
Properties of single-term atomic states calculated in a variationally
optimized-local-central-potential model

K. Aashamar*

T. M. Luke and J. D. Talman
Departments of Applied Mathematics and Physics and Center for Chemical Physics, University of

8"estern Ontario, London, Ontario E6A 589, Canada
{Received 23 June 1978)

A method has been developed for calculating properties of single-term atomic states using a variationally
optimized efFective local central potential. The method has been applied to the ground states and, in certain
cases, low-lying excited states of the elements with 3 ( Z & 54. Results are presented for the energies of
these states and certain other properties such as dipole polarizabilities and single-particle orbital parameters.
The results show that the method leads to wave functions that are very close to Hartree-Fock wave functions
but for which the single-particle orbitals can be obtained from a single numerical central potential.

I. INTRODUCTION

The Hartree-Fock (HF) approximation' can be
applied to atoms in a variety of ways because of
the fact that a single Slater determinant composed
of single-particle angular-momentuxn eigenfunc-
tions is in many cases not an eigenfunction of the
total orbital and spin angular momenta.

For an open-shell atom such as carbon, one ap-
proach, which we will call single-term Hartree-
Fock (STHF), is to form an eigenfunction, e.g. ,
'P, of the I.' and S' operators from the ground-
state (Is)s(2s)s(2p)s configuration, and carry out
the variational calculation for the expectation val-
ue of the Hamiltonian with respect to the single-
particle orbitals. Another approach, which we.

will call configuration-averaged Hartree-Fock
(CAHF) is to average (with the statistical weights)
the expectation value of H over all the terms of
the ground-state configuration before performing
the variational calculation. This method, which
has been called "hyper-HF" by Slater' is some-
what simpler to implement than STHF, because
the averaging process is essentially an angle
averaging, and eliminates the angular dependence
from the problem in a simple way.

Complete results for the ground or close-to-
ground states of all atoms in STHF have been
given by Froese Fischer, ' and similar results for
CAHF have been given by Mann. ' For closed-shell
atoms or atoms with one valence electron or one
hole in a closed shell, the two methods are the
same.

In a previous article, ' (hereafter referred to as
I) a variationally optimized effective central poten-
tial model for atoms has been developed. This
model used the configur3tion-averaged expectation

value for H. This method will be called the con-
figuration-averaged optimized-potential model
(CAOPM). It has been found' ' that this method
gives results that are in very close agreement
with the corresponding CAHF results.

In this article, the methods of I will be extended
to develop an effective potential model for the
case in which the expectation value of H is cal-
culated for a single term. Because of the success
of the CAQPM in approximating the CAHF results,
it was felt that this would lead to results close to
the STHF results.

The theory for the model mill be developed in
Sec. II and some of the numerical details discuss-
ed in Sec. III. The results for a selection of prop-
erties of certain atoms mill be given in Sec. IIIIt

and compared with the STHF and CAOPM results.
It is found that the results are again very close to the
Hartree-Pock results. The effective potentials are
in most cases rather close to the potentials found in
the CAQPM calculations. We also have presented
results for the ground-state configurations of cer-
tain transition elements for which numerical HF re-
sults do not:. eem to be readily available.

II. THEORY

We consider a single wave function of the form

e(LS)=+C (m„m„. . . , m„)(m„m„.t . . , m),
(2 .1)

where ~m„m„. . . , m„) represents a Siater deter-
minant with orbitals of magnetic quantum numbers
m„m„. . . , m„occupied. The n and / quantum
numbers are omitted for convenience. The quan-
tity (4(LS)~II~4(LS)) can be expressed in the form
(in units in which —',es =8'=2m=1)
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where V(r) is the effective central potential that
is to be varied.

The variational problem is to minimize (H) sub-
ject to variations in V(r) This .requires that

5(H) ~ ~" 5(H) 6P, (r )„.
5V(r} ~, 5P,(r ) 5V(r)

It is seen that

b(H) d' lfl, +1) 2Z

5P, (r) ' dr'

(2.6)

+4 U, rP r

= 2q, [e,.-V(r)] P,.(r)

+4Q U;, (r)P, (r),
k

(2.7)

U;2, (r)=2 bi», (X) Jt dr P, (r')(r&/r&~~)P, (r ).

