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The k-ordering properties of the spectra of atoms and ions consisting of a single valence electron outside a
core of closed shells (k = n + l) have been introduced and discussed extensively in three previous papers,
together with the constant I sequences within each group of levels having the same value of k (k bands).
Here we have extended the discussion of the k ordering by a closer consideration of the three spectra: Gai,
Rbi, and Sri. Thus it has been found that 119 additional atomic enegy levels exhibit perfect k ordering,
and the resulting total number of levels included among the 42 spectra considered becomes 1274. A
correlation has been shown to exist between the occurrence of inverted fine structure and the limiting
angular momentum I, for k ordering, and the limiting ionicity 8,. We have discussed the probable existence
of a basic symmetry characterized by the quantum number k, which is partially broken by the "l-dependent
interaction", giving rise to a multiplet of levels with different l values, such that l l„and n = k —l (semi-
fine-structure). The overwhelming evidence (1274 levels) in favor of perfect k ordering for l 5 l, and 8 ~ 51
can probably be used in future analyses of atomic and ionic spectra, in order to assist in the assignment of n

and/or l values to the observed energy levels E„,.

I. INTRODUCTION

In three previous papers, ' ' we have introduced
the concept of the quantum number

k =n+l

as an energy-ordering quantum number for the
excited-state energy levels of the neutral alkali-
metal atoms (i.e. , Na, K, Rb, and Cs) and the
singly ionized alkaline-earth atoms (i.e. , Mg',
Ca', Sr', Ba', and Ra'), ' and, in addition, states
with one electron outside closed shells in the
spectra of the Group IB, IIA, IIB, and IIIA ele-
ments of the Periodic Table, and their isoelec-
tronic ions. ' In Ref. 1, we have considered a
total of 303 excited states, while in Ref. 2, .we
have analyzed a total of 852 additional energy
levels, giving a total of 1155 levels, which pro-
vide overwhelming evidence for the existence of a
phenomenon which we have called "k ordering, "
namely, the grouping together of levels having the
same value of k and having' nearly the same energy
(term value in the spectrum). Thus the excited
states of each spectrum ean be divided into suc-
cessive k groups, and within each k group (or "k
band"), the levels increase (slightly) in energy
according to a fixed sequence of l values, which
we have called the "l pattern. " Except in a few
cases, the l pattern does not change with increas-
ing k, and, for instance, the l pattern is Pdsf for
the excited states of rubidium from 0 =6 to k =50,
i.e. , over a range of 45 k values.

The k ordering and the l sequences of the levels
have been exhibited specifically in nine j-averaged
spectra in Ref. 1 and in ten j- averaged spectra in

Ref. 2. By j-averaged spectra, we mean that we
have averaged the energy values E„,. listed in the
tables of Moore' using the weighting factors (2j
+1) for the two levels with j= I+ —', and j= I- —'„so
as to average over the effects of the fine structure.
Altogether, a total of 42 spectra have been ana-
lyzed in this fashion, and the l patterns of these
spectra have been tabulated in Table XIV of Ref. 2.

In the present paper, we will address ourselves
mainly to several additional features concerning
the k-ordering properties of the spectra described
in Refs. 1-3. There are a number of apparent
exceptions to the k-ordering, which have been
called "k+A. exceptions. " By i+A. exception is
meant the occurrence of a level with value k, in
the k band with k value k, +X. As an example, in
the spectrum of Rb (rubidium) (see Table lv of
Ref. 1), the 6k level with k, =6 +5 = 11 occurs at a
value E,„=30 644 cm, i.e. , in the region of the
k = 10 band which extends from E„=30 637 cm '
to E7f 3 1 442 cm '. %e have k = k, —1, so that
=-1 in the above notation, and the level is ac-
cordingly identified with a superscript (-1) in
Table IV of Ref. l. Actually the particular type
of k+X exception associated with E,„of Rb was
identified in the discussion of Ref. 3 as being due
to the angular momentum l =5 of 6h being larger
than the limiting angular momentum l, =4 of the
Rb spectrum, for which the "phase transition"
from k ordering to hydrogenic ordering sets in.
For hydrogenic ordering the levels are ordered
aeeording to the value of the principal quantum
number n, with a slight increase of the energy
value E„, as l is increased. Indeed, Table IV of
Ref. 1 shows that E,„=30 644 cm ' lies only 7 cm '
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above E„=30637cm ', an energy difference of
only 7/8. 07 =0.867 meV.

Thus we have shown in Ref. 3 that out of a total
of 71 apparent k+X exceptions included in the
tables of Ref. 1 (ZNs-—39, see Table XVI of Ref.
1) and in the tables of Ref. 2 (ZNs = 32), there
appear to be only 12 "true" k+X exceptions, which
are not associated with l being larger than the
limiting angular momentum l, (see the discussion
on p. 1757 and Fig. 1 of Ref. 3).

It has been recently pointed out to the author by
Edldn' and zu Putlitz' that the values of n in some
of the spectra may have been misidentified in the
references available when the tables of Moore4
were published (1949-1958), and that when the
revised and correct values of n are used, the cor-
responding %+X exceptions disappear, at least in
the majority of the cases. This was especially
pointed out by Edldn who referred the author to
the more recent paper of Johansson and Litzdn'
on the Gal spectrum and to that of Garton and Cod-
ling' on the Sr I spectrum.

The purpose of Sec. II is to reexamine the k
+X exceptions in the 19 spectra of Refs. 1 and 2,
in the light of the suggestion described above.

In Sec. III, we will discuss in detail a correla-
tion which we have observed between the occur-
rence of the inverted fine structure (hv& 0), which
was calculated in previous papers, ' " and the lim-
iting angular momentum l, for k ordering as well
as the limiting ionicity 6, (6 =Z —N), which also
separates the k-oi dering phase from the hydrogen-
ic-ordering phase. Here g is the atomic number,
and & is the number of electrons in the atom or
ion considered.

In Sec. IV, we give a discussion of the probable
theoretical explanation of the k ordering. The
discovery of the k ordering in the excited-state
spectra of pseudo-one-electron atoms and ions has
led us to identify a new level structure in these
spectra, which we have called the "semi-fine-
structure, " corresponding to the multiplet split-
ting of a hypothetical primitive k level into the ob-
served levels having the same value of k and the
various l values with l ~/, . Finally, in Sec. V
we give a brief summary of the results of the
present paper.

H. REEXAMINATION OF THE APPARENT
k+ X EXCEPTIONS

We will first discuss the case of the Ga I spec-
trum. There are several errors in the nf levels
reported in the tables of Moore, 4 as is shown by
the work of Johansson and Litzhn' (see Table 3
of Ref. 7). The resulting corrected Gal spectrum
is shown in Table L It can be seen that the cor-

TABLE I. Revised spectrum of the neutral gallium
atom, Ga z, as obtained from the tables of Moore
(Ref. 4), combined with the results of Johansson and
Litzen (Ref. 7) for the sf levels and the series limit.
The I pattern is pdfs. The resulting & ordering is
perfect (Nz = 0).

