'oJs(ls —np)
8o'ss„(ls —2P) 8o~(ls —2P}

as n- ~. A comparison of Tables VI and VII
shows that, for E= 200 keV, the relative difference
between R~ and Rs is smaller than that between R5
and R„.while for 355 keV(E& 2. 5 MeV the rela-
tive agreement between the latter ratios is better.
Thus it seems that the Bates-Dalgarno equalities
R5 and R6 may be more helpful for ascertaining
the nature of the JS cross section in the limit of
high energies. For 1s ns transition however it
was noted that an estimate of the JS capture cross
section could be made more conveniently with the
help of

n os„(ls-ns) nV~~(ls-ns)
8osK(ls 2s) 8osJs(ls 2s)

than by the Bates-Dalgarno ecjuality. 3

We give in Table VIII our cross-section ratios

&s =&%(nP)/~8K(nP)

for various n values at several incident energies.
For 2P and 3P states, the ratios R& as computed
by us are in excellent agreement with the corres-
ponding ratios of Mapleton (not shown in the table)
as quoted by McDowell and Coleman. '7As evident
from the table, at E =2. 5 MeV the ratio R& for
n =2P is within an accuracy of 0. 5% with that for
the asymptotic case when n ~. At this energy,
our value for Re when n ~ is 0. 4484. Omidvar,
on the other hand, from his asymptotic calculation
has obtained a value of this ratio Re =0.684, for
n -~ in the limit of high energies.

D. Differential cross section

1. s-s transition

Figure 9 displays our results for the FBA dif-
ferential cross section do„,'/dQ for the Ps forma-
tion in excited 2s and 6s states at positron ener-
gies 50 and 100 eV. All the cross-section curves
fall very sharply from a forward peak, become
zero af an angle depending on the incident energy,
and then rise again to a maximum to fall monoton-
ically afterwards with the increase of the scatter-
ing angle. The zero in the differential cross sec-
tion at. an angle may be explained by the fact that
the FBA scattering amplitudes for the attractive
1/r, and the repulsive 1/r 2 parts of the interaction
potential cancel each other, being equal in magni-
tude but opposite in sign at this particular angle.
For an idea of the relative orders of magnitude of
attractive and repulsive interactions, we show in
Table IX the contributions of each part of the scat-
tering amplitude separately along with the differ-
ential cross sections at 200 eV for Ps formation in
the 2s, 8s, and 12s states. The corresponding

'TABLE VII. Cross-section ratios Rv=n 0~~(1s np)/8o~~(ls 2p) and R8=n Oz&(1s np)/
80&Hs(1s 2s) .

E (keV) 25.0 63.24 112.46 200.0 355.6 632.4 1124.6 2000.0 2500.0

0.9052 1.3156 1.4138 1.4262 1.4056
0.8486 1.2025 1.3217 1.3664 1.3714

1.3814 1.3630 1.3507 1.3477
1.3631 1.3540 1.3456 ' 1.3437
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TAl3LE VIII. Ratio R&=ozz (nP)/ossK(nP) for H'+H(ls) Hi'nP) + II'.

eV) 25 63.24 112.5 200.0 355.6 632.4 1125 2000.0 2500.0

2P
3P
4p
5p

16P

0.1157
0.1112
0.1099
0.1094
0.1.086
0.1085

0.1459
0.1886
0.1383
0.1352
0.1335
0.1334

0.1812
0.1745
0.1722
0.1712
0.1695

. 0.1694

0.2230
0.2209
0.2192
0.2182
0.2169
0.2168

0.2783
0.2745
0.2731
0.2726
0.2716
0.2715

0.3328
0.3303
0.3295
0.3289
0.3284
0.3283

0.3853
0.3838
0.3833
0.3831
0.3826
0.3825

0.4331 0.4497
0.4321 0.4491
0.4319 0.4488
0.4317 0.4487
0.4315 0.4485
0.4313 0.4484

10

10

+
e + H (~s) ~ pg (ns)+ H

— 50eV
100eV

&o"
CV c'

10

values of the asymptotic case are included in Table
X for positron energies 50, 100, and 200 eV. It
is evident from Table X that for all the n values
considered, the two parts of.the amplitude denoted
by I„pp and J„pp become equal in magnitude at an
angle around 24' and cancel each other. In the
FBA, the same type of total cancellation of the
attractive and repulsive parts of the amplitude al-
so happens when Ps is assumed to be formed in
the ground state. From Fig. 9 also it is apparent
that the zero of the differential cross section for
any particular incident energy occurs at almost
the same angle for different s states. This angle
is shifted from a higher value towards zero angle
when we go on increasing the energy, and at higher

energies the differential cross section peaks more
sharply in the forward direction. We find from
Table X that at 200 eV, about 90% of the total for-
mation cross section in the 12s state comes from
angles smaller than the angle at which the ampli-
tude is exactly zero. The same is true for other
s states also.