(2.8)

It was shown in I that

5P, (r )
( )

= -G,(r, r ')P, (r), (2 .9)

where G, (r, r') is the Green's function for the re-
duced radial equation

G, (r, r )=p (e,-e,} 'P, (r)P, (r ). (2.10)

(H) = gq, i(i, z)+ g b»P. }R„(~qko,
teak&.

where

l(~, i)= Ji P,(r) -„,+ *', ——Pjr)dr,
d' QI,.+1) 2Z

(2 2)
. (20 (22 00

H„(zjbI)=2 dr dr Pfr)P, (r )
0 ~0

x(r'/r. "")P,(r)P, (r '). (2 4)

In the present one-term calculation, only the
terms (kl)=(ij) or (kl)=(ji) occur in the two-parti-
cle terms in Eq. (2.2). The coefficients q, and
b,», (X) are purely geometric, and are calculated
from the C~(m„m„. . . , m„) of Eq. (2.1}for the
particular term of interest. The functions P,(r)
are the reduced radial-wave functions for the sin-
gle-particle orbitals. In the present galculatio1n
they are assumed to satisfy the reduced radial
Schrodinger equation

I,— P,+V—(r)P, =e,P, , (2.5)QI, + I)

An explicit expression for G, (r, r') has been given
in I.

When Eqs. (2.7) and (2.9) are combined with
(2.6), it is found that the effective potential V(r)
satisfies the integral equation

J H(r, r )V(r ) dr =q(r},
0

where

(2.11)

H(r, r ) $'2=,P, (r)G, (r, r )P, (r ),
'

Q(r) 2 p Jd1 p(ir) G(irr )Ggy(r )p&(r ) (2 12)

(2.12)

In deriving (2.11), the terms in e, in Eq. (2.7) have
dropped out because the Green's function G, (r, r )
is orthogonal to P, (r). The variational problem
has now been reduced to the problem of obtaining
self-consistent solutions to Eqs. '(2.5) and (2.11).

m. NUMERICAL METHODS

IV. RESULTS

The numerical results of the present calculation
are presented in Tables I and II. The results can
be compared with the numerical HF results of

Equations (2.5) and (2.11) have been solved
numerically in logarithmic variables p= lnr,
.-8.0(p(4.6. The differential equation (2.5) has
been solved using the Numerov method with vari-
ous values of 4p with the integration being cut off
when P, (r)-10 '. The integral equation (2.11) is
solved by replacing the integral by a summation
and treating the equation as a system of linear
equations. For this part of the calculation 4p
was 0.2.

The solution of Eq. (2.11) has a potential diffi-
culty in that the kernel is singular since V(r)=i
is a solution of the homogeneous problem. In
practice, the integral is cut off at a suitable r
-1.0a„and the potential is extrapolated as a Cou-
lomb potential for larger r. It was shown in I that
for the |.OAPM the potential behaves like the sta-
tic potential produced by the atom with one elec-
tron removed for large r. It can be proved that
this is also the case in the present calculation.
The calculated V(r), which can contain an arbi-
trary additive constant, has been matched to this
asymptotic behavior at r,„.

The atomic-structure program of Eissner and
Nussbaumer' has been used for the calculation of
the geometric coefficients q, and b,», (X). After
the optimized effective potential was obtained, the
total energy calculation was performed using this
program.
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TABLE I. Comparison of ground-state (and some near-ground-state) total energies and polarizabilities for the
neutral atoms from Li through Xe. Except for entries labelled by a letter, the HF energies are those of Ref. 1, and
the HF polarizabilities those of Ref. 8.

Element Term
Energy (Ry)

OPM HF
h,E

ppm

Polarizability (A3}

Exp.

