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Semiclassical stochastic description of the two-photon laser
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We consider the problem of two-photon transitions between atomic levels having the same parity. The
semiclassical theory is developed from Maxwell's equations and the resulting transcendental equations for the
pulse envelope solved exactly. They lead to an unstable pulse envelope if the higher-'order processes are
included. We then treat the laser as a birth/death process, deriving a Markovian (macroscopic) master
equation for the probability function, which may be solved exactly in the steady state. By a suitable
truncation procedure, this equation predicts a stable steady-state envelope, and is consistent with the
microscopic quantum theory when virtual processes are neglected. A comparison is made between the
macroscopic (master equation) approach and the microscopic quantum theory at the level of the moment
equations. We find that, in the high-gain limit, the fluctuations predicted by the two theories are the same.

I. INTRODUCTION

In recent years, considerable progre ss has been
made in understanding the dynamics of coherent
two-photon processes. For a two-photon transition
tc occur, it is necessary that the atomic levels be-
tween which it occurs have the same parity, so
that electric dipole transitions are not dominant
and may be excluded. It is seen, then, that virtual
transitions between the other atomic levels occur,
giving rise to higher-order terms in the dynamic
equations so that the two-level picture is not a very
good approximation in this case. Two-photon ab-
sorbtion has been treated theoretically' using a
microscopic quantum-statistical approach via a
master equation. The application of the well-known
adiabatic followi. ng approximation to two-photon
processes has also been considered' and used to
describe self-induced transparency and pulse am-
plitude modulation. In a more recent publication, '
the propagation of a pulse through a two-photon ab-
sorbing medium has been considered by Narducci
et a/. They derive the Bloch equations for this
case and construct an equation for the pulse energy
density, obtaining an unstable pulse envelope (be-
cause of the. inclusion of virtual processes in the
theory) with a Lorentzian line shape.

In this paper, the two-photon laser is treated as
a birth-death process, described by an appropri-
ately defined macroscopic probability function &,
which obeys a Markovian master equation. Such a
theory is phenomenological in nature and has been
applied' to a semiclassical treatment of the single-
photon laser above threshold. It has been seen in
this case, that, in the coherent signal regime, the
fluctuations and statistics predicted by the master
equation agree with the corresponding (microscop-
ic) Scully-Lamb results. Similar techniques have
been applied to the optical bistability in resonance

fluorescence, a system which is known to exhibit
a first-order phase transition. In this case, the
macroscopic master equation approach is found to
predict a transition region which is slightly dis-
placed from the corresponding microscopic pre-
dictions. The master equation also predicts a
broader probability distribution. This is traced to
the fact that the corresponding Fokker-Planck
equation has a nonconstant diffusion term which
differs from the corresponding term obtained
through a microscopic approach. The laser Fok-
ker-Planck equation, however, admits of a con-
stant diffusion term, so that agreement between
the two approaches is expected to be much closer,
as has indeed been demonstrated in Ref. 5 on the
one-photon case. The birth-death approach has
also been extensively applied4 in chemical kinetics,
and, in particular, is a valuable tool in dealing
with chemical systems exhibiting multiple station-
Bry states, in which there is more than one time
scale of interest. '

In this work, we outline first, the semiclassical
theory of the two-photon laser as developed by
Narducci et a/. ' By a simple extension of their re-
sults, we obtain an exact equation for the energy
density which contains the analog of higher-order
virtual processes in a second quantized theory.
This equation is solved exactly for the pulse shape.
Further, by expanding this equation and retaining
only the lower-order processes, we arrive at a
deterministic equation for the energy density.
From this equation, we may derive a phenomeno-
logical (macroscopic) master equation which may
be solved in the steady state yielding a coherent,
stable pulse envelope, described by Poisson sta-.
tistics above threshold. A comparison between the
macroscopic approach and a simple microscopic
(second-quantized) theory (derived as a simple ex-
tension of the one-photon Scully-Lamb theory) is
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further made in Sec. III, using the moment equa-
tions derived in the two theories.

terms of these amplitudes, the polarization P is
found to have the form

where the two-photon transition is assumed to oc-
cur between the atomic levels Ia& and I b) (of the
same parity) having a frequency separation
=E, —E, (in umts of)f). The subscript j denoteq the
remaining levels which, as we shall see, contribute
to the classical analog of higher-order virtual
transitions. The last term in (1}represents the
interaction of the atoms with the electric field, p
being the atomic-dipole moment. We describe the
electric field by a plane wave,

h(x, t) = h, (x, t) cos((ut- kx+y(x, t)), (2)

which obeys the well-known wave equation

82@ 1 82@ Sg I a2P
x' c' et' "' gt c'E (3)