In Fig. 10 we have plotted n d3a ~/dQ for the
asymptotic region when n- , at incident ener-
gies 20, 50, 100, and 500 eV. The zero in the
differential cross section for the maximum ener-
gy 500 eV that we have considered, occurs at
around 22 . This is not in agreement with the
findings of Qmidvar. 7 He has obtained by his
asymptotic form of the scattering amplitude that
nt doP.'„/dQ for 8, =29' when the positron energy
k~ »1. We find for the asymptotic case, in con-
formity with our earlier observations for the s
states, that the angle at which the differential
cross section becomes zero moves with the impact
energy. From a comparative study of the values
of the attractive and the repulsive parts of the
scattering amplitude from Table X, we observe
that the asymptotic differential cross section be-
comes zero at around 42' for an incident positron
energy 20 eV, while at 50 eV, this angle is shifted
towards a smaller value around 27'. At an energy
of 200 eV, the value of the angle is still smaller
and is around 24'. We have given here only the
rough estimates of these angles. The exact val-
ues may be calculated from the tabular points.

2. s-p transition

10

n=6
I

10 I s~ I

0 20 40
I I

'
I I I I

60 80 100 120 140 160 180
es (Degree)

FIG. 9. Differential cross section n'do~~/dQ for posi-
tronium formation in the 2s and 6s excited states in pos-
itron-hydrogen-atom collisions for incident energies
50 and 100 eV.

In Fig. 11, we display our values of the differ-
ential cross section n~do„~/dQ for the states of
2P and 10P at the positron energy 100 eV only.
The values for n~de~~'/dQ are found to fall mono-
tonically with the increase of the scattering angle.
They do not show any zero. This is due to the
fact that the scattering amplitudes for the m-de-
generate states attain zero values at different scat-
tering angles and as a result, the total differential
cross section neither becomes zero nor minimum
at any stage.
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FIG. 11. Differential cross section n do/d~ in
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states in positron-hydrogen-atom collisions for the po-
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E. Total cross section

l. s-s transition

In Table XI we show our results for n3 times the
total integrated cross section n 0'„,' for Ps forma-
tion in ns states, n ranging from 2 to 18, at sev-
eral incident positron energies from 20 to 500 eV.
Our cross-section value for the Ps formation in
the 2s excited state at 20 eV is the same as that
predicted by Massey and Mohr" previously. The
values of n'0'„,' are found to be close to one another
for n & 8 at all energies considered. As the value
of the principal quantum number n is increased,
n3o„,' tend to become a constant depending on the
energy alone. In other words, it can be concluded
that the total Ps-formation cross section satisfies
the n law irrespective of the positron impact en-
ergy.

The values of nay„'„are shown in Table XG.
Beyond 20 eV, the values fall at a faster rate. By
compaiison of these two sets of results it is seen
that, at all energies considered, the asymptotic
value for the cross section is reached within an
accuracy of 1%% when the excited state is an 18s
state. Beyond this state, therefore, ri'a'„,' gives
almost its asymptotic value n30'„„'„at all energies
above 20 eV.

2. s-p transitioIg

Table XIII shows our results for n3 times the
total cross section n3o'„~ for the Ps formation in
the nP states. There exists, to our knowledge,
no other previous calculation for the Ps forma-
tion in nP states. We have computed the cross
section for the excited states n =2-6, 10, 16, and

at incident energies 20, 50, 100, 200, and 500 eV.
It is apparent from the table that neo'„~' tends to
become a constant with the increase of n for all
the positron energies considered. We also note
that the values of nso„~' for n=16 and n- ~ are
within 0. 5%%uo at all energies. Thus the n 3 law for
the cross section is seen to be satisfied here in

TABLE XII. Asymptotic positronium-formation cross
section n3 o „'„in positron-hydrogen-atom scattering.

E (e~) n 0 „(mao)x10

20
50

100
200
500

12180.8
5416.9
584.41
30.303
0.30425

the limit of large n irrespective of the projectile
energy.

V. CONCLUSION

In this work, we have given a new technique to
evaluate the FBA scattering amplitude for the gen-
eral rearrangement collisions in which the final
bound state may-be formed in arbitrary excited ns
and nP states. We have applied this amplitude to
compute differential and total cross sections for
the electron capture by protons and positrons from
atomic hydrogen in its normal state for various
projectile energies. The asymptotic form of the
scattering amplitude as n may be obtained by
our method without encountering any further dif-
ficulties.

The evaluation of the scattering amplitude in-
volves a contour integration for which we have
taken a circular path. The radius of the circular
contour has been chosen conveniently so that the
numerical evaluation causes no problem at all and
does not require. much computer time. This ap-
proach will be helpful to ascertain the behavior
of the cross section for electron capture into any
excited states as well as for the asymptotic cap-
ture cross section as n- .

For capture into highly excited, the n 3 law for
the FBA cross section is found to be satisfied ir-
respective of the kind of projectile and its inci-
dent energy. We also find that for the s-state
capture, the zero of the FBA differential cross
section occurs at an angle depending on the pro-

TABLE XIII. Total cross section n & „& in units of m'a
0 for the positronium formation in

nP states in positron-hydrogen-atom collisions.