3 Li
4 Be
5B
6 C
7N
80
9F

10 Ne
11 Na

12 Mg

13 Al
14 Si
16 P
16 S
17. Cl
18 Ar
19 K

20 Ca

21 Sc
22 Ti
23 V
2& Cr

25 Mn

26 Fe
27 Co
28 ¹i
29 Cu

30 Zn
31 Ga
32 Ge
33 As
34 Se
35 Br
36 Kr
3V Rb
38 Sr

39 Y
40 Zr
41 Nb

42 Mo

2s2S
(2s) 2ig
'2p 2Q

(2p) 2$&

(2p)'4S
(2p) 4$&

(2p) 5 2Q

(2p) "S
3s2S

(3s)2~S

3p 2Q

(3p) 28~
(3p)$4S
(3p)"J
(3p)5 2+
(3p) S
4s2S

(4s)2'S

3d (4s)22~

(3d) 2(4s)' "E
(3d)$(4s)24'
(3d)'4s'S

(3d)4(4s)2~D

(3d)'(4s' 2 eS

(3d) 6(4s) 2~D

(3d)~(4s) 24&

(3d) (4s)
(3d) 4s S

(3d)'(4s) ' &

(3d) (4s) S
4p 2Q

(4p)2$J
(4p)'4S
(4p) 4 Sg
(4p)"~
{4p) S
5s2$

(5s)2iS

4d (5s)22~
(4d) 2(5s) 2$

(4d)45s~gp

(4d)'(5s)

(4d)'5s'S

14.8648
29.1448
49.0555
75.3730

108.7964
149.6 149
198.8157

—257.0910
—323.7119

399.2223

—483.V462
577.7008

—681 4264
—794.99g8

918.9569
-1053.623
—1198.314

-1353.603

-1519462
-1696.789
-1885.740
-2 086.687

-2 086.688

-2 299.692
-2 524.854
-2 762.791
-3013.705
-3277.875

-3277.866

-3555.665
-3846.495
-4 150.697
-4 468.457
—4 799.722
-5 144.860
-5 504.082
—5 876.684
-6 263.063

-6 663.295
-7 077.969
-7 607.168

-7 507.075

—7 951.078

14.8655
29.1460
49.0681
76.3772

—108.8019
—149.6188
—198.8187
—257.0942
—323.7178

—.399.2293

—483.V534
—577.7087
—681.4376

795.0098
918.9641

-1053.635
-1198.330

-1353.516

-1519.471
-1696.812
-1885.769
-2 086.710~

2086.V14 h

-2 086.620
—2 086.619
-2299 732
-2 524.887
-2 762.829
—3 013.742

3277 926 a

77.930
-3277.900
-3277.8gg ~

-3 555.696
—3 846.522
-4 160.719
-4 468.477
—4 799.735
—5 144.883
-5504 110
—5 876.715
-6 263.091

-6 663.368
-7 077.990
-7 507.169
-V5OV. 198"
-V 5OV. 104
-7 507.079
—7 951.068 ~

-7951.102 h

47

53
56
51
26
15
11
18

-18

15
14
16
13

11
13

10

13
14
15
11
11
15
15
1V

13
14
12
16
17
10
10

9
7
5

3
4

5
4

11
3
0.1
4
4

0.5

3

15.96
7.81
3.48
1.78
1.03
0.75
0.54
0.40

18.74

14.26

11.18
6.98.
4.56
3.53
2.67
2.02

37.69

33.91

25.59
21.86
19.03
9.97

15.92

14.70
12.93
11.32
10.13
4.88

8.89

8.35
g.80
7.28
5.42
6.04
3.96
3.25

46.14
45.22

21.79
26.06
16.79

23.20

12.42

15.96
7.77
3.43
1.74
1.00
0.73
0.53
0.39

18.87

14.13

10.gV

6.81
4.42
3.44
2.61
1.98

3V.58

33.80

26.80
22.40
19.10
11.5 &

16.60

14.60
12.70
11.30
10.20

7+32

9.04

8.12
9.43
7.01
6.22
4.66
3.80
3.12

45.96
44.92

35.52
29.30

24.92

13.4"