5s

6
4d 6
6s 6

6p
5d

4f
7s

7p 8
6d 8

Gf 8
8s 8

Eg) (cm )

551
24 789

33 118,
34 786
37 585

40 404
40 808
41454
42 158

43455
43 579
43 955
44 332

7l
6f
9s

8d

7f
10s

9d

8f
11s

10d
9f
12s

Limit
4s4p

9

9

10
10
10

11
11
11

12
12
12

E„s (cm ~)

45 074
45 313
45 537

45 971
46'131
46 274

46 549
46 661
46 758

46 942
47 022
47 093

48 388
49 213

rected spectrum exhibits perfect k ordering with
the I pattern being pdfs.

Next we discuss the case of the Sr? spectrum,
as shown in Table XI of Ref. 2. From the work of
Garton and Codling' (Table I of Ref. 8), it appears
that the level at 41172 cm ' in Moore's tables' has
been misidentified as 8p, and that the actual 8p
level is located at 42 462 cm, i.e. , at the position
listed as 9P in Table XI of Ref. 2, which is based
on Moore's tables. In the present discussion, we
will simply omit the unit cm ' for the sake of
brevity. With E,~ =42462, the apparent k+X ex-
ception at this energy is removed, and we obtain a
perfectly k-ordered group k =9, containing the,
levels 7d, 8p, 9s, 6f in the I sequence dpsf. In a
similar manner, the determinations of Garton and
Codling give 43 328 =8» (instead of E»~ in Ref. 2),
43 937 =Z„„44366=Z„„44676=E„„44904

Ega thus removing al 1 of the apparent k +X ex-
ceptions in Table XI of Ref. 2. The resulting k
ordering of the 36 levels of the Srl spectrum is
perfect, and the l sequence is Pdsf for k=6, 7,
and 8, and dpsf for k ~ 9. The transition from the
/ pattern Pdsf to dPsf between k =8 and k =9 occurs
because E,„=39685 lies above E» =39308, where-
as E,~

= 41 861 lies belongs F.» = 42 462. The result-
ing corrected spectrum of Sr 1 is shown in Table
II.

We will now discuss the spectrum of the neutral
cesium atom, Cs, ,i.e. , the spectrum CsI given
in Table V of Ref. 1. We have nine k+1 exceptions-
involving the nf levels for n =4-12. As we have
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TABLE II. Revised spectrum of the strontium atom
Sr, i.e., the spectrum Sr I, as obtained from the tables
of Moore (Ref. 4), combined with the results of Garton
and Codling (Ref. 8) for the levels 5snp and the series
limit. Thel pattern ispdsf fork =6, . 7, and 8, and
dpsf for k-9. Only the excitation energies E„~ of the
excited states 5snl are listed in the table. The resulting

k ordering is perfect (Nz= 0). We have also included
six additional levels for which k = 16, 17, and 18, ao
that the total number of levels above the ground state
becomes Nl, = 42.

nl k E„& (cm ~)

7d

E„& (cm )

41861

5p 6
4d 6
6s 6

GP 7
5d '7

7s 7

4f 7

Vp 8
6d 8
8s 8
5f 8
10d 12
11p 12
12s 12
9f 12

11d 13
12p 13
10f 13

12d 14
13p 14
11f 14

16 451
18 728
29427

33 968
34 954
37680
38 950

39308
39685
40 834
41404
44 292
44 366
44 457
44 548

44 622
44 676
44 812

44 863
44 904
45 008

Sp
gs

6f
8d
9p
10s
7f

9d
10p
11s
8f
13d
14p
12f

15P
13f

15d
16p

16d
17p

Limit

10
10
10
10

11
11
11
11
15
15
15

16
16

17
17

18
18

42 462
42487
42 793

43 059
43 328
43 449
43 632

43 803
43 937
44057
44 3.77.
45 044
45075
45 157

45208
45275

45287
45 312

45373
45395

45 932

discussed in Ref. 3 (Sec. II, p. 1753, where «g
should be replaced by nf in line 16 from the bot-
tom), the situation for Cs is somewhat confused,
because of the large number of apparent k+X ex-
ceptions. For this reason we have calculated the
quantum defects 6„, of all of the f levels, 6~. If
we denote the series limit by L =3140V cm ', 5„,
is given by

5„, =n-j,~
-n-n„*, ,

( L —
7IE/

(2)

where ~„*,is the effective-e for the level nI, 8
=.Rydber g unit = 109 737 cm ', and E„, is the energy
of the level nl as measured from the ground state,
taken as zero, i.e. , the value listed in Table V of
Ref. 1. We note that the 4f level in Table V should
be 24472 (instead of 24772). For 4f-12f, we thus
obtain 5 = 0.022, 5,~ =0.026, 5« = 0.028, 5,& =0.030,

Returning now to the nine k+X exceptions for nf
in Table V of Ref. 1, we believe that these k+X

exceptions are connected with the proximity of
) =3 to the limiting angular momentum l, as de-
fined in Ref. 3 (Sec. jl). The reason for this belief
is the proximity of E,&

to E,~, and the proximity of
E6f to Egg and 8,„, indic ating that the hy dr oge nic
part of the spectrum starts at l, =3 for the case of
Cs. Thus we would conclude that l, =3 for Cs, in-
stead of the range I, = 4-5 suggested in Ref. 3 (p.
1753, and Table I).

%e now wish to make some comments on the
spectrum of the neutral rubidium atom, i.e. , the
spectrum BbI, as shown in Table IV of Ref. 1. In
order to keep this table down to a reasonable size,
we have listed only a fraction (&30%) of the levels
in Moore'8 tables4 which exhibit k ordering. Thus
only 45 levels were included in Table IV of Ref. 1,
whereas the total number of levels involved is
pf~ =158. The 113 levels which were omitted for
the sake of brevity belong to three classes,

(i) The 34 levels extending from 14p, 13d (k
= 15) to 30P, 29d (k = 31). In this region of k, only
the p and d levels are given in Ref. 4, but they
exhibit perfect k ordering, i.e. , each doublet of k
levels. k = k, occurs above the doublet k =k, —1 and
below the doublet k. =ko+1, and the sequence for a
given k is always Pd, which is of course a sub-
sequence of the l pattern pdsf, which has been
established for k ~11 and k=32-50 in Table IV of
Ref. 1.

(ii) For the region which extends from k=33 to
k = 50, all four levels (P, d, s, f) have been observed
for each value of k. The k ordering is perfect for
these 16 x 4 =64 levels.

(iii) In the region from k=51 to k=56, Moore's
tables4 list the following 15 levels, which also ex-
hibit perfect k ordering. In the order of increas-
ing energy E„„wehave 50p, 49d, 51s (k=51);
5lp, 50d, 52s (k=52); 52p, 51d, 53s (k=53); 53p,
52d (k=54); 54p, 53d (k=55); and 55p, 54d
(k = 56). Above 54d, only the np levels are listed,
as obtained by Kratz. '4

In summary, we thus have 34+64+15 =113 levels
not listed in Table IV of Ref. 1. Together with the
45 levels listed in this table, this gives a total of
N~ =158 levels, with only one apparent k+X excep-
tion, namely, the 6h level at E,„=30644 cm '.
However, as has been discussed in Ref. 3 (see p.
1753), this level is a clear example of I& l„ i.e. ,
the breakdown of k ordering on account of l being
too large (l = 5). Thus the 6k level is very close
to the 6g level at E, =30 637 cm ', and we can as-
sume that the hydrogenic ordering prevails for
l& l, where l, =4 for rubidium.

