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Semiqnantal treatment of excited-atom —excited-atom collisions
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The semiquantal treatment of collision processes such as H(nl) + H(nolo) —~,H(n'I') + H+ + e is

described. The associated cross sections display systematic trends in, the distribution over final angular
momentum states in keeping with those previously predicted for e-H(nl) inelastic collisions. Deexcitation
between close-neighboring levels n and n of the projectile (with simultaneous ionization of the target) is

generally more rapid than the endothermic processes involving the reverse transition in the projectile and, as
n is increased, becomes quite competitive with those processes associated with no internal-energy change in

the projectile, particularly at the lower impact energies. The cross sections, with appropriate statistical

weights, for forward and reverse transitions in the projectile tend to the same high-energy limit.

I. INTRODUCTION A(nl) +B( nol 0)- A(n' L' }+B'+e, no &n, (2)
For variation of the quantum numbers in the

single nl-n'L' transitions occurring in e-H(nl) and
H(ls)-H(nl) collisions, recent theoretical develop-
ments ' have shown that the maximum cross sec-
tion, with respect to impact energy E, in general
oscillates on a background which continually rises,
until it attains p pronounced peak at a unique value
l' which is strongly dependent only on the initial
principal quantum number n and which is fairly
insensitive to changes in l and l'. For accessible
values of l' &l', the cross section exhibits a sharp
marked reduction, despite increase of the (2l'+1)
degeneracy factor, and diminishes extremely
rapidly with further increase in l'. From consid-
eration of overlap of the corresponding momentum
wave functions (which provides the inelastic form
factor}, the following expression for /' ~ can be
deduced':

2(n+ 2) 1l' =min n'- —1, - n-
1 -2, , 1n+1

valid in the limit n'»n»1. The main feature is
not so much the character (dipole, quadrupole,
etc.) of the transition as is the value of /' which
is primarily n dependent. Whether or not this
l' includes or precludes a dipole transition is
only of secondary importance. For example,
transitions between the n =10 and 20 levels are
dominated by the 10l-20(f' -15) array, none
of which have dipole character. In cases where
the array include some with dipole character,
i.e., l =l' +1, then these dipole transitions tend
only to be somewhat more probable, although the
full array nl-n'l' are the main contributors to
transitions between levels n and n'.

In the semiquantal treatments previously pro-
posed for neutral-neutral collision processes
involving excited states, as in, for example,

the scattering of the Rydberg electron of 8 by the
incoming atom 4 plays a key role. Here, elec-
tron ejection from the target atom 8, initially in
a highly excited state with quantum numbers npl()

is achieved via a collision of this valence electron
with the (excited) projectile atom A originally in
state with quantum numbers nl. The treatment
has also been generalized4 so as to include the
possibility of simultaneous transitions nl n'l ' in
the projectile. Such transitions are theoretically
acknowledged by use of the differential cross sec-
tion for corresponding e -A(nl) inelastic scattering
into regions of angular and velocity space as de-
termined by the overall required internal-energy
change.

In light of the interesting predictions noted
above for e-H(nl) inelastic collisions, it is of in-
terest to determine whether or not these system-
atic trends are preserved in processes such as
those in (2), where the electron-atom inelastic
cross section, although somewhat modified, is
an explicit ingredient. The present investiga-
tion is therefore an attempt (a) to expLore the
extent to which processes (2) reflect the basic
regularities previously obtained ' for nl —n'l '

collisional cross sections, (b) to probe the varia-
tion with n of the deduced cross sections which
should display, where appropriate, the essential
endothermic or exothermic character of processes
(2), and (c) to determine whether or not the cross
sections for the endothermic process involving
target-ionization and possible excitation of the
projectile, in general exceed those for exothermic
cases associated with suitabLe deexcitation of A(nl).
Moreover, collisional mixing between different
angular states associated with a given principal
quantum number n will also be investigated.
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II. SEMIQUANTAL TREATMENT

In this treatment the differential cross section
for a collision, at relative speed v, between an
incoming atomic or molecular species A of mass
M„and a highly excited atom B in quantum state
Inl) is

5 =~ + [a/(I +a)]&,
where the mass-ratio in Eels. (5) and (8) is

(8)

reflect the physical conditions prior to the binary
encounter. The energy changes & and 6 may be
conveniently assimilated in Eq. (4) by the paralne-
ter

dv—(&, &;v) =~ u '5', (u)du a =M~ Me/m(M~ + Me + m) . (9)

x y '(v, u g)g'dg

~ 'o~(g, lj)d(cosg)„-[(cosg' -coslj)(cosg -cosg. )]'" ' (3)

in which the parameters

n = 2M,g(u' -v'+ [(1 -a)/(I+a)]g'},

P = 2M.~I g'(2u'+ 2v' -g') —(u' —v')']' ",
and,

y-(~ 2 +p2)2 /2

(5)