1 13+0 Ogc

0.77 + 0.06

0.3946 b

21.5 +2d
24.4 +1.7b
'I" +18
jjv

26 ~51
~4b

2.48 b

48.7 +3.4 "
+0.831.4

25 +3

9 +2b

1.641+0.002 "
45.7+6 f

45.2+3.2 b

~I19.7~0 6 g
!22.6
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Element

43 Te
44 Ru

, 45 Rh

48 Cd
49 R.
50 Sn
51 Sb
52 Te
53 &

54 Xe

Term

(4d)'(5s) 2 5D

{4d)5{5s)26S

{4d)~ 5s 5&

(4d) (5s)"&

(4d) 5s4F

(4d)'(5s) "&

(4d) &0&S

(4d) (5s) F

(4d)1 Gs 2S'

Energy (By)
OP M

-7 950.864

-8409.546
-8 883.055

-8 882.945

-9371.731

-9371.574

-9875.802

-9875.520

-10395.337

(5s)
O'P
(5p) 2 3p

(5p) 34$

(5p) 4 3P

(5p) 52p

(5p) 6'

-10930.198
-11480.262
-12045.856
-12626.914
-13223.522
-13835.930
-14464.235

{4d)9(5s) 2 2g) -10394.978

TABLE l. . (Continued)

HF

-7 950.887
-7 950.856
-8409.577
-8 883.053
-8883 .080"
-8 882.975
-8 882.949 ~

-9371.76V
-9371.767"
-9371.602
-9371.578
-9875.814 '
-9875.848 "
-9875.566
-9875.542

-10395.370
-10395.398"
-10395.036
-10395.006 '
-10930.266
-11480.338
-12045.863
-12626.971
-13223.568
-13835.962
—14464.277

3
-1

-0.2
3
3
0.5

3
0,4
1
5
5
2
3
6
6
3
6
7
1
5
3
2
3

20.25

18.21
10.82

21.63

19.13

16.51

10.32

16.88

14.70 15.10

3.51 3.43

13.54 13.64

8.59 9.59

12.05 12.42

11.07
12.64
8.73
8.42
7.59
6.62
5.64

11.41
12.77
10.20
8.06
V.30
6.31
5.38 4.044 b

Polarizabliity (A~)
OPM HF Exp.

'Ref. 10.
"R. R. Teachout and R. T. Pack, At. Data 3, 195 (1971).
R. A. Alpher and D. R. White, Phys. Fluids 2, 153 (1959).
G. E. Chamberlain and J. C. Zorn, Phys. Rev. 129, 6VV (1963).
P. L. Altick, J. Chem. Phys. 40, 283 (1964).
W. D. Han and J. C. Zorn, Bu11. Am. Phys. Soc. 12, 131 (196V).

~Ref. 9.
"Ref. 8.

Froese Fischer' and Fraga et al. , ' the analytic
wave-function HF calculations of Clementi and
Roetti, ' and where possible, with experiment. It
is seen that there is general close consistency
among the results, with some exceptions that will
be noted in the following.

The total atomic energies and dipole polarizabil-
ities are given in Table I for the elements Li to
Xe. There a,re two entries for Cu, Ag, and some
of the transition elements. The tables of Froese
Fischer give results only for the terms in which
the 4s (or Ss) shell is filled while for these ele-
ments the s shell is open or unoccupied in the
ground state. The comparative HF results for the
these true ground state terms are those of Cle-
menti and Roetti and those of Fraga et al. Other-
wise the Froese Fischer results are used for com-
parison.

Generally, the discrepancy (bE) in total energy
from the HF results decreases from about 50 ppm

for the lightest elements to about 5 ppm for the
heaviest elements. We note that the agreement
with the ground-state energies calculated by Cle-
menti and Roett;i is unexpectedly good, and that in
two cases, Ru and Mo, the optimized potential
model (OPM) energy is actually below the HF en-
ergy. Evidently, the Clementi and Roetti results
are not absolute HF minima, either because the
functional forms are not sufficiently general, or
because the solutions have not been fully optim-
ized.