The spectrum of RbI with 158 levels is by far
the most extensive which we have investigated,
and it exhibits perfect k ordering for all levels
with l «4 (l, =4). Thus the total number of levels
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among the alkali-metal atoms (Table VI of Ref. 1)
becomes 171+113=284, and similarly the total
number of levels in the nine spectra of Ref. 1 (see
Table XVI of Ref. 1}becomes

&z(Ref. 1) =284+132 =416. (3)

Concerning the number of levels in the ten
spectra of Ref. 2, as discussed above, in Table II
of the present paper, pertaining to SrI, we have
been able to include six additional levels (with k
= 16, 1V, 18), so that the total number of levels per-
taining to Ref. 2 becomes 852+6 =858 (see Table
IX of Ref. 2}, and the grand total for the 19 spec-
tra of both Refs. 1 and 2 becomes 858+416 =1274
(instead of 1155, as reported in Ref. 2). With the
removal of the seven apparent k+X exceptions in-
volving the ep states of Sr I, and the revision of
the Ga? spectrum (Tables I and II of the present
paper), the number of apparent k+X exceptions is
decreased by 11, and more importantly, the re-
maining k+X exceptions in the spectra of Refs. 1
and 2 involve only states of high angular momen-
tum (f,g, h). These exceptions can therefore be
ascribed to l being larger than l, (limiting angular
momentum), or possibly in some cases to mis-
identifications of spectral levels of the same type
as. those which were corrected in Refs. 7 and 8,
leading to the perfect k ordering in the revised
spectra of Gal (Table I) and Sr t (Table II).

There are, however, five remaining 0+X ex-
ceptions in the spectra of Ba' and Ra' (Tables
XIV and XV of Ref. 1), of which one involves the
9P level of Ra' and the other four involve gd
levels (6d of Ba', and Vd, 8d, 9d of Ra'). These
apparent exceptions involve states of low angular
momentum (/= I or 2). Concerning the spectrum
of Ba', we have calculated the quantum defects
5„, for all of the nd levels using Eq. (2), and no
irregularity was detected for 5~ in comparison
with neighboring values of 5„~. Thus 5,„=2.586,
5 „=2.438, g „=2.410, 5 „=2.398, 5 =2.390, 5,

2 386 Q gyes, 2 384 and 5y2&
'2 38'2 However, it

is possible that the &+X exception for the 6d. level
is connected with the change, of the l pattern from
dpsf for k = I to dpfs for k ~ 8.

Concerning the spectrum of Ra', there is a
similar change of the / pattern from dpsf for k =8
and 9 to dPfs for k =10, which may be responsible
for some of the anomalies. The 5„, values of the
d levels [Eq. (2)] do not show any irregularity.
Thus we obtain Sea = 3 474~ &va = 342, '&au = 3'.310,
and 5,„=3.298. The data given by Moore -are
based on an, early analysis of the Ra' spectrum
by Rasmussen, "and it is possible that more
recent data exist, which might change the situation
with respect to the apparent 4 +A, exceptions.

III. FINE-STRUCTURE INVERSION

IN ATOMIC AND IONIC SPECTRA

In this section, we wish to discuss an approxi-
mate correlation which we have noticed between
the angular momentum l „of the states of the
alkali-metal atoms and ions for which the fine
structure is inverted and the limiting angular
momentum l, for 4 ordering, as discussed above
and in Ref. 3. Furthermore, we will discuss an
additional correlation between the presence or
absence of fine-structure inversion and the limit-
ing ionicity 5, for k ordering, as discussed in
Refs, 1 and 2.

Concerning the experimental material, we can
refer to the original tables of Moore' and to the
recent papers of Farley and Gupta, "Gallagher,
Cooke, Edelstein, and Hill, " and Persson and
Pira, "who also give extensive references to pre-
vious experimental work on this subject. Among
the calculations of this effect, we may note the
early work of Phillips" in 1933, and the recent
calculations of Refs. . 9-13. We also note the ex-
perimental-work of Liao et al. ,

20 Fabre, Gross,
and Haroche" and the investigations of Gallagher,
Hill, and Edelstein. "

From the preceding and other investigations,
the following picture emerges. For Na, the nd
states are inverted, but the nf states are nonin-
verted, with a fine-structure splitting Av which
is within a few percent of the hydrogenic value. "
The deviation of the fine-structure splitting 4v„~
from the hydrogenic value has been calculated in
the paper of Sternheimer, Rodgers, and Das, "
and the calculations are in essential agreement
with the experimental values of Gallagher et al. ~
(deviations -5% for llf-17f). In Ref. 23, we have
given a complete list of references to the investi-
gations on b, v of Na nd, nf, ng, and nh Not on. ly
the nf states, but also the ng and nk states are not
inverted, as shown by Gallagher et al." Since
only the gd states are inverted, we find l „=2 for
Na, . which is identical with the value of l, for Na,
as discussed on p. 1753 of Ref. 3. In this connec-
tion, we note that for Li, the fine structure of d
states is normal, i.e. , essentially hydrogenic, and
simultaneously, and most probably not by accident,
the k ordering does not occur (see Table VIII of
Ref. 1).

Turning now to the higher members of the Na
isoelectronic sequence, we have the following
results. For Mgil, 3d-8d, b, v„~ is negative (in-
verted); for 4f-6f, hv& is positive, as obtained
from the paper of Risberg. " For AlIII, 3d-6d,
Av„~& 0 (from Isberg"). For Siiv, 3d-4d, av~& 0
(from Toresson'6}. However, b, v„~ for SiIV be-
comes positive for" g~ 5. Similarly, for P V,
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according to Magnusson and Zetterberg, "5v„„ is
positive for all g. The same result holds for the
isoelectronic KIX and CaX, according to the pap-
er of Edldn and Bodkin"; thus all hv„„&0 for these
ions. However, Av, ~ is negative (inverted)" for
the 6f state of Cax.

We will now discuss the K isoelectronic sequence.
For KI, the ygd states are inverted, but for the iso-
electronic C aII, the red level fine structure is
large and positive, i.e. , noninverted, as already
shown by the tables of Moore. 4 Similarly, for
ScIII and TiIV, the data of Moore' show that the
nd fine-structure intervals hv„„are positive in
all cases. These earlier data are supplemented
by the following more recent references. For KI,
it was shown by Risberg" that ~v„„&0 for Sd-11d,
and by Harper and Levenson" that hv„„& 0 for
Sd-19d. In addition, the group of Gallagher" at
Stanford Research Institute found that hv„„&0 in
the region of 15d-20d. Thus E&„=2 for K, the
same as for Na. For the 4f state, Johansson32
found that Av& is positive, noninverted, i.e. , also
the same as for Na. According to Litzdn, " the

5g fine structure is unresolved.
For CaII, ScIII, and TiIV, the results of Edlen

and Risberg" (CaII), Van Deurzen et al. and
Holmstrom'~ (Sc 111), and Swensson and Edldns'

(Tiiv) confirm the corresponding data of Moore,
namely, that no fine-structure intervals (nd or nf }
are negative. For VV Van Deurzen et gL" found
that b, v4&& 0, but Ekberg'7 obtained hv„&&0 for
5f-9f. Finally, for Crvi, Ekberg" found no neg-
ative fine-structure intervals. Thus in the KI se-
quence, the negative fine-structure intervals
seem to be restricted almost exclusively to K zd.
We will discuss below the probable correlation of
negative fine structure with the region of k order-
ing, where the ionicity lies below the limiting
ionicity 5, (see Fig. 2 of Ref. 2).