In this equation, P is the macroscopic polarization
in the laser cavity, obtained in a self-consistent
way be summing the individual polarizations of
each atomic dipole (induced by the cavity field) and
incorporating the result into Maxwell's equations
as a source term. The polarization P may be
broken up into an in-phase (with gl component P,
and a quadrature component P, according to

P =P, cos(vt kx+y)+P-, sin(~t- kx+y). (4)

Substituting (2) and (4) into (3) and equating the co-
efficients of the sine terms, we find in the slowly
varying envelope approximation

eg, eg,
C — - —g C PpO'Sp =

2 Ps e

X 6p
(5)

H. SEMICLASSKAL THEORY OF THE TWO-PHOTON

LASER AND THE MASTER EQUATION

A. Semiclassical theory

In this subsection, we briefly outline the results
of Narducci et aL' (adhering to their notation) and
then find the exact form of the steady-state envel-
ope. We consider the total Hamiltonian of the form

II=~. la& &al+E, lb& &b I

P~ = -NkayR ~ gp (8}

where N is the number of atoms and k is an atomic
linewidth. We have introduced here the Bloch vec-
tor component,

R, = t(C,*C,e' —c.c.),
with

& = (2 (0 —(0 e)t —2k x + 2y .
We also introduce the -Rabi frequency eR through
the relation

&u„(2K/k„)(l+ y') 't' = 8', , (10)

where y =(k»- k„)/2k„. Equation (5) then reduces
to

BOER

&t
C

I p~ R 8+1 R &

where g= &oak„/e, . We have ignored the spatial
dependence of the pulse, considering only its time
evolution. Equation (11) is one of the principal re-
sults of Narducci et aI,. The first term on the
right-hand side is a loss term arid the second term
represents the gain. This equation is our starting
point for the rest of this work. Throughout the rest
of this section, we shall concentrate on the gain
term, which is responsible for the nonlinear ef-
fects of interest.

At resonance we obtain'

t

8, =
(

'. ,~,— sin ~„(T)dT,1+ y
(12)

R, being the equilibrium population inversion be-
tween

I a) and
I b) Setting 8',.=n in analogy to the

"photon" energy density, we obtain from (11),

n = bn singo', (13)

p=e +yacc, ~e,
'"& '+Pp„ccrc,e'"J )e

This contains terms which depend on the coupling
of all the remaining atomic levels

I j& (j4a, b) to
Ia) and Ib). However, if we consider only the com-
ponets of P which oscillate at the frequency of the
injected signal we obtain'

The atom may be described by a state vector,

Iy(t)& =+ C (t}e ' 'lj&+C, (t}e '"'Ia&
f

+C (t)e ' b'(b&

where

+pe(1+ P)-&!2. g (k /2I)(1+ y2)&/2

and

(14)

where the atomic amplitudes Q, and C„have been
shown' to satisfy Bloch equations which depend on
the square of the electric field vector, rather than
on its first power as in the one-photon case.' In

t
a'(t ) = n(T) dT. (15)

Differentiating (13) with respect to time and using
(15) we obtain
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d g d(T

sining',

(16)

which may be integrated once to give

do'

dt
= b'(1- cosgo'),

where b'=b/g. Since &r'=n, we find from (17)

go'=cos '(1 —n/b'),

so that Eq. (13) reduces to

ri=bn sin[cos '(1 —n/b') ] .

(17)

(18)

(19)

We shall return to this later. Let us now combine
Eqs. (18) and (14). This gives

ri =bn(2n/b' —n /b' )' ' (20)

n= 2b'(1+b'f') ' (21)

This equation is exact and has steady states at pg =0
and a =25'. It may be solved to give FIG. 1. Form of the steady-state pulse envelope as

predicted by the semiclassical theory.

go'=2 cot 'bt,

so that we obtain from (13)

n=bnsin(2cot 'bt).

(22)

(23)

U'pon making the simple change of variables z
= cot 'bt, we may integrate (23) to obtain the par-
ticular solution,

n = 2b ' sin'(cot 'bf) . (24)

It may be checked that this solution is equivalent
to (21). Alternatively, we may consider gq. (19).
Setting z'=cos '(1 —n/b'), we may reduce (19) to
the simple form

z ' = -b (1 —c0sg '), (25)

which also yields (24) as a solution.
We now return to Eq. (19) which we write as

n = bn sin(cos 'x), (26)

where we have set x=1 —n/b'. The arcosine may
be expanded in a Taylor series to give

which is Lorentzian. We have thus obtained a
time-dependent solution for the photon energy den-
sity n. This solution is shown in Fig. 1. The pulse
is seen to be unstable, a fact that has begn pointed
out in Ref. 3. The instability arises because of the
retention of all the higher-order processes in (11).
If these processes are ignored, as is done in the
next subsection, the pulse envelope will be stable.