The dipole polarizability of the ground state of a
an atom is an important property in, for example,
its behavior in collisions. The results for the
polarizabilities were calculated using the varia-
tional method of Pople and Schofield" and Thor-
hallsson et a/. " In this method the second-order
energy shift of'an atom in a uniform electric field
is estimated variationally by multiplying the un-
perturbed wave function 4 by a factor of
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The parameters p. and v are to be determined
variationally. The polarizability is then given by

o.= s(6A~BO-SA, BOB,+6A B2)/(9~-8Am},

where

The results show substantial agreement with the
HF results, except in the case of the ground-state
term of Cu and of F, where there are unaccount-
ably large discrepancies. Available experimental
results are also recorded (numbers paired togeth-
er represent upper and lower bounds determined
from experimental oscillator strengths). In a
number of cases, the agreement with experiment
is reasonably good; in some of the cases in which
there is a large discrepancy, it may be that con-
figuration mixing will change the results substan-
tially, as occurs in the case of oscillator-strength
calculations. Ne note also that HF results for the
ground-state polarizabilities of certain of the
transition elements seem not to be available.

%'e have recorded and compared certain indivi-
dual orbital properties for a selection of elements
in Table II. The elements have been chosen to be
representative of the various configuration types
of all the elements considered, and to include all
the cases for which numerical HF calculations
have not been made for the ground state. The
OPM single-particle energies for inner electrons
may differ from the HF values by as much as 10/0,
as in B, but more generally are in agreement to
within 5%%uo. For the outer electrons the agreement
between OPM and HF energies is very close ex-
cept in the transition elements.

It should be noted that the single-particle en-
ergies do not seem to have a direct or quasidirect
physical significance as do the HF single-particle
energies, since there does not seem to be any
analog to Koopmans's theorem in the OPM. None-
theless, we have noticed that in most cases the
last OPM single-particle energy is close to the
corresponding HF result and is also close to the
experimental ionization potential. The latter are
given in parentheses under the single-particle en-
ergies.

It is of interest to note that the greatest discrep-
ancy between the HF and OPM single-particle en-
ergies for the outer electron occurs for the s and
d levels of the transition elements. These are
seen to be much closer to degeneracy in the OPM,
with the energy of the s electron being decreased

and the energy of the d electron being increased.
This degeneracy is perhaps physically reasonable
because of the known competition between the lev-
els in filling the d shell in the transition elements.
Spectra of the transition elements show that con-
figurations d"s and d" 's' differ in energy by small
amounts of the order of 0.1 Ry. This is perhaps
further evidence that the near degeneracy is sig-
nificant.

It is also interesting to observe that the OPM
single-particle energies for the last electron
seem to be closer to the ionization potential than
are the HF energies in the transition region. The
orbital radial averages exhibited in Table II again
show close similarity between the HF and OPM re-
sults. Differences are very slight for the inner
electrons and though, for example, in the case of
(r') a maximum discrepancy of about 7'%%up occurs
in the outer orbital, l%%uo or less is more usually
found.

In the cases in which the numerical HF proper-
ties for the true ground states are not tabulated,
the OPM results should be reliable estimates of
the HF results. The properties of the outermost
electrons are most sensitive to the particular
term considered; the inner-shell properties are .

essentially independent of the term considered.

V. CONCLUSIONS

The OPM that has been previously applied to
closed-shell atoms and to configuration-averaged
energies of open-shell atoms can also be applied
to single terms of open-shell atoms, and as seen
before, the results are very close to HF results.
The method has the advantage over the HF meth-
od in that the wave functions are derivable from a
single central potential that is then useful fox' other
other calculations, e.g., calculation of single-par-
ticle excited states. Because the results are so
close to the HF results, the potentials would seem
to be a useful alternative to the Herman-Skillman"
potentials, which have been extensively used in
atomic-structure calculations.

The potentials found have differed only slightly
from the CAOPM potentials. However, certain
properties may be quite sensitive to the details of
the potential. For example, the splitting between
the 4s and Sd levels in Mo changes considerably
between the two terms considered.

Detailed results have been presented here for
neutral atoms 3&Z &54. In addition, optimized
potentials have been obtained for the further set
qf elements up to radon, Z=S6. The complete set
of optimized potentials will be published separate-
ly; however, the authors will attempt to satisfy



K. AASHAMAR, T, M. LUKE, AND J. D. TALMAN l9

any requests they receive for the potentials for
particular atoms or positive ions if they are re-
quired in advance of their publication.

Finally, the method discussed here can be gen-
eralized fairly readily to multicozfiguration cal-
culations; this mill be discussed in future publica-

tions.
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