(8)

where the gain of between e and c+de in the in-
ternal energy of B is accompanied by a change 4
(positive for excitation and negative for deexcita-
tion) in the initial energy of the projectile A. The
ionic core 8' of mass M~ is ignored in this de-
scription, except insofar as it generates a (norm-
alized) distribution Po(u} in orbital speed u of the-
valence electron e (of mass m} obtained from the
momentum wave function appropriate to the initial
state nolo. The interaction between this Rydberg
electron and the neutral projectile is theoreti-
cally acknowledged by the quantal differential
cross section o,„(g,g', g) for e-A(nl) elastic
or inelastic scattering through angle g (in the e-A
center-of-mass reference frame), g and g' being
relative e-A, speeds before and after the encounter
such that 4, the change in internal energy of g, is
2M~(g -g' ). In addition to these guantal ideas,
details of the scattering (g, g) region accessible
for specified changes q, and 4 in the internal ener-
gies of target and projectile are provided by
classical arguments, such that the overall treat-
ment is termed semiquantal. It can be shown6

that Eq. (3) follows also from a quantal impulse
approximation, valid for highly excited state pro-
cesses as formula (2).

In order to achieve the desired energy changes
q and 4 consistent with the three initial speeds v,
u, and g, the e-A scattering is confined to within
angular limits g' specified by

cosljI'(g, u; v)

=~ 'y 'fa(a+ &) +8[&'y' -(~+ &)']'")

~ =g'/S (4)

Although the above expressions are quite general
for all masses of the interacting and spectator
particles, advantage can be taken of the smallness
of m with respect to M„and Me such that (1 -a)/(1
+a) in Eq. (5) is --1. In order that g' in Eq. (3)
be real, the limits to the relative speed g a.re4

g2 =min(g qG ) .
Here

g*= lu +v I (12)

provide the range in relative speed before the
(e-A) collision, and

G'=(u2 + V2+ 2n/M~ )' " (13)

. are the corresponding limits after the collision
when the final speeds of e and& are, respectively,

and

m(1+ m/M') (14)

(15)

in general, where I is the ionization potential of
B, and q is the maximum energy (-,'M»v —n, )
available for ionization. In order to determine
the most efficient means of integration for a given
case, the method can be suitably reformulated so
as to reflect changes in the order of integration.
Also, the above ordered set of (e, u, g, and ljt)

variables can be transformed to the alternative
ordered set (c, u, P, and g) which introduces the
momentum change

P =M,„(g+g" -2'' cosg)'/' (l V)

where the reduced mass of any (i,j) pair of parti. -
cles is M;~.

The cross section for processes such as formula
(2), in which electron ejection from B is accom-
panied by transitions in A, , is therefore the four-
dimensional integra, l

max do'
Q(a; v) = —(e, &;v) de,

de
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explicitly rather than the scattering angle P. This
procedure y'ields, after much analysis,

u Fp(u) du
do 2

~B'AV 0 " g~ '~.~(»g)dg
[( Z E) P. Z)]1K I

where, for specified u and q, the limits to the
momentum-change P are

P (u, c;v, 6) =max[M I U —uI, M„~I V —v I],
M=m(1+m/M')

and

P'(u, g; v, h) = min[M(U+ u), M~(V+ v)]

(18)

(2o)

which ensure real limits g& & (which depend on P,
u, q, v, and & and need not be given here) to g.

The chief limitation to application of this treat-
ment is however imposed by availability of differ-
ential cross sections for e-A. elastic or inelastic
scattering. In the limit of high nplp and low inci-
dent speeds v, the elastic scattering can be con-
sidered as isotropic such that the inner integral
in Eq. (3) is simply p&u v,„(g).It is this feature
which suggests that measurement of neutral-ex-
cited atom. collisions could possibly furnish, if
properly unfolded from Eq. (3), data on electron-
atom collisions at extremely low energies, in-
formation prohibitively difficult to obtain via di-
rect techniques. Also in the limit of high incident
speeds v, or energy 8 much greater than the tran-
sition energy M, the Born approximation to (e-P)
scattering can be used with considerable simplifi-
cation. Since the Born scattering amplitude

f„,„,(P) is a function of momentum change P
alone, expression (18) is simplified to give

dv—(e;v, a)= 2 2 u '6:p(u)du
dc ' M~v p

P+
x If„,„,(P) I dP

P
(21)

for the cross section for simultaneous electron-
ejection per unit energy interval about energy
transfer & accompanied by the transition nl -n'l'
in the projectile.