We will now discuss briefly the Rb I isoelectron-
ie sequence. The tables of Moore4 show that the
4d interval is negative, but the higher nd intervals
hv„„are positive, i.e. , noninverted. We should
also mention the important paper of Farley and

Gupta, which has already been referred to above. "
The results of this paper show that the 6f and 7f
fine structures are clearly inverted, and the values
of the intervals are b, v, f =-0.0162 cm ' and hv, &

=-0.0116 cm '. The existing data for the Na se-
quence nd states are usefully summarized in Fig.
6 of Ref. 16. We note that according to Litzdn, "
the 5g fine structure of Rb is unresolved.

For the case of the isoelectronie SrII spectrum
(Sr' ion}, the extensive measurements of Persson
and Pira" which have been referred to above
show that the intervals hp„z are negative for the
states 4f-8f, in complete similarity to the results

for RbI. However, we may note that the negative
values of hv for SrII are considerably larger than
those for the RbI states'. As an example, Pers-
son and Pira" obtained n, v«(Sr') =-0.569 + 0.005
cm ', which exceeds the value of b, v«(Rb) =-0.0162
em ' by a factor of 35.1. A similar factor is
found for 7f, namely, 0.368/0. 0116=31.7. This
comparison shows clearly that it is considerably
easier to measure the fine-structure intervals for
singly (or possibly doubly) ionized states, as com-
pared to the measurements for the neutral atoms.

For Y III (Y'+), Av„z passes through zero be-
.tween n=4 and n =5 (i.e. , Av«&0, b, v„&&0 for n
~ 5), as found by Epstein and Reader. " For Zr IV

(Zr"), b.v„~ is positive for all n values, according
to measurements of Kiess." Similarly, for MoVI
(Mo'+), Romanov and Striganov4' obtained no neg-
ative nf fine-structure intervals. We also note
that the authors of Refs. 39-41 were not able to
resolve the fine structure of ng states in the spec-
tra of YIII, ZrIV, and MoVI, respectively.

As pointed out by Persson and Pira, "the be-
havior of the hv„& interval for the RbI isoelectron-
ic sequence is very similar to that of the bv„„ in-
terval for the NaI sequence. In both cases, the
fine-structure splitting (Av„~ for the Na sequence,
Av„~ for the Rb sequence) is negative for a large
number of states of the neutral atom and the few-
times ionized ions, but becomes positive when the
ionieity becomes larger than a certain critical
value. We now note that this value of the ionicity
5 is approximately equal to the'limiting ionicity 5,
for 0 ordering (see Fig. 2 of Ref. 2). Thus the
region of inverted fine structure coincides approx-
imately with the region of 0 ordering, when the
ionicity 5 is plotted against the atomic number Z.
Here, of course, 5 = Z-N, where N is the number
of electrons in the atom or ion. If we define 5i„
as the ionicity of a state with inverted fine struc-
ture, we can write the following relations:

(4)

(4a)

To be more specific, for the NaI isoelectronic
sequence, we find 5;„„,„=2, since Av„, is nega-
tive only for the O'D and O'D states of Siiv (Si"),
so that the vast majority of the n'D states of SiIV
have Av„„&0. The value 5,„, ,„=2 can be corn-
pared with the limiting ionieity for 0 ordering in
the Na-Mg region, which is 5, = 1.5, to take into
account the "phase transition" which occurs in
going from Mg' to Al". (see Fig. 1 of Ref. 2).

Similarly for the RbI isoelectronic sequence,
for Y ill (Y"), hv„z passes through zero between"
n =4 and n =5, and for Zr IV (Zr"), Av„~ is posi-
tive for all n values. " According to our criterion



19 ORDERING OF THE EXCITED-STATE ATOMIC ENERGY. . . 479

linv ly ~ (5)

To be more precise, the states with inverted fine
structure occur in a narrow band slightly below or
actually including the phase boundary ly vs g for
the occurrence of k ordering (Fig. 2 of Ref. 2).
Incidentally, the reasons why the nP levels of the
alkali-metal atoms do not show any tendency
towards fine-structure inversion have been eluci-
dated in an extensive calculation carried out by
Sternheimer, Rodgers, Lee, and Das."

We will now discuss the Csl isoelectronic se-
quence. The tables of Moore4 list seven inverted
nf levels of Cs I (4f-10f), and the more recent ex-

for 5. „, we may write 5- „=2 for the nf states of
the RbI sequence. Qn the other hand, the limiting
ionicity for k ordering at Z=37 is also 5, = 2 (see
Fig. 2 of Ref. 2), and therefore Eq. (4a) is satis-
fied in this case.

Next we wish to discuss the correlation between
the angular momentum l. „of the states of the
atoms and ions of the Na, K, and Rb isoelectronic
sequences and the limiting angular momentum l,
for k ordering as discussed in Sec. II and in Ref.
3. Thus l,„„=2for the NaI sequence, which is id-
entical with the value of /, for Na, as discussed on

p. 1753 of Ref. 3. For the KI sequence, the nd
states are inverted, so that l;„„=2, the same as
for Na. Except for the result of Van Deurzen
et al. 38 who found that b, v«& 0 for V V, the nf fine-
structures intervals hv„z are positive in the KI
sequence, in particular K 4f (Johansson"), and
VV 5f-9f (Ekberg37). The Ki spectrum exhibits k
ordering up to and including the nf states (see
Table III of Ref. 1), so that a tentative value of /,
is 3, one unit larger than l „:l, = l,-„, +1. Never-
theless l „ is clearly comparable to l, for the
K I sequence.

Considering now the RbI sequence, for RbI, the
only d state which is inverted is 4d (av« = -0.44
cm ')." However, the nf states are clearly in-
verted, as is shown by the results of the tables
of Moore (4f, 5f, 6f, 7f inverted) and the more re-
cent results of Farley snd Gupta" (6f, Vfj. More-
over, as discussed above, the results of Persson
and Pira" demonstrate that the states of 4f 8fof-
Sr I& have inverted fine structure, and the experi-
ment of Epstein and Reader" shows that b, v4f + 0
for YIII. Thus l&„=3 for the RbI sequence, and
the value of l, as deduced from the spectrum of
Rb (Table IV of Ref. 1) is I, =4. Again the value
of l„,is comparable to, but slightly smaller than

ly However, the impor tant po int is that in go ing
from K to Rb, both l, and l. „ increase by approxi-
mately one unit.