Energy (eV)
10 16

20
50

100
200'
500

1.7802
0.2340
1.484
4.205
1.760

1.7824
0.2719
1.787
5.077
2.108

1.7656
0.2846
1.895
5.389
2.232

1.7550
0.2903
1.945
5.535
2.290

1.7485
0.2935
1.973
5.615
2.322

1.7381
0.2980
2.013
5.731
2.367

1.7344
0.2995
2.027
5.771
2.383

1.7319
0.3005
2.035
5.797
2.393

All cr'oss-section values are multiplied by 10+ .
"All cross-section values are multiplied by 10+4.
All cross-section values are multiplied by 10+ .
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jectile energy. The position of this angle is shift-
ed towards the forward direction with the increase
of the energy and the differential cross section
peaks more sharply. This angle does not depend
on the value of the principal quantum lumber n

Our total cross-section values for the low-lying
discrete states in proton-hydrogen- atom colli-
sions show excellent agreement with the previ. ous
findings of Mapleton and of Band; and the cross-
section ratios 8& and R2 favor the cross-section
ratio equality of Bates and Dalgarno in conformity

with the calculation of Mapleton. The smooth
regular behavior of ns times the total cross sec-
tion with increasing n and the closeness within
0. 5%%uo of the results for n =20 and n- ~ do cer-
tainly confirm fi-..he reliability and the suitability
of the present method of calculation.

The reported results for the Ps formation in
arbitrary excited ns and np states are quite new.
And as there are no other theoretical as well as
experimental findings for the process, any com-
parative study is not possible.

J.R, Oppenheimer, Phys. Bev. 31, 349 (1928).
2H. C. Brinkman and H. A. Kramers, Proc. Acad. Sci.

(Amst. ) 33, 973 (1930),
3D. R..Bates and A. Dalgarno, Proc. Phys. Soc. A 66,

972 (1953).
J.D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953).

5D. R. Bates, Proc. R.. Soc. A 247, 294 (1958). R. S.
Bassel and E. Gerjouy, Phys. Rev. 117, 749 (1960).
M. R. C. McDowell, Proc. R. Soc. A 264, 277 (1961).
I, M. Cheshire, Proc, Phys. Soc. Lond. 88, 227 (1964).
B.McCarroll and A. Salin, Proc. R. Soc. A 300, 202
(1967). D. F. Gallaher and L.Wilets, Phys. Rev. 169,
139 (1968). J.C. Y. Chen and P. J.Kramer, . Phys.
Bev. A 5, 1207 (1972). J. Chaudhuri, A. S. Ghosh, and
N. C. Sil, Phys. Rev. A 7, 1544 (1973).

M. B.McElroy, Proc. R. Soc. A 272, 542 (1963). A. S.
Ghosh, and

¹ C. Sil, J. Phys. B 4, 836 (1971). N. C.
Sil, J.Chaudhuri, and A, S. Ghosh, Phys. Bev. A 12,
785 (1975). H. P. Saha, J.Chaudhur i, and N. C. Sil,
Phys. Rev. A 14, 2373 (1976).

~K. Omidvar, Phys. Bev, A 12, 911 (1975).
8I. C. Pericval and D. Bichards, in Advances in Atomic

and Molecular Physics, edited by D. R. Bates and
B.Bederson (Academic, New York, 1975), Vol. 11,
p. 1.

~H. W. Kendal, Ph. D. thesis (MIT, 1954) {unpublished);

E. R. Carlson, Bull. Am. Phys. Soc. 18, 1512 (1973);
S. L. Verghese, E.S. Ensberg, V. M. Hughes, and
I. Lindgren, Phys. Lett. A 49, 415 {1974);K.F. Canter,
A. P. Mills, Jr., and S.Berko, Phys. Rev. Lett. 33,
7 (1974); 34, 177 (1975); and (erratum) 34, 848 (1975).

~OA. P. Mills, S. Berko, and K. F. Canter, Phys. Bev.
Lett, 34, 1541 (1975).

~~H. S.W. Massey and C. B.O. Mohr, Proc. Phys. Soc.
A 67, 695 (1954).
R. Courant and D. Hilbert, Methods of Mathematical
Physics (Interscience, New York, 1953), Vol. I, p.
509. There is however a difference of a factor n.'be-
tween our definition and that given by these authors.
It arises from the choice of a different normalization
constant for the wave function.

~3R. R. Lewis, Jr., Phys. Rev. 102, 537 (1956), Eqs.
(l)-(10) of Appendix I,
R. A. Mapleton, Phys. Rev. 126, 1477 (1962).

~Y. B.Band, Phys. Rev. A 8, 2857 (1973); 8, 2866
(1973).
C. L. Cocke, J. R. Macdonald, B.Curnutte, S. L. Var-
ghese, and R. Randal, Phys. Rev. Lett. , 36, 782
(1976).

VM. R. C..McDowell and J, P. Coleman, Ion-Atom Col-
lisions {North-Holland, Amsterdam, 1970), p. 384.