We note that the integral cross section for pure
electron-projectile collisions at relative speed g
ls

NqA( g+g' )

eAv u~ Ig g'I
(22)

which, by comparison with (21), suggests that the
semiquantal description of A-8(nplp) collisions
emphasizes the role of smaller momentum changes
more strongly (by a factor of P ') than does the

cross section (22) for (e-A) scattering alone. This
feature is the origin of any main departure of the
cross sections for (2) with different n'l' from the
systematic regularities previously given for nl- n'l' transitions in e -H(nl) collisions. In the limit
of high energies of A -B impact, the momentum
change P is small and impulsive. Thus the energy
transferred to the valence electron with speed
limits +u is within the interval de given by 2 Pu
which, when inserted in (21), yields (22). Hence
the high-energy limit to the present treatment
yields the free-collision approximation, intro-
duced by Dimitrev and Nikolaev' (cf Fl.annery')
and based on the idea that the electrons of a target
appear free to a very fast incident particle, from
which they acquire sufficient energy through the
momentum transfer to exceed both their binding
energy and possible energy of excitatioq of the
target.

A useful analytic procedure, which shows this
equivalence more rigorously, considers the limits
to the energy-change & resulting from fixed u and
P. We therefore find after lengthy analysis that
the cross section per unit momentum change,
rather than unit energy change as in (18), is '
da' 2

u '8'p(u)du
0

x[e'(P, u;v, g) & (,u;v, g)]

g~ ~.~(P,g)dg
- [(g2-g')(g'-gI)]"' ' (23)

The energy-change limits in (23) for specified
P and u are

p'=min(E;, E;), q =max(E„E;),
where

E,'= p(P /M)+Pu

(24)

(25)

are the kinetic energies gained by an electron of
mass M and speed u as a result of an impulse +P
applied along the direction of motion, and where

E', =-[,'(P'/M„,)+.Pv+-~] (26)

are the corresponding kinetic energies lost by a
particle of mass M» and speed v which absorbs
energy ~ as internal energy and which undergoes
momentum change +P along direction of motion.
In the limit of high incident speeds v, q tends to
+Pu, respectively, and, on assuming e,„(P,g) is
a function only of P, Eq. (23) reduces to (dQ/dP)
of Eq. (22).

The final ingredient required for application of
the treatment is the quantal velocity distribution
obtained from the momentum wave functions for
state Inl). For atomic hydrogen with energy p„,
this can be written
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FIG. 1. Cross sections
(A'2) for H(2E) +H(@ =5)

H(2/, 1s)+H++e as a
function of relative kinetic
energy E; (keV).

( )
2"(l!)'(n —l —1)!

(n+ l )! (x'„+1)"

x [C„':&'„,&(x„)]'P„(u),

in which C'„areGegenbauer polynomials with ar-
gument

over the degenerate angular states l for a given
hydrogenic level n. Calculation shows, for highly
excited states npl p of the target, that the cross
sections for processes (2) are largely independent
of 111. Therefore the function f„(u)is used through-
out the subsequent investigation.

x„=()'„-1)/(X'„+1),
where

X'„=2'Mu'/I e„l.
The factor

IQ I 1 1 I I II II 1 1 I 1 I Ift

IO
2

&/2 ~2

11 M (u + 2 le„l/M)

=-fg(21 + 1)F„,(u)
p

is simply the momentum distribution averaged

(23)

(29)

(30)

III. RESULTS AND DISCUSSION

Displayed in Fig. 1 as a function of incident rela-
tive kinetic energy E, are the present semiquantal

cross sections determined from Eqs. (3)-(30) for

the collision process

H(2l) +H(5) -H(2l) + H'+ e, ' l = 0, 1, (31)

which involves single ionization alone, the projec-
tile left unaffected by an e-H(21) elastic encounter.
Since the expectation values of x are larger for
the 2s state than for the 2p state, projectile H(2s)
tends to ionize somewhat more efficiently. The
difference however is expected to diminish for
higher n since the probability of finding an elec-
tron at a large distance from the nucleus is
-x "' e " " independent of l. This information is
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FIG. 2. Cross sections (~l) for H(2s)+H(n =6) -H(2p)
+H++e as a function of relative kinetic energy E; (keV).