In view of the preceding results, we can write
the approximate relation:

perimental data of Eriksson andWenaker" give
more accurate values for nine inverted nf levels
(4f-12f). - The aforementioned paper of Litzdn"
reports that the 5g fine structure of CsI is unre-
solved. An additional paper of Popescu et al."
confirms that the gd levels Sd-34d have b, v~posi-
tive. Thus we have l „=3for the CsI spectrum.
On the other hand, the revised value of l, as ob-
tained in Sec. II of the present paper [discussion
following Eq. (2)] is I, = 3. For the Ball spectrum,
the levels 4f-8f are well resolved and noninver-
ted 'F. or the isoelectronic ion La" (La m spec-
trum), two additional references give the following
results: The paper of Sugar and Kaufman44 gives
the results that hv„„&0 for 5d-8d, b, v„&&0 for
4f-8f, and b, v for 5g, 6g, Vg is unresqlved. The
fact that hv„z changes sign in going from Cs to Ba'
and La" can be correlated with the higher ionicity.
Thus we have 5 „,„=—2, in good agreement with
the value of 5, suggested in Ref. 2, namely, 5,
=2.5 for La'+, since the spectrum of La" still
exhibits almost perfect 4 ordering. The second
reference, published by Odabasi, "gives confirm-
ing results for La", namely, hv, „&0 and hv~ & 0
for 5g-8g.

Summarizing this discussion of the Cs I sequence,
we can state that the two relations of Eqs. (4a)
and (5) are well satisfied for this sequence.

We will now discuss the sequences pertaining
to the noble metals Cu, Ag, and Au, i.e. , the
Group IB elements and their isoelectronic ions.
As in Ref. 2, we consider only those levels with
the configurationnd" n l, i.e., having a single
electron (n I) outside the closed nd shell (n =3 for
Cu, n =4 for Ag, n =5 for Au). For the Cut spec-
trum itself (Ref. 4, Vol. 11, p. 112), the fine-
structure intervals are positive for z'd, but' vary
erratically for the np and n f states. As an'ex-
ample, b.v(3d"5p) =-0.31 cm ', b, v(3d"6p)
=-243.V cm ', b, v(3d'07p) =+529.4 cm '. There-
fore, no conclusions can be drawn from this spec-
trum, except for the strong possibility of series
perturbations which completely obscure the sign
and magnitude of the actual unperturbed fine-struc-
tur e splittings.

For the isoelectronic spectrum ZnII, the levels
4f, 5f, 7f, 8f, and 5g are inverted according to
the tables of Moore. 4 However, the magnitudes of
6v f vary erratically, and moreover, b, v6f
=+35.4 cm ' is anomalous and positive. The signs
of these intervals have been generally confirmed
by the works of Crooker and Dick4' and of Martin
and Kaufman. " For Ga?II, the 4d, 4f, and 5d
levels are noninverted. ""

For the AgI sequence, Ref. 4 lists six inverted
fine-structure levels, namely, 5f, 6f, Vf, and 10f
of Cdtl, and 4f, 5g of Snlv. However, especially
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for the case of CdII, the fine-structure intervals
b, v„f vary so erratically with n, both as regards to
sign and magnitude, that one suspects the presence
of strong series perturbations, similar to those
which have been hypothesized for the CuI spec-
trum. Thus no definite conclusions can be drawn
from the AgI sequence.

For the AuI sequence, eight levels with b, v„, & 0
are listed in Ref. 4, namely, 5f of AuI, 5f, 6f, Vf,

8f, 10f of Hg II, 5f of Tl III, and 5g of pb Iv. The
evidence for inverted fine structure is rather con-
vincing for the gf levels of HgII, since the Av„z
values vary smoothly with n from 5f to 8f (hv, &

=-257, bv, z =-83, b, v,z =-19, bv, &
=-3.4 cm ').

For the spectra of Tl III and Pb I~, the work of
Qutmann and Crooker4' gives a conflicting result
for 5f (Av,&

& 0), but it agrees with the general
trend for the other nf and ng levels, namely,
tskvef Evvf & 0, hv, ~& 0 for Tl III, and Qv, f 7f & 0,
Av„& 0 for PbIV. Altogether, it can probably be
concluded from these data for the AuI isoelectron-
ic sequence that in this region of the Periodic
Table (Z-80), the nf levels and the 5g level are
generally inverted, so that l „ is in the range
from 3 to 4. The corresponding values of l, are
in the range of 4 to 5 (see Table I of Ref. 3, p.
1754), so that again Eq. (5) of the present paper
is approximately satisfied.

Finally, we will discuss briefly the isoelectronic
sequences of the Group IIIA elements, namely,
Al, Ga, In, and Tl. In this case, we consider
only states with the outermost configuration
(ns)'n'l, so that we again have a single electron
(n l) outside closed shells. (We have n =3 for Al,
n=4 for Ga, @=5 for In, n=6 for Tl.) For the AlI
sequence, there is no recorded case of inverted
fine structure in the tables of Moore. 4 The more
recent references indicate a confusing picture.
Thus for A1I, Ericksson and Isberg' obtain
QV3d ypd & 0 AV4f 5f & 0, and AV6f Sf' Unresolved.
On the other hand, for SiII, Shenstone" finds
le( v3p Qp

& 0, 6v, d Td & 0, but 6v4f, f & 0. The s itua-
tion is even more confusing for the spectrum of
P III, where Magnusson and Zetterberg" obtain
an erratic behavior of b, v„~ (with Av, ~& 0) and of

v d where b v3d and AV6d are positive, but EV4d -5d
are negative. Similarly, b, v4f &0, whereas hv, f &0.
This situation clearly indicates the presence of
strong series per turbations, which completely
mask the "true" sign and magnitude of the Unper-
turbed splittings.

For the GaI sequence, the situation is a little
more clear-eut. Thus, although for GaI itself,
there are no fine-structure inversions according
to both Ref. 4 (Moore) and Ref. 7 (Johansson and
Litzhn), for the case of GeII, the levels 4f-Vf are
inverted according to Moore, 4 and the more re-

l „.—f, —1 (Z&35). (5a)

Thus, especially for heavy atoms, the l „ for
which the inverted fine structure occurs lies well
inside the region of k ordering in the phase dia-
gram of l vs Z. This result is similar to that ob-
served above for the ionicity values i5. „ for which
the inverted fine structure occurs [Eqs. (4) and

(4a)], with the important difference that ap of the

cent investigation of Shenstone" essentially con-
firms this result, namely the fine-structure inter-
vals Av,z,~ are negative (inverted), whereas all
other fine-structure splittings (4P-lip, 4d-10d,
and 5g-Vg) are positive. Thus l. „=3 for GeII (Z
=32}, which is slightly smaller than, but compar-
able to, the corresponding value of /, =4 (see
Table 1 of Ref. 3). Thus we have obtained an addi-
tional confirmation of the approximate relation
l. „=l, of Eq. (5). We also note that the tables of
Moore list the 4f levels of As ill and SeIv as being
inverted, in agreement with the results for GeII.

We now consider the InI sequence. For the case
InI, according to the measurements of Johnsson
and Litzbn, ' there are no negative Av's, and the
intervals b, v4f Sf are unresolved. However, for
Sn II 4f and 5f, and for Sbiii 4f, the tables of Moore
list negative hv„f iritervals, so that it appears that
there is a tendency towards inversion of the nf
levels in the In I sequence, and we have l,.„„=3,
thus confirming Eq. (5) for this sequence.