For the purpose of comparison with a micro-
scopic (second-quantized) theory and also in order
to derive a macroscopic master equation, we re-
consider Eq. (17). This may be readily integrated
to give

r 7 3 n 8 n'
cos g= ———+- + ~ ~ ~

2 6 2 5' 2yI 2 2y'3

Hence (26) becomes

3 b, 19 bn= ——n'-—
2 b' 48

n'

(27)

(28}

where we have retained only the terms in n' and
n4. For small energy densities, the neglect of
higher-order terms corresponds to the neglect of
virtual processes in a quantum theory. ' We shall
write (28} in the form

n= k, n —k2n . (29)

(n) = 0 ' (k, /k, )'i'

where we find from (28),

n = (k,/k, )'i' = 1.95b'.

(3o)

(31)

e is thus the steady-state value of the energy den-
sity. By retaining higher-order terms in the ex-
pansion (27), we obtain a better approximation to
the exact value + =2&' as obtained from the solu-
tions (21) or (24). The laser exhibits a second-
order phase transition at threshold" with order
parameter (n) '. This deterministic equation (29)
will be our starting point in deriving a phenomeno-
logical Markovian master equation for the two-
photon laser in the absence of virtual processes.
This is done in Sec. II B.

In the steady state, this deterministic equation
yields the solutions for the average energy density
(n):
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B. Master equation ~ F ~F &F((5n)') = — — + — = o. ,Bs g Bs ~ Bs
(40)

The deterministic equation (29) has a gain-loss
structure. The first term on the right-hand side
is a nonlinear gain and the second term represents
a loss. We now introduce a macroscopic probabil-
ity distribution P(n, t). By exploiting the analogy
of the laser with an autocatalytic chemical reaction
as done in the single-photon case, ' we find the fol-
lowing macroscopic Markovian master equation for
+4

dP =~„,P(n-2, f)+! „„P(n+2,f)
df

where we have, once again, used the strong-signal
limit. The variance is thus Poisson and since we
know E(s) from (37), all the higher-order moments
of the photon number may be uniquely determined
in terms of (n), corresponding to a truncation of
the hierarchy of moment equations at arbitrary or-
der. This has already been done for the single-
photon case' even near threshold.

Finally, let us return to Eqs. (35) and (37) and

calculate the distribution function P(n) in the steady
state Se.tting s=e @ we may invert (34) to write"

—(X„+p„)P(n, f). (32)

p, „=k2n(n —1)(n —2)(n —3),
(33)

so that the right-hand side of (32) is the sum of a
probability flow from the level n+2 to n and a flow
from n-2 to n.

Let us now introduce a generating function" cor-
responding to the probability I"

This equation has the familiar gain-loss structure
associated with stochastic master equations. . The
"birth" and "death" amplitudes ~„and p, „are given
by

x„=k,n(n+1),

(41)

(42)

where C is the contour shown in Fig. 2, I" being
the arc bounded by the straight line p = y in the
right half-plane. The integral over I vanishes if
we have E(g) =-P'(P )/Q(P) and P' is of lower de-
gree in p than Q. Then we have

1 1
P(n) =

2pi n cosh@- sinhn

E(s, f) = Ps"P(n, f),
n=o

subject to the condition

(34)
s " '(nscoshns —sinho. 's) ds, (43)

c~

where C' now encloses all the singularities of s.
We then obtain from the residue theorem,

E(1, f) =1, (35)

corresponding to probability conservation. In
terms of F, the differential-difference equation
(32) becomes a partial differential equation,

() (n!)'
e cosh' —sinhn

CP
(n cosh o.'s —sinhns), 0,ds

(44)

which may be easily evaluated to give,

(P I)(2k 'E,k, "E k, "EI
Bt ( ' Bs ' Bs' ' Bs4]'

which may be solved in the steady state using
Laplace transforms to give

ns cosho.'s —sinho. 'sEs =
a cosh@ —sinhe

(36)

(37)

1 &n
P(n) = —(n —1) .e cosh' —sinhe (45)

where we have used the condition (35) to determine
the integration constant. We may now determine
the mean and variance of the photon number distri-
bution. From (34) it may be seen that'2

BE o. '
as -y e cothe- 1 ' (38)

where we have used (37). In the high-gain limit we
find for large n

(n) —n = (k, /k, )", (39)

in accordance with (30). The variance is given by'2

FIG. 2. Integration contour for Eq. (42). I is the arc
of the semicircle bounded by the line P =y. The entire
contour is denoted by C.



2050 ADI R. BULSARA AND WILLIAM C. SCHIEUE.
r

For strong signals we obtain

e cosh+ —sinhe = ee

so that

P(n) -e o.'" '/(n I—)!,

(46)
p„„=-A2(n+ 1)(n+ 2) 1 — (n+ 1)(n+ 2)

~
p~„

B2

2

+A, n(n —1)~1 — ' n(n —1) ~p„,„,i B
A,

—C,n(n-1) p„„+C,(n+1)(n+2) p„„„„. (49)
a Poisson distribution, with mean value n. It may
be noted that the hyperbolic functions in (46) reach
their high-gain values very rapidly above thres-
hold, so that the laser statistics may be assumed
to be coherent as soon as we are slightly above
threshold.