FIG 3. Cross sections (/( ) for H(21 )+H(s =3) ~H(311 )
+H +e as a function of relative kinetic energy E& (keg).



2210 M. R. FLANNERY AND K. J. NIcCANN 19

already contained in the Born approximation to
e-H(2l) elastic scattering. Whether it is pre-
served when more accurate descriptions of elastic
scattering are adopted is undetermined, although
the neglected effect of polarization of the projec-
tile by the valence electron is significant only for
forward-angle scattering, a region prohibited to
some extent in the semiquantal cross section (3)
by the presence of j( in (3), the lower limit to
the angular scattering. If anything, the cross sec-
tion for projectile H(2s) in Eq. (31) is expected to
be further enhanced by the residual polarization
effect (beyond j(I ) thereby augmenting at low im-
pact energies the difference between H(2s) and

H(2P) projectiles.
Also presented in Fig. 1 are the present results

for the processes

H(2l) + H(5) —H(ls) + H'+8, l =0,1, (32)

which are exothermic in character owing to simul-
taneous deexcitation of the projectile described in
this treatment by an e-H(2l) inelastic encounter.
In spite of this additional conversion of internal
electronic energy, the above exothermic process
is, over a wide E; range, at least four orders of
magnitude less probable than Eq. (31) for pure
ionization alone. This result apparently arises
from the inclusion of the 2l -1s coupling between
relatively distant levels such that any advantage of
the exothermic effect at lower E; tends to be
greatly offset by the weaker coupling.

When strong dipole coupling between angular
momentum sublevels l is directly introduced, as
in the collisional l-state mixing process,

(34) involves transitions between relatively close
levels, n =2 and 3, the cross sections for the
endothermic process [Eq. (34)] are larger than
those for the exothermic collision [Eq. (32)], but
still remain smaller than those for Eqs. (31) and

(33}which involve no change in internal energy
of the projectile H(2l).

Figure 4 shows that the cross sections for pure
ionization

H(3l') + H(5) -H(3l') + H'+ e (35)

(2f+1)«@"' jj («)

=(2l'+l)Ef Q»ljl~j(Ef)l Ef Ej+(Ej Ef)I

in which the e-atom cross sections Q'„",„,, are
averaged over the initial (21 + 1) degenerate states

IO
2

I 0 I I I II III( I I I I »»( I I I I II»( I I I I lljj

are again larger (by up to six orders of magnitude)
than those for the exothermic process

H(3l') + H(5) -H(nl) + H'+e, nl:—2s I 2P, 1s .
(36)

Also weak couplings between distant levels, as
Sl'-1s, imply cross sections four orders of mag-
nitude smaller than those for the closer 3l'-2l
couplings. While the processes (36) with n = 2 and

(34} are of course not pure inverses of one another,
some comparison is possible since both processes
adopt electron-impact differential cross sections
for 2l —3l' transitions which, from (22), satisfy
the detailed balance relation

H(2s) + H(5) -H(2P ) + H'+ e (33}
10 I

the resulting cross sections in Fig. 2 are then
somewhat larger than those for pure ionization
(31), particula, rly at lower impact-energies E;.

As previously noted by Flannery and Me&ann, "
the population of the ri = 3 level in 8-H(2l) colli-
sions, and in e-He(2' S) collisions, is controlled,
up to impact energies &500-1000 eV, by the tran-
sitions 2l-3d, 2l-Ss, and 2l -3P in descending
order of importance, irrespective of the initial
value of l. Although weighted by an additional P ~

momentum-change factor, these dif ferential cross
sections for e-H(2l) inelastic collisions are in-
gredients in the present semiquantal treatment of
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Figure 3 illustrates that the above trend is indeed
reflected in the cross sections for Eq. (28), i.e.,
the 2l —3d array dominates irrespective of l. The
P factor, however, tends to enhance those tran-
sitions which involve no angular-momentum change
rU=/'-1=0, as shown in Fig. 3. Because Eq.

10( = 10'=
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FIG. 4. Cross sections (A') for H(3l)+H(~ =5)
H(3l, 2l', 18) +H++e as a function of relative kinetic

energy E; (keV).
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H(3/) + H(5) -H(4/ ') + H' +e, (37)

with variation of l, l' and impact-energy F.;. As
illustrated by Flannery and McCann, ' electron-
impact excitation between n=3 and 4 levels is
dominated by the 3/-4f transition array, largely

of the n/ level and summed over the (2/'+ 1) final
states. By multiplying the cross sections for (36)
in Fig. 4 by the factor (2/'+ 1}/(2/+ 1), where /'

=0, 1, and 2, we note that the order in Fig. 3 is
preserved at the higher impact energies. More-
over, as suggested by discussion following Eq.
(23), these cross sections so multiplied approach
the same high-energy limits as those in (34) for
the forward transition in the projectile.