The Tl I sequence has by far the largest number
of inverted fine structure levels in the tables of
Ref. 4. Thus, although for TlI itself, the nf levels
are unresolved, for the isoelectronic PbII spec-
trum, we have no less than ten inverted levels,
namely, 6d (which may be anomalous), and all of
the nf levels from 5f to 13f. In addition, the mea-
surements of Wood et a/. ' indicate that the ng
levels from 5g to 10' have the inverted fine struc-
ture. Thus even if we exclude 6d, we have a total
of 9+6 =15 inverted fine-structure levels for the
spectrum of PbII. In addition, according to Ref.
4, BiIII has six inverted fine-structure levels,
namely, 5f, 6f, and 5g, 6g, Vg, 8g. Thus both for
Pb 11 (Z= 82} and Bi III (2 =83), both nf and ng levels
are inverted, and correspondingly l;„„has both the
values l,„„=3and l, =4. The corresponding value
of l, is -5 (see Table 1 of Ref. 3), so that Eq. (5}
is confirmed again.

We can see in these results for Z-80 a contin-
uation of the trend observed above in going from
K (Z=19) to Rb (Z=37), namely, that in going
from Z-40 to Z-80, both l,„„and l, increase by
approximately one unit. We also note that in view
of all of the experimental evidence, for Za35, a
more accurate equation for heavy atoms than Eq.
(5) is the following approximate relation:
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atomic or ionic species with 6 ~ 5, in the phase
diagram of 5 vs Z are expected to exhibit inverted
fine structure, whereas only one or at most two l
values will be involved, if we consider the phase
diagram of l vs Z, and the affected l values will
lie close to but somewhat below the phase bound-
ary given by the limiting angular momentum l,
[see Eqs. (5) and (5a)].

It is apparent from the preceding discussion that
the phenomenon of inverted fine structure is di-
rectly connected with the existence of the phase
diagrams for 4 ordering. A possible explanation
of these correlations is that a necessary condition
for the existence of 4 ordering is an adequate
amount of penetration of the valence orbital inside
the core, which can occur only if l is sufficiently
small, i.e. , l~ /, . This point has been extensively
discussed in Ref. 3 (pp. 1755, 1756}. Such a pene-
tration ensures an adequate overlap of the valence
wave function v(pal) with the core wave functions

'

u, (s,l,) and their perturbations u, (n, l,- l', ), and
such an overlap is believed to be responsible for
the P ordering via exchange-core polarization
effects, similar to those which lead to both the
inverted fine structure' ~ and the quadrupole anti-
shielding effects first introduced by the author. ""
%'hat is of crucial importance in making this cor-
relation is the observation' "" that all three
effects (0 ordering, inverted fine structure, and
quadrupole antishielding) depend directly on the
presence of closed nP (and nd) shells in the core
of the atom or ion considered.

Before leaving this discussion of the conditions
for inverted fine structure, we wish to empha-
size that the phenomenon of inverted fine structure
is @quite widespread effect, which is obviously
directly related to the k ordering. Among the three
groups investigated here (Groups IA, IB, and IIIA},
the isoelectronic sequences pertaining to the
Group IA elements (alkali-metal atoms) provide
the largest number of examples of inverted fine
structure, namely, N» =61, which are distributed
as follows: Nal sequence, 25 cases; KI sequence,
18 cases; Hb 1 sequence, 9 cases; and Cs t se-
quence, 9 cases.

For the Group IB elements (noble metals) and
their isoelectronic ions, no conclusions can be
drawn for the Cur and AgI sequences, on account
of the erratic behavior of the fi.ne-structure inter-
vals, which is probably caused by series pertur-
bations, as discussed above. However, for the
AuI sequence, we find 13 cases with hv„~& 0 or
b, v„~& 0, which are probably genuine cases of in-
verted fine structure, so that we obtain N» =13.

Finally, for the Group IIIA elements (Al, Ga, In,
Tl) and their isoelectronic ions, we have a total
of 32 cases of inverted fine structure, after the

N „=N«+Nrs +NrrrA =61+)/+32 =106 levels.

(6)

In connection with Eqs. (4) and (5), and the sim-
ilarity of the behavior of I, vs Z and 6, vs Z (see
Fig. 2 of Ref. 2 and Fig. 1 of Ref. 3), we have at-
tempted to represent the curves of l, vs Z and

vs Z by simple expressions of the form

l, = a, (Z-6)'&,

6, =a„(Z-6)'6,
(7)

(8)

where a„b, , a&, and b& are appropriate constants
determined from the condition that Eqs, (7) and (8)
fit the values of Refs. 1 and 2 for two values of Z,
in addition to the zero at Z =6, which is ensured
by the form of Eqs. (7) and (8).

Considering first the curve of /, vs Z (Ref. 3),
we have obtained a, and 5, from the requirement
that l, = 2 at Z = 11 (Na} and E, = 5 at Z = 55 (Cs). We
thus obtain a, =1.048 and b, =0.4015, which gives

l, =1.048(Z-6) ' " (6 ~Z&100). (9)

Equation (9) gives l, =2.935 at Z=19, i.e. , for
potassium, where l, is actually =3. Furthermore,
Eq. (9) yields l, =4.161 at Z =37, i.e. , for rubid-
ium, where /, is actually =4. For Z=88 (Ra), Eq.
(9) gives l, =6.15, whereas the actual value of l,
is in the range of 5-6 (see Table I of Ref. 3). Thus
we conclude that Eq. (9) is approximately valid for
6& Z~ 100, as indicated.

We now turn to Eq. (8) for 5,. As discussed in
Ref. 2, the curve of Fig. 2 of that paper (p. 471)
was obtained by assuming a limiting ionicity 6,
(=Z —+) of 1.5 for Z= 12 and 2.5 for Z= 57, cor-
responding to Mg' and La'+, respectively. By
fitting Eq. (8) to these values of 6„we obtain aq
=0.9781 and 5z =0.2386, which gives the approxi-
mate relation

6, =0.9781(Z—6) "' (6 ~ Z s 100) . (10)

Equation (10) yields 6, =2.799 for Ra (Z=88) and
3.796 for a hypothetical ion with Z = 300. The

latter value somewhat exceeds the extrapolated
value 5 = 3 for Z=300 in Fig. 1 of Ref. 2 and for
this reason, we have indicated an effective limit
Zs 100 for the validity of Eq. (10) above.

As we have extensively discussed in Refs. 1-3

apparently spurious cases in the Al I sequence (i.e. ,
for Sill and P III) and in Inll are discounted. These
32 cases are distributed as follows: Ga& sequence,
8 levels (pertaining to Gell, Asnr, and Selv};
In 1 sequence, 3 levels (pertaining to Sn ll and
SbtG); Tl 1, 21 levels (pertaining to Pb 11 and
Birn). Thus we obtain N «« = 32, and the total
number of genuine inverted fine structure levels
(not affected by series perturbations) becomes
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and 12, there is good evidence that the three
phenomena of the jp ordering of the atomic spectra
(gross structure), the inverted fine structure,
and the quadrupole antishielding factors" "y„and
A (hyperfine structure) are related to the same
basic cause, namely, core-polarization effects.
It therefore seems of interest also to try to repre-
sent the ionic antishielding factor y„by an expres-
sion of the type of Eqs. (7) and (8), namely,

y = a~(z —6)'y .

A summary table of the values of y„obtained by
the author" is.given in Table VI of Ref. 57 (see p.
148). In order to obtain the values of the param-
eters a and b, we have fitted Eq. (11) to the
values y„=-4.56 for Na+ (Z=11) and y„=-102.5
for Cs' (Z = 55). We thus obtain az =-0.5079 and

b& =1.3637, which gives the approximate relation

y = -0.5079(z —6)' "" (6 ~ Z & 55) . (12)

Equation (12) gives good agreement with our cal-
culated values of y„ for singly ionized alkali-
metal atoms throughout the range from Z=11 to
Z=55. Thus for K' (Z=19), Eq. (12) gives y„
=-16.8, as compared to the calculated value"
-17.32. Similarly for Rb' (Z =37), Eq. (12) yields
y„=-54.9, which is in fairly good agreement with
the calculated value" -47.2.