We may now compare the results of this section
with the microscopic theory given in Sec. II A. The
most striking feature is that the pulse envelope is
stable in the absence of higher-order terms. To
see this, let us return to our original deterministic
equation (29) whose time-dependent solution may be
written down immediately:

Here, A„C„B„arethe two-photon analogs of the
gain, loss, Bnd saturation parameters defined for
the one-photon case.' A, and B, are proportional
to g (g being the coupling constant), in contrast
to the one-photon case where they vary as g'. lt
is important to note here that, in Eq. (49), the
higher-order virtual processes have been omitted.
A similar procedure is followed by Lambropoulos. '
Let us now consider the equation for the mean pho-
ton number. This is found by multiplying both
sides of (49) by n and summing over n. In the
large-photon-number limit, the leading contributions
give

=K, exp(2k, o."t),a- n
(48)

= 2(A, —C, )(n') —2B,(n') . (50)
where K, is an integration constant which we set
equal to unity by requiring (n) to vanish for t =0.
Equation (48) admits of a steady state (n) = o. =2b'
for long times which is stable. In Sec. III, we
shall briefly outline a quantum microscopic ap-
proach to the same problem and show that our
macroscopic results are consistent with this ap-
proach by comparing the moment equations given
by the two theories, in the absence of virtual tr an-
sitions.

In concluding this subsection, we note that our
results may be extended to the M-photon case as
long as no single-photon loss mechanism is al-
lowed. This result has been formally written down

by McNeil and Walls' using the M-photon extension
of the microscopic quantum theory which we shall
outline briefly below.

In the large-photon-number limit, we may assume
factorization of the form'9 (n ) = (n) . In this case,
the equation has exactly the same form as the
truncated semiclassical equation (29), and admits
of the steady-state solution,

(n) =0; [(A, —C, )/B, ]'~'. (51)

Equation (50) and its solution (51) are to be com-
pared with (29) and (30). We readily see that

(n) = 2b' = [(A, C, )/B—,]", (52)

when the two theories are consistent. One may
readily verify that use of the above procedure in
the master equation (32), yields the deterministic
equation (29) for (n), in the absence of lower-order
contributions. Let us write down the equation for
the second moment derived analogous to (50):

III. DISCUSSION
8—(n ) =2(A2 —Cm)(n) —2B2(n),

4

(53)

We have demonstrated above, that, in the ab-
sence of higher-order terms in the expansion of
cos '(1 —n/b'), the semiclassical microscopic the-
ory and the macroscopic approach based on. a
Markovian master equation agree. One may also
construct a quantum (microscopic) theory in which
the atoms and field are treated quantum mechan-
ically, the atoms being adiabatically eliminated.
Such a second-quantized theory is an extension of
the one-photon Scully-Lamb theory' and has been
formally given by McNeil and Wells. ' Without
going into the details, we give here, for the pur-
pose of discussion, the microscopic master equa-
tion for the field density matrix p„„ in Fock space:

where we have once again, retained only the lead-
ing terms in the semiclassical limit. Once again,
it may be shown that the corresponding equation
for (n') derived from the master equation (32) is
identical to (53) in the high-gain limit (it has been
seen' that this is the only region where the semi-
classical and quantum results are expected to
agree). The above correspondence may be made
for all the moment equations of the hierarchy ob-
tained from each of the two theories. In the strong-
signal limit, the fluctuations predicted by the ma-
croscopic birth-death description and the fluctua-
tions predicted by the microscopic quantum theory
are the same. This has already been observed in
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the single-photon laser, where numerical compar-
isons of the moments predicted by the two theories
have been made. ' Such a comparison is not pos-.

sible in this case.
The results of this paper have thus demonstrated

another instance in which the stochastic master
equation approach yields the microscopic results
(this has already been demonstrated on the single-
photon laser') T.he success of this approach may

be attributed to the fact that the pulse envelope in

this case, has a constant diffusion coefficient (as
in the one-photon case ) associated with it [this
may be verified by deriving a Fokker-Planek equa-
tion from (32) via a Poisson transform]. ' Indeed,
it has been seen6 that for a system with a noneon-

stant diffusion coefficient, the results obtained via

a Markovi. an master equation do not agree so
closely with the results of a microscopic theory.
In this case, it has been seen that the master equa-
tion predicts a broader probability distribution than

the distribution obtained from the corresponding
microscopic theory even though both theories pre-
dict the same mean values for the quantities of
physical interest.
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