The cross sections in Fig. 5 for collisional
angular-momentum mixing of the projectile and
simultaneous ionization of the target are within
an order of magnitude lower than those in Fig. 4
for pure ionization alone, and higher than the
3l -2l' exothermic cases. The dipole transitions
in Fig. 5 are of course dominant since no internal
energy change in the projectile is involved.

The overall trend becomes- further clarified in
Fig. 6 which displays cross sections for

independent of /. This feature, not primarily due
to the increased statistical weight of the final 4l'
state, ' is preserved in Fig. 6 for processes (37)
with one notable difference. The processes which
involve no angular-momentum change with l =/' in
(37) gain in relative importance due to P ~ factor
in (21) when compared with (22). While the cross
sections for the endothermic (M-4/'} processes
(37) in Fig. 6 are much smaller at lower 8; than
those in Fig. 4 for the exothermic (3/-2/') pro-
cesses, they are larger at very high Z,-. Further,
Fig. 7 shows that deactivation of the projectile to
a close neighboring level accompanied by target
ionization as in

H(4/} + H(5) - (3/') + H'+ e

become, particularly for the higher l, quite com-
petitive with

H(4/) + H(5) -H(4/) + H'+ e

for pure ionization alone. Also, multiplication of
the cross sections in Fig. 7 for projectile deacti-
vation by (2/+1)/(2/'+1), where /' is associated
with the n =4 level not only preserves the trend
predicted in Fig. 6 for forward projectile excita-
tion, but also yields the same high-energy limits
as suggested by Eqs. (23}-(26). It is worth noting
in Fig. 7 that variation of / in (39}causes little
difference, as expected since for high principal
quantum numbers n, the expectation values (r")
for v &0 are determined essentially by n, i.e.,
the probability of finding the orbital electron of
the projectile at a large distance from its nucleus
is essentially the some for both circular (/ =n —1)
and the eccentric elliptical (small /) Bohr orbits.

Finally, Fig. 8 illustrates that further d.eactiva-
tion of the H(4/) projectile to the n =2 and 1 levels
yields cross sections much smaller than those in
Fig. '/ for (38) and (39), in spite of the increase
in exothermicity.

IV. SUMMARY AND CONCLUSION

e therefore find that the cross sections for the
collision processes
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A(nl)+B(nolo)-A(n'l')+B'+e, no &n (40)

display systematic trends in the distribution over
final angular momentum states l' of the projectile,
in keeping with those predicted earlier for e-A(nl)
collisions. For example, the 2l-3d and 3l-4f
transition array, respectively, dominate the popu-
lation of the I'=3 and 4 final levels of the projec-
tile, irrespective of the initial angular momentum
l. These examples indicate the emergence of the
more general basic systematic pattern previously
discussed' for the population of final angular-
momentum states in e-A(n'f') collisions. However,
the role of small momentum change P is some-
what augmented (by the presence of the P ~ factor)
in the semiquantal treatment for formula (40), so

that transitions nl -n'I, ' involving no change in
angular momentum of the projectile are somewhat
enhanced.

The question whether exothermic processes with
n' &n in formula (40) are in general more probable
than endothermic processes with n' &n is largely
determined by the energy separation between
levels n and n' of the projectile. For example, in
spite of the larger amount of internal energy re-
leased by the projectile in a 2l -1s transition,
the associated cross sections are much smaller
than those involving a 2l -Sl' transition in the
projectile for all impact energies E,. (except of
course in the vicinity of the excitation threshold).
However, the cross sections for formula (40) with
3l -2l' superelastic transitions in'. are much
larger than those involving the 3l -4l' excitation
for all impact energies, except the highest. These
cross sections remain lower than those which
involve either no change or else only angular-
momentum mixing by 3l -3E'transitions in the pro-
jectile. As n is increased, reverse transitions be-
tween close levels of the projectile in formula (40)
are therefore not only greater than those for the
forward transitions, but also become competitive
with the cross sections associated with no internal-
energy change in the projectile, particularly at
the lower impact energies F, At high F.;, the
cross sections with appropriate statistical weight-
ing for forward and reverse transitions in the
projectile accompanied by ionization of the target
tend to same high-energy limit.

In general, the cross sections are rather large
and the effects of angular-momentum redistribu-
tion among final states are sufficiently strong so
as to be comparable of measurement by current
experimental techniques. ""
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