It should be emphasized that Eq. (12) applies
only to the alkali-metal ions (singly ionized), both
because of the strong dependence of y on the ion-
icity and because the alkali-metal ions have the
following essential feature in common, namely,
the existence of an outermost filled nP shell. Thus
for the isoelectronic ions F, Na', and Al", ~y„~

decreases rapidly from 22. 53 for F to 4.56 for
Na' and to 2.36 for Al". Similar relationships for
other pairs of isoelectronic ions can be readily
seen in Table VI of Ref. 57, e.g. , y„(Br ) =-123.0,
as compared to y„(Rb+) =-47.2.

The second point which we have emphasized
above relates to the relatively small values of ~y„I

when the outermost filled shell is a d shell, in
particular for Cu' (filled 3d shell) and Ag+ (filled
4d shell). Thus" y (Cu') = -15.0, whereas Eq.
(12) would give -36.5 for Z =29; similarly, "we
have y„(Ag') =-34.9, whereas from Eq. (12), we
would calculate a value of -80.4. In spite of these
shortcomings, if we restrict ourselves to the
alkali-metal ions, namely, Na', K', Rb', and
Cs', Eq. (12) gives a good representation of the
behavior of y„vs Z, and this reinforces our pre-
vious conclusions' ' " as to the basic similarity
of the three effects represented by the quantities
l„5„and y .

IV. k-SYMMETRY BREAKING IN ATOMIC SPECTRA
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FIG. 1. Levels with k = 9 and k = 10 of the spectrum
of neutral rubidium Rb. The primitive k = 9 and 0 = 10
levels which are unobserved were obtained by taking an
average of the observed k = 9 arid k = 10 levels, respec-
tively t see Eq. (13)]. These observed levels constitute
the semi-fine-structure. The energy scale E„& is shown
on the left-hand ordinate. This scale does not apply to
the fine structure of 7d, the hyperfine structure of the

7d3g2 level for Rb ~ (I = 3/2', and the Zeeman splitting
of the I = 1 level, which are shown schematically
enlarged in the right-hand part of the figure. The hier-
archy of spectral structures is described in the bottom
part of the figure, together with the specific quantum
numbers (k,l,j,E, mz) which characterize each struc-
ture.

In Ref. 3, we have briefly discussed the pos-
sibility that the arrangement of atomic levels in
nonoverlapping 4 bands, and the 3-dependent split-
tings within each 0 band may be the result of a
symmetry-breaking mechanism, similar to the
SU(3) scheme of Gell-Mann and Ne'eman" for the
mass spectrum of the elementary particles and
their excited states (see Ref. 3, p. 1756). Thus
we assume that there are primitive (unobserved)
levels having only the quantum number k, and we
refer to this structure of levels as the k gross
structure. The primitive jp levels are split into
several levels with different E values, and with

n =4- l in each ease. This structure which is
caused by an l-dependent interaction, will be
called the semi-fine-structure of the atomic levels.
An example of the primitive k =9 and k =10 levels
and the associated semi-fine-structure is shown
in Fig. 1 for the case of the rubidium atom Rb
(see Table IV of Ref. 1 for the j-averaged energy
values E„, of the individual nl levels). The energy
values of the primitive (unobserved) k levels are
obtained by taking the average (centroid) of the

E„, values for the s, j,d, f, glevels in each k band

(see Table Vii of Ref. 1). Thus for k =9, we find

E(k = 9) = ~(29, 298 +29, 848 +30, 281
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and similarly, E(k =10}=31126 cm '. [The pre-
cise form of the averaging in obtaining E(k) does
not matter much; thus we could have taken the
midpoint between the 6f and 5g levels for k =9,
which would give 29963 em ', i.e. , only 148 cm '
below the value of Eq. (13}.]

In Fig. 1, we note that the two 4 bands do not
overlap, but the distance between E,~

=30628 cm '
(top of k =9 band) and E« =30 637 cm ' (bottom of
k = 10 band) is only 9 cm '. This small separation
of neighboring k bands has been discussed exten-
sively in Ref. 3 (see p. 1V57-1759, and»bie 11).
Besides the gross structure (quantum number k)
and the semi-fine-structure (1), we have shown
schematically and on a progressively enlarged
scale, the fine structure of the 7d state (Vd, ~, and

Vd, ~,), the hyperfine structure of 7d„, for the case
of "Rb with nuclear spin I = —,', and finally the
Zeeman effect of the J =1 hyperfine level. The
quantum numbers appropriate to each level struc-
ture are shown at the bottom of Fig. 1, i.e. , k,
l, j, E, andmF.

Thus there exists a hierarchy of five level struc-
tures for the rubidium atom (and, of course, also
for other pseudo-one-electron atoms with Z~ 11,
as explained in Refs. 1-3). If we consider now

again the k gross structure and the l-dependent
semi-fine-structure, we wish to point out an im-
portant analogy to the SU(3) scheme" of the strong-
ly interacting particles. In the latter case, for
both the mesons and the baryons, the primitive J~
level is also unobserved, and is split into a num-
ber of observed particle levels having different
strangeness 8 and isotopic spin I. Thus, as men-
tioned in Ref. 3, k is the analogue of Z (spin-
parity}, and I is the analog of the doublet (S,I) in
the particle case. The lack of overlap of neigh-
boring 0 bands, i.e. , what we have called the per-
fect (or near-perfect) k ordering is similar to the
approximate nonoverlap of different J~ multiplets,
e.g. , m, K, q, q (J~ =0 ) and p, &u, &*,y (J~ =1 )
for the low-lying meson states.

In view of these similarities, we believe that a
symmetry breaking, similar to that for the had-
ronic particle spectrum, operates also in the
present case. However, the relevant group for
the pseudo-one-electron atomic and ionic spectra
may well be different. from the SU(3) group for the
strong interactions (hadrons). It would indeed be
interesting if the same type of physics would apply
in both situations, since the average level spacing
for the hadronic case, e.g. , for the baryon octet
Q, A, Z, =) is —', (1320-939)=127 MeV, as com-
pared to the following average spacing (a) for the
k=9 group of levels for Rb:

(~)»f —
5~ 30 628 —29 298 —332 5 ' (l4

Here we have divided by 4, since there are four
successive intervals involving the five levels shown
in Fig. 1. Now 332.5 cm '=332.5/8. 07=41.2 meV,
and the ratio of the level spacings in the two cases
ls

=3 08x 10'
(b,)», 41.2x 10 '

A few general comments can be made concerning
the hierarchy of spectral structures shown in Fig.
1. Thus in going from a, semi-fine level nl (or kl)
to the fine structure, we can use the Dirac equa-
tion which automatically accounts for the spin of
the electron, and therefore leads us from the or-
bital angular momentum l to the total angular mo-
mentum j. Similarly, the introduction of the nu-
clear spin I and the associated properties'of the
nuclear moments p and Q lead us to an explana-
tion of the hyperfine structure. Finally the intro-
duction of an external magnetic field 8 gives rise
to the Zeeman splitting.

In the preceding context, it is not clear what is
the nature of the l-dependent interaction which
leads to the breaking of the primitive (global) k
symmetry and to the precise sequence of levels
with different I values (and n = k —l), which con-
stitutes the l patterns which have been extensively
discussed in Refs. 1 and 2. Whatever the nature
of the l-dependent interaction, it must explain the
following three features: (a) In general, the l

pattern does not change with increasing 4, e.g. ,
for Rb, it is (I,) =gpdsf from k =6 to k-55, i.e. ,
from the lowest-lying levels up to highly excited
levels very close to the ionization limit. (b) The
4 bands are separated from each other, i.e. , sets
of levels with neighboring 0 values do not overlap
in general, provided that l& l, and the ionicity 5
& 5,. This is what is meant by "perfect k ordering"
(see, e.g. , Tables I and II of the present paper).
(c) k is a "good quantum number" for the total
energy F.„, throughout the region of Z from Z =11
(Na) (nonrelativistic region) up to Z-120 (rela-
tivistic region). As discussed in Refs. 2 and 3, the
presence of a particular l pattern (e.g. , fdps, dpsf,
Pdsf, dPfs) depends mainly on the atomic number Z,
i.e. , on the number and type of closed shells of
the core, in particular the nP and nd shells which
appear to be mainly responsible for the k ordering,
as well as the inverted fine structure and the large
quadrupole antishielding factors y„of ions.

V. SUMMARY AND DISCUSSION

In the present paper, we have investigated cer-
tain aspects of the k ordering of atomic energy
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levels and the inverted fine structure, which had
not been discussed in our previous papers on
these subjects (Refs. 1-3 and 9-12). More spec-
ifically, the discussion of Secs. II and IV can be
considered as a direct continuation of the previous
discussion in our earlier three papers' ' on k
ordering. In this connection, the author apologizes
for the rather frequent cross references to the
papers of Refs. 1-3. However, in order to avoid
needless duplication of the tables of Refs. 1-3
(altogether 33 tables) and of the three pertinent
figures, it seemed desirable to write up this paper
as was done here including the cross references.
For those readers who are interested in the b-
ordering properties of atomic and ionic spectra,
and their associated l patterns, the three afore-
mentioned papers should be studied in sequence.
As concerns the inverted fine structure which is
discussed in Sec. IQ, a preliminary study of the
paper of Ref. 12 may be helpful, especially the
discussion of pp. 509-510.

In Sec. II of the present paper, we have discus-
sed in detail the revised spectra of GaI and Sr I,
as obtained from the more recent determinations
of Johansson and I.itzdn' and of Garton and Cod-
ling, ' respectively. The revised spectra are
given in Tables I and II, respectively, and exhibit
perfect k ordering (number of k+X exceptions Ns
=0). Thus a total of 4+7=11 apparent k+X ex-
ceptions as obtained from the tables of Moore4 are
removed (see Ref. 2, Tables I and IX).

At the end of Sec. II, we have reexamined the
excited-state spectrum of Rb I, as given in the
tables of Moore. ' Thus in Table IV of Ref. 1, we
had omitted a large number of levels for the sake
of brevity. Instead of the 45 levels included in the
table of Ref. 1, there is actually a total of 158
levels in Moore's tables, which exhibit k ordering
(from k=6 to k =56). The additional 113 levels
are described in Sec. II. If we would include these
113 levels in Table IV of Ref. 1, we would obtain
a total of 171+113=284 levels for the alkali-metal
atoms Na, K, Rb, and Cs, and therefore a grand
total of 284+132 =416 levels for the nine spectra
of Ref. 1 (alkali-metal atoms and alkaline-earth
ions). (See Tables VI and XVI of Ref. 1.)

Concerning the ten spectra of Ref, 2, we have
been able to include six additional levels in the
revised spectrum of Sr I (Table II of present paper).
These levels have k values k=16, 17, and 18.
Thus the total number of levels pertaining to the
33 spectra of Ref. 2 becomes N~ =858, and the
grand total for the 42 spectra of both Refs. 1 and
2 is QNz ——858 +416 = 1274 (instead of 1155 as re-
ported in Ref. 2).

The 19 spectra which have been explicitly tabu-
lated in Refs. 1 and 2 include 416 levels for Ref. 1

(if we include the 113 additional levels for Rb) and
368 levels for Ref. 2 (including the additional six
levels for Sr I), thus .giving a total

5~N~ =416+368= 784 levels. (16)

Among these 784 levels, we have found only five
4+X exceptions connected with gP and nd levels
(6dofBa'; 7d, 8d, 9d, and 9p of Ra'). These ex-
ceptions cannot be associated with l being larger
than the limiting angular momentum l, for 4 order-
ing. They represent less than 1% of the total
pN~ of Eq. (16), and, as discussed in Sec. II,
these apparent 0+X exceptions may be removed
by a reanalysis of the spectra of BaIT and Ran.
The data given in Moore's tables' for these spec-
tra are mainly based on the early work of Ras-
mussen" " for Bali (Ref. 59) and Rail (Ref. 15).
The preceding comments and the overwhelming
evidence in favor of the 4 ordering and l sequence
suggests that the k ordering can be used as a tool
in the future analyses of one-electron spectra, in
order to assign the correct value of n and/or l for
certain excited-state energy levels, where there
is a reasonable doubt about the present assign-
ments.

In Sec. III, we have discussed in detail the oc-
currence of the inverted fine structure in the spec-
tra of atoms and ions with one electron outside
closed shells. Thus we have found that the l value
for which the inversion occurs, denoted by l;„„,
is comparable to l„ the limiting angular momen-
tum for k ordering (Ref. 3). In some cases, l,
is somewhat smaller than l„but in general the
approximate relations of Eqs. (5) and (5a) hold,
namely, l„,- l,. In addition, if we consider ions,
the fine-structure inversion occurs only in the
region of ionicity 6 s 5„ i.e., in the region of k
ordering where the ionicity 5 = g-N does not ex-
ceed the limiting ionicity for k ordering (see Fig.
2 of Ref. 2). At present, we have no detailed ex-
planation of these correlations, expressed by
Eqs. (4), (4a), (5), and (5a). However, it is be-
lieved that both correlations involve the overlap of
the valence-electron wave function with the core-
electron wave functions u, (nl) and their perturba-
tions u,(nl- l), as we have discussed in Ref. 3 (see
pp. 1755 and 1756).

. Finally; in Sec. IV we have discussed the strong
possibility that the prevailing existence of non-
overlapping k bands consisting of levels having
the same jp value but different l values arises from
a symmetry-breaking process which leads to the
splitting of a primitive k level (gross structure)
into a multiplet of l levels having the same value
of k, which we have called the semi-fine-struc-
ture. This symmetry breaking for atomic spectra
would be in a general sense similar to the SU(3)
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symmetry breaking of the mass spectrum of the
elementary particles, as introduced by Gell-Mann
and Ne'eman. " However, it should be noted that
the underlying group for the atomic case may be
different from SU(3). An example of this proposed
symmetry breaking is shown in Pig. 1 for the
energy levels with 0 =9 and k = 10 in the spectrum
of the rubidium atom Rbl